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Abstract: Within the framework of a method-of-moments algorithm, the natural frequen-
cies and natural modes of a scatterer/antenna can be found by looking for the complex
frequencies where the determinant of the impedance matrix becomes zero. However, for
nanotopologies, the value of this determinant can easily go beyond the resolution or rep-
resentation limits available on present-day computers. In this work, we propose a substi-
tute for the matrix determinant that avoids this problem altogether: the characteristic
term. A robust numerical procedure for locating natural frequencies using this new target
function is outlined. Then, the natural frequencies of three different nanostructures,
namely, a gold and nickel nanopatch and a gold nanodimer, are calculated and validated
by numerically and experimentally obtained scattering/extinction spectra.

Index Terms: Plasmonics, nano-antennas, modeling, volumetric method of moments
(V-MoM), natural frequencies and natural modes.

1. Introduction
Depending on the geometry, material and boundary condition, a mechanical system, e.g., a
bridge, drum, molecule, or an atom, has a set of natural (normal) modes. Such a set together
with the corresponding natural frequencies characterizes the most intrinsic aspects of the sys-
tem and determines the system's free and forced response. In electromagnetics, the interests in
natural frequencies and natural current modes of a general radiating structure, e.g., scatterers
or antennas, arose from the studies on the interaction of a nuclear electromagnetic pulse (EMP)
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with metallic objects in the early 1970s [1]. There, scatterers' transient response universally ex-
hibits damped sinusoids, which suggests the existence of natural frequencies in the complex
frequency domain where the real and imaginary axes represent the oscillation frequency and
the decay rate, respectively [1], [2]. At the natural frequencies, the electric field integral equation
(EFIE) [3] that describes the interaction of electromagnetic waves with a radiating object has so-
lutions without any incident electromagnetic field [1]. By utilizing the Method of Moments (MoM)
algorithm [4], the electric field integral equation (EFIE) can be reduced to a finite dimensional
matrix, i.e., an impedance matrix. The natural frequencies can be numerically determined by the
zeros of the determinant of the impedance matrix, which are complex numbers !� ¼ !�r þ j!�i.
The corresponding natural current modes can be subsequently attained at natural frequencies.

Similar ideas can be naturally extended to plasmonic nanoantennas [5], where the natural fre-
quencies and the natural current modes of a nanorod and a dolmen structure are extracted and
their roles in determining the line position and the quality factor of surface plasmon resonances
are revealed. Akin to its microwave counterparts, since the interaction of free space electromag-
netic radiation with a nanoantenna can be in general captured by Maxwell's equations, the EFIE
[3] and its Method of Moments (MoM) matrix form [6]–[11] can be established for nanoscatterers.
Hence, to locate the natural frequencies of a nanoantenna, looking for the zeros of the imped-
ance matrix's determinant is in general mathematically correct. Nevertheless, difficulties exist in
directly applying this principle as a numerical criterion to a topology that generates an impedance
matrix with large dimension but small matrix elements. Take a simple nanobar of dimensions
370 nm in length, 70 nm in width and 50 nm in thickness as an example. To accurately describe
the electromagnetic properties, the length is divided by 10 blocks, the width by two blocks and the
thickness by two blocks. In total, 164 volumetric basis functions (the matrix dimension) are used.
The real and imaginary parts of the matrix element on the diagonal are in the order of 10�15 and
10�11 respectively, suggesting a determinant in the order of 10�1640, which is far beyond the limit of
the double precision representation 10�308 [12]. A scaling-up procedure (for example, multiply
each row by 1015) could be a solution to the present problem. However, unless a uniform scaling
factor is applied to all the frequency points in the search region (or along the search path), this pro-
cedure could disturb the trends to be followed in the behavior of the determinant. However, since
the procedure proposed further in the paper completely alleviates this problem, we prefer to keep
the original matrix elements, and thus the trend as a function of frequency, as they are.

Second, for all the root-finding algorithms, a good initial estimation or at least a definite region
to search is required. At microwave frequencies, an initial guess for the natural frequencies for
simple structures like wire antennas, patch antennas, etc., can always be taken from design
rules and circuit models [13]. However, due to the fact that metals behave so differently in the
optical frequency region, compared to microwaves, these simple models cannot be used any-
more. For the topologies of interest in the study of plasmonics, like the star [14], spiral [15],
square ring [16], Cross [17], RNDC (ring near disc) [18], V [19], and dolmen [20], [21], there are
no simple design rules [22], even in the microwave range.

Therefore, to determine the natural frequencies of a nanoantenna a new parameter is re-
quired and, correspondingly, a robust numerical algorithm should be developed. In this work,
we propose such a new parameter for nanoantenna applications as a substitute for the de-
terminant. We will refer to this parameter as the characteristic term. Based on the argument
principle [23], a numerical way of searching natural frequencies is illustrated. The proposed
method is qualitatively verified by experiments.

2. Matrix Form of Electric Field Integral Equation (EFIE) and Natural
Frequencies of a Nanoantenna
The EFIE is defined in the following functional relation linking the incoming light wave with the
induced current flowing in the nanoantenna

Z Jðr; !Þð Þ ¼ Eincðr; !Þ (1)
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where the functional relation Z is

Z Jðr; !Þð Þ ¼ Jðr; !Þ
j! "ð!Þ � "0ð Þ þ j!�0

Z
V

�Gðr; r0; !Þ � Jðr0; !Þ dv 0 r0 2 V : (2)

In (2), we assume that the nanoantenna is made of a dispersive material of dielectric function
"ð!Þ occupying a volume of V . "0 and �0 are the vacuum permittivity and the vacuum permeabil-
ity. �Gðr; r0; !Þ is the tensor Green's function linking the source current Jðr0; !Þ at space point r0

with the electric field at observation point r. ej!t is employed as the time convention. For the
sake of simplicity, in this paper, the free space Green's function is considered

�Gðr; r0; !Þ ¼ �I þ 1
k2 rr

� �
gðr; r0Þ ¼ �I þ 1

k2 rr
� �

e�jkjr�r0 j

4�jr� r0j : (3)

In (3), �I is the unit dyad and gðr; r0Þ is the scalar free space Green's function. k is the complex
wave number which is the ratio of a complex frequency ! to the speed of light c. The natural fre-
quency and its corresponding natural mode can be defined as

Z Jðr; !�Þð Þ ¼ 0: (4)

In (4), the natural frequency !� is a complex number !�r þ j!�i with � specifying the index of the
corresponding natural mode. Within the framework of a Volumetric Method of Moments algo-
rithm (MoM) [6]–[11], we can discretize the continuous body of a scatterer [see Fig. 1(a)] by tet-
rahedral or hexahedral blocks [see Fig. 1(b) and (c)] and approximate the three dimensional
(i.e., volumetric) current flowing in two adjacent blocks with a presumed local current distribu-
tion fnðrÞ (called “a basis function” [4]) and of an amplitude jnð!Þ. Especially, in this work we
use a three dimensional generalization [9] of the well-known RWG rooftop functions [24], [25].
By further applying a razor blade testing procedure [9], that is, calculating the reactions of a
“test function” gmðrÞ to the electric field generated by a basis function fnðrÞ and the incident
field Eincðr; !Þ [4], we can approximate the infinitely dimensional operator in Eq. (1) by an N
by N impedance matrix fzmnð!Þg in a variational sense

zmnð!Þf g jnð!Þf g ¼ emð!Þf g (5)

zmnð!Þ ¼ 1
j! "ð!Þ � "0ð Þ

Z
Vg

gmðrÞ � fnðrÞdvþj!�0

Z
Vg

gmðrÞ
Z
Vf

�Gðr; r0; !Þ � fnðr0Þ dv 0 dv : (6)

In (5), fjnð!Þg is a column vector which contains amplitudes of all basis functions and femð!Þg
denotes a column vector whose elements are the reaction of test functions to the incident elec-
tric fields. In (6), the integrations span the volumes of the basis function Vf and the test function
Vg. The detailed evaluation of the highly singular integral kernel (6) is further referred to [9]. Nu-
merically, the natural frequency defined in (4) can be obtained by searching for the complex fre-
quency where (5) has a solution without any excitation,

zmnð!�Þf g jnð!�Þf g ¼ 0: (7)

In (7), the column vector fjnð!�Þg represents the set of amplitudes of the basis functions at a
natural frequency !�. To assure a non-trivial solution to (7), the determinant of the matrix on its
left hand side must be zero

det zmnð!�Þf gð Þ ¼ 0: (8)

Therefore, the determinant of the impedance matrix is considered as the parameter, based
on which root finding algorithms, like the contour integral method [26] and the Newton–
Raphson method [27], are implemented. Further, after obtaining the corresponding natural
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mode vector fjnð!�Þg, we can represent the response of a nanoantenna in frequency domain as
[1], [2], [27]

jnð!Þf g ¼
X
!�

Rð!�Þ
ðj!� j!�Þ � emð!Þf g ¼

X
!�

jnð!�Þf g jnð!�Þf gT
ðj!� j!�Þ � emð!Þf g: (9)

Notice that in (9) Rð!�Þ is the residue matrix at a natural frequency !� and can be decomposed
as the outer product of the natural mode vectors fjnð!�Þg. The algebraic order of the natural fre-
quencies is assumed to be one, which is the case for all detected natural frequencies in this
work. Further, we refer the readers who are interested in the mathematical background of the
expansion in (9) to [28], [29], and the references therein.

3. Characteristic Term
In this section, the characteristic term is proposed as a substitute for the matrix determinant
used to find natural frequencies. We start with an impedance matrix fzmnð!Þg containing N2 ele-
ments. This matrix can be triangularized by QR decomposition [30]

Z ¼ zmnð!Þf g ¼ QR ¼ q1ð!Þ; . . . ;qnð!Þð Þ
u11ð!Þ � � � u1nð!Þ

. .
. ..

.

0 unnð!Þ

0
B@

1
CA: (10)

In (10), Q is a unitary matrix and R is an upper triangular matrix. Especially, we construct the R
matrix in such a way that the diagonal elements of the R matrix are always non-negative real
numbers. The matrix elements in the R matrix are actually the projections of the column vectors
in the impedance matrix Z onto the column vectors in the unitary matrix Q. To find the �th natu-
ral mode whose natural frequency is !�, we substitute (10) into (7)

QRJð!�Þ ¼ Q

u11ð!�Þ � � � u1nð!�Þ
. .
. ..

.

0 unnð!�Þ

0
B@

1
CA

j1ð!�Þ
..
.

jnð!�Þ

0
B@

1
CA ¼

0
..
.

0

0
@

1
A (11)

where jnð!�Þ represents the amplitude of the nth basis function at a natural frequency !�. It can
be immediately seen from (11) that if unnð!�Þ is zero, (11) has a non-trivial solution. This fact
can be confirmed by evaluating the determinant of the Z matrix. Since detðZ Þ ¼ detðQÞ � detðRÞ
and the determinant of a triangular matrix is the product of its diagonal elements, if unnð!�Þ is
zero, the determinant of the R matrix is zero and thus the determinant of the Z matrix is zero.
Since the last column in the impedance matrix becomes linearly dependent on the first n � 1
columns, the matrix has one degree of freedom and by imposing a unit amplitude to jnð!�Þ, the

Fig. 1. The discretized representation of a nanoscatterer. (a) The continuous body of an arbitrary
nanoscatterer; (b) an illustration of the discretization of the nanoscatterer; (c) and the tetrahedral
and hexahedral blocks.
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normal mode vector can be solved. Further, the normal mode vector is normalized in such a
way that its outer product is the residue matrix Rð!�Þ as in (9). However, it must be noticed that
the condition that unnð!�Þ ¼ 0 is only a sufficient but not a necessary condition for the matrix de-
terminant to be zero. That is, the matrix determinant being zero does not necessarily guarantee
that the last element on the diagonal of the R matrix is zero. To see this, we interchange the
mthðm ¼ 1; . . . ; nÞ column with the last column in the Z matrix, which generates n equivalent lin-
ear systems to (11)

RðmÞJðmÞð!�Þ ¼

uðmÞ
11 ð!�Þ � � � � � � uðmÞ

1n ð!�Þ
. .
. ..

.

. .
. ..

.

0 uðmÞ
nn ð!�Þ

0
BBBBB@

1
CCCCCA

j1ð!�Þ
..
.

jnð!�Þ
..
.

jmð!�Þ

0
BBBBBBB@

1
CCCCCCCA

¼

0
..
.

..

.

0

0
BBB@

1
CCCA: (12)

Here, the Q matrix is dropped by simultaneously left-multiplying the conjugate transpose of the
Q matrix on both sides of (12). The superscript m in (12) specifies which column is exchanged
with the last column. Notice that the equation in the last row of (12) is

uðmÞ
nn ð!�Þjmð!�Þ ¼ 0: (13)

To solve (13), two different situations have to be distinguished. When uðmÞ
nn ð!�Þ is zero, (13)

has a nontrivial solution, i.e., jmð!�Þ has a non-zero value, suggesting that the corresponding
basis function is an active basis function for the �th natural mode. On the contrary, when
unnð!�Þ 6¼ 0, the solution jmð!�Þ to (13) is zero and therefore the mth basis function is an inac-
tive basis function for the �th natural mode. Clearly, unnð!�Þ associated with an active basis
function for the �th natural mode is an eligible substitute for the determinant and hereafter
referred to as the characteristic term.

4. Searching for Natural Frequencies
In this section, by utilizing the determinant of the Q matrix in (10) and the proposed characteris-
tic term, we demonstrate the procedure to find the natural frequencies of a nanoantenna. Since
the free space Green's function is analytic in the complex frequency plane except at the origin
[due to the 1=k2 term in (2)], the entries [as presented in (6)] and the determinant of an imped-
ance matrix are analytic functions of the complex frequency !, except at zero frequency [31].
Consequently, in the frequency range of interest (optical frequencies), the argument principle
[23], [26] can be applied to the determinant to find the number of zeros in a given region in the
complex plane. That is, since f ð!Þ ¼ detðfzmnð!ÞgÞ is an analytic function in a given domain D of
the complex plane circumscribed by a closed contour C, the number of zeros can be found by
calculating the logarithmic residue of f ð!Þ [23], [26], [31]

1
2�j

I
C

f 0ð!Þ
f ð!Þ d! ¼

r
C
arg f ð!Þð Þ
2�

¼ Nzero: (14)

The contour integral in the leftmost part of (14) is the logarithmic residue and the integral is cal-
culated along the closed contour C on which f ð!Þ is analytic and nonzero. The contour's posi-
tive direction is defined in such a way that when we walk along the positive direction of the
contour, the domain D is always on our left-hand side. rCargðf ð!ÞÞ is the phase-angle change
of f ð!Þ after circling around the integration contour C. Further dividing rCargðf ð!ÞÞ by 2� gives
the number of zeros within the domain D. Notice that to determine the number of zeros in a
given domain D, (14) only needs the information on the determinant's phase angle. Though in
general the exact numerical value of the determinant is difficult to be represented by the
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double-precision format, the phase angle information can be retrieved from the Q matrix in
(10). On one hand, since the diagonal elements of the R matrix are pure real and non-nega-
tive, the determinant of the R matrix gives the amplitude of the determinant of the impedance
matrix. On the other hand, due to the fact that the Q matrix is a unitary matrix (i.e., jdetðQÞj ¼ 1),
the determinant of the Q matrix provides the phase angle of the determinant of the impedance
matrix. Thereby, by evaluating the determinant of the Q matrix around the contour C, the num-
ber of enclosed zeros can be readily found.

We can immediately apply the above principles to practical nanostructures. In the complex
frequency plane, we consider a rectangular domain D (see the dashed rectangle in Fig. 2) with

Fig. 2. Domain D (gray dashed rectangle) in the complex frequency plane. Subdomain Di and its
waypoints ai , bi , ci, and di, are highlighted by the cyan color, with its positive direction denoted by
the arrow pointing from ai to bi .

Fig. 3. Gold (Au) nanopatch, nickel (Ni) nanopatch, and gold (Au) nanodimer. The dimensions are
for the Au and Ni Nanopatches: L ¼ 250 nm, W ¼ 200 nm, H ¼ 25 nm, and for the Au nanodimer:
L ¼ 135 nm, W ¼ 100 nm, H ¼ 50 nm, Gap ¼ 20 nm). Their depth profiles and SEM images are
shown in the insets of (a), (c), and (e). The meshes employed in the calculations are presented in
(b), (d), and (f). The magenta arrow in (b) denotes the active basis functions (an X-directed current)
whose characteristic term is utilized in the search for the natural frequencies. (a) Au Nanopatch.
(b) Mesh for Au Nanoptach. (c) Ni Nanopatch. (d) Mesh for Ni Nanopatch. (e) Au Dimer. (f) Mesh
for Au Dimer.

Vol. 6, No. 4, August 2014 4801413

IEEE Photonics Journal Natural Mode Analysis for Nanotopologies



a width of 200 THz (for the nanopatches, from 200 THz to 400 THz along the real frequency
axis; for the nanodimer, from 300 THz to 500 THz along the real frequency axis) and a length of
1000 teraradians per second (from 0 teraradians per second to 1000 teraradians per second
along the imaginary frequency axis). By further dividing the domain D into ten equal subdomains
Di ði ¼ 1; . . . ; 10Þ along the imaginary frequency axis, we calculate the phase angle of the de-
terminant of the Q matrix along each subdomain contour Ci which is defined by four waypoints,
i.e., ai, bi, ci, and di (see Fig. 2). The positive direction of the contour is defined as
ai ! bi ! ci ! di.

Three nanostructures, i.e., a gold (Au) nanopatch, a nickel (Ni) nanopatch, and a gold (Au)
nanodimer, are used as examples. The nanopatches are fabricated on top of a SiO2 (100 nm)/Si

Fig. 4. Phase angles (normalized by 2�) of the determinant of the Q matrix along the subdomain
contour Ci ði ¼ 1; . . . ; 5Þ for a gold nanopatch (the left column), nickel nanopatch (the middle col-
umn), and gold nanodimer (the right column). In (a)–(c), the red and blue curves represent the
phase angles without/with the phase jump between adjacent points compensated along the integra-
tion contour Ci, respectively. The figures describing the contours within which zeros exist are
highlighted in green.
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layer, while the nanodimer sits on a SiO2 substrate. The dimensions, depth profiles and scanning
electron microscopy (SEM) image are shown in Fig. 3. In the calculations, the Au and Ni nano-
patches are discretized by a mesh with five divisions in X direction, four divisions in Y direction
and 1 division in Z direction [panels 3(b,d)], whereas each horizontal slab of the nanodimer is
represented by a 3� 2� 1 mesh [panel 3(f)]. Note that a set of finer meshes is also employed in
the simulations. Their results are shown in the Supporting Information. The substrate effect is
taken into account by assuming a homogeneous surrounding medium with an effective refractive
index ðn ¼ 1:25Þ in between those of vacuum and glass. The material parameters of gold (Au)
and nickel (Ni) as a function of complex frequency are approximated by Drude and Drude–Lo-
rentz models with their parameters shown in the Supporting Information.

Fig. 5. Phase angles (normalized by 2�) of the determinant of the Q matrix along the subdomain
contour Ci ði ¼ 6; . . . ; 10Þ for a gold nanopatch (the left column), nickel nanopatch (the middle col-
umn), and gold nanodimer (the right column). In (a)–(c), the red and blue curves represent the
phase angles with the phase jump between adjacent points compensated along the integration con-
tour Ci, respectively. The figures describing the contours within which zeros exist are highlighted in
green.
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In Figs. 4 and 5 (for fine mesh, see Figs. S2 and S3 in the Supporting Information), we plot
the phase angle change of the determinant of the Q matrix around each contour Ci ðai ! bi !
ci ! diÞ for all three structures. Especially, from the panels highlighted in green in Figs. 4(a)–(c)
and 5(a)–(c), we can observe that the return phase, i.e., the phase of the determinant of the Q
matrix after going around the closed contour (indicated with black circles), has a (non-zero mul-
tiple of) 2� difference from the initial phase, which indicates the existence of zero(s) according
to Eq. (14).

Further, the initial guess of the natural frequencies can be performed in two steps: 1) we do
all the possible interchanges, collect the terms uðmÞ

nn and find their minima along the aibi
�!

side of
the rectangular domains where zeros rest in. Then, the term [as illustrated for the gold nano-
patch in Fig. 6(a)–(c)] which corresponds to the most active basis function [see the basis func-
tion denoted by the magenta arrow in Fig. 3(b)] is picked. 2) Take the minima found in step 1)
as starting points and scan the same characteristic term along the direction of the bici

�!
side in

each subdomain. If any dips are sought out as in Fig. 6(d)–(f) for the gold nanopatch, make use
of the dip position(s) in the complex plane as initial guess(es). By running a root-finding algo-
rithm, such as the Newton–Raphson algorithm [27], Simplex algorithm [32], Differential Evolu-
tion algorithm [33], to name a few, we are able to locate the natural frequencies with a certain
numerical accuracy. Especially, in this work a frequency point is assumed to give a zero of the
determinant if this point results in a characteristic term that is ten thousand times smaller than
that of the initial estimation.

The position of numerically located natural frequencies in the complex frequency plane can
be confirmed by the calculated scattered/total dissipated (scattered + material loss) power
spectra from a V-MoM algorithm [6]–[11] and the experimentally obtained scattering/extinction
spectra as shown in Fig. 7(d)–(f) for the three investigated nanoantenna designs. First of all, it
can be observed from Fig. 7 that the real part of the natural frequencies determines the line po-
sition of resonances with a spectral shift due to the material absorption and radiative loss (see
the arrows in Fig. 7). Second, by applying X (Y) polarized light in the simulation [Fig. 7(b)] and
unpolarized light in the experiment [Fig. 7(c)], the L1 and L2 mode of the nanopatches are ex-
cited. It can be seen from Fig. 7(b) and (c) that both simulations and experiments illustrate that
the Ni nanopatch always has a broader resonance than the Au nanopatch, suggesting a lower

Fig. 6. Estimation of initial guess(es) for the gold nanopatch. In this figure, the characteristic term
associated with the basis function denoted by the magenta arrow in Fig. 3 is concerned. In (a)–(c),
the characteristic term (the magenta curve) is scanned along the aibi side of the contours C2, C3,
and C4, with the minima indicated by the color dots. In (d)–(f), the scans, starting from the corre-
sponding color labeled minima in (a)–(c), along the bici side are shown.
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quality factor Q of the resonance of the Ni nanopatch’s natural modes. The quality factor Q of
the resonance of a natural mode can be approximately estimated by [5]

Q� ¼ !�r

2!�i
(15)

where !�r and !�i are the real and imaginary parts of the �th natural frequency. Thus, for the
natural frequencies with similar real parts, the Ni nanopatch’s natural frequencies are always
further away from the real frequency axis, i.e., have a bigger imaginary part, than for the Au na-
nopatch, as can be seen in Fig. 7(a). Physically, such an observation is the consequence of
the fact that nickel is a much more lossy material than gold at optical frequencies [34]. For the
dimer structure, by utilizing X polarized light, grazing X polarized light and Y polarized light, the
L1, L2, and L3 modes are excited. Their calculated and experimental extinction spectra are de-
noted by solid lines in Fig. 7(e) and (f), respectively. Since the L2 mode (i.e., quadrupole mode)
has a small net dipole moment, i.e., it is less radiative than the L1 and L3 modes, its resonance

Fig. 7. Natural frequencies, natural modes, and resonances of nanopatches and a nanodimer.
(a) The first (L1, in red) and the second (L2, in blue) natural modes (i.e., the mode surface
charge distribution with the color coded from blue to red representing the negative and positive
charges) and the corresponding natural frequencies (Au: the square marker and Ni: the circle
marker) of the nanopatch. In (b), the simulated scattering spectra of the L1 (in red) and L2 (in
blue) modes for the Au (the solid line) and Ni (the dashed line) nanopatch are shown. In (c), the
corresponding experimental data are shown. The spectral positions of the resonances of the L1
and L2 modes are especially emphasized by the magenta and cyan dashed lines, respectively.
In (d), the natural frequencies of the nanodimer are denoted by the red, green, and blue circles,
with their corresponding natural modes shown in the insets. The calculated and experimental ex-
tinction spectra for the nanodimer are shown in (e) and (f). The spectral shifts between the real
part of the natural frequencies and the line position of the simulated resonances are emphasized
by the red arrows.
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has a narrower resonance in the extinction spectrum [see Fig. 7(e) and (f)] and thus a smaller
imaginary part of its corresponding natural frequency [see the green circle in Fig. 7(d)].

Notice that, owing to fabrication inaccuracies and the oversimplification of the substrate effect
in our simulations, the simulated results are systematically blue-shifted with respect to the ex-
perimental spectra (see the simulations when the substrate is taken into account in the Support-
ing Information). It is also worth discussing the mismatch between the real part of the natural
frequencies and the spectral position of resonances. First of all, we calculate the natural fre-
quencies with finer meshes (see Fig. S1 in the Supporting Information). Here, we tabulate the
results for an Au nanopatch in Table 1 (see the results for an Au nanopatch and an Au nanodi-
mer in the Supporting Information). As can be readily seen, there appears to be a very small dif-
ference between the natural frequencies calculated from the denser meshes and the ones from
the coarse meshes. Therefore, it can be concluded that the mismatch is not due to the coarse-
ness of the mesh. Actually, the shift can be attributed to the imaginary part of the natural fre-
quencies as in the discussions on the spectral shift in near and far field peak intensities of
plasmonic nanoantennas [35]–[41]. Further, as shown in (9), all natural modes that are coupled
to the incident light contribute to the response of a nanoantenna. Especially, the incident light
does not only couple with the natural mode whose natural frequency has a positive real part,
i.e., !� ¼ !�r þ j!�i, but also with the mode whose natural frequency has a negative real part,
i.e., !� ¼ �!�r þ j!�i. The above observation may constitute another possible reason for the
shift. Besides, since the extinction/scattering cross section is in fact a power spectrum, we
must realize the fact that the excited modes are not energetically orthogonal (they are only or-
thogonal in a quasi-inner product sense) [5], [28], [29], [42]. Hence, these natural modes can
interfere with each other [43] and add extra shift between the position of the natural reso-
nance and the spectral peak.

5. Conclusion
In conclusion, in order to numerically find the natural frequencies and the natural modes for a
nanoantenna, we propose a new parameter, the characteristic term, as a substitute for the ma-
trix determinant. This characteristic term is obtained by doing the QR decomposition of the im-
pedance matrix generated by a Volumetric Method of Moments (V-MoM) algorithm. Based on
the phase angle information derived from the Q matrix and the argument principle, we can de-
termine the number of natural frequencies within a given region of the complex frequency plane.
Further, with the help of root finding algorithms, the position of natural frequencies can be lo-
cated. The proposed procedure is qualitatively confirmed by both numerical results from V-MoM
calculation and experimental evidence. The proposed method offers the possibility to numeri-
cally extract the most intrinsic aspects, i.e., the natural frequencies and natural modes, of arbi-
trary nanoantennas. Since natural frequencies and natural modes in general control the steady
state response as in (9) and transient response [1] of a nanoantenna, our method may have a
direct impact on the design of composite nanostructures [18], nanoantenna arrays [44], and ul-
trafast time-domain microscopy [45].
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