UTILITY MAXIMISATION WITH MODEL-INDEPENDENT
CONSTRAINTS
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ABSTRACT. We consider an agent who has access to a financial market, includ-
ing derivative contracts, who looks to maximise her utility. Whilst the agent
looks to maximise utility over one probability measure, or class of probability
measures, she must also ensure that the mark-to-market value of her portfolio
remains above a given threshold. When the mark-to-market value is based on
a more pessimistic valuation method, such as model-independent bounds, we
recover a novel optimisation problem for the agent where the agents investment
problem must satisfy a pathwise constraint.

For complete markets, the expression of the optimal terminal wealth is
given, using the max-plus decomposition for supermartingales. Moreover, for
the Black-Scholes-Merton model the explicit form of the process involved in
such decomposition is obtained, and we are able to investigate numerically
optimal portfolios in the presence of options which are mispriced according to
the agent’s beliefs.

1. INTRODUCTION

In this paper we consider a utility maximisation problem for an agent who has
some modelling beliefs, according to which the agent will aim to maximise her util-
ity, but also some constraints which are based on model-independent considerations.
Our basic setting is that the agent assumes they will observe only ‘possible’ paths
according to their beliefs, and they will pursue a utility maximisation objective
corresponding to their beliefs. We importantly include in our setting both trading
in an underlying risky asset, as well as in illiquid derivatives, whose initial price and
payoff are known, but no assumptions about the intermediate value can be made.
The agent is also being observed by a manager or regulator who does not share the
agent’s modelling assumptions, but rather uses other (typically more pessimistic)
assumptions. The manager will intervene if their valuation of the agent’s portfo-
lio goes below some given threshold, and the agent will act to avoid this scenario.
Note that many real-world trading strategies are subject to related constraints, for
example Interactive Brokers, an electronic trading platform, base customer margin
requirements on a portfolio margin basis, which they state is ‘determined using a
“risk-based” pricing model that calculates the largest potential loss of all positions
in a product class or group across a range of underlying prices and volatilities’,
paf]

Under these modelling assumptions, our aim will be to determine the agent’s
optimal trading strategy when they are able to take (static) positions in certain
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options, for example, call options, or other simple derivatives. In the context of
some of these options, we will use the notion of an “intrinsic” value of an option,
which we think of as the worst-case valuation of the option or portfolio of options,
for example (in the absence of interest rates) the intrinsic vale of a long position
in a call option with maturity 7" and strike K at time ¢t < T is (S — K)4, since
this can be realised through taking model-independent positions in the underlying
asset.

Our approach borrows from the literature model-independent or robust pricing
and hedging (see e.g. [21] [13] 20} [6], 15} 16, B, 10, 14, 12]). We also use classical
results from the theory of utility maximisation in complete markets. Our approach
to handling pathwise constraints is heavily inspired by the papers of [18, [19], see
also 3], @].

1.1. Basic Problem Formulation. We consider a market on the time interval
[0, T], and we suppose that an asset price (S¢)¢cjo, 7] € C([0,T1]) is observed, where
for the moment we suppose all prices are given in discounted units. We suppose
the agent believes that there is a class of probability measures P, and the agent
aims to find

: P ™
(1.1) SlT];p]PIéI?f)E U (wo + X7)],
where U is a utility function, wy the initial wealth of the agent, and X7 the trading
gains of the agent given they follow the trading strategy m.

More generally, we suppose that at time zero, the trader observes additional mar-
ket information in the form of the prices of other traded derivatives. For example,
the agent may observe the prices of call options given by C(K) = [(z — K), pu(dz)
for some probability measure p (given by the Breeden-Litzenberger formula, [9]).
In this case, the trader may purchase a portfolio of call options with payoff h(ST)
for price [ h(z) p(dz) at time 0.

In our setup, we will impose a ‘model-independent’ restriction on the trader’s
behavior by assuming a specific budget constraint. This constraint will occur when
the trader’s portfolio contains derivatives. Our underlying assumption is that, even
though the trader may evaluate the ‘correct’ price of the derivative in their model,
they are subject to portfolio constraints imposed by a manager or regulator who is
much more risk averse, and who values their derivatives using a more conservative
set of pricing rules. We will typically call the valuation of the manager or regulator
the intrinsic value of the derivatives. The canonical example of such a derivative
is a call option, where the intrinsic value of the derivative is the ‘zero-volatility’
payoff of the option, or the terminal value of the call option if the asset grows at
the (deterministic) interest rate D1

Of crucial interest to us is that these intrinsic values are in general non-linear,
and so choosing to purchase different portfolios of derivatives will have a complex
effect on the terminal wealth of the investor, and hence on the optimal investment
strategies of the investor. Our usual setup in this paper will be the case where
the intrinsic value of the derivative corresponds to the model-independent sub-
replication price of the derivative, and in many examples we are able to specifically
identify this quantity in terms of the underlying contract.

For example in the case where the agent may purchase a portfolio of calls with
payoff h(St) then the intrinsic value of the portfolio at time ¢t will be h*(S;), where
h* is the greatest convex minorant (on [0,00)) of the function h. We think of the
intrinsic value at time ¢, which we write Z,;(St) = h*(S;), as the minimum value of
the portfolio which can be guaranteed under any possible model. For example, if
h(z) = (x — K)4, then h*(z) = h(z) = (x — K), and we confirm that this amount
may be realised at time ¢ through the trading strategy which (if S; > K) short sells
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the asset until either the asset drops below K, or time T, whichever is earlier. If
we write Hﬁf = inf{r > ¢ : S, < K}, then the value of this portfolio at maturity
is:
(Sr—K)++(S:—K) H,<T
St —K)y + (S — S ¢ ) =
(St )+ + (S T/\HK) {(ST—K)+(St—ST) i >T
>S5 — K.

By considering the model where the asset price remains constant, so that the price
under this model is equal to the intrinsic value, we conclude that this is the best
we can do. Note, in particular, that with this trading strategy the trader’s wealth
(including the intrinsic value) at time u > t is always at least Sy: that is,

Zu((ST — K)+) + (St = Sunm,) = Su.

The constraint we impose on our trader is that the trader’s portfolio must satisfy
an admissibility constraint, based on the intrinsic value of the derivatives. Specifi-
cally, we require the trader’s (intrinsic) wealth at every time ¢ to satisfy:

(1.2) W .= D (wo — /h(x) w(dz)) + Z;(h(ST)) + X7 > —a.

The quantity « represents a lower bound imposed on the trader’s portfolio value,
which is required to be observed at all times. We will call a wealth process which
satisfies a-admissible.

Our intuition is as follows: the trader will follow her trading strategy = in a
manner that maintains at all times. Under any probability measure P € P,
this will result in a portfolio which satisfies the constraint. If the real path of the
asset does not follow a path which is compatible with any P € P, then the trader can
monitor her wealth, and at the first time the wealth goes below —«, then the trader
will stop dynamic trading, and simply follow the simple strategy which realises (at
worst) the intrinsic value of the asset. Combined with the intrinsic value of the
portfolio, this strategy always ensures that the portfolio’s value remains above the
lower bound.

Alternatively, one could tell the story from the perspective of a trader who is
being monitored by a manager or regulator. The manager is conservative, and
will look at the agent’s gains from trade continuously, evaluating their derivative
portfolio using a stated, model-independent rule. If the trader’s intrinsic wealth
goes below the level —a, the manager will fire the trader and close out the position
with a resulting loss bounded below by . As a result, the trader wishes to pursue a
strategy which does not result in their dismissal, and hence looks to find a strategy
which stays above the intrinsic wealth constraint with probability one (under any
model that they believe is possible).

Our results will take two different forms: first we will consider cases where the
trader is able to trade dynamically to exploit mispricings, and guarantee a profit
under certain conditions on the admissibility level «; these results will be in a
similar spirit to classical model-independent pricing constraints on traded option
prices. Second, we will consider utility maximisation problems, where the trader
aims to maximise their utility from terminal wealth under the additional constraint
that their wealth process is admissible. In this case, we will examine the impact of
different choices of derivative portfolios, and will give concrete conclusions about
the optimal strategies that should be employed by the investor when faced with
various traded options on the market.

Remark 1.1. We note that the notion of intrinsic value introduced above is fairly
flexible. For example, above we defined the intrinsic value to be the convex minorant
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on [0, 00), which corresponds to the case where it is not believed that the asset price
can go negative. However, it is possible also to consider the intrinsic value assuming
that asset prices can go below zero (e.g. in the Bachelier model). In this case, it
might not be sufficient to consider the convex minorant on [0,00), but rather to
look at the minorant on R. In some cases, this would give different values of
the intrinsic process. More generally, intrinsic values arising from robust pricing
bounds (i.e. over a class of models) as opposed to model-independent (over all
models) bounds are also natural to consider.

This paper is organized as follows: Section 2 introduces the notion of intrinsic
value of derivative contracts in terms of a subreplicating submartingale, provid-
ing examples for specific cases. The robust optimization problem of maximizing
expected utility of terminal wealth subject to model independent intrinsic budget
restrictions is presented in Section 3, together with some implications in the trader’s
behavior. Specific results are obtained for the Black-Scholes-Merton model. In Sec-
tion 4 optimal trading strategies are obtained under the assumption of completeness
of the market, with the help of representations of supermartingales.

2. INTRINSIC VALUATION OF DERIVATIVES AND TRADING

We define here our basic market setup. We suppose that there is an underlying
asset price process (St)iefo,r) Which takes values in Q := C, ([0,77]), the set of
continuous paths w on [0,7] with w(0) = sp, and where we equip  with the
uniform norm, under which topology €2 is a Polish space. This space is endowed
with the Borel o—algebra F. Our agent believes that the underlying dynamics of
S are governed by a probability measure P € P, for some class P of probability
measures on ). We will typically be interested in statements which hold P-a.s.
for all P € P, which we will write as P-a.s.. It is natural therefore to introduce
N(P) = {A e F:PA) =0VP e P}. We also introduce the set Q(P), the
set of martingale measures which are equivalent to some P € P. The natural
filtration generated by S is denoted by F° = {F”}. We also need the filtration
F = {F; t € 0,1}, with F; 1= F3 = Ny Fy for t < T and Fr = F2,
which is the minimal filtration associated to the process S satisfying the usual
conditions, i.e. {Fz; t € [0,T]} is an increasing right continuous family of o—fields
and completeness with respect to P, by which we mean that N'(P) C Fy. We
denote by A a Meyer o—field which contains the predictable o—field with respect
to F, that is, the c—field generated by F—adapted, left-continuous processes, and
which in turn is contained in the optional o—field with respect to the filtration F.

In addition to the risky asset, we suppose there exists a bank account which
pays a deterministic (although not necessarily constant) interest rate. We write D;
for the discount factor, so the time-0 value of $1 at time ¢ is Dy, or equivalently,
$1 invested at time 0 will be worth $D; ! at time . We assume then that D, is
decreasing, continuous and Dy = 1.

We also associate with our setup trading strategies 7 with respect to the filtration
F. In this paper we do not wish to directly address the specific technicalities of
possible trading strategies under model-uncertainty, but refer readers to the large
and growing literature for various approaches (e.g. [16] B [7, 22] 17, [10] among
others). The details here will not be important, so we will generally either work in
the case where P is a singleton, and classical results are applicable, or else in the
case where P is large, and then we will only need to consider very simple trading
strategies; see Remark [2.5] below.

Note in particular, that these two cases are essentially the main ones of interest.
For example, [I5] show that a robust hedging for a large class of stochastic volatility
models essentially reduces to the case where P contains all martingale measures.
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We also consider the special ‘classical’ case of model-independent pricing, where
(2.1) P :={P: DS is a non-negative, uniformly integrable martingale}.

This will give rise to our canonical notion of intrinsic value, but other choices will
also be possible.

2.1. Intrinsic Value of Derivative Contracts. We consider the intrinsic valu-
ation of a derivative contract:

Definition 2.1. A derivative contract is a measurable function Cr : Q@ — R. We
say that Z.(Cr) is a fair intrinsic value of a derivative contract C corresponding
to the class P of probability measures at time ¢, if:

(1) DyZ;(Cr) is a cadlag Q-F-submartingale for all Q € Q(P);

(it) Zr(Cr) = Cr P-as..

As an interesting fact, of course, D,Z;(Cr) < EQ [DyCr|F;], for all Q € Q(P),
where we are assuming throughout that DpCrp satisfy implicitly the required inte-
grability conditions in order that the conditional expectation is well defined. On the
other hand, in general, we would hope to find a maximal version of the fair intrinsic
price for a given set P, which one could define (except for non-trivial measurability
issues!) to be the price of the most expensive model-independent sub-replicating
strategy. That is:

T
(2.2) DiZi(Cr) :=sup{z € R: 3(m) s.t. :c—!—/ 7w d(D,Sy) < DrCr P —a.s.}.
¢

Such problems have been considered recently in discrete time ([6} 8 [2]) and contin-
uous time ([16] [ [7, 22], 17, [10]), but defining this process in general in continuous
time is a non-trivial technical exercise. For the majority of this paper, our aim will
be to consider easily specified intrinsic value processes, but we emphasise that in
our setup the chosen fair intrinsic value is a part of the modelling framework, and
not necessarily a given quantity.

Note in particular that we do not expect the intrinsic price Z; to be linear: we
do not typically expect for example Z,(8Cr) = BZ:(Cr) if B < 0. However, the
intrinsic price will generally be positive homogenous, with Z;(8Cr) = SZ:(Cr) if
B> 0.

Ezample 2.2. In the case where P = P°, see (2.1]), and D; = 1, we can give concrete
examples of an intrinsic value process which does in fact satisfy . Since many
of our examples will be based on this specific choice of the intrinsic price process,
we denote this specific operator by Z°.
(7)) If h: Ry — R, then I (h(ST)) = h*(St)Licr + h(ST)1i=7, where h*(z) is
the greatest convex minorant of h (on Ry). For example, h*((z — k)+) =
(x — k)y, but h*(—(x — k)3) = —=.

To see this, we first observe that this intrinsic price satisfies all of the
conditions of Definition [2.1] Second, to see that this is the greatest such
price, observe that if h*(x) is the greatest convex minorant of h, for z €
(0,00) we can find y,, <z < z, such that

[(Zn — 2)h(Yn) + (T — yn)h(2n)

Zn — Yn
Now consider the model which is a (uniformly integrable, continuous)
martingale, which runs from z at time ¢ < T, to either 2, or y, at

time 7. Then the fair price of the derivative under this model is ex-
actly [(zn*z)h(yn)+(zfyn)h(zn)

Zn—Yn

h*(z) = lim

}, and the claim follows. In the presence
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of non-zero interest rates, it is easy to see by a similar argument that
Z7 (h(St)) = D; ' Drh* (D7 DyS)licr + h(ST)Lier.

(’LZ) If 0 < T < T then It(h(ST/)) = h*(St)1t<T/ + h(ST’)]-tZT’- This is
essentially the same argument as in ().

(i) If B > 0 is a fixed barrier, we can consider the one-touch option, OT% =
1s:>p, where Sy = sup,<, S is the maximum process. In particular,
it can be checked that one has Z;(0TZ) = 1s5:>p, while 7,(—0TE) =
315 cpuer — ls:> 5.

In fact, in the last case, we can extend some of these ideas. For example,
let K < B. Then we have for t < T

(Sr — K)4 5 0, if S¥ < B
7, (22 _oTE) = {7, RS
B_K ﬁ[(St_SHB)+(K_St)+], lfSt ZB

where we write Hp := inf{t > 0:S; = B}. This is a consequence of the
hedge for one-touch options given by [21].

We note that the amount (S; — Sp,,) is easily constructed from an
adapted trading strategy (buy one unit of the asset if it hits B before
T). Including this additional trading, the intrinsic value of the combined
position is then simply (K — S;)+1m,<¢-

2.2. Dynamic Trading Strategies. We also wish to consider the class of dynamic
trading strategies which are available to our agent for investment. Typically we
would expect these to be specified as part of the modelling assumptions, and could
depend on the choice of P. For example, if P is a singleton, one may be able to use
the standard stochastic integral, while for more complex choices of P, one needs to
be more careful to admit a measurable choice of the resulting trading strategy.

Definition 2.3. To each choice of dynamic trading strategy m, we associate a
corresponding gains process X™ : Q — Cy([0,T]). We say that a dynamic trading
strategy m, or equivalently the gains process X7, is P-admissible, if there exist
a > 0 and a process I', with I'y > 0 Ps-a.s. for all t > 0, such that supg<;cp 't is
Q-integrable for any Q € Q(P), and D; X[ > —a(1 + T';) P-a.s. holds for all t.

By abuse of notation, we will often write fot s d(DsSs) = Dy X[, despite the
fact that m may not be explicitly defined as a pathwise object. In most examples,
process I' will be taken without further comment as I'y = 1 + D¢|S;|, and then
Doob’s inequality will give the required integrability provided

E2 [((1 + DrSt)log(1 + Dr|S7|))4] < 00, forall Q€ Q(P).

Note that we need a constraint on dynamic trading strategies to rule out possible
doubling strategies. It is natural to impose conditions which are pathwise and
not probabilistic since we are potentially considering multiple pricing measures.
Relevant results which show that the pathwise interpretation is sufficient can be
found in [I]. The condition above will naturally be satisfied if (for example) our
market includes derivatives whose payoffs have growth rate which is larger than
((1 + DrSt)log(1l + Dr|St]))+. We can then deduce from the relevant pathwise
condition that the trading portfolio is uniformly integrable. If we have stronger
integrability (for example we know E@[S%] < oo for some p > 1), then we can
weaken the pathwise constraint by increasing I' appropriately.
We make the following definition:

Definition 2.4. We say that V is a set of admissible dynamic trading strategies if,
for each m € V, the gains process X™ is:

(i) F-adapted,
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(#) P-admissible, and
(#i) Dy X[ is a Q-local martingale for every Q € Q(P).

We further assume that the set V is closed under addition and non-negative
scalar multiplication, that is, if 7,9 € V and A\, u > 0, then Am + puyp € V, where
XA = AXT 4 pu X,

Remark 2.5. Note that in the case where the asset price process S is non-negative,
the class of simple trading strategies, ie m = E?:l Lite(r;_1,m]} i, Where a; are
bounded and F,,-measurable, and (7;)7"_; is a sequence of increasing, F-predictable
stopping times in [0, T], belongs to the set of admissible strategies. Similarly, the
buy-and-hold strategy is always allowed in a set of admissible dynamic trading
strategies.

We can adopt results from Dolinsky-Soner, e.g. [I6] to show that the class of
progressively measurable trading strategies includes finite variation strategies w,
defining the stochastic integral pathwise via integration by parts:

t ¢
/ s A(DsSs) := m¢ DSy — S — / D,Sydms.
0 0

This definition is consistent with the stochastic integration for simple trading strate-
gies.

3. TRADING WITH CONSTRAINTS ON INTRINSIC WEALTH

3.1. General setup and preliminary results. We begin by making the following
observation about trading under intrinsic value constraints. We fix a class P of
possible probability measures, and a set V of admissible dynamic trading strategies.
We first suppose that there is an agent who acts to maximise utility from wealth,
and the utility function U satisfies the Inada conditions (U : [0,00) = RU {—o0}
is concave increasing and U’(0) = oo,U’(c0) = 0). We suppose that the agent
will maximise worst case utility, in the presence of a derivative Cr which has been
purchased for price ¢y, so the problem is to find:

(3.1) sup inf E* [U (D7 (wo — co) + Cr + X7)]
recy PEP

where X[ is the gains from dynamic trading, subject to the intrinsic budget con-
straint

(3.2) W .= D Y(wo —co) + L (Cr)+ X[ > —D; ‘e, P—as,NO<t<T,
where wg, a > 0.

Definition 3.1. We call a trading strategy @ € V a (wo, «, ¢g, Cr)-intrinsically
admissible dynamic trading strategy if W}“C > 0 and (3.2) holds. Then, we write
S V(U)o, o, Cp, CT)

Our first result describes some simple cases where the trader’s behavior can be
easily described.

Lemma 3.2. (i) Suppose there exists 1 € V which P-superreplicates Cr for
initial value K:

T
K —|—/ Y, d(D,S;) > DpCr, P —a.s.,
0
and further

t
(3.3) co + / U d(DoSy) > Dy(Cr), 4P — aus.
0



(ii)
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(i)
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Then if k < cg, the market price of the option, it is never optimal for the
trader to purchase the option, that is, for all m € V(wq,a, co, Cr) there
exists & € V(wo, a,0,0) such that Wi > W;’C.

Suppose there exists a strategy ¥ € V which P-subreplicates Cr for initial
value K:

T
K +/ U, d(DyS;) < DpCr, P —a.s.,
0
such that — € V and the path constraint:
t
co+ / wr d(DrSr) S DtIt(CT), Vt,P — a.s.
0

holds. If k > co, then the trader can find portfolios with arbitrarily large
utility.

(i) We compare the strategy which purchases the option for price
Cy, and follows the (wq, @, cg, Cr)-admissible dynamic trading strategy
7w € V(wo, @, co, Cr), with the strategy which simply follows the dynamic
trading strategy m + 1. Since m and ¢ are both in V, so too is the com-
bined trading strategy. We need to show that = + ¢ € V(wp,a,0,0) and
Wt > wie.

Now W;’C = D7 (wo — ¢o) + Cr + XF > 0 since 7 € V(wo, o, ¢, C),
and Wit = DZtwo + X3 = Ditwe + X5 + X3 > Dyt (wo — k) +
Cr+ X7 > W;’C. It remains to show that the strategy m -+ 1 satisfies
. Since 7 € V(wy, @, ¢g, Cr), we know that

—D;'a < Dy (wo — ¢o) + T(Cr) + X[
< D H(wo —co) + (th +Dt_100) + X7
= D;lwo + Xt7r+1/1

for all t,P — a.s., using (3.3]) in the second line.
Let A > 0 and suppose the trader buys A units of the derivative for price
co, and takes short position —At;. Then the traders terminal wealth is:

W;/\w,AC _ D;lwo +A (CT _ X}Z’ — D,;,,lfg) + )\(Ii — Co).

Since first term in brackets is non-negative, and the second term is strictly
positive, the trader’s utility can be made arbitrarily large as A — oo.
On the other hand, at any time ¢, we have:

D; Ywo + M (Cr) — AXY — AD; Y¢o > Dy rwo > —Dj Lo,

and so the strategy satisfies the trading constraint.
O

Remark 3.3. (a) Note that Lemma can also be applied to shorting an

(b)

option, by replacing C' by —C, and ¢y by —cg.
In @), the pathwise condition is fairly weak: we know /@—l—DTX;/f > DrCrp,
and hence for any Q € Q(P), using Definitions[2.4]and 2.1] we expect that

K+ D XY >k +EQ [DTX}/’U-}} > EQ [DrCr|Fi] > Zo(Cr).

This is almost sufficient to deduce the pathwise constraint, however there
is no guarantee in our setup that this may hold P-almost everywhere for
a given t; there may exist sets of paths which are P-possible, but do not
appear under any Q € Q(P) for superhedging problems. See e.g. [2] for a
discussion of this phenomena.
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On the other hand, the corresponding condition in is much stronger,
in particular taking ¢ = 0 it already implies that the market price of
the option is below its intrinsic value. This reflects the much stronger
conclusion possible in .

3.2. European Options in the Black-Scholes-Merton model. For motiva-
tion, we start by considering the case where the agent believes the underlying
model is the Black-Scholes-Merton model. In this case, the set P is a singleton,
and moreover, the market is complete, so a desired (non-negative, integrable) ter-
minal wealth X7 can be realised through an admissible dynamic trading strategy,
with portfolio process m € V such that X[ = Dt_lEQ [Dp X1 |F:], where Q is the
usual (unique) risk-neutral measure. We will assume that the intrinsic price value
is given by Z = Z° as described in Example

We suppose that our agent holds a European option with terminal value h(St),
for some measurable function h such that h(z) < a(l + z) for some a > 0, and
we are interested in the admissibility of this simple trading strategy for different
values of a. We can write BS(h,t,T,S;) for the price at time ¢ of an option with
payoff h, time-to-maturity 7' and current asset price S;. If the trader purchases
the option and trades dynamically to hedge the risk completely, it follows that
X7 = D;'BS(h,0,T,Sy) — BS(h,t,T,S;). If the trader follows the strategy of
investing in the portfolio h at price ¢y and hedging using the strategy =, then the
intrinsic portfolio value at time ¢ is given by

W = Dy (wo — co) + Ze(h(ST)) + X
D D
= D; Y(wo — co) + —==h* [ S;=L ) + D; 'BS(h,0,T, So) — BS(h,t, T, Sy).
D, Dy
Consider initially the case where h(z) = (r—K)4, for K > 0, write BS(h,-,-,-) =
BSC(K, +,+,+) and denote by co(K) the time-0 market price of the option, which
(since we are taking a long position) we expect (but do not need) to be lower than
the fair price of the derivative, i.e. ¢o(K) < BSY(K,0,T,Sy). Write AC(K) :=
BSC(K ,0,T,Sy)—co(K), the difference between the fair price and the market price,
then our admissibility criteria (3.2) for this strategy becomes:

D
D; ™ (wo + AC(K)) + <St - KT) ~BSC(K,t,T,S) > ——
Dt + Dt
< (wo+AC(K))+ (S;Dy — KDr), — D;BS®(K,t,T,S;) > —ov.

Now, noting that ¢t DtBSC(K,t,T, sD{l) is decreasing by Jensen’s inequality
and the convexity of s — BSC(K7 t,T,s), we have:
inf {(sDt — KDg), — D,BSC(K,t,T, s)}

t€[0,T]
s€[0,00)

= inf {(s — KDr)4 — DBSC (K, ¢, T, sD;l)}
te[0,T)
s€[0,00)

_ _ _ c
_Sel[g?f;o){(s KDr)s —BS (K,O,T,s)}

= —BSY(K,0,T, KDry).
We can summarise in the following:

Proposition 3.4. In the Black-Scholes-Merton problem with intrinsic price given
by Z°, for w the usual delta-hedging of a long position in the Furopean call option
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with strike K, then m € V(wy, o, ¢o(K), (ST — K)4) if
(3.4) wo + AC(K) > BSY(K,0,T, KDr) — a,
where AC(K) := BSY(K,0,T,Sy) — co(K). Similarly
—m € V(wog, o, —co(K), — (ST — K)4)
if
wo +a—AC(K) > KDrp.

Proof. The first part of the result was shown in the discussion preceding the propo-
sition. To prove the second part of the claim, we sell the call and hedge dynamically.
Then we have h(z) = —(x — K)4, h*(z) = —z, and so Zy(— (ST — K)1) = —=5;.
Then

W, ™" = Dy Hwo + co(K)) + Ze(— (St — K)4) + X, ™
= -8, +BSY(K,t,T,S,) + D; (wo + co(K) — BSC(K,0,T, Sp)).

As above, we need to compute:

inf {—sDt—f—DtBSC(K,t,T,s)}: inf {Dt inf [—HBSC(K,t,T,s)]}
sE

t€[0,T] t€[0,T] [0,00)
s€[0,00)
= inf {-D,(KDrD;?
o =D (KDrD; ™)}
= —KDr.
The conclusion follows. O

The term BSC(K7 0,7, KDr) on the right-hand side of (3.4) is the price of an
at-the-money call option with strike K, and by the Black-Scholes formula, we can

rewrite this as K Drp (1 — 2<I>(a\/T/2)). Suppose that wg + a > 0 and the call

options are underpriced. Then we can always find some small K, K < K (wg +

-1
@) = (wo + ) Dyt (1 - 2@)(0\/?/2)) such that we can buy the call, and hedge
dynamically to guarantee a profit. For larger strikes it will not be possible to follow
this strategy unless the mis-pricing is sufficiently large. A similar behaviour is
observed when the prices are too large, but now the asymmetry in the intrinsic
value of the call options makes the critical strike K < K_(wg+ «) := (wo+ a)D;l.

3.3. Consistency of market prices under constrained trading. Above, we
considered only the case where single call options were traded. In reality call
options at a range of strikes and maturities are available for trading, and one
natural question is whether the prices are consistent. Simple model-free conditions
for the absence of arbitrage are well understood, based on simple model-independent
arbitrage strategies which can enforce such an arbitrage. In this section, we analyse
whether these strategies are available to a trader whose strategies are subject to
the admissibility criteria proposed above.

A common setup is to consider the case where call options with all strikes at
a given maturity are traded. Then the prices are free of (model-independent)
arbitrage only if the market prices for call options, C'(K), satisfies the conditions: ()
C is convex; (i) C' is decreasing; (i) C(0) = So; (iv) C', (0) > —Dr; moreover, it
is commonly assumed that also (v) C'(K) — 0 as K — oo. The first two conditions
can classically be enforced by simple arbitrage. In this section, we show that there
exist trading strategies in V), which satistfy for « = 0, and generates a strictly
positive wealth if any of (i)-(iv) fail. We note that (v) is generally more subtle; see
e.g. [TI], but under this further assumption (e.g. [13]), it follows that there exists
a probability measure 1 on Ry such that C(K) = [(x — K)4 p(dz). We consider a
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weaker version, which is simply to enforce positivity, which normally follows from
the limiting behaviour and the decreasing property.

Lemma 3.5. Suppose that P is given by P°, T is given by Z°, and European
call options with strike K and maturity T can be traded at price C(K) at time 0.
Suppose that any of (1) C is convex; (ii) C is decreasing; (iii) C(0) = Sp; (iv)
C' (0) > —=Dr; (v) C is non-negative; fail. Then there exists a portfolio of call
options with payoff g(St) = Zle a; (St — K;)+ and price go = Zle a;C(K;) with
keN, a; €R, and € > 0 such that V(—¢,0, go, g) is non-empty.

Note that the conclusion of the lemma, V(—¢,0, go, g) is non-empty, is equiva-
lently a formulation of arbitrage in our setting: that is, there exists a portfolio and
trading strategy which can be setup with initial capital —e, and which will never
use our ‘intrinsic capitalisation’ capacity, «, but will finish with a non-negative
wealth. It is easy to check that the strategies we implement are in fact scalable, so
that we can in fact find such a strategy for an arbitrary € > 0 by a simple scaling
argument.

Proof. Suppose that C'(K) is not convex, then there exists K1 < Ky < Kj such
that C(Kg) > /\C(Kl) + (1 — A)C(Kg), where A\ = (Kg — KQ)/(K?, — Kl) Then the
agent should define the function g such that a; = A, a3 = (1 — ), and ag = —1.

Choose € := —gg = C(K2) —AC (K1) —(1—A)C(K3). The agent holds a portfolio
of calls with positive payoff

0 St & (K1, K3)
g(St) = ¢ M(Sr — K1) St € (K1, K]
(1= X)(K3—S7) Sre (K Ks)

So we have ¢g*(S;) = Zi(g(St)) = 0 for ¢ < T. Taking the dynamic trading
strategy 7 which is identically zero, we see that our portfolio intrinsic value is
W9 = g(Sr)l;—r, which is non-negative under the assumption that C' is not
convex, and hence m =€ V(—¢,0, go, g)-

The cases (ii)—(iv) are then essentially identical. For (ii) we suppose there exist
K, < Ky with C(K;) < C(K3), and pursue the strategy of selling the call with
strike K5 and buying the call with strike K;. Then we have g(z) = (x — K1)+ —
(x — K2)4, and so g*(x) = 0, and the result follows as above. For (iii) consider
either the strategy of selling the asset and buying the call with strike 0, or selling
the call with strike 0, and buying the asset. In this case we have Z;(St) = S and
T,(—Sr) = —S;, and XJ = +(S; — D;*Sp), and the conclusion follows.

For (iv), we have by (iii) a K > 0 such that C(K) < Sy — DrK. We sell
the asset, and buy the call with strike K. Then Z,((Sp — K)+ — St) = (=S¢) V
(=D7pD;'K) > —D; ' D7 K, and so the intrinsic value of the portfolio at time ¢ is
(—=C(K) + So)D; ' +Z,((Sy — K)y — St) > D;*Dr K — D;* Dy K = 0. The case
(v) is trivial, we can buy the option for negative price, and hold to maturity. O

Remark 3.6. (i) Note that some of the properties of the Z operator use the
non-negativity of the prices process. Of course, if the asset price can go
negative, then some of the conditions given can fail, e.g. in the Bachelier
model.

(#) Consider the case where (v) fails. Then the ‘usual’ arbitrage strategy would
be to sell a call with a large strike, which should be worth very little, for
approximately limg o, C(K), and hedge in some way (or just not bother,
the model-implied loss will happen with arbitrarily small probability). In
our current setup, this will use up some of our lower constraint, since the
intrinsic value of this strategy will remain as —S, no matter how large K
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is. In this way, we can ‘use’ spare o to generate gains, but the cost may
be higher than the value of using this capacity elsewhere, depending on
other elements.

4. UTILITY MAXIMISATION IN COMPLETE MARKETS

In this section we consider the problem as setup in Section under the addi-
tional assumption that the trader believes in a complete market. In this case, the
trader can hedge their risk, subject to the condition that the intrinsic value of their
portfolio satisfies the wealth constraint, and we try to understand the impact of
this on their behavior.

4.1. Complete Market Assumption. To make significant progress on this prob-
lem, we make the assumption that P is a singleton, and moreover, P = {P}, where
P is a complete market. In particular, we suppose that there exists a uniformly inte-
grable state-price density process Hy, with H; > 0 a.s., Hy = 1, such that whenever
Y is an Fr-measurable random variable with E [D7' Hy(1 4 |Y])log (1 + Y, ] <
00, there exists a P-admissible portfolio 7 with E [H7Y]+ X7 =Y. In such a mar-

ket, we can define as usual a risk-neutral measure Q, by (é% 7 =HDy L. Moreover
t

it follows from our assumptions above that H;D; ! is a P-martingale.
Additionally, we suppose that a (set of) traded derivatives is available. To each
derivative or portfolio of derivatives, we associate a fair intrinsic price process,
7,(Cr). Note that by Definition [2.1] we have Z,(Cr) < C; := H;'E[HpCp|Fi,
where C} is the arbitrage-free price of the derivative.
If the investor decides to take a long position in the option, her optimisation
problem is:

(4.1) maximise E {u(W;C)] , subject to m € V(wy, a, ¢g, C1),

where W," s given by ; recall Definition

In this section, we solve this problem for specific choices of the derivative C,
and under a range of assumptions on the market measure P. Our approach to
this problem is based on results of [I8]. In that paper the authors characterise
the martingale M; which maximises E [u(Mr)] for a concave function u subject
to the constraint that My = 0 and M; > J; for some supermartingale J. (More
generally, if J is not a supermartingale, it is trivial that J can be replaced by its
Snell envelope, i.e. the smallest supermartingale dominating J). The main result
of [I8] says that, if the supermartingale J; can be written in the form

(4.2) Jy=E { sup J:|}“t}

t<u<T
for some adapted process J*, then the martingale M; := E [m V supgc,<p J3|F]
where m is chosen so that My = 0, maximises E [u(Mr)] for any concave function
u, over the class of all martingales starting at 0 which dominate J. The proof of
this representation theorem can be found in [19].

Further, in [I8], the authors are able to extend their results to cover the case
of utility maximisation problems under certain assumptions on the form of the
function u. We adapt their arguments to apply to our setup. The main complication
in the utility maximisation framework is that the expectation and the martingale
properties of the wealth are taken under different probability measures (P and
Q respectively). The aim is to put these under the same measure through an
appropriate change of measure, and we require the following condition: There exists
0 > 1 such that E [HZT‘S} < 00.
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Following [18], we suppose that our utility function is of the form u(x) = u,(z) =
z!P

ﬂ, where ﬁ <p< 1.

Reformulating (4.1]) using the definition of Wtﬂ’c and the complete market char-
acterisation of admissible dynamic trading strategies, our problem is to choose the
Fr-measurable random variable X7 to maximise

E [up(D;l(wo —co) + Cr + X7)]
subject to E[HrXF] = 0, D" (wo — ¢o) + Cr + X7 > 0 and
(4.3)  D;Ywo —co) + Li(Cr) + HT'E[Hp XZ|F] > —D;ra, 0<t<T.
To write our problem in a form where we can apply the results of [18], we introduce
(4.4) Yr := D3 (wy — ¢o) + Cr + X7,

so E[HrYr] = wo + (E[HrCr] — co) if and only if E[HpXJ] = 0; recall that
E [D;lHT] = 1. Write also AC := (E[HrCr] — cp), the difference between the

hedging price (without portfolio constraints) and the market price of the option.
Then, in terms of YV, (4.3) becomes

T,(Cr) + H; 'E [HpYr|Fi) — H; 'E[HrCrp|F]) > —D; ta,
or equivalently, writing
(4.5) Y, := Hy 'E[HrYr|F],
we need:
DYy > —a+ (DyH; ME [HrCr|Fy] — DiZi(Cr), Yo =wo + AC.

Note in particular that (D;Y;) is a Q-martingale.

The issue now is that DY is a martingale under QQ, while we maximise under
the probability P. To get around this difficulty we introduce a new measure Q
under which the two conditions can be understood for the same measure. For this
purpose, we define (£.) by

_1
H." _
(4.6) §r o= %7 & = H; 'E[érHr|Fy].
e s
Then § = 1, §H; is a P-martingale, and we can define a change of measure
@ =¢&rHy.

Lemma 4.1. Under Q, with utility function v = Uy, the problem (4.1) is equivalent
to the problem:

mazimise EC [up, (Y1)
subject to
Y is a non-negative Q-martingale,
(4.7) Yo =wg+ AC,
Yo >—a& Dt = &7'T,(Cr) + B2 [Orér ! |7

Moreover, the optimal terminal wealth W}r’c can be recovered by W;I’C =&Y,
where Y1 is the optimiser for the problem above.

Proof. Let X7 be a candidate solution to (£.1)), so E[HrX7] = 0 and Wi© =
D7 (wo — o) + O + X7 > 0. Then, from (4.4

E [uy(D7! (wo — co) + Cr + X7)] = E [uy (Y7)]
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Define Y, = Y;&;Y; see (4.5). Then EQ [Yr|F] = (& H,) 'E [Yrér Hrér|F] =
Yggl =Y,. In particular, Y is a Q-martingale, and Y7 > 0, hence Y is a non-
negative martingale.

On the other hand, we have

1-p
_mQ L (Yp&p)tP
— 59 [(trr) R
_ET |5 ()
=B | S, (7

Moreover, the constraints on the lower bound and the initial value of Y follow
immediately. As a consequence, any feasible solution Y to the first problem gives
rise to a feasible solution Y to the second problem, and the corresponding values
differ only by a positive constant multiple. A similar conclusion can be obtained
starting with a feasible solution Y to , and building a candidate solution to
. Since the market is complete, the arbitrage free price and the replication
strategy of any contingent claim are uniquely determined, and hence there exists an
admissible dynamic trading strategy m such that the Q-martingale D; X[ replicates
the contingent claim DrérY 7 — DpCr — (wo — co). O

Remark 4.2. Note that the intrinsic wealth constraint process
(4.8) G = —aD[ & — 7' T (Cr) + B [ Or | F]

is a Q-supermartingale. To see this, we observe that % = Drér, so (D[lﬁfl)
is a Q-martingale, and (D;Z;(C7)) is a Q-submartingale by the _assumption that
T,(Cr) is a fair intrinsic wealth process, so also (¢; *Z;(Cr)) is a Q-submartingale.

More generally, we can reformulate the conditions in Lemma [4.1| that (V)< is
a non-negative Q-martingale such that Y; > (; for t < T in terms of the process

0 G t<T
G = :
0 t=T
Specifically, since (p = —aD;lffl < 0, the requirement that Y is non-negative

and greater than (; is equivalent to requiring that the process Y is greater than ¢°,
and further, equivalently, that it is greater than the Snell envelope of ¢°, which we
denote by (*.

Assumption 4.3. The process ¢* is a supermartingale of class (D) upper semi-
continuous in expectation which admits the decomposition in terms of an optional,
with J% =0, as

upper-right semi-continuous process Jé,

(4.9) = EQ[ sup JS |]-"t] .
t<u<T
By [3, Theorem 2.9], we have that the representation in (4.9) can be obtained
for process ¢*. Observe that, following [I8] and [I9], in order to obtain this repre-
sentation it is sufficient that the filtration {F;} is quasi-left-continuous.
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Theorem 4.4. Suppose that v = wu,, Z,(Cr) is a fair intrinsic price process and
Assumption holds. Then there exists a feasible solution to (4.1) if and only if

EQ [ sup Jg} < wg + AC.

0<u<T
When this condition holds, the optimal terminal wealth WT solving (4.1)) is given
by

5o (e, ) V1]

0<u<T

where M is chosen such that EQ [(SUPogugT JS) VM| =wy+ AC.

Proof. Under Assumption it is immediate that ¢, := E? [SUPogugT J§|Fe] is
a non-negative martingale which dominates (*. Moreover, it is the smallest such
martingale.

In particular, if (; < wo+ AC, then there exists a process Y which is feasible for
(4.7). Moreover, since any admissible wealth process gives rise (via the arguments
of Lemma [4.1) to a non-negative martingale which dominates (*, this is also a
necessary condition. The result now follows immediately from [19, Theorem 5.2]

& 0

It is now straightforward to deduce the form of the optimal 7, using classical
methods, see for example [23], Theorem 6.3, Corollary 6.5].

4.2. Long position in Call options. In this section we consider the case where
the derivative position is a long position in call options. Specifically, we suppose
that the agent purchased A > 0 units of a call option with strike K. As we will see,
in this case the form of the optimal terminal wealth can be identified.

We first consider the fair (replication) price of a call option with strike K at time
t, given by:

Hy'E[Hr (St — K)+F] = §E® [6"(Sr — K)+|F)
= D; 'E% [Dr (St — K)1|F].
In addition, from Example (H), we know that Z,(A\(S7—K)4+) = A (St - K%f) o
and so:
G =Dy [~a— MNS:Dy — KDr) 4 + AE?[(SrDr — KDr) 4| F]] .
Observing that SP := D;S; is a Q-martingale, and writing K := Dr K, it follows
that

o D j-D D pD o
(4.10) G = A\ID; ! (E@ {Li KE_pSPK |f4 - X)
where LS” K" is the local time of the process S at the level KP. Recalling again

that % = Dr&r, we can also write

G =B [(A (27" - L) —a) &' 7|

Let us introduce ¢, := ﬁlet ! so we can write
T T
D D D D D D D D D D
(L?1 K 7Lf K )QZST: (Lg’ K *Lf K )¢t+/ de K / d(ybs
t t

2Note that there is a typographical error in the first bullet point on p.685 of [I9], and this point
is not in general correct: in our notation, the choice of M will in general be less than wo + AC;
we do not usually expect equality except in special cases.
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and by integration by parts,

T D D T
/ ars -« / dos
t t

r D oD T D D b D
:/ (65— 60 dLTK +/ (£5757 1577 ao,
t

t
T T
= / A 2 A L / (L8757~ L7 ) ag,
t t
and so

T T
(L8757 =275 ) o = [ 0uans™ K7 4 [ (2877 - 157K g,
t t

Since ¢ is a Q-martingale, it follows that
_ [ sT
EQ [(L;D’KD —LfD’KD) ¢T|]:t} —EQ [/ ¢SdLsSD’KD|./—'Vt‘| .
t

To say more about the optimal strategy in this framework, we then make the
following assumption:

Assumption 4.5. Suppose that S is a time-homogenous, Markov processes under
Q, and there exists a measurable function ¢(u) such that ¢, = ¢(u) when SP = KP.
That is, & D; does not depend on the past of the process when the discounted price
and the discounted strike are equal.

Below we will see that this assumption holds for the case of a Black-Scholes-
Merton model. In particular, it follows from Assumption that
@ EQ [];T by ALS" K |SP = KD} . t<T
p(t) = ‘
—00, t>T
is well defined.

Theorem 4.6. Suppose that Assumption[{.5 holds, and in addition, ¢ is a Markov
process and

(4.11) z(u; A) == Ap(u) — ap(u)
is decreasing in u, for u € [0,T]. Then the process J¢ involved in the representation
of * in , the Snell envelope of ¢°, is given by
z(u; ) SP =KP
JS=<20 u=T
—00 otherwise,

and so

u TAHgo =T.

0<u<T 0

Proof. Recall that the process ( is defined in , and consider the process J¢
defined above. We first note that the process ¢ can be described as follows. Con-
sidering first ¢ = T, we see immediately that {(y = —a¢r. In addition, for t < T,
define the stopping time

(4.12) Hip = inf{s >t: 5P = K},
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then (Copprt D)se[t,T} is a martingale, and (; = EQ |:CT/\Ht D] Now, observe that
K K
Cr,.p = 2(Hgp;\) when Hgp <T. Since C}:IKD > (H,.p, we have that,

C;{KD >EQ[ sup J5|.7:HKD] =Ca,p VO =2(Hgo;A) V0,

Hyp <u<T

when Hyp < T. It follows that

G = E? (Gt VO) L] 2 E@[ sup Jg} .
K K 0<u<T
On the other hand, by construction, EQ [SuptSuST J5|]-'t} is a non-negative su-
permartingale dominating (;, from which we conclude

= EQ[ sup JS |]-'t] ,
t<u<T

as required.
O

Remark 4.7. The assumption that z is decreasing is necessary to get an explicit
expression. In general, we would expect the process J¢ to take a similar form, but
it would no longer be the case that supye,< JS = 2(Hgp; \) V0, and rather, the
right-hand side would be a maximum over all possible return times to the level
KP. In this case, we would expect the function z at time u to then only be defined
recursively in terms of an expression involving its future values, {z(s; \), s € (u,T]}.

Next result is in fact a special case of the previous more general result.

Corollary 4.8. Suppose that Assumptian holds, a = 0, and the function p(t)
is strictly positive and decreasing. Then, we have

sup JS = A\p(Hgp) VO
0<u<T

where Hyp := inf{t > 0: SP = KP}.

Proof. Taking z(u, A) = Ap(u), and using the fact that p is decreasing and strictly
positive, the result follows from the expression for J§, taking o = 0, since the
maximum of this process within the interval [¢,T] will be achieved at the valuation
in the left limit ¢. U

4.3. Long positions in Call options in the Black-Scholes-Merton model.
We now restrict ourselves to the standard setting of the Black-Scholes-Merton
model, so that D; = e, dS; = 05;dB; + uS,dt, for fixed constants o, r, i, where
B, is a P-Brownian motion. In this model, we know that

1
Ht = exp {—QBt — (292 + ’I") t} y

the Sharpe ratio.

_ p—r

where 6 ,
o

-1
_1 _1
Using the fact that & = Hp ? (E [H;lp p}) , and H;& is a P-martingale, one

can further see that
0 1
§t = exp {th +rt+ 592(2]?71 - pz)t} )

and therefore

162

_ 0
(4.13) ¢; " = Dy& = exp {pBi@ — 21)215} ,
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where B? := B; +0t is a Q-Brownian motion. It follows that SP = K P if and only
if:

1
KP = Syexp {O’B;@ — 0'215}

2

1 KD 1

4.14 e BY= " |ln(——) 4+ 202
#19 ' U{n<50>+2at}

and hence

01 KP\ 1,71 16°

6
So \ 77 6
= (K(;) exp{w(ﬁ—ap)t}.

Note that it follows that Assumption [£.5 holds, and moreover ¢ is decreasing in ¢
if # > 0 and po > 6.

Using from above the fact that % = Dr&rp, which is given by (4.13]), we also see

from Girsanov’s Theorem that B? .= B2 — %t is a Q-Brownian motion.
In addition, using the Black-Scholes formula, we have

EQ {Li KD pstK |]-‘t} - (@(dl)StD —®(dy — VT — t)KD) — (8P — KP),

where d; = (log (f;i + 02T — t/2) /(o/T —t), and it follows from the argu-
{10)

ment used to derive that

p(t) = p(t)KP (2@ (;g\/ﬁ) - 1) .

From the fact that ¢ is decreasing, we deduce that Theorem holds when 6 > 0
and po > 0, since in this case z(-; \), defined by (4.11)), is decreasing. This last fact
follows from the following observation, using the previous display.

z(u; A) =Ap(u) — ad(u)
= — ap(u) [1 - % (2¢(§aﬂ) - 1)]

=: — ag(u)g(u),

with g(T') =1, g(0) < 1 and ¢’(u) > 0, for 0 < u < T. The functions p, ¢ and z are
shown in Figures [I] and [2}

For y # z, B € R, and for a standard Brownian motion B with By = 0, we
introduce the hitting time

Hg =inf{t >0: 24+ B, =y + [t}

and define the densities 7, 'ylﬁ , 725 by:

Plx+ B, € A) = / Yo(v,t,x) dv
A

t
(4.15) P(H! <t) = /0 V2 (u, 2, y) du
(4.16) P(Hﬁ >t,x+B €A = /A'yg(v,t,x,y) dv
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p(t) o(t)
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FIGURE 1. Plots of the functions p and ¢ in the case of the Black-
Scholes-Merton model. In this example, p represents the additional
cost of hedging that needs to be held when SP = K| ¢ is the value
of the process ¢; along the same line.

0.2 4
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0.0 4
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FIGURE 2. The plot above shows the function z(¢, A). The level
z represents the value of the process J¢ which we will score when
we hit the line S? = KP in order to get the correct form of the

process defined in (4.9)).

Proposition 4.9. In the Black-Scholes-Merton model with 6 > 0,pc > 0, z de-
creasing and Sy # KP, we can write

EQ[( sup J5> vM} =M+/0T’yf(u7m,y)(z(u;)\)—M)+du

0<u<T
r*(M;X\)
(4.17) — M+ / 72y, 9) (0 A) = M) du
0

where x = o~ log(Sp),y = ot log(KP),8=0/2—0/p, and
r (M A) :=inf{u <T:z(u;\) < M} AT.
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Proof. First note that the parameters z,y and 3 come from the relevant terms in
[ET4) together with B := B — &t
From Theorem [4.6] we observe that

sup JS = 2(Hgo;A) VO
0<u<T

holds, and therefore

sup JSVM =M + (2(Hgp; \) — M),
0<u<T
The result now follows upon noting that z is decreasing and the observation that
Hy o has distribution given by ’ylﬁ . O

We now put together the results of this section to give a complete characterisation
of the optimal wealth in the case of a long position in call options.

Theorem 4.10. Suppose the conditions of Proposition[{.9 and Theorem[].]] hold.
Then there exists an admissible trading strategy which is long A units of the Call
option with strike K if and only if

T (0;2)
wo + AAC > / vlﬁ(u, x,y)z(u; A) du.
0

If this holds then the value of M in the trader’s optimal portfolio is the unique
solution to the equation

r*(M;\)
(4.18) wo + AAC = M + / 7P (u, z,y) {z(u; X) — MY} du,
0

and the optimal utility is given by

r*(M;X\)
E {UP(W?C)} =6Cp (UP(M) Jr/0 715(5#”#) {up(z(s;A)) —up(M)} ds) )

_17\?
where M := M(X) is the value given by (4.18) and ¢, = (IE [HI{ ”}) .

Proof. The first claim follows from Proposition [4.9)and Theorem It also follows
from this and the fact that with positive probability, since Sy # K", Hxp > T
that a unique value of M satisfying (4.18]) exists.

The form of the optimal utility now follows from applying the known distribution
of (SuPogugT JS) V M, and the arguments of Lemma d

Remark 4.11. In general the expression for ”yf does not exist in closed form (unless
B = 0), however it is well known that its Laplace transform can be given in closed
form. In combination with the fact that the right hand side of is increasing
in M, this means that the optimal value of M can be found quickly via simple
numerical methods.

Remark 4.12. In the case where the initial value of the asset is equal to the at-
the-money strike, Sy = K, then Hxp = 0 and so the resulting supy«, <z J§ is
fixed. Hence the optimal wealth will also be deterministic, and there hence this
case is trivial.
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Optimal M for given value of \.

0.14 1
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. 0.10
=1
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FIGURE 3. The figure shows the value of M as a function of A.
The parameters used are Sy = 1.2, K = 0.85,7 = 2,0 = 0.5,r =
0.01, = 0.4,AC = 0.02,p = 0.75,60 = 0.05.

Optimal r* for given value of A.

2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4

FIGURE 4. The figure shows the value of r*(M (), \) as a function
of A. The parameters are the same as in Figure[3] Note that for A
small, then M(X) > z(0; M), the intermediate wealth constraint is
never binding, and 7*(M,\) = 0.

4.4. Numerical Results. In the context of the above results, it is possible now
to numerically compute various relevant quantities to get a sense of the typical
behaviour. We show the results of such numerical computations below.

We observe that M appears to be concave in A, and we see similar behaviour
when we plot the utility, where the optimal value utility is attained for A approxi-
mately equal to 3.1. The value of r*(M, \) is increasing in A, although there is an
initial interval where it is equal to zero, since M (A) > z(0; A), and the intermediate
wealth constraint is never binding. Note that this interval also corresponds to linear
behaviour for the value of M as a function of A, since here we can directly hedge
the exposure, and we always guarantee a terminal wealth equal to wy+ AAC = M.
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Expected utility as a function of A

1.00 1
0.99 1
0.98 1
=
= 0.97 4
(=]
=
0.96 1
0.95 1
2.4 26 28 3.0 3.2 3.4
A
FI1GURE 5. The figure shows the value of the utility as a function
of \. The parameters are the same as in Figure[3] In this case, the
optimal utility occurs when A\ =~ 3.1.
CDF of Y7 for different values of A
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FIGURE 6. The figure shows the cumulative distribution function
of the optimal wealth Y for the optimal strategy. In this case,
different curves show the effect of different values of A\. The pa-
rameters are the same as in Figure

The explanation for this behaviour can be seen in Figure [6] which shows the
cumulative distribution function of the optimal wealth Y for the optimal strategy.
We see that as we increase A, the mean of the distribution increases, but the variance
also increases. The large jump on the left of each distribution function corresponds
to the value of M, and for small values of A, then this step corresponds to a large
proportion of the distribution. As A increases, the proportion of the distribution
that is at M decreases, and the distribution becomes more spread out. As we
increase A, the mean of the distribution also increases. The optimal choice of A
is then determined through a trade-off between the mean and variability of the
resulting distribution.
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5. EFFECT OF STATIC/DYNAMIC HEDGING UNDER INTRINSIC WEALTH
CONSTRAINTS: ONE-TOUCH OPTIONS

In this section we consider the impact of intrinsic wealth constraints when hedg-
ing a path-dependent option. Specifically, in the case of a one-touch option, we are
able to compare the case of hedging dynamically using the underlying asset alone,
with the case of completing the hedge using a static position in vanilla options. In
this case, we exploit the classical example of a static superhedge of a one-touch
option using vanilla options and dynamic trading in the underlying asset due to
Hobson [21]. As we will see, there is strong numerical evidence that even in a com-
plete market setting, where the vanilla options are priced at their replication price,
the impact of the static position on the intrinsic wealth constraint is significant,
and leads to notable benefits to the trader who looks to sell a one-touch option.

5.1. Max-plus representation for the one-touch option. We begin by re-
calling the definition of the one-touch option, and Hobson’s static superhedging
strategy.

A one-touch option is a path-dependent option which pays out a fixed amount
if the underlying asset price hits a pre-specified barrier level at any time before
maturity. For simplicity, we suppose the barrier crossing is determined in forward
price units, and our discount process is D; = e~ ", with r a positive constant, under
the hypotheses stated in the previous section. From Example the one-touch
option has payoff OT? := 1{s2 >py}, where S} = sup, <, S, is the maximum process
and B > 0 is a fixed barrier. Recall that the discounted version of S and B is
denoted by SP = D;S, and BP = DrB. Define Hg = inf{t > 0: SP > BP} and
the one-touch option can alternatively be written as

0 _
Cr = 1{stzBD;1DT, for some t€[0,7]}
= 1{5{? >BP, for some t€[0,T]}*

Hobson’s superhedging strategy for the one-touch option consists of a short po-
sition in the one-touch option itself, combined with a static position in vanilla Call
options and dynamic trading in the underlying asset. Specifically, given K < B
fixed, we can consider the portfolio with a payoff C% composed by a long position
of & 1 7 Call options with strike K and, if SP hits BP before terminal time T,
short sell ﬁ units of asset, that is,

~ 1
CcY =
" B-K B-K
Then, putting together the above expressions, the portfolio value at time 7" is given
by

{(BDrDy},)Dip Dy’ = St}limy<ry-

(St — K)+ +

1
B-K
_ {BiK(ST—K)Jr, Hp>T

=% (K—5r)y, Hp<T.

o —CY = (ST — K)4 + (B — St)lugz<r] — Y{mz<ry)

Since the right-hand side is always non-negative, we deduce that C’% is a superhedge
for the one-touch option.

In [21] it is shown moreover that the superhedging strategy is optimal in the
sense that there exists a model under which C% = C% almost surely, and hence the
cost of the superhedge is equal to the arbitrage-free price of the one-touch option.
Note that the choice of K is not fixed, but there is a choice of K which minimises
the cost of the superhedge, and this choice of K corresponds to the model which
attains equality.
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Notice that from this expression we can deduce that its intrinsic value at time ¢
has the form

T CYO _CO _ %7; BiK(Ki%St)-H HB StST
t( T T)_
0, t< Hp AT

(K3 —S),, Hp<t<T
0, t< Hg AT,
and hence
1 D D
~ K¥Y -8 Hp <t<T
DR~ ) = TR P Mt
0, t< Hp AT,
which is clearly a Q-submartingale. Then, the intrinsic wealth constraint process
(see (4.8), is given by
(5.1) G = —aDi g — & T(CH - C}) +EY [ (Ch — CR)IR|, te o),
with & as in ([4.6). Following the same arguments given in Remark we get that
(¢ is a Q-supermartingale, and hence

ét = thtct = - — DtIt(é% - C]O—v) + ]EQ [DT(CY% - C’%)|‘Ft:| 5 te [O,T],

is a Q-supermartingale with terminal condition éT = —a. To include the non-
negativity constraint on the intrinsic wealth at the terminal time, as above we
define

éh t<T

AO = F 1 =
= Gluery {0, t="T.

From the previous calculations of the intrinsic value of the derivative, for t < T', we
have that
B=a-

D

1
B-K

% {E® [(Sr — K) 4 1pmpsry + (K = Sr) s Lim,<ry | Fi] }

As a first step, we provide a Max-plus representation for the Snell envelope of
¢?, denoted as C? * under measure Q, meaning that there exists a process JS such
that

(KP — StD)+1{HB§t<T}

B

(O = RO [ sup J5|]-'t] .
t<u<T

Note that the Snell envelope of é Y is equal to the Snell envelope of f V 0, and using
the last part of Lemma we can get the representation for the later once we
have the one for é . The ideas to do this have been already implemented in the
proof of Theorem and Corollary for the case when a = 0, therefore, we will
simply outline the line of argument that should be followed.

First, using the fact that é is a supermartingale, its Max-plus representation
can be obtained using the first part of Lemma using the analogous class of

stopping times as in (4.12)). Defining
1
pou) = 5B [(K” ~ 5P). | SV = K”] ~a,

it is given by
A —a, u="T
JS = eo(u), w=H*<T,
—00, otherwise.
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From here, we can now use Lemma part (ii), to get the representation for
20,%
t

. (—C¥+BD77TK(ST—K)+)+1{HB>T}, u="T
To =), Hp <u<T,8P = KP

—00, otherwise,

where
() = max {ipq(u), 0}
In this case we can apply Lemma part (i) with 7 := inf{u >t : SP =
KD,HB §u<T}/\T.

Remark 5.1. Notice that the Max-plus representation is needed under measure Q,
and it can be obtained using Lemma part (ii), applying to the corresponding
Radon-Nikodym derivative martingale {D;&;}; see Remark This result was
not needed in the proof of Theorem because the process {¢; := & ' D; '} was
implicit in all the calculations where it was involved; see, in particular, so that
we could obtain the representation under the measure Q.

5.2. Numerical results. We now present some numerical results which illustrate
the impact of the intrinsic wealth constraint when hedging a one-touch option,
comparing the case where the trader uses only dynamic trading in the underlying
asset, with the case where the trader also holds a static position in vanilla Call
options as described above.

Using the max-plus representation described above, we can numerically compute
the optimal terminal portfolio wealth for the trader in both cases. Computing this
requires numerical evaluation of hitting time densities for Brownian motion with
drift, which can be done using standard numerical methods for inversion of the
Laplace transform.

In the numerical results below, we consider a trader who sells one-touch options
with barrier B = 1.9 and maturity 7" = 2, in a Black-Scholes-Merton model with
parameters Sg = 1.2,7 = 0.01,0 = 0.5,0 = 0.05. The trader has initial wealth wg =
0.1, risk aversion parameter p = 0.75, and intrinsic wealth constraint parameter o =
0.1. In this model, the arbitrage-free price of the one-touch option is approximately
0.41.

Since we believe the trader will benefit from holding a short position in the one-
touch option, we consider the case where the trader is able to sell the one-touch
option for a premium to the cost of dynamically replicating. Specifically, we suppose
that the trader is able to sell the one-touch option for a premium of AC = 0.02
above the replication cost.

In Figure[7] we can see the expected utility of the trader under different scenarios.
We observe that when the trader’s initial wealth is small, the benefit of selling the
call option does not outweigh the loss that is incurred because the trader must
trade in such a way as to avoid breaching the intrinsic wealth constraint. When the
wealth is large, both the case with and without the semi-static hedge outperform
the case where the trader does not sell the one-touch option, and in both cases
the trader is able to exploit the premium received from selling the one-touch at a
premium with minimal effect of the intrinsic wealth constraint. Notably, however,
the case where the trader holds the semi-static position in vanilla Call options is
much more impactful in the case where the trader’s initial wealth is moderate.
Moreoever, the initial wealth at which the trader is even able to implement the
strategy is much lower in the semi-static case (wp & 0.08) than in the case without
the static hedge (wg = 0.18).
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Expected utility as a function of wy
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FIGURE 7. The figure shows the expected utility of the trader as
a function of the trader’s initial wealth, wg. The solid blue line
shows the expected utility when the trader holds a static position
in vanilla Call options as part of a superhedging strategy for the
one-touch option, while the solid green line shows the expected
utility when the trader does not hold the static position. The
dashed orange line shows the utility of the trader if they were not
to sell the one-touch option at all. Here the superhedge uses call
options with strike K = 0.1.3.
Excess Certainty Equivalent as a function of wy for different K
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FI1GURE 8. The figure shows the expected utility of the trader as a
function of the wealth wq of trader for different strikes. The utiliy
is shown in terms of the difference between the certainty equivalent
of the utility with and without the hedge. The plots are shown for
a range of stikes K for the vanilla Call options used in the semi-
static hedge.

We can also examine the impact of different choices of the parameter K. Figure[]
shows the expected utility of the trader as a function of initial wealth for a range
of different strikes K used in the semi-static hedge. We observe that there is no
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Certainty Equivalent as a function of K for fixed initial wealth wy = 0.10
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FIGURE 9. The plot shows the certainty equivalent of the trader
when holding the semi-static hedge as a function of the strike K
of the vanilla Call options used in the hedge. Highlighted is the
choice of semi-static hedge which corresponds to the minimal-cost
superhedge ("Hobson-optimal K’). The initial wealth is wo = 0.1.

uniformly best choice of K. However there is some evidence in Figure [J] that
suggests the optimal choice of K is not exactly the ‘Hobson-optimal’ strike, but
this choice is close to optimal.

6. SUMMARY AND FUTURE WORK

In this paper we consider the problem of optimal investment in a portfolio which
combines dynamic trading and a static position in options. The novelty in our work
comes from a trading constraint which is based on the intrinsic, or worst case value
of the option. This setting allows us to develop a framework for hedging which
sits between classical and robust settings for option pricing. We are able to develop
explicit characterisations of the optimal trading strategy in certain cases, and we are
able to see in simple examples how the optimal strategy finds a balance between the
desire to maximise expected profit, and the risk associated with extreme positions
relative to the trader’s capacity to sustain short-term mark-to-market losses.

Notably, we see in our numerical results that even in a complete market setting,
the presence of the intrinsic wealth constraint can have a significant impact on the
optimal strategy. In particular, in the case of the one-touch option, we are able
to see the benefit of holding semi-static hedging positions in vanilla options, even
when these options are priced at their replication cost. This suggests that even in
complete market settings, the presence of intrinsic wealth constraints could justify
the use of semi-static hedging strategies.

While our explicit results make fairly strong assumptions (for example, complete
markets), our framework is flexible, and future work to understand the impact of
considering a larger class of possible hedging models (e.g. moving to an incomplete
market setting), or allowing for uncertain volatility models, for example, would be
interesting to understand.
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APPENDIX A. RESULTS ON MAX-PLUS REPRESENTATIONS

In this appendix we prove some results on Max-plus representations for cadlag
supermartingales under specific assumptions on the structure of the supermartin-
gale.

We suppose specifically that the cadlag supermartingale (X¢);e[o,7) can be writ-
ten as a martingale up to a specific exit time. That is, we suppose there exists a
maximal family of increasing stopping times {7;¢ € [0,7T]} such that = € [¢,T],
7 <7 fort <s,

(A.1) X; =B [X,, |7,
and such that
(A.2) X, >E2[X,|F], for all stopping times ¢ > 7; with P(o > 7;) > 0.

In canonical cases, we may consider 74 to be the first hitting time after time ¢ by a
process to a specific region, for example. We note that the case where 7w =t is not

excluded, although in the following result it will imply a very specific structure for
X.
Then we have the following result.

Lemma A.1. Suppose there exists a family of increasing stopping times {1;t €

[0,T]} such that 7 € [t,T] (A.1) and (A.2) hold, and a decreasing function ¢ :
[0,T] — R such that if 7+ = s for some t, then

Xs > (s) > Xy, forallu>s.

Then (Xt)ie(o,r) has Max-plus representation
X, =EC [ sup Ju]:t} ,
t<u<T
where
Xry u=T1,<T,
Jﬁ:: )CT, u::]ﬂ
—o00, otherwise.

Moreover, the smallest (in convex increasing order) martingale dominating (Xt)iepo,m)
is given by

M, = E© [ sup Ju|]-'t} ,

0<u<T

and for any constant ¢ € R, the smallest (in convex increasing order) martingale
dominating (Xt V ¢)eecjo,) is given by

M¢ =E? [( sup Ju> \/c|.7:t} ,
0<u<T
that is, the Maz-plus representation is given by JS = J, V ¢, or equivalently
X, u=T1,<T,X; >c
Ju=¢XrVe, u=T,

—00, otherwise.
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Observe that in the trivial case where 7, = t, then the conditions of the lemma
imply that X is a decreasing process, and hence the Max-plus representation is
trivially given by J,, = X, for u <T.

Proof. First observe that defining

Xy, u=71s<T, some s < u,
Ju=< X, u=T,

—o00, otherwise.
then

X, =E? [ sup Juft} :

t<u<T

since if s = 7 for some ¢t < s then for u > s we have X,, < ¢(s) < X;, and
hence X, = EQ[X, |F,] > EQ[X,|F,] with equality if and only if X, = X, = X,
almost surely. In particular, sup;<, <7 Ju = Xs. On the other hand, if s # 7 for

some t < s, then in particular s < 75, and X, = E@ (X |Fs] = EQ [j,J.Fg} >

EQ SUD, <yu<T Ju|Fs|. Moreover, by the maximality of 7, if there exists t < s
such that s < 7 with positive probability, then 7 = 75 on {s < 7} since X5 =
EQ [Xroar | Fs] = E@ [X+,|Fs] on this set.
The rest of the proof now follows immediately from the fact that X; = J, = J¢
whenever J; > ¢, and properties of max-plus martingales.
O

To help us in the verification of some results, we will make use of the following
result.

Lemma A.2. Let (Xi)icjo,1) be a Q-supermartingale with cadlag paths.

(i) Suppose X =Y +Z whereY and Z are both also cadlag Q-supermartingales
such that Y7, Z7 > 0. Suppose in addition that there exists a stopping time
7 < T and an F.-measurable set A such that:
(a) Xinr is a Q-martingale;
(b) Vi =0 on A forallt > T;
(¢) Zy =0 on A° for allt > T.
Then Xy = EQ [sup,<,<p Ju|F:], where

Ju=Jy +J7,

and JY and JZ are the Maz-plus representations of Y and Z respectively.
(ii) Let (X¢)ieo,r) be a Q-supermartingale with Maz-plus representation JX,
and suppose Q is an equivalent probability measure to Q with Radon-
Nikodym derivative % = Mr, where (My)icjo,r) s a strictly positive Q-
martingale.
Suppose in addition that there exists a mazximal family of stopping times
{m;t € [0,T)} such that 7, € [t,T] for each t, 7o < 75 when t < s and
X, =EQ [Jff\]—}]. If in addition

JXMIY > JXMY, uwe T,
then (XM_l)te[O’T] is a Q-supermartingale with Maz-plus representation

X_ 17X .
Jo = ardu s e

u

X, = M;ER | sup (JXM;Y)|F

t<u<T
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Proof. (i) First observe since Y and Z are non-negative, we have JY, JZ > 0,

(1]

2]

and hence Jr = J¥ + JZ > 0. Further, it follows from the fact that
Xinr 18 a Q-martingale that both Y;a, and Z;,, are also Q-martingales.
Therefore, for ¢ < 7, we have almost surely

JY < sup JY, wel0,7],
T<v<T

and similarly for JZ. In addition, on A, for u > 7 we have JZ = 0, and
similarly on A¢ for JY . Hence

sup (Jy +JZ)= sup (Jy +JZ)
t<u<T tvr<u<T

Y
SUDpyr<u<t Ju s ON A,

. zZ c
SUPpyr<u<r Jis onm A

= sup J5—|— sup JuZ,

TVt<u<T TVt<u<lT
= sup JY 4+ sup JZ.
t<u<T t<u<T

(i) Since X, = E? [JX|F,] we have
M Xy = M 'ER [JX|F
= B8 [J M7 |7
= B8 [T M

=EQ| sup (JXM;YH|F |,
t<u<T

where in the second last step we have used the fact that M ! is a Q-
martingale, and in the final step we have used the assumption that for all
we lt,T], JXMZ' > JX M

O
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