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Combinatorial proofs

Purely geometric proofs for propositional classical logic

• • • •

((P → Q) → P) → P

[DH, Proofs without syntax, 2005]
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Multiplicative proof nets

(P⊥ ⊗ P⊥) & P &

P

P⊥

⊗

P⊥

&

P

&

P

Correctness
§ A switching chooses one edge of each ( &)
§ Every switching must produce a tree (connected acyclic graph)

[Girard 1987, Danos & Regnier 1989]



Contractibility

1. Start from an unlabelled graph with paired

&

-edges

2. Contract by:

• • • •

↓ ↓

• •

3. Correct ⇔ contracts to a single point

Implemented in linear time via union–find

[Danos 1990, Guerrini 1999]
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Additive proof nets
(We use A+ B and A× B instead of A⊕ B and A& B)

A + (B × C)
(A + B)× (A + C)

A

+
B

×
C

A + B

×

A + C

Correctness
§ A resolution chooses one branch of each + above and × below
§ Every resolution must contain exactly one link

[DH & Van Glabbeek 2005]
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P × Q

P

P × Q

Q

P

P × P

P ×(Q × R)
(P × Q)× R

P × Q

Q × P

projections diagonal
associate commute

injections co-diagonal

P

P + Q
Q

P + Q
P + P
P

P +(Q + R)
(P + Q)+ R

P + Q
Q + P



Composition is path composition

P × Q

Q × P

P × Q

→

P × Q

P × Q



Additive linear logic / sum–product logic

Formulae:

A, B, C ····= P | A+ B | A× B

Sequents: A ` B (or ` A⊥, B where (·)⊥ is DeMorgan dualization)
Sequent calculus:

P ` P

A ` Bi
A ` B0 + B1 A ` B A ` C

A ` B× C

A ` C B ` C
A+ B ` C Ai ` B

A0 × A1 ` B



Additive proof nets

A linking for a sequent A ` B is a set of links C D:
§ C is a subformula of A
§ D is a subformula of B
§ C D is an axiom link if C and D are the same atom P

Correctness
§ A resolution deletes one child of each + in A and × in B
§ A linking is discrete if every resolution contains one link

A proof net is a discrete axiom linking



P ` P
P

P

A ` Bi
A ` B0 + B1

A

B0 + B1
A

B0 + B1
A ` C B ` C
A+ B ` C A + B

C

A ` B A ` C
A ` B× C

A

B × C

Ai ` B
A0 × A1 ` B

A0 × A1

B

A0 × A1

B



Petri nets

A model of concurrent computation

§ A set P of places
§ A set of transitions S T where S, T ⊆ P
§ A configuration, a set M ⊆ P of places that store a token

Firing: if S T and S ⊆ M then M→ (M\S) ∪ T
→

(Models where places store multiple tokens have multisets S, T, and M)



Encoding + and ×
P + Q P × Q

↓ ↓

P + Q P × Q

The nets N (P + Q) and N (P × Q)



Encoding a proof net

P × Q

Q × P

Q
×

P

P×Q

The net N (A ` B) is the cartesian product N (A⊥) ∗ N (B)
Places: P = PA × PB
Transitions:

{p} × SB {p} × TB (p ∈ PA, SB TB)
SA × {q} TA × {q} (SA TA, q ∈ PB)

Configuration: a token in (p, q) for each axiom link P − Q



Firing a proof net

Q
×

P

P×Q

The net is correct if a single token at the root remains
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Coalescence

A × B

C
→
A × B

C
←
A × B

C

A

B + C →
A

B + C ←
A

B + C

A

B × C
→

A

B × C

A + B
C

→
A + B
C
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For additive linear logic:

§ We have coalescence as abstract sequentialization
§ Proof net correctness is (almost) linear-time decidable



Remark
The set of subsets of a set X ordered by inclusion (⊆)

§ Is a free distributive lattice: A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C)
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§ Correctness: every resolution contains at least one link
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Proof search



A× B ` C + D

A ` C + D

B ` C + D

A× B ` C

A× B ` D

A ` C

A ` D

B ` C

B ` D

A ` C

B ` C

A ` D

B ` D
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Further work

§ First-order proofs without syntax
§ Coalescence for MALL-nets
§ Proof search in classical logic


