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ABSTRACT. We consider a Bayesian adaptive optimal stochastic control problem where
a hidden static signal has a non-separable influence on the drift of a noisy observation.
Being allowed to control the specific form of this dependence, we aim at optimising a
cost functional depending on the posterior distribution of the hidden signal. Express-
ing the dynamics of this posterior distribution in the observation filtration, we embed
our problem into a genuinely infinite-dimensional stochastic control problem featuring
measure-valued martingales. We address this problem by use of viscosity theory and
approximation arguments. Specifically, we show equivalence to a corresponding weak
formulation, characterise the optimal value of the problem in terms of a unique con-
tinuous viscosity solution of the associated HJB equation, and construct a piecewise
constant and arbitrarily-close-to-optimal control to our main problem of study.

1. INTRODUCTION

We consider a Bayesian adaptive optimal stochastic control problem in continuous
time on an infinite horizon. There is an underlying static signal which cannot be observed
directly but only via a noisy observation. More precisely, the drift of this observation
process has a non-linear dependence on the signal and we are allowed to control the
specific form of this dependence. We take a Bayesian view on the estimation problem
and assume that the prior is known and subsequently update our beliefs. The aim is
to optimise an objective depending on both the control and the posterior distribution
of the hidden signal. The typical interpretation is that we are searching for the hidden
‘signal” and based on what we’ve learned so far we may choose different ‘search actions’
which might be more or less effective but at the same time more or less costly.

In mathematical terms, the observation process is given by

AY* = h(ug, X)dt + dW,, Y =0,

where X is an unobservable random variable, u is the chosen control, and the function A
specifies the spatial dependence on the signal corresponding to different actions. For any
given control, the observation process generates a filtration, say Y*, which is explicitly
control dependent. The posterior distribution, also referred to as the filter, is then given
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by
7y = Law(X|V}).

Given a discount rate S and a running cost function, say k, depending on the control
and the current state of the posterior distribution, the aim is to optimise an objective
of the form

E/ e Ph(m, uy)dt;
0

the optimisation is over a class of controls u which are adapted to their own generated
filtration Y, that is, controls that rely only on the information on X generated from
observing Y.

We address this problem by use of dynamic programming arguments and stochastic
control methods. To this end, we first express the dynamics of the posterior distribution
in the observation filtration; the filter can then be viewed as a controlled measure-
valued martingale whose dynamics is driven by a Brownian motion. We then introduce
two thereto related formulations: A weak problem formulation and an approximate
formulation where one restricts to piecewise constant controls. A priori, it is not clear
that either of these formulations coincide. However, our main result establishes that
the value of our original problem, the value of the weak formulation, and the limiting
value of the approximate formulation as the time grid is refined, are equal in value.
A posteriori, it is thus clear that the additional information available within the weak
formulation does not alter the value of the problem. The proof bears resemblance to
the approximation approach introduced in [4] as well as the stochastic Perron method
developed in [5]; specifically, relying on the viscosity theory for MVMs developed in
[17], it proceeds by establishing that the limiting and weak value functions are sub
and super solutions, respectively, of an associated HJB equation to which appropriate
comparison results applies. In particular, we obtain that the value of the problem can be
characterised in terms of the unique continuous viscosity solution of this HJB equation.
Finally, having constructed an optimiser for a piecewise constant problem with a fine
enough time grid, returning to our original problem and relying on uniqueness in law
for the controlled filtering equation, we construct a piecewise constant and arbitrarily-
close-to-optimal strategy for our main problem of interest.

Our main problem of study is notably given in a strong formulation where the obser-
vation filtration has an explicit dependence on the control. At the same time, admissible
controls are constrained to depend on the information provided by the observation pro-
cess only. When aiming at picking a ‘good control’ there is thus a trade-off present since
such controls must balance improving the estimation and minimizing the cost functional.
The effect of considering strong formulations within stochastic control problems with
unobservable components was recently reviewed in [I5]. In particular, they illuminated
the link between controlling the information flow and the notions of dual effect (referring
to the interplay between the control’s effect on the state and its influence on the estima-
tion of unobservable components) and the much-studied trade-off between ezploration
and exploitation (referring to the knowledge of the unobservable component contra cost
optimisation); we refer to that article for further details and references on the topic.
Within the literature on optimal control under partial information, controls that are re-
stricted to depend on the observation process only are often referred to as ‘strict-sense’
controls in contrast to so-called ‘wide-sense’ controls which are allowed to depend on a
somewhat larger filtration. The latter were introduced in [23] and used in e.g. [2I] and
[7] where it was shown, among other things, that the value of their problem remained
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the same regardless of whether strict- or wide-sense controls were used; our main result
is in line with this. In this literature, it is also common to consider a fixed filtered
probability space on which admissible controls are defined and then let the controlled
dynamics enter the problem via a change of measure. Crucially, the relevant filtration
then becomes independent of the chosen control (see e.g. [§] for the case of strict-sense
controls and [31] for the case of wide-sense controls). It is also common to optimise over
tuples of this form. Our main result verifies that for the problem at hand, such variants
of weak formulations would agree in value.

Our work is notably inspired by the contribution of [15]. Following their approach, we
introduce our strong problem formulation by defining a class of pre-admissible controls
and restricting in turn to the subset of controls which rely on the information provided
by the observations only. Our usage of stochastic Perron and Barles-Souganides type
arguments for establishing equivalence between our main problem of interest and the
weak and approximate formulations thereof, is also closely inspired by their arguments.
The key contribution of our work is that we allow for a more general dependence on
the signal in the drift coefficient of the observation process; while we restrict to an
action space enforcing a certain polynomial structure, we crucially allow for infinite
polynomials. While this might seem an innocent extension at first, it has far-reaching
consequences: In contrast to the problem studied in [15], our problem can not be re-
duced to a finite-dimensional one. This calls for a genuinely infinite-dimensional analysis
working directly with the probability-measure—valued filters. We carry out such a study
by relying on the viscosity theory developed for stochastic control problems featuring
MVMs in [I7]. In particular, we herein develop approximation arguments analogous to
the results of Barles-Souganides [4] for this infinite-dimensional set-up; we find those
developments to be of independent interest and hope that they will be useful also in
other contexts. Apart from extending the existing theory on Bayesian optimal control
problems, we thus also provide a concrete example of how the viscosity theory of [17]
can be applied; in particular, for the first time, we establish continuity of the value
function for this genuinely infinite-dimensional set-up. Our analysis also includes an
original result on the stability of controlled MVMs in terms of their initial condition, a
result which we also find to be of independent interest.

We now discuss the related literature. Within a more applied context, Bayesian
search problems have been studied in e.g. [I} [I8] 25, [42]. This literature aside, there are
essentially three streams of research to which our problem relates:

First, our problem bears resemblance to the problem of stochastic control under par-
tial information; the difference being that our signal is kept constant while we control
the observation rather than the signal itself. For this class of problems, the existence
of wide-sense optimal controls were studied in [22], [23] and [21]; see also [13] and [27].
The predominant approach in this literature has been to address the original problem
via a reformulation of the objective enabling viewing it as a control problem where the
conditional distribution of the hidden signal plays the role of the controlled state vari-
able. The approach taken herein is of course closely related to this stream of research
and we will review the relevant literature in more detail in Section 2.

Second, motivated by aims similar to ours, closely related problems have been con-
sidered within an optimal stopping framework. For example, in [19], the authors let
an unobservable state influence the drift of the state process and their aim is to esti-
mate this drift as accurately but also as quickly as possible. Considering a Bayesian
framework they formulate it as an optimal stopping problem which they subsequently
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address. An extended version of such a stopping problem was also studied in [20]. We
refer to those articles for further references.

Third, our formulation notably includes the problem of minimising, over admissible
controls, an objective of the formE|

(1) E / e PR(X, up)dt,
0

where k is some given cost function; this can be seen by defining k(u,v) = u(k(-,v)),
for any probability measure p and action v. Closely related problems have been studied
previously in the literature:

(4) In [7], the authors consider a problem where the observation process follows a
dynamics corresponding to letting h(v,z) = vz, for real-valued controls, and
where the aim is to optimise an objective similar to but with a running cost
depending on the observation process itself. Specifically, they consider a cost
of the form k(Y;*) for k(y) = y%, y € R. In [31], their results were extended to
the case of k being an arbitrary even, convex function of exponential growth.
The corresponding finite-horizon problem was studied in [32]. Those articles
obtained explicit results but under rather restrictive assumptions on the prior.

(ii) More recently, the above-mentioned article [15], considered an observation pro-
cess whose dynamics is again similar to ours but with h(u;, X) replaced by
b(t,Y*,u) X, for some function b, and with a similar controlled volatility co-
efficient appearing in front of the noise term; they also allowed for a multi-
dimensional signal. They considered the problem of optimising a finite-horizon
objective with a running cost of the form I;:(t, Y*, X, us) and a terminal cost of
analogous form.

While those papers motivated our work, we note that our set-up is different: while we
crucially allow for a non-linear dependence on the signal in the drift of the observation
process as well as a non-linear dependence on the posterior distribution in the cost
functional, neither the drift nor the cost has any explicit dependence on the observation
process in our set-up. In order to render the presentation focused on the difficulties
arising from the non-linear dependence on the signal, we choose to develop the theory
for the case without such an explicit dependence on the observation process. We believe,
however, that our results could be extended to cover also this situation but leave it for
future research to thoroughly investigate this.

The remainder of the article is organized as follows: In Section 2 we introduce our main
problem of interest, express the dynamics of the involved processes in the observation
filtration, and discuss the related literature; in Section 3 we introduce our weak problem
formulation as well as the piecewise constant approximate formulation and provide our
main result; Section 4 presents our stability results and Section 5 is devoted to the proof
of our main result.

Notation. Throughout, pg will be a given fixed probability measure on R. We denote
by P the space of probability measures on R whose support is contained in the support
of pp; we equip this space with the topology of weak convergence rendering it a Polish
space. Since we will assume that pg has compact support, we can work with e.g. the
Wasserstein-1 metric, which we denote by W. That pg has compact support also implies

1Notably there is still a trade-off present when choosing the control since it affects both the cost
and the estimation of the unknown signal; as before, this is a consequence of the fact that we consider
a strong formulation where the choice of the control influences the available information through the
filtration.
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that the space P is compact. We denote by P* the (closed) subset of probability measures
supported in one single point. We write C} for the bounded continuous functions on R.

2. PROBLEM FORMULATION

2.1. Controls and objective. Consider a given filtered probability space (2, F,F,P)
satisfying the usual conditions and supporting a Brownian motion W and an independent
Fo-measurable random variable X with law ug; the latter will play the role of our
unknown signal. We suppose throughout that pp has compact support; that is, there
exists some R > 0 such that

supp(uo) C (=R, R).
In order to define our set of actions, we let K > 0 be arbitrary but fixed and introduce
a closed set U such that

(o]
Uuc {v— (v1,v9,...) :v; € R, i € N, and z:(Rivi)2 SK};
i=1
we here consider the subspace topology inherited from the product topology and note
that U/ thus defined is a Polish space. We also define

[e.@]
(2) h(v,z) = Zvixi, vel, x € (—R, R);

i=1
we note that this function is well-defined and jointly measurable, that the definition
fixes h(v,0) = 0, and that  — h(v,z) is continuous uniformly in v on supp(ug) (c.f.

Lemma below).

Our controls will be progressively measurable processes taking their values in this
action space. More pertinently, we first define a set of pre-admissible controls by

AP = {u : Q x [0,00) = U: u is F-progressively measurable} .
For v € AP™, the observation process Y" = (Y;");>0 is then given by
(3) dY;u = h(ut, X)dt + th, Ybu =0.

For u € AP, we let Y* = (Y}*)t>0 be the (control-dependent) observation filtration;
that is, the filtration generated by the process Y* and completed by the P-null sets.
The set of admissible controls is finally defined as

A= {u € A" : u is Y"-progressively measurable} ;

for further discussion on how this type of closed-loop controls relate to alternative defi-
nitions, we refer to [I5, Remark 2.4].

We consider a discount rate 8 > 0 and a measurable cost function k: P xU — R to
be given; throughout, we impose the following standing assumption:

Assumption 2.1. The cost function k is bounded and k(-,v) is continuous on P uni-
formly inv e lU.

For u € A, we define the posterior distribution 7" = (7}");>0 by
(4) i = Law (X |V}");

note that 7* takes values in P and that 7§ = po. With each u € A, we then associate
the following cost functional:

(5) Ju)=E /0 h e Pl(m, ug)dt.

Our main problem of interest is the one of minimising J(u) over all u € A.
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2.2. MVMs and SDEs. For u € A, 7" is a measure-valued martingale (MVM) in the
sense of [I6, Definition 2.1]. More pertinently, taking the signal to be constant in the
classical (controlled) Kushner-Stratonovich equation (see e.g. [41l, Proposition 7.2.8]),
we have that 7 is the solution to [

(6) dmi'(p) = (' (()lus, ) — i () i (Rue, ) ) (AY" — i (A(ug, -))dt), ¢ € Cb,
equipped with the initial condition 7§ = p9. Following the filtering literature, for u € A,
we define the innovations process by

dl' = (h(ug, X) — 7f (h(ug, -))) dt +dWy, Iy = 0;
it is a (Y*, P)-Brownian motion. Note that and @ can then be re-written as
(7) dY* = wf(h(uy, -))dt + dI*, Yy =0.
and

() dnf(e) = (nf (Dl ) — mf (o)t (h(ur, )AL, @ € Gy, 7l = pu;
the process 7% can thus be viewed as a controlled MVM of the specific form considered
in [I7] (c.f. equation (2.3) therein).

The links to MVMs and the above equations will become crucial for our upcoming
analysis. Indeed, the benefit of linking our problem to equation is that it enables
relating the problem to a more standard (albeit still infinite-dimensional) stochastic
control problem featuring a controlled state-process being driven by a Brownian motion;
the idea being that if one manages to construct a solution to that auxiliary problem,
one should be able to construct a solution to the original problem too. To see this,
suppose for illustrative purposes that we’ve been given some probability space (Q, F, P)

supporting a Brownian motion B, and have found a control in feedback form provided
by a function @ : P — U for which the SDE

(9) dry () = (@ ()b (A7), ) — T (0) T (b (@(7),-))) dBe, o = po,

admits a pathwise unique solution 7. Then one would hope to be able to constructﬂ a
control u* € A for which the objective attains the same value as the objective evaluated
at the tuple (7,a(7.)). Provided (i) that @ is optimal for the problem of optimising
the objective over solutions to @ for some suitable class of controls, and (ii) that the
value of this problem coincides with the value of our original problem of interest, it
would follow that u* were optimal for that original problem. In the upcoming analysis,
the role of @ will be played by piecewise constant controls in feedback form on a finite
time grid, and we will establish that the value of the respective problem formulations

2A-priori, setting £ = 0 in [41], Proposition 7.2.8], we obtain for ¢ € CZ with all of its derivatives
bounded. However, for any ¢ € Cj, there exists a sequence {¢,} belonging to this class and converging
pointwise to ¢. Since, by Lemma below, {h(v,z) : v € U,z € supp(uo)} is a bounded subset of R,

E / t ( / (¢ — pu) (@) (h(us, ) — " (h(us,~>>>w:<dx)>2ds — 0,

n—>00

which implies that holds for each ¢ € Cj.

3Indeed, returning to equations and @ with us replaced by @(7;') in all instances, given that 4 is
nice enough, these SDEs admit a pathwise unique solution, say (Y, ), which is adapted to the filtration
generated by Y. Defining u* € A" by uj = a(m), (@) gives that ¥ = Y* and it follows that the
pair (Y, ) is adapted to Y*"; hence u* € A. Since the solution to @ is pathwise unique, we also have
that m = 7*" and therefore u} = ﬁ(ﬁf*). In consequence, (Y“* , W“*) must solve the system of SDEs @
and with wu; replaced by a(r{ ) and I by I*" which is a (* ,P)-BM. Since pathwise uniqueness
implies uniqueness in law for the SDE @, or equivalently for , evaluating the objective at (W“* ,u”)
and (7, 4(7.)) must yield the same value, which verifies the claim.
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coincide by linking them to the unique continuous viscosity solution of an associated
HJB equation.

2.3. Related equations in the literature. Within the literature on stochastic control
under partial information the above approach of linking the problem of original inter-
est to a more standard control problem (involving measure-valued processes) is often
referred to as the separation principle (although there is some ambiguity in how this
terminology is used). We here recall the various related equations which have emerged
within this context and review the related literature.

To this end, recall that one is here typically interested in a problem which is similar
to ours but where the hidden signal follows itself an It6 dynamics; specifically, one is
allowed to control that signal process, say X¢, t > 0, while the observation is given by
for some fixed (not controlledﬂ) function h(z), x € R, and X is replaced by X;. The aim
is to optimise an objective of the form — again with X replaced by the controlled
process X;. The nomenclature ‘partially observable’ refers to the fact that the controls
must be adapted to the filtration generated by the observation process; controls given in
feedback form in terms of the signal are for example not admissible. As discussed in the
introduction, one often considers wide-sense controls that are adapted to a somewhat
larger filtration; it is also common to consider various weak formulations where the
explicit control-dependence of the filtration is circumvented.

Kushner-Stratonovich equations. In its original form, the separation principle amounts
to rewrite the objective onto the form , where now

my = Law(X¢|V});

this filter then solves the so-called Kushner-Stratonovich equation which is similar to
but with some additional terms appearing due to the dynamics of X itself — the
control then appears through those additional terms while typically h(v,z) = h(z). At
the cost of the involved processes taking values in the space of probability measures, the
resulting problem of optimising over solutions to the KS equation is conceptually
simpler since it is a fully observable problem; for example, controls given in feedback
form in terms of the filter are admissible. Provided an optimiser can be found, one
would aim at closing the loop by constructing a solution to the original problem along
the lines outlined above.

While offering a conceptually simple and elegant formulation, this problem turns
out to be notoriously difficult to solve in practice, and explicit results are few to date.
Particular attention has however been paid to the case when X, is Gaussian and the
various coefficients appearing in the dynamics of the signal and the observation process
are linear. The resulting filter, referred to as the Kalman-Bucy filter, is then Gaussian
too with its variance process solving a deterministic Ricatti equation and its mean
process an SDE. The separated problem thus becomes a finite-dimensional problem
which can be addressed using standard methods. For various results in this direction we
refer to [24], [8, Chapter 7] and [41), Section 7.5]; see in particular [41, Proposition 7.3.9]
for a result analogous to the above description of how to construct an optimiser to the
original problem based on an optimiser to the separated one.

Zakai equations. A more common approach has been to employ the separation principle
in conjunction with the so-called Zakai equation. The approach is based on introducing
a measure Q) ~ P under which Y is a Brownian motion on [0, ] (independent of X

4Notably, 1] and [2] also allow for controlled observations.
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and the Brownian motion driving the signal). By Girsanov, this is achieved by defining
dP/dQ} = A} with dA} = h(Xy, u)AFdY;". Defining the measure-valued process

(10) o () == E¥ [p(X)AY| V], » € Cy,

making a change of measure, and, in turn, applying the tower property, one may then
rewrite the objective as follows

(11) EQ [/Ooo e Blgu (%(.,ut)) dt} :

meanwhile, making use of the properties of @}, one obtains that the process o solves
the so-called Zakai equation. For our set-up with a constant signal and controlled
observations, this equation would take the form

(12) doy(¢) = o (h(u,-)p) dY;".

For the case with a signal following a controlled It6 dynamics there are however ad-
ditional terms present; the control notably enters through those terms and typically
h(v,z) = h(x). The process o“ is referred to as the unnormalised process: by Bayes’
rule, m'(¢) = a{'(¢) /o' (1), ¢ € Cp.

The main point is that one may again view the problem of optimising over
controlled solutions to the Zakai equation (c.f. ) as a fully observed stochastic control
problem (with a measure-valued controlled process). To study this separated problem
has been the predominant approach in the literature. Most frequently, it is assumed that
the unnormalised conditional distribution admits a density: the Zakai equation then
reduces to the so-called Duncan-Mortensen-Zakai equation for the density process itself.
Within such a set-up, there are numerous contributions to date: In [8, Chapter 8] the
problem is dealt with by use of the stochastic maximum principle as well as via the DPP
combined with semi group arguments. In [30] (c.f. [28]29]) the associated HJB-equation
is studied and it is proven that the value function is indeed a viscosity solution (albeit in
a rather weak sense which does not enable getting comparison). In [21], the question of
existence of optimal controls is discussed (within the class of randomised controls). In
[36], it is assumed that the density process belongs to L?; it is then established that the
value function is indeed the unique viscosity solution to the corresponding HJB equation
(see also [35, B7]). In [26], the weaker requirement that the density process belongs to
some weighted L2-space is imposed (still a Hilbert space); also here, it is then proven
that the value function is the unique viscosity solution to the HJB equation. Finally,
motivated by similar questions, [38] established an It6 formula for solutions to the KS
and Zakai equations without imposing any assumptions on the existence of densities; in
[39], viscosity solutions were discussed for some related equations.

Yet another version of the separation principle. The articles [2] and [3] considered yet
a different implementation of the separation principle. By first making a change of
measure and using again the tower property, they noticed that the objective can also be
rewritten as

(13) EQr [ / / (z,u)z dr(z, z)dt | ,

where 7" is now defined as the joint distribution of (X, A}') under Q} given );*. Recall-
ing the dynamics for A; and rewriting the dynamics for X in terms of the observation
process, one might then write down the equation for 7*

Indeed, effectively one is then back in a set-up similar to the one considered when
deriving the KS equation with the difference that the only thing that is being observed
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is some correlated noise (note that in this case the unnormalised and normalised con-
ditional probabilities coincide); in effect, one has thus obtained a simpler dynamics at
the cost of introducing an additional factor. For our case with a constant signal and
controlled observations, the equation would take the form
2

m(e) =5 [ (W, 0)2)* G2 2t 2)dt + [ Bl )2 52 o, 2)dnf (o
for the general case there are however additional terms present. The main point is that
one may now consider the separated problem where the objective is given by and
where the controlled probability-measure valued processes 7 follows a certain dynamics.

In [3], this separated problem is studied in a Markovian set-up; the article notably
imposes no assumptions on the existence of a density. They consider the corresponding
problem using randomised controls and first establish that the randomised problem and
the original problem coincide. For the randomised problem they then consider the HJB
equation and prove that the value function is the unique viscosity solution. To do so,
they make use of the Lions derivative; that is, they work in a lifted space and rely on
the 1t6 formula in terms of the Lions derivative as formulated in e.g. [12]. In [2], the
authors consider the analogous (separated) problem with non-Markovian dynamics and
address the problem using BSDE methods.

Notably, [2] also allows for controlled observations. We leave for future research to
investigate whether their approach may provide further insights compared to the results
obtained herein.

A finite-dimensional reduction. In [15], the authors consider a set-up more closely re-
lated to ours where the signal is constant and the effect of the control enters through
the observation. Specifically, their observation process follows a dynamics similar to
but with h(us, X) replaced by b(t,Y*, u;)X for some function b; they also let
the signal be multi-dimensional and allow for a controlled volatility coefficient but
we omit those features here. For this set-up, o“ is given by with X; = X and
dP/dQ} = A} = E(XT")s, where

(14) AT = b(t, Y, u)dYy, TE = 0.
Hence, defining, F¢](v,v) = [ (p(:r)e”_%x%uo(dm), it follows that
u u__1+y2 u u u
o1 (p) = BU [p(X)eXYE 20 )] = Fli] (1, (X))

In particular, applying [t6’s formula and making use of and the fact that %F [Plow +
Flply = 0 and Flg], = Flp -id], it is straightforward to verify that ¢* thus defined
satisfies

(15) doi'(p) = Flel (Y7, (T%):) AT} = o' (@ - 1d)b(t, V3", ug)dYSY,

which is what the Zakai equation reduces to in this set-up (c.f. (12))).

The filter is thus fully characterised by the current state of the processes T* and (T");
n [15], this is exploited in order to address the problem of optimising, over u € A, the
finite-horizon analogue of an objective of the form — with the running cost k(X, ut)
replaced by k(t,Y*, X, u;) — as a finite-dimensional problem. More pertinently, note
that for u € A, the innovations process, which is a (Y*,[P)-BM, is given by
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in consequence,

(16) vt = ) (L (0 b Y e+t v =0,

Combining with (L6]), they observe that the dynamics of (Y*, Y%, (Y")) can be
described by a system of SDEs driven by a P-BM. In parallel, they express the objective
as an expected value under P of a function depending on precisely (Y, T% (T")); this
can be achieved by rewriting the objective as an expected value of a functional depending
on the observation and the filter (in analogy with the KS approach) and subsequently
express the filter in terms of (T*, (Y*)). This leaves them with a separated problem in
a more standard form, the study of which forms the basis for their approach.

As mentioned in [I5, Remark 2.7], a similar approach may be employed when restrict-
ing to controls which are polynomials of some fixed degree; we crucially go beyond such
an assumption in our work. It is worth noticing that when turning an optimiser of their
separated problem into an optimiser for the original problem, they focus on piecewise
constant controls; we will here follow a similar approach. In order to further relate their
set-up to ours, making use of , and It6’s formula, we obtain that

dmi'(0) = (mi' (0 id) — mi' (@) (id)) b(E, V", wg)d 1.

For b(t, Y, ut) = b(u), this is precisely what reduces to when h(us, X) = b(u) X.

3. WEAK AND APPROXIMATE FORMULATION AND MAIN RESULT

In this section we provide alternative problem formulations and give our main result,
which on the one hand states that all those formulations coincide, and on the other hand
characterises an arbitrarily-close-to-optimal strategy for our main problem of interest.

3.1. Weak problem formulation. We first introduce our weak formulation where
there notably are no restrictions on the information used for the strategies:

Definition 3.1 (Weak controls). A tuple (Q, F,F, P, W, &, u) is a weak admissible control
if it satisfies:

(i) (Q,F,F,P) is a filtered probability space satisfying the usual conditions;
(i5) W is an (F,P)-Brownian motion;

(ii1) u is an U-valued F-progressively measurable process;

(@) & is a continuous P-valued MVM such that

(17) ng((p) = (‘Ss (@(')h(ua‘a )) - ‘Ss (90)55 (h(USa ')))dWSa ZBS Cb'

To avoid overly cumbersome notation, we often call (£, u) an admissible control with-
out explicitly mentioning the other objects of the tuple. For u € P, we denote by
A®e (1) the set of all weak admissible controls (£, u) which satisfy & = y; we note that
this set is non-empty. In turn, we define

(18) vwek() = inf E / e P (&, uy)dt.
Aweak(’u) 0

Our main result will establish that the value of this weak formulation agrees with the
value of our original problem of interest.
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3.2. Approximate problem formulation. We here introduce an approximation of
the original problem of interest by restricting to piecewise constant controls.

To this end, here, let Q = C([0, 00), R), denote by W the canonical process, and let P
be the Wiener measure under which W is a Brownian motion. Let F" denote the raw
filtration generated by the canonical process and augmented by the null sets (but not
completed). For n € N, define the dyadic step size d,, = 27" and consider the associated
discrete time grid T" = {kd,, : k € N}. For n € N, let

A" = {u 1 [0,00) X Q= U up = Z U1y pg5,)(t), t € [0,00), up is Fy—meas.}.

reTn
For p € P and u € A", n € N, let £“* be the strong solution of
(19) d&i(p) = (& (phlur, ) — & (@) & (h(ur,-))) AWy, @ € Cp, &o = w3

since p has compact support and h(v,-) is continuous for v € U (see Lemma be-
low), existence and pathwise uniqueness of solutions to is guaranteed by [34, The-
orem 2.1]. For p € P and u € A", n € N, we define

R oo ) 7+6n, )
J(uyp) = E/ e Pl (6" uy) dt = R Z / e Pl (6%, u,) dt.
0 r

refTn

For n € N and i € P, the approximate problem formulation is then given by
Vp) = inf J(u;p).
(u) = inf J(u;p)

Our main result will establish that these approximate problems converge, as the
partition grows finer, to the value of our original problem of study. In order to formalise
this, we define the limiting function, for u € P, by

+ . n .
Vi (p) = lim V*(p);
it is well defined since V"™ is bounded and monotone in n.

3.3. Associated HJB equation. In order to formulate the HJB equation, we define,
for y € P, r € R and ¢ € C(R?),

1

H(u,,0) = Br + sup {km,v) 3 | et mdno (s dz>} ,
veld 2 JrRxR

where, for p € P and v € U,

o, 3 dw) = (h(v,2) — p(h(v, )))u(de).

The HJB-equation associated with our problem is then given by (c.f. the dynamics in
and objective in (18]):

0u
(20) H (#au(ﬂ)a 87;2
for functions u : P — R we here make use of the notion of derivative as it was defined in
[17, Section 4], which is essentially the same notion as the one referred to as the linear
functional derivative in [I1), Section 5.4].

Remark 3.2. When u = 9§, € P?, simplifies to

@ﬁ@)Z& w € P;

1
u(dy) = E;g{{k‘((sz,v)
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This can be interpreted as a kind of boundary condition: Since an MVM starting at a
Dirac measure 4, stays there for all times, by definition,

1
Vweak(é‘m) — V+((52) = B;g{{k(émv)

3.4. Our main result. We are now ready to provide our main result; its proof is re-
ported in Section When talking about solutions of equation we make use of the
notion of viscosity solution as it was introduced in [I7]; for the reader’s convenience, this
definition is recalled in Definition [5.1|below. We also recall the standing Assumption 2.1

Theorem 3.3. It holds that
Vet () = inf J(u) = V(o).

Moreover, on P,
weak _ y/+
V =V,

and this function is the unique continuous viscosity solution of .
Finally, for any € > 0, we can find n € N and a function a" : P — U, such that
u* € A given in feedback form by

(21) uf = Y A" (1) 1pas,) (1), t€[0,00),
reTn

satisfies
X .
J(u*) < ;IGIE‘J(U) +e.

Remark 3.4. The functions V' and V%% effectively correspond to a piecewise con-
stant approximation and a weak formulation of the separated problem associated with
our main problem of study. Thanks to the above result, it is however possible to draw
conclusions also about alternative formulations of the original problem itself: (i) Re-
stricting in our main problem of study to controls which are piecewise constant (over
arbitrary partitions) would not alter the value of the problem. (ii) Since the specifics
of the underlying probability space do not have an impact on the value of the problem,
considering a weak formulation where one also optimises over the underlying probabil-
ity tuples, would still yield the same value. (iii) In the literature on stochastic control
under partial information, it is common to consider so-called wide-sense controls which
are adapted to a filtration which is larger than the observation filtration but still small
enough for the filter to satisfy the associated filtering equation; allowing for controls of
this type (adopting the definitions to the present context) would also not alter the value
of the problem.

4. STABILITY PROPERTIES OF CONTROLLED MVMSs

In this section we establish stability properties of our controlled MVMs with respect
to the initial condition; these properties will become crucial in the upcoming analysis.
We note that the proofs of these results do not make any use of the upcoming viscosity
theory. Specifically, the proof of the first result relies on stability properties for classical
SDEs, and the proof of the second result makes use of ideas similar to those used in the
proof of [34, Theorem 2.1]; c.f. also the proof of [22] Theorem 3].

Before proceeding to the stability results, we establish a basic property of our action
space:
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Lemma 4.1. Let k < R. Let h(v,x) be given by forveld and x € [—k,K]. Then
h(v,+) is continuous on [—k, k| uniformly in v € U. In particular, {h(v,z) v € U,z €
[—k, K]} is a bounded subset of R.

Proof. For all v e U, x € [—k, k] and n,m € N,

(22) i_”: lvizt| < VK i_”: (%)22

Since > 2, (k/ R) converges, we obtain that ) >, vzw is absolutely convergent, for all
x € [—k,k] and v € U. Next, relying once again on , we have for every € > 0, that
there exists some n € N, such that for all z,y € [—k, /<;] and v € U,

[h(v,y) — h(v,2)] <3 Juillz’ =y +e < VE Z<x y) te.
=1

R
i=1
For each i = 1,...,n, there exists some 9; > 0, such that if |z — y| < 9;, then ‘mZR;ZyZ‘ <
Prov1ded that |z — y| < minj—y,_, d;, it then holds that |h(v,y) — h(v,z)| < 2¢,
for all v € U, which completes the proof O

Proposition 4.2. Let N € N and consider some fixred N points {z1,...,zn} C supp(uo);
let Pnv = {p € P :supp(u) C {x1,...,xn}}.

(i) On any filtered probability space supporting a Brownian motion W and a pro-
gressively measurable U-valued process u, equation equipped with an initial
condition u € Py admits a pathwise unique solution; it is Py-valued a.s.

(ii) For anyt > 0, there exists a constant ¢ depending on N and t, such that for any
filtered probability space supporting a Brownian motion W and a progressively
measurable U-valued processes u, and for any initial conditions u,v € Py,

EI((6™" = &™) {z1}), -, 6 = &) (zn Il
(= )({z1}), - (e —V)({wN}))II =

where £ and ™Y denote the respective solutions to equation and || - || is
the Euclidean norm.

Proof. (i). Suppose £“* is a solution to with respect to an initial condition p €
Pyn. Then & remains supported on {x1,...,zx} a.s. for all ¢ > 0, and £“H({z;}),
i=1,..., N, are non-negative martingales which satisfy

A& ({oi}) = & ({2i}) ( Ut, T;j) quu {zn})h “tvwn)> dW:.

Let AN=! be the N-dimensional standard simplex and define the function & : U x
AN=L L RN by

N
&(0,0):<01< v, 1) Z vxn>,...,9N< (v, zN) Zﬁhvxn>),

If we denote & = (& ({x:}),...,&"*({zN})), then £%# is a AN~-valued process
which satisfies the N-dimensional SDE

(23) A&t = G (ug, &) AW,
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Conversely, suppose g“?“ is a solution to 1) with initial condition ég e ANZL We
define the measure-valued process £%* by & (f) = SN (&), f(x:), f € Cy, t > 0.
Then,

R N ~ N N
A& (f) = (Z( )i (i) b, ;) Z z) > (& Ut,xn)> dw;
i=1 i=1 n=1

= (& (Phtur, ) = & (D & <h<ut,->>)dwt,

which means that the process é“”‘ is a solution to . Since ég”‘ e AN-1 fg;“ € Pn;
since every measure-valued process satisfying 1} has preserved mass, 5“5“ is almost
surely Py-valued. Therefore, the finite-dimensional SDE provides an equivalent
representation of when the initial condition has finite support. It is thus sufficient
to show that (v, #) is Lipschitz continuous in 6 uniformly for all v € U.

Let # and 1 be two distinct points in AN~! and ||h|| = sup{h(v,z) : v € U,z €
supp(uo)}, which is well-defined by Lemma For each k =1,..., N, we have

N N
|5k(vv 0) - &k(va 77)| = (ek - nk)h(vv xk) + Mk Z nnh(vu xn) — O Z th(v, xn)

n=1 n=1
N
<10k — el 12l + D 1kt — O + Ok — Ol 112
n=1
N
< 2101 — nelllBll + 0k D> 100 — mallI 2]
n=1

Therefore, applying the triangle inequality and the inequality (aj +---+ayn)? < N(a? +
-+ a%), for all a; € R, we have

16 (v,8) = G (v, < 2l[R[|lI§ = nll + [BIVN|E —all < Cll6 —n],
where C' depends on N and ||A]|.

(é4). Denote oo = (u({z1}), ..., p({zn})) and 7 = (v({z1}),...,v({zn})). Let €4t and
£%Y be solutions to lb with initial conditions & and ¥ respectively. Since the function
(v, -) is uniformly Lipschitz for v € U, by [33], Corollary 2.5.5],

FUspL gg;v

2
(E H t D <Al — ol + L(C) || i — VHQ/ (107 1) (t=5) g 5.
0
where L(C) is a constant dependent on the uniform Lipschitz constant C' of &. Hence,
EHE;%H guv i| <C||M_V||

where ¢ depends on N, t and ||h]|. O

Theorem 4.3. Let p € P and let py be a sequence in P such that W(ug, 1) — 0, as
k — oo. Consider a filtered probability space supporting a Brownian motion W and a
sequence of progressively measurable U-valued processes uy, k € N, such that equation
admits pathwise unique solutions for u = ug and the initial conditions pp and u,
respectively; denote the solutions by E“*#* and £"#* Kk € N. Then, for any t > 0,

BIEH(f) =& ()] = 0, forall [ € Cy.
—00
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In particular, there exists a subsequence, which we still index by k, along which
W (é-;lk;llk , gzik%li) s 0, a.s.
k—o00
Proof. Let u be a U-valued progressively measurable process such that admits

pathwise unique solutions £“#* and &£“* with initial conditions u; and u, kK € N. For
ease of notation, we define

o) =E |6 =g (NIF] . fed

Step 1: We first show that dF(f) — 0 for all f € C, when k — oo, which implies
the Lj-convergence. Denote by || f|| the sup-norm of f € C} on supp(uo), and ||k =
sup{h(v,z) : v € U,x € supp(uo)}, which is well-defined by Lemma Note that for
any k € N,

(24) 5t (f) < 4lfI”
By , and by adding and subtracting the hybrid term &5 ()& (h(us, -)), 6F(f) can

be rewritten as
o#0) =B [ = (9 + [ { € - ) (G, )
() (€57 (h s, )) — €955 (I (us, )
(s, ) (€5(F) — €4 (1)) Yaw, } |

Applying the It6 isometry and the inequality (aj + - -+ + a,)? < n(a? + - -+ a2), for all
a; € R, with n =2 and n = 3, we get

SE(F) < 2l — ) ()2 +6 / E [I(gx — ) (Fh(us, )] ds

t
0
Note that for all f € Cy,

(25) 0P [ [l ) (b ) ] s+ 6 | e

_ ) 2
B [|(€ — €5 (Fhlus, )] = E ||(€0n — o) (fZ(us),-idl) ]
=1

oo

B | [ (e - ) ()

i=1

[/ oo %) -1 2
. d*

<E us); R* < R < l))

< _(;U )(Z} (g — &) (o
<K o ().
<Ky (r%)

Substituting the above estimate in , we obtain the estimate

SE(f) < 2l — ) ()

o [ (k300 (fd) PRI 6 (d) + B2t ) ds.
0 im1 ° R i=1 TR ’

| 2
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To further ease the notation, we denote
Dus) =2 — (NP, 6= L= W7, M = Gmax (K. [h]P).
i=1

and get a neater estimate

(26)  OF(f) < Di(f) + M /0 t (i 5 (107) + 11 3068 (1) + 6§<f>> ds.
i=1 =1

We first apply the bound to and get a new estimate

5 (f) < Di(f) + M/Ot <i4 I + 112 3 4 ] + 4||f||2>ds

i=1 i=1

(27) < Di(f) +4M (2L + )| f|t.
We can apply to f¢', ¥, i € N, and f in , and again obtain a second new

estimate
SE(f) < Di(f)+ M (Z Di(fo") + I£1* ) Dr(v') + Dk<f)> t
=1 =1

t2
(28) +4M2(2L+1)25\|f||2.

Again, we can apply to f¢!, ¥, i € N, and f in , and obtain a third new

estimate

=1 =1

SE(f) < Dil(f)+ M (Z Di(f') + I£17 D Dr(@) + Dk<f)> t

#0123 DU+ LY D) + 3 Dul )
=1

11,2=1 i=1
1P DY DR ) + LIFIP Y De(w') + 1£11* D Di(w)
i1,02=1 i=1 i=1

2

£ YD+ ISP D)+ D) )
i=1 i=1 .

t3
+ 4M3(2L + 1)3§||f||2.

Thus, we can do this iteratively to . If we regard as the first iteration, then for
the m'™ iteration, m > 2, m € N, we obtain the estimate

m—1 tm
(29) 6F(f) < Di(f) + MAYt + -+ Mm_lA,:n—1m +4M™ (2L + 1)m%||f||27
where each A?, j=1,...,m— 1, consists of of 3/ terms and is a linear combination of

components of the forms

o0 o0

(30) D De(fnTT) DR, Y DR Y T D),
=1

i1 yeeyij=1 i1 5eig=1
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with coefficients depending on L and || f||. Note that for any j =1,...,m — 1,

o0 o0
Yo Dty < Y 8|yt < 8 P,
015yt =1 14ty =1

which means the series is convergent. Thus, for any € > 0, there exists N € N such that

0o N
Z Dk(fwil-l-u.—&—ij) < Z Dk(f¢i1+--.+ij) +e.
i1yij=1 it =1

Since f1)* are Lipschitz for all i € N and ¢ is arbitrary, this means that every component
in converges to 0 as k — o0; since each Af has finitely many components with finite

coefficients, it follows that all the A;‘?, j=1,...,m—1, converge to 0 when k — oc.
Therefore, from we get

tm
lim 6F(f) < 4M™(2L +1)™—||f|>.

Sending m — oo, we obtain the desired result. Note, in particular, that the estimates
and do not depend on wu, so all the consequent iteration estimates do not
depend on u. Hence, the convergence is uniform in .

Step 2: Since we have the Li-convergence, for every f € C}, there is a subsequence,
which we still index by k, such that

‘fgk;uk(f) - ffk;u(fﬂ m 0 a.s.

We pick a countable subset {f;}?°;, C Cjp, where f; = 1 and {f;}{°, coincides with
the polynomials with rational coefficients on supp(up). By a diagonalisation argument,
there exists a subsequence, which we still index by &, such that

615 () — € (f)] —— 0 as., forall fi € (£},

Since there are countably many f;, there exists a probability one set, say A, such that
for all w € A,

€ @) (i) = € @) ()] > 0, forall fi € {fi}Zy.

Note that {f;}22, strongly separates points in supp(uo) and is closed under multiplica-
tion. Therefore, by [0, Theorem 6(a)], along this subsequence we have stk = LUkik
a.s. Since supp(up) is compact, this gives us the desired result. ]

5. VISCOSITY THEORY AND PROOF OF MAIN RESULT

In order to establish our main result, we will study in detail the limit of the auxiliary
problem. By definition, on P,

(31) yweak <yt

Our strategy is to show that VT is a viscosity subsolution of an HJB equation, a property
that ultimately relies on the fact that the DPP holds for the auxiliary problem. From
[17], we already know that Vweak js a viscosity solution of the same equation, and that
this equation does satisfy a comparison principle. Having established that the involved
functions are sufficiently smooth, we may thus deduce that holds with equality.
Constructing an optimal control for an approximate problem with sufficiently fine grid
and closing the loop along the lines outlined in Section we may then complete the
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proof of our main result. The remainder of this section is devoted to carrying out this
scheme.

We note that a similar approach was used for the closely related finite-dimensional
problem studied in [I5]. More pertinently, the idea of justifying an approximation
by relying on comparison for the associated HJB equation effectively goes back to [4],
meanwhile, the approach of sandwiching the main problem of interest between functions
which more easily can be verified to satisfy the HJB equation, resembles the stochastic
Perron method developed in [5]. The results in this section develop arguments of this
type for the infinite-dimensional problem at hand.

We first recall the definition of viscosity solutions which we make use of in this pa-
per. To this end, let C?(P) denote the class of functions which are twice continuously
differentiable in the sense of [I7), Definition 4.7]. Further, recall that continuous MVMs
have decreasing support in the sense that, with probability one, supp(&) C supp(&s),
for s <t; see [I7, Remark 2.3.(ii)]. Motivated by this fact, consider the partial order <
defined on P by

p=v <= supp(p) C supp(v);

MVMs are then decreasing with respect to this order. Utilising this property, the notion
of viscosity solutions is then defined as follows:

Definition 5.1 (Definition 6.4 in [17]). A function u : P — R is a viscosity subsolution
(resp. supersolution) of if

1imian< ()82—(’0( ; )><O<res limsu H( ()82—@( ; )>>0>
Jminf H{ @), 550050 | < p- limsup H ps o) 550 5m) | 2

holds for all i € P and ¢ € C?(P) such that

o(in) = limsup u(p) (resp. o(r) = liminf u(u)),
W[, P P, P

and ¢(p) > u(p) (resp. p(p) < u(p)) for all p < f.
It is a viscosity solution if it is both a sub- and supersolution.

5.1. DPP for piecewise constant controls. The main result of this section is the
dynamic programming principle for the auxiliary problem. We start by establishing a
continuity property of the auxiliary value function.

Proposition 5.2. Let n € N. The function j(u, -) is continuous on P uniformly in
u € A™. In consequence, the function V" is continuous on P.

Proof. The second part follows immediately from the first since, for any u,v € P,
V() = V")l < sup | (s ) = (w3 0)]
ucA™

To argue the first part, let 4 € P and consider a sequence pj in P such that pp — p,
and an arbitrary sequence uy in A". For any € > 0, there exists some 7" > 0 such that,
for all k € N,

T
ks i) = s 0] < B [ G () = R, )+
(32) < Tw (E w (g;k#tk’ ;k;#)) +e,

where we used that, by the standing Assumption p — k(u,v) is continuous, uni-
formly in v € U, and thus admits a concave and continuous modulus of continuity w on
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the compact set P, and the fact that W(&"riHk, Uik ig a submartingale for k € N (c.f.
[0, Proposition 4.1.(i)]).

Now, for any subsequence of (uu, ug), according to Theorem there exists a further
subsequence, which we still index by k, along which W(&75#* £7F") converges to zero
a.s., and along which the first term on the right-hand side of thus converges to zero;
since any subsequence of the original sequence admits a further subsequence with this
property, the convergence must hold also along the original sequence. Since € > 0 was

arbitrarily chosen, this completes the proof. O

Next, we argue that a certain ‘pseudo Markov property’ holds within our context.
To this end, let n € N and recall the definition of §,, from Section Given a control
u € A", we define a new control u®* € A", for w € Q, by

On,w

Uy ((D) = u5n+t(w ®s, ‘D)? (t’ (D) € [Ov OO) x €,
where
(w ®s, @) (1) = w(t)Los,)(t) + (W(0n) + W(t = 6n) — @(0))15, 00)(t), t=0.

The following result can then be deduced following the arguments in [14] and making use
of the pathwise uniqueness of the flow solving (the arguments simplify considerably
since we here consider piecewise constant controls):

Lemma 5.3. Let n € N and u € A". Then, for every u € P and P-a.a. w,

E |:/ e_ﬂ(t—ésn)k‘ (gf?ﬂ’ Ut)dt‘]:én] (w)
on
&0 uén,w U w

Thanks to the above continuity and pseudo Markov properties, we may establish
the DPP following the arguments developed in [I0]. In turn, by use of the DPP, we
may prove existence of an e-optimal strategy for the auxiliary problem. We present
those results next; for completeness, we provide the full proofs in the present set-up in

Appendix [A]
For v € U, we write {V# for the solution to ([19) using the constant control us = v.

Theorem 5.4 (DPP). Let n € N. For every p € P,

On
V() = inzg E [ / e Pk (&7, v) dt + e PV (€5°)
ve 0 n

Corollary 5.5. For any n € N and € > 0, there exists a measurable function 4™ : P —
U, such that for u € P,

J(u™" p) < V™(u) +e,
where u*™ € A" is given by
(33) up™ = YA () Ly (0, € 10,00)
reTn

5.2. Subsolution property of limiting problem. In this section we establish the
subsolution property of V. To ease the notation, we introduce the effective state space
for an MVM starting at a measure g € P; it is given by the set

Dp={peP:p=pn}
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Making use of the fact that, for any u € C?(P), the left-hand side of is lower
semicontinuous in y, and the fact that V* is upper semicontinuous on P (being the
decreasing limit of continuous functions by Proposition , we note that V7V is a
subsolution of (20), if and only if, for any iz € P and ¢ € C*(P), one has the implication

_ _ _ N
(31) (m) = V() and o > V*Fon Dp\ (g} = H <u,<p(u), S -;m) <.
Indeed, the ‘only if’ is immediate. Meanwhile, the ‘if’ follows by use of the same argu-
ments as employed in the proof of [I7, Lemma 6.6].

Lemma 5.6. Let ji € P and ¢ € C?(P) such that p(ii) = V(i) and V¥ —p < 0
on Dy \ {fi}. Then, there exist sequences my — 00 and fi, — fi, jt, € Dg, such that
pn attains the mazimum of V™ — ¢ on Dy and V™ (u,) — V(). In particular,
Viin < o+ Ky, where ky == (V™ — @) () 4 0.

Proof. Forn € N, let N,, > n and €, < 1/n such that, for allm > N,,, p,v € DzNB;, (i),

V™(p) < V() +1/n and  Jo(v) = p(p)] < 1/n;
existence is guaranteed by Proposition By the upper semicontinuity of V1 (c.f.
Proposition , there exists 1, > 0 such that V* — ¢ < —2n, on D; \ B.,(i1). By
possibly making N,, even larger, we may ensure that, for all m > N,,, u € Dy \ B, (1),
(35) (V™ =) () < —1m.

Indeed, for any v € Dy \ B, (fi), there exist N” and € such that holds for all
m > NY, u € Bev(v); a finite covering argument yields the claim.
Now, for n € N, pick m,, > N,, and let

fin := argmax (V™" — p)(p).
neDp

Since (V™ — ¢)(f) > 0, it follows that u, € B., (ft). We note that
VT () = V() = @(pn) — @(E) = =1/n,
which completes the proof. O

Theorem together with Lemma [5.6| immediately gives the following version of the
DPP; we here focus on the inequality which will be needed for proving the subsolution
property below and note that this inequality relies on the ‘deep inequality’ of the DPP:

Corollary 5.7. Let ji € P and ¢ € C*(P) such that o(n) = V(i) and V¥ — ¢ < 0
on Dy \ {ii}. Then there exist sequences m, — 00, fi, — [i, pin € Dy, and ky, | 0, such
that

Smp
o) < inf V e Bk (€50 v) ds + e~ P (“53”””)] (L= )
ve 0 n

Next we establish a certain ‘consistency property’:

Proposition 5.8. Let ji € P. For any ¢ € C*(P),

1 4 -
soipe T s —Bs Vi —Bh Ui
hrl%bnfh{gp(ﬂ) JEE{E[/O e Pk (E5F, v)ds + e go(ﬁh )} }
p—rfi

> H <u,¢(u)vgif(wﬂ)> ~
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Proof. Let u € P, v €U and ¢ € C*(P). By Lemmald.1} h(v,-) is bounded on supp (o).
Hence, for any f € Cy,

2

(36) [ ([ o) = €9 (10| #(de) ) ds < o0, as.

We may thus apply the It6 formula [I7, Theorem 5.1] to obtain

t
e Pl (€ — (u) = /0 B (—Bo(€) + Lp(€7, v)) ds
t 0
—Bs P (. cvsn
(31) + [l [ Sy,

where o(p,v;dz) = (h(v,x) — p(h(v,-)))u(dz) and

1 0%
Lo(p,v) = 5 . W(m,y;u)a(u,v;dx)a(u,v;dy)-

Making once again use of , we see that the last integral in is in fact a martingale;
we thus obtain

B9 TR - o) =B [ (= Bele) + Le(et0))ds, 20

Next, consider sequences hy | 0 and ui — p; without loss of generality, suppose that
hi <1,k € N. For v € U, by Lemmal4.1] (v, -) is bounded and continuous on supp(4)
and therefore Lip(-,v) is continuous and thus admits a concave and continuous modulus
of continuity, say w, on the compact set P. Moreover, W(£Vi#Hk, V) is a submartingale
for k € N (c.f. [6, Proposition 4.1.(i)]). Hence,

o ol

where the convergence follows from Theorem[4.3] Indeed, according to this result, for any
subsequence of g, there exists a further subsequence, which we still index by k, along
which W(7#*F &) — 0 a.s., and along which the right-hand side of thus converges
to zero; since any subsequence of the original sequence admits a further subsequence
with this property, the convergence must hold also along the original sequence. The
same argument applies when replacing Ly(-,v) by S¢(-) and k(-,v), making use of the
standing Assumption [2.1
Finally, for ;1 € P, define

n—oo

Lo(E™ ) — Lel€ 0| ds| < w0 (© W (7, 6)) 0,

h
Tueln) = in{{E[/ e Pk (€0, v)ds + e P (674) .
ve 0
Fix now p € P and let hy | 0 and pi — & such that

1 1
li inf 7 (e(1) = Tap(n)) = lim hfk(w(uk) = Tnop(par))-
i
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Let now also v € U be fixed. Making use of and , we then obtain

1
klglgohfk(so(uk) s)

1 hy, . .
> timsup - fou) - 2| [ e (gm0 s+ e () |

k—o00 k k

hy
= lim sup 1E[/0 e Ps (Bgo(ﬁg;“’“) — k(&1 v) — L@(fg;#kyv)>d5]

k—o0 k

1 hi . . .
> lim inf hE[/o e P (590(55’“) — k(& v) — Lw(&?"ﬂv))d%

k—oo N
= Beo(p) =k (p,v) = Lo(p, v),
where we used dominated convergence in the last step. Since v € U was arbitrarily

chosen, we may now take the supremum over v € U to conclude. O

We are now ready to establish that the limit of the auxiliary problem is a subsolution
of the HJB equation.

Theorem 5.9. The function VT is a viscosity subsolution of .

Proof. For [i € P*, the subsolution property reduces to 8V (fi) < inf,ey k(fi, v), which
for Dirac measures holds by the definition of V*; c.f. Remark Let o € P\ P?
and consider p € C%(P) such that (i) = V(i) and VT — ¢ < 0 on Dy \ {ii}. By
Corollary we can then find sequences m,, — oo and p,, — [, such that

1 6mn . .
o2 tmoup Lo — e [ [ ke vy as v e o ()]
veU 0

n—oo 5mn 6mn

1 h . v;
> liminf {go(u) —inf E [/ e Pk (€U v)ds + e P (fh’ﬂ)] }
hio  h 0

veld
pi—> i
0%
>H(p,o(p), == [
> <u7 (), aMg( ; ,u)> :
where the last inequality follows from Proposition According to , this completes
the proof. O

5.3. Proof of main result. We first recall two results from [I7] which ensure that we do
indeed have comparison for the HJB equation and that the weak value function is indeed

a viscosity solution of this equation. To this end, given N points z1,...,xx € supp(uo),
note that any given function u : P — R induces a function @ : AN~1 — R defined by
(40) fL(plv'--’pN) :u(p15x1 ++pn5:r;n)

Theorem 5.10 (Theorem 9.1 in [17]). Let u and v be viscosity sub- and supersolutions,
respectively, of . Suppose the following hold:
(i) for any N points z1,...,zN € supp(uo), the functions 4 and ¥ obtained from u
and v via are, respectively, upper and lower semicontinuous on AN,
(ii) for any p € P, there exists a sequence of finitely supported p, € P such that
u(p) < liminfu(p,) and  v(p) > limsup v(uy,).
n—oo

n—o0

Then, u < wv. In particular, admits a unique continuous viscosity solution.
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Proof. By Lemma the set {h(v,z) : v € U,x € supp(uo)} is a bounded subset of R.
Moreover, by the standing Assumption w— k(p,v) is continuous on P uniformly
in v € Y. Hence, Assumptions (i) and (ii) of [I7, Theorem 9.1] are satisfied. Note first
that [I7, Lemma 9.2 and 9.3] still hold when relaxing their continuity assumptions on
@, 0 to only imposing our (i). Moreover, by our (ii),

(u—0)(1) < liminf(u — v) (1),

The result can therefore be deduced along the same lines as [17, Theorem 9.1] (mak-
ing obvious modifications to account for the fact that our P is a subset of the space
considered therein). O

Theorem 5.11 (Theorem 6.2 in [17]). The function V% is a wiscosity solution of
(20).

Proof. By Lemma {h(v,z) : v € U,z € supp(up)} is a bounded subset of R,
and h(v,-) is continuous on supp(ug). By the standing Assumption we also have
that p — k(u,v) is continuous for every v € Y. Hence, Assumptions (i)—(iii) of [I7,
Theorem 6.2] are satisfied, and the result follows.

We recall that VT is upper semicontinuous on P; we now argue that it is even con-
tinuous. Indeed, note that

@) V) = V)] < sup V) = V()] < sup sup

Jus ) — i)
neNueA”

It thus suffices to argue that the function J(u;-) is continuous on P uniformly in
u € UpenA™; this follows however by use of the same arguments as used to prove
Proposition We next establish continuity properties of the weak value function:

Lemma 5.12. Assumptions (i) and (ii) of Theorem hold for v = Vweak,

Proof. (i) For a finitely supported p € P, according to Proposition (i), given a
tuple (Q,F,F,P,W,u) such that (Q,F,F,P) is a filtered probability space, W is an
(F, P)-Brownian motion, and u is an U-valued and F-progressively measurable process,
there exists a pathwise unique solution to equipped with the initial condition u.
Hence,

ey = ot E /0 e PR(ERH, uy)dt,

where the infimum is taken over all such tuples and the process £%* denotes that associ-
ated solution to . In consequence, for any two finitely supported measures pu, v € P,

Ve V@) £ s B [T e ) kg wo)

Moreover, for any € > 0, there exists some T > 0 such that, for any finitely supported
measures 4, v € P, and any tuple (Q, F,F,P, W, u),

e T
E / e P RS u) — K(EXY u)| dt < E / R(ESH g — (€S, ug)| dE + &
0 0

<Tw(EW (&",67)) +e,

where we used that, by the standing Assumption p — k(u,v) is continuous, uni-
formly in v € U, and thus admits a concave and continuous modulus of continuity
w on the compact set P, and the fact that W(£%#,£"") is a submartingale (c.f. [6]
Proposition 4.1.(i)]).
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Restricting now to u,v € P({z1,...,zn}) and applying Proposition (ii), we have
that

EW (&7, &") < max |z; — 2| VNE[|((67" — &) ({a1}), -, (" = &) {an )|
< max |z — zi|VNel|((p = v)({a1}), - (w =)z )]

where || - || denotes the Euclidean norm and ¢ is a constant depending on 7', N and
sup{h(v,z) : v € U,z € supp(uo)}. Since, with the identification between a € AN~!
and u € P({x1,...,xn}) given by p = a1dy;, + -+ + andz,, the Euclidean and the
Wasserstein distances are topologically equivalent, and since the obtained bound is in-
dependent of the chosen tuple, this yields continuity of V€% on P{zx1,...,zN}).

(ii) Let p € P and let uy € P be a sequence of finitely supported measures such that
W(pg, i) — 0. For e > 0, let (Q, F,F,P,W,&,u) € A¥“** (1) such that

E/ e Pk (&, up)dt < VPR (1) 4 /2.
0

In turn, let £“** be the solution to constructed on the same probability space
and with respect to the same control uw but for the initial condition ug; it exists and is
pathwise unique by Proposition (i). Then, there exists some 7' > 0, such that

T
lim sup V% () — VP (1) < limsup E / e (k(&™  up) — k(& up)) dE + e

k—o0 k—o0 0
Making use of Theorem and the standing Assumption 2.1, and arguing along the
same lines as in the proof of Proposition[5.2] we obtain that the limsup on the right-hand
side must equal zero. Since € was arbitrarily chosen, this completes the proof. O

We are now ready to conclude the proof of our main result.

Proof of Theorem[3.3. Given € > 0, let n € N such that V"(up) < VT (uo) + € and let
4" be the function provided by Corollary for which .J(u*"; o) < V(o) + € when
u*™ € A" is defined by (in terms of u"™). Define, in turn, u* by (in terms of
4"). Specifically, this feedback control is defined as the solution to the system and
(4); since the feedback function in this case is piecewise constant, it is well defined and
thus belongs to A.

We recall that 7r6‘* = o and that 7% satisfies . Making again use of the fact
that the control is piecewise constant, according to [34, Theorem 2.1], we have pathwise
uniqueness for the SDE with u given by (viewing as an equation for 7%
with I*" a fixed (Y%, P)-Brownian motion), or, equivalently, for the SDE with u
given by . We therefore also have uniqueness in law (c.f. [40, proof of Theorem
V.3]) and it follows that J(u*) = J(u™"; uo). In consequence,

J(u*) < V(o) + 2e.
Since € > 0 was arbitrarily chosen, we obtain in particular that

(42) Veeeh (pg) < inf J(u) < V(o).

Next, by Theorem and Theorem u =Vt and v = V¥ are sub- and
supersolutions, respectively, of . Moreover, by Lemma and the preceding dis-
cussion (c.f. (41)), the continuity assumptions of Theorem hold for w = VT and
v = VW@t Application of this comparison result then yields Vt < V@ on P, which
implies that both and hold as equalities. Applying Theorem once again,
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making once again use of the continuity of V* (c.f. ), yields the uniqueness and
continuity claims. O

APPENDIX A. PROOF OF THE DPP

Proof of Theorem[5.4). ‘>’: For any p € P and u € A", by use of Lemma [5.3] we obtain

on 0o
J(u;p) =E [/ e P (&5 up) At + e P E [/ e PU=On) k(€158 ) dt‘}—én”
0

On
_ /Q { /0 " B (€9 (), g (w))

(43) + e /Q /0 ety (56"’“’554“(“) (@), ufm“(@)) dt dP(®) }dP(w)
> /Q { / " I (€ ) () di + B (&, (@) }dP<w>

67L
—[ [T e s ey ()]
0

taking the infimum over u € A™ on both sides yields the desired inequality.
‘<’: Let € > 0 and let {u"},ep C A" be a family such that

J(ulsp) < V™) +¢/3, for every p € P.

From Proposition we have uniform continuity of V" and J (u;+), u € A™; hence,
there exists r > 0 such that

VP (u) —V"(v) <e/3 and J(u;p) — J(utiv) > —e/3, for all v € By(u).

Clearly {B,(u) : i € P} forms an open cover of P and thus there exists a finite sequence
p1, ...y € P such that P C UY, B, (y;). Defining

A= Br(,ul), A; = Br(ﬂi)\{Alu"'UAifl}, 1=2,...N,

we have that P C UfilAi and A;NA; =0, i # j. Defining ut =t i =1,...,N, it
then holds that

(44)  Jhip) < J(Whm) +e/3 < V™) +2e/3 < V() +¢e, forall pe A,

Next, let p € P and let u € A" be an arbitrary control. In turn, define a control
u e A" by

) Ut(w) tc [0, 5n)
iy (w) = { SoiLy La, (§37(w)) ui_s, (05,w) T € [6n,00) ()

where

€ [0,00) x Q,

05, w(t) = w(bn, + 1) —w(dp).

Making once again use of Lemma[5.3] and the fact that for each i =1,..., N and w € Q
such that £§7(w) € A;, it holds that

(@) = up (@), (@) €[0,00) x Q,
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we obtain for P-a.a. w,
E[/ooe—ﬂ(t—d g (511.# ﬂt) dt]f(;n] (w)
/ Ia —ﬁ%( @), @) ) ar )
—21/4 i {// —Btk,( v ) )ui(@))dt dIP’(cD)}

<Z1A E5 (W) {VT (57 (W) + e} = VT (&57) (w) +e.
In consequence,
V() < J(@; )

5 ) o0 )
—F [/ e P (5@“’“‘, at) dt + e PR [/ e~ Blt=on)p, (52““, at) dﬂﬁ%”
0 )

on
<E [/ e Pk (& ug) At + e Pomym (& “)] + e Pone,
0
Taking the infimum over u € A" and using that € > 0 was arbitrary, yields the claim. [J

Proof of Corollary[5.5 Let € > 0 and let {4; } Y, C P and {u'}}¥, C A" be defined as
in the proof of Theorem [5.4] In turn, define 4" : P — U by

N

() ==Y 1a, (p)up, peP,
=1

Note that, thanks to and , for all p € P,

(45)  V™(u) > E [/5 e Ptk (gf"(“)?“, "y )) dt 4 e—Bonym <£u ()5 )} .
0

n

Let € P and define u = u™" € A" by with respect to 4"; it remains to argue
that u is ‘e-optimal’. By definition, (45)) holds with 4" (u) replaced by w. In turn, making

once again use of property (45) together with the fact that @ (f" Hw)) = ugn’w, for each
w € 2, and Lemma [5.3] we obtain

v (gln) (W)Z/Q{/Oé —B%(g METEIE ) o an (gg‘;%w)))dt
te B&nvn<£n(§5 (@))3€5) (w)(@)>}dp(w)_

On udnow; w
_ /Q { /O eﬁtk<gt & ”(w),ufw@))dt

+e“nvn(55 (G >>}le< ) -

n

20p,
= E[/ e Blt=dn) L (&5 ug) dt + e Ponym (5;5‘:) }]ﬂ;n} (W) —e.
On
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In consequence,

on
E[ / e Pk (& ug) At + e Pom YT (gj;;“)}
0

26n
> E[ / e Pk (& uy) At + e PPy ( ggg)] — e Pn,
0

Repeated use of the same kind of arguments yields, for [ € N,

1on,
Vi(u) > E U e Pl (& u) dt + e Py (g5t )} —e(1+ePn g g 7P,
0

Sending [ to infinity, making use of the fact that V" is bounded and that the geometric
series converges, we may conclude. (]
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