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Tangent space TxM = Jordan algebra (or Jordan triple).
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Origin of Jordan algebras

P. Jordan, J. von Neumann, E. Wigner

On algebraic generalization of quantum mechanical
formalism

Annals of Math. 1934
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Observables ↔ Hermitian operators on Hilbert space

S, T Hermitian ⇒/ ST Hermitian

But

S, T Hermitian ⇒ S◦T := ST + TS Hermitian

(Hermitian operators, ◦) —> Jordan algebra
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Jordan algebras

A (non-associative) algebra A (over F )

is a Jordan algebra if

a b = b a

a 2(b a) = (a 2b)a .

F = R, C (dimA ≤ ∞)
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Examples

Any associative algebra A is a Jordan algebra in the product

a ◦ b =
1
2

(ab + ba) (a,b ∈ A)

(A, ◦) called a special Jordan algebra.

Exceptional Jordan algebra : H3(O)

All 3× 3 Hermitian matrices (aij) with aij ∈ Cayley algebra O
and multiplication

(aij) � (bij) =
1
2

((aij)(bij) + (bij)(aij))
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Lie algebras

A non-associative algebra g (dim g ≤ ∞) satisfying

[x , y ] = − [y , x ]

[[x , y ], z] + [[y , z], x ] + [[z, x ], y ] = 0

Poincaré - Birkhoff - Witt : Any Lie algebra can be
obtained from an associative algebra g by :

[x , y ] := xy − yx .
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Connections to Lie algebras

Tits (1962), Kantor (1964), Koecher (1967):

Jordan algebras → 3-graded Lie algebras

Meyberg (1970):

Jordan triples (Jordan triple systems)↔ TKK Lie algebras

TKK Lie algebras = 3-graded Lie algebras with involution
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Jordan triples↔ TKK Lie algebras

Jordan triple (dim ≤ ∞)

= vector space with a triple product satisfying a triple identity

Jordan triple TKK Lie algebra

Triple product {a,b, c} ↔ Lie triple product [[ã, b̃], c̃]

Triple identity ↔ Jacobi identity.
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Triple product

Jordan algebras :

{a,b, c} = (a b) c + a (b c) − b (a c)

We have

{a,b, c} = {c,b,a}

{·, ·, ·} is trilinear.

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Triple product

Jordan algebras :

{a,b, c} = (a b) c + a (b c) − b (a c)

We have

{a,b, c} = {c,b,a}

{·, ·, ·} is trilinear.

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Triple product

Jordan algebras :

{a,b, c} = (a b) c + a (b c) − b (a c)

We have

{a,b, c} = {c,b,a}

{·, ·, ·} is trilinear.

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Triple product

Jordan algebras :

{a,b, c} = (a b) c + a (b c) − b (a c)

We have

{a,b, c} = {c,b,a}

{·, ·, ·} is trilinear.

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Triple product

Jordan algebras :

{a,b, c} = (a b) c + a (b c) − b (a c)

We have

{a,b, c} = {c,b,a}

{·, ·, ·} is trilinear.

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Triple identity

{a,b, {x , y , z}}

= {{a,b, x}, y , z} − {x , {b,a, y}, z}+ {x , y , {a,b, z}}
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Jordan triples

A real vector space V is a Jordan triple if there is a
trilinear map

{·, ·, ·} : V 3 −→ V

satisfying

(i) {a,b, c} = {c,b,a}
(ii) Triple identity.
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Jordan triples

A complex vector space V is a Jordan triple if there is a
map

{·, ·, ·} : V 3 −→ V ,

linear in the 1st and 3rd variables, conjugate linear in the
2nd variable,
satisfying

(i) {a,b, c} = {c,b,a}
(ii) Triple identity.
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Examples

(i) Real Jordan algebras

(ii) complex Jordan algebras with involution * and triple
product

{a,b, c} = (a b∗)c + a (b∗c)− b∗(a c).

(iii) Tangent spaces of symmetric manifolds.
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Tits-Kantor-Koecher construction

(V , {·, ·, ·}) = Jordan triple —-> Lie algebra

Box operator (left multiplication)

a b : x ∈ V 7→ {a,b, x} ∈ V

V0 := V V :=

{∑
k

ak bk : ak ,bk ∈ V , k = 1, . . . ,n

}

V−1 = V1 := V

Tits-Kantor-Koecher (TKK) Lie algebra

L(V ) := V−1 ⊕ V0 ⊕ V1
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V = H3(O)

L(V ) = exceptional Lie algebra of type E7
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3-graded Lie algebras

A Lie algebra g is called 3-graded if

g = g−1 ⊕ g0 ⊕ g1

satisfying
[ gn, gm ] ⊂ gn+m.

A TKK Lie algebra g is a 3-graded Lie algebra with
involution

θ : g −→ g

satisfying
θ(gn) = g−n.
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Jordan triple L9999K TKK Lie algebras

Jordan triple V 99K TKK Lie algebra L(V ) = V−1⊕V0⊕V1

(involution) θ : (a, x y ,b) ∈ L(V ) 7→ (b,−y x ,a) ∈ L(V ).

Conversely

TKK Lie algebra g = g−1 ⊕ g0 ⊕ g1 with involution θ

99K Jordan triple V , with g = L(V ):

Define V := g−1 and

{x , y , z} := [ [ x , θ(y) ], z ].
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Riemannian symmetric spaces

A connected Riemannian manifold M is a symmetric
space if each p ∈ M is an isolated fixed-point of a

symmetry sp : M −→ M

(sp is an isometry and involutive : s2
p = identity).

Examples

Euclidean space Rn : sp(x) = 2p − x

Compact (connected) Lie groups : se(x) = x−1
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Jordan algebras and geometry
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Symmetric cones in Rn

These are exactly the positive cones in finite dimensional
formally real Jordan algebras A. (Koecher, Vinberg) (1960s)

formally real A : a2 + b2 = 0 ⇒ a = b = 0 (∃ 1 ∈ A)

Ω = interior {x2 : x ∈ A} is a symmetric space.

A = tangent space T1Ω.
inner product : 〈a, b〉 := Trace(a b) (a,b ∈ A)

a b : x ∈ A 7→ {a,b, x} ∈ A

Riemannian metric : 〈u, v〉p := 〈{p−1,u,p−1}, v〉 (p ∈ Ω)

Symmetry at 1 ∈ Ω : s1(ω) = ω−1 (ω ∈ Ω)
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Example

Lorentz cone Λn ⊂ Rn (n > 2)

Λn = {(x1, . . . , xn) : x1 > 0, x2
1 − x2

2 − · · · x2
n > 0}

 

(n = 3) 

future light cone 
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Hermitian symmetric spaces

É. Cartan, Harish-Chandra

Hermitian symmetric spaces of nonpositive sectional curvature

= bounded symmetric domains in Cn

bounded symmetric domain D : D is open, connected

each p ∈ D is an isolated fixed-point of an involutive
biholomorphic map sp : D −→ D.

biholomorphic : sp is a holomorphic bijection,
s−1

p is holomorphic.
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Example

D = {z ∈ C : |z| < 1}

TzD = C

Riemann Mapping Theorem

all 1-dim bounded symmetric domains ≈ D.

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Example

D = {z ∈ C : |z| < 1}

TzD = C

Riemann Mapping Theorem

all 1-dim bounded symmetric domains ≈ D.

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Example

D = {z ∈ C : |z| < 1}

TzD = C

Riemann Mapping Theorem

all 1-dim bounded symmetric domains ≈ D.

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Cartan’s classification

6 types of irreducible bounded symmetric domains D

( 4 classical domains ; 2 exceptional domains)

Each D ≈ open unit ball B = {z ∈ Cd : ‖z‖ < 1},

‖ · ‖ = Carathéodory norm.

(Cd , ‖ · ‖) is a Jordan triple !
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Examples

type VI (exceptional) :

D ↪→ (C27, ‖ · ‖) ≈ H3(O)

type IV (classical) : Lie ball

D ≈ {z ∈ Cd : ‖z‖ < 1} ⊂ (Cd , ‖ · ‖) (d ≥ 3)

‖z‖2 = 〈z, z〉+
√
〈z, z〉2 − 〈z, z∗〉

z∗ = (z1, . . . , zd )
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∞ dimension

Bounded symmetric domain D :

a bounded domain in a complex Banach space s.t.

each p ∈ D is an isolated fixed-point of an involutive
biholomorphic map sp : D −→ D.
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holomorphic maps

V , W = Banach spaces
( Open set D ⊂ V )

f : D −→W is holomorphic if it has a Fréchet derivative f ′(a) at
each a ∈ D, where

f ′(a) : V −→W

is a continuous linear map such that

lim
‖v‖→0

‖f (a + v)− f (a)− f ′(a)(v)‖
‖v‖

= 0.
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Riemann Mapping Theorem

(Kaup 1983) : Every bounded symmetric domain D

is biholomorphic to the open unit ball of a JB*-triple V :

1 V is a complex Banach space;
2 V is a Jordan triple;
3 a a : x ∈ V 7→ {a,a, x} ∈ V is hermitian;
4 σ(a a) ⊂ [0,∞) ;
5 ‖{a,b, c}‖ ≤ ‖a‖‖b‖‖c‖ (a,b, c ∈ V ).

(Finite dimensional case : Loos 1977)

For D ⊂ C = V ,

{x , y , z} = xyz (x , y , z ∈ C)
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Examples

type VI (exceptional) :

D ↪→ (C27, ‖ · ‖) ≈ H3(O)

{a,b, c} = (a · b∗) · c + a · (b∗ · c)− c · (a · b∗)

type IV (classical) : Lie ball

D ≈ {z ∈ Cd : ‖z‖ < 1} ⊂ (Cd , ‖ · ‖) (d ≥ 3)

{x , y , z} = 〈x , y〉z + 〈z, y〉x − 〈x , z∗〉y∗.
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Open unit balls of JB*-triples

are

bounded symmetric domains
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More examples of JB*-triples

• Hilbert spaces H : {x , y , z} =
1
2

(〈x , y〉z + 〈z, y〉x)

(C : {x , y , z} = xyz)

• C*-algebras : {a,b, c} =
1
2

(ab∗c + cb∗a)

• L(H,K ) : {a,b, c} =
1
2

(ab∗c + cb∗a)

L(H,K )

= all bounded linear operators between Hilbert spaces H and K
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How?

D ↪→ JB*-triple V

Fix p ∈ D and symmetry sp : D −→ D.

Let G = Aut D = all biholomorphic maps : D −→ D.

G is a real Lie group —> real Lie algebra g.

sp —> involution θ : gc −→ gc (gc = complexification of g)

gc is a TKK Lie algebra = g−1 ⊕ g0 ⊕ g1.

V := g−1 with Jordan triple product

{x , y , z} := [[x , θ(y)], z]
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CAMBRIDGE TRACTS IN MATHEMATICS

CAMBRIDGE UNIVERSITY PRESS
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JORDAN STRUCTURES 
IN GEOMETRY AND

ANALYSIS
CHO-HO CHU

C
H

U

Jordan theory has developed rapidly in the last three decades, but very few
books describe its diverse applications. Here, the author discusses some
recent advances of Jordan theory in differential geometry, complex and 
functional analysis, with the aid of numerous examples and concise historical
notes. These include: the connection between Jordan and Lie theory via the
Tits-Kantor-Koecher construction of Lie algebras; a Jordan algebraic
approach to infinite dimensional symmetric manifolds including Riemannian
symmetric spaces; the one-to-one correspondence between bounded 
symmetric domains and JB*-triples; and applications of Jordan methods 
in complex function theory. The basic structures and some functional 
analytic properties of JB*-triples are also discussed
The book is a convenient reference for experts in complex geometry or 
functional analysis, as well as an introduction to these areas for beginning
researchers. The recent applications of Jordan theory discussed in the book
should also appeal to algebraists.

CAMBRIDGE TRACTS IN MATHEMATICS

This series is devoted to thorough, yet reasonably concise, treatments of 
topics in any branch of mathematics. Typically, a Tract takes up a single
thread in a wide subject, and follows its ramifications, thus throwing light 
on its various aspects. Tracts are expected to be rigorous, definitive and of
lasting value to mathematicians working in the relevant disciplines. Exercises
can be included to illustrate techniques, summarize past work, and enhance
the book's value as a seminar text. All volumes are properly edited and 
typeset, and are published, initially at least, in hardback.
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Geometric Analysis

Bounded symmetric domain D

= {v ∈ V : ‖v‖ < 1} (V = JB*-triple )

generalises {z ∈ Cd : |z| < 1}

Problem Study geometric function theory on D.

Special features : dim ≤ ∞ ; ambient Jordan structures
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Useful tools

V = JB*-triple

a b : z ∈ V 7→ {a,b, z} ∈ V

Bergman operator B(a,b) : V −→ V

B(a,b)(z) = z − 2(a b)(z) + {a, {b, z,b},a}

Möbius transformation ga : D −→ D (a ∈ D)

ga(z) = a + B(a,a)1/2(I + z a)−1(z)
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Aut D = {` ◦ ga : a ∈ D}

` : V −→ V (linear isometry)

(Shoshichi) Kobayashi distance

κ(a,b) = tanh−1 ‖g−b(a)‖ (a,b ∈ D)

For D = {z ∈ C : |z| < 1} :

ga(z) =
a + z
1 + az

κ(a,b) = tanh−1
∣∣∣∣ a− b
1− ab

∣∣∣∣ (Poincaré distance)
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Iteration of holomorphic maps

D = {z ∈ C : |z| < 1} ∂D = {z ∈ C : |z| = 1}

Given holomorphic f : D −→ D, without fixed point, then

1 (Wolff Theorem) ∃ ξ ∈ ∂D such that ∀y ∈ D, ∃ f -invariant
horodisc S(ξ, y) containing y :

f (S(ξ, y)) ⊂ S(ξ, y) ⊂ D

f n = f ◦ f · · · ◦ f (n times)

2 (Denjoy-Wolff Theorem)

f n −→ h(·) = ξ as n→∞.
(uniformly on compact sets)
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Jordan and Lie algebras

Jordan algebras and geometry
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Problem

D = bounded symmetric domain

Given holomorphic f : D −→ D, without fixed point,

does Wolff Theorem hold for f?

Yes if f (D) compact (this is so if dim D <∞)

Does Denjoy-Wolff Theorem hold for f?

Not always!
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How to prove Wolff Theorem for D ?
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D = {z ∈ C : |z| < 1}
1 Rouché Theorem ⇒ ∃ (zk ) → ξ ∈ D

2 f has no fixed point⇒ ξ ∈ ∂D.
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Bounded symmetric domain

1 Earle-Hamilton ⇒ ∃ (zk ) → ξ ∈ D

2 f has no fixed point⇒ ξ ∈ ∂D.
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Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Construction of horodisc S(ξ, y) ⊂ D

Poincaré disc

Let a ∈ D ⊂ C

A Poincaré disc ( centre a) is :

Ba = {z ∈ V : κ(z,a) < tanh−1r)} (r > 0)

κ(z,a) : Poincaré distance

...........
...........

...........
..........

..........
......................................................................................

...........
...........
..........
.
..........
.
...........
........... .......... .......... ........... ........... ........... ........... ........... ...........

..........
..........
...........
...........
...........

Ba

...............

................

................

................

...............

...............
...............

...............
................

.............................................................................................................................
..............

.
.............

..

............
...

...........
.....

...........
.....

..........
......

..........

.....

..........

.....

..........
......

...........
.....

...........
.....

............
...

.............
..

..............
.

............... ................ ................ ................ ............... ............... ................ ................
................

...............
...............

...............

...............

................

................

................

...............o
a

D

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Construction of horodisc S(ξ, y) ⊂ D
Poincaré disc

Let a ∈ D ⊂ C

A Poincaré disc ( centre a) is :

Ba = {z ∈ V : κ(z,a) < tanh−1r)} (r > 0)

κ(z,a) : Poincaré distance

...........
...........

...........
..........

..........
......................................................................................

...........
...........
..........
.
..........
.
...........
........... .......... .......... ........... ........... ........... ........... ........... ...........

..........
..........
...........
...........
...........

Ba

...............

................

................

................

...............

...............
...............

...............
................

.............................................................................................................................
..............

.
.............

..

............
...

...........
.....

...........
.....

..........
......

..........

.....

..........

.....

..........
......

...........
.....

...........
.....

............
...

.............
..

..............
.

............... ................ ................ ................ ............... ............... ................ ................
................

...............
...............

...............

...............

................

................

................

...............o
a

D

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Construction of horodisc S(ξ, y) ⊂ D
Poincaré disc

Let a ∈ D ⊂ C

A Poincaré disc ( centre a) is :

Ba = {z ∈ V : κ(z,a) < tanh−1r)} (r > 0)

κ(z,a) : Poincaré distance

...........
...........

...........
..........

..........
......................................................................................

...........
...........
..........
.
..........
.
...........
........... .......... .......... ........... ........... ........... ........... ........... ...........

..........
..........
...........
...........
...........

Ba

...............

................

................

................

...............

...............
...............

...............
................

.............................................................................................................................
..............

.
.............

..

............
...

...........
.....

...........
.....

..........
......

..........

.....

..........

.....

..........
......

...........
.....

...........
.....

............
...

.............
..

..............
.

............... ................ ................ ................ ............... ............... ................ ................
................

...............
...............

...............

...............

................

................

................

...............o
a

D

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Construction of horodisc S(ξ, y) ⊂ D
Poincaré disc

Let a ∈ D ⊂ C

A Poincaré disc ( centre a) is :

Ba = {z ∈ V : κ(z,a) < tanh−1r)} (r > 0)

κ(z,a) : Poincaré distance

...........
...........

...........
..........

..........
......................................................................................

...........
...........
..........
.
..........
.
...........
........... .......... .......... ........... ........... ........... ........... ........... ...........

..........
..........
...........
...........
...........

Ba

...............

................

................

................

...............

...............
...............

...............
................

.............................................................................................................................
..............

.
.............

..

............
...

...........
.....

...........
.....

..........
......

..........

.....

..........

.....

..........
......

...........
.....

...........
.....

............
...

.............
..

..............
.

............... ................ ................ ................ ............... ............... ................ ................
................

...............
...............

...............

...............

................

................

................

...............o
a

D

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Construction of horodisc S(ξ, y) ⊂ D
Poincaré disc

Let a ∈ D ⊂ C

A Poincaré disc ( centre a) is :

Ba = {z ∈ V : κ(z,a) < tanh−1r)} (r > 0)

κ(z,a) : Poincaré distance

...........
...........

...........
..........

..........
......................................................................................

...........
...........
..........
.
..........
.
...........
........... .......... .......... ........... ........... ........... ........... ........... ...........

..........
..........
...........
...........
...........

Ba

...............

................

................

................

...............

...............
...............

...............
................

.............................................................................................................................
..............

.
.............

..

............
...

...........
.....

...........
.....

..........
......

..........

.....

..........

.....

..........
......

...........
.....

...........
.....

............
...

.............
..

..............
.

............... ................ ................ ................ ............... ............... ................ ................
................

...............
...............

...............

...............

................

................

................

...............o
a

D

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Construction of horodisc S(ξ, y) ⊂ D
Poincaré disc

Let a ∈ D ⊂ C

A Poincaré disc ( centre a) is :

Ba = {z ∈ V : κ(z,a) < tanh−1r)} (r > 0)

κ(z,a) : Poincaré distance

...........
...........

...........
..........

..........
......................................................................................

...........
...........
..........
.
..........
.
...........
........... .......... .......... ........... ........... ........... ........... ........... ...........

..........
..........
...........
...........
...........

Ba

...............

................

................

................

...............

...............
...............

...............
................

.............................................................................................................................
..............

.
.............

..

............
...

...........
.....

...........
.....

..........
......

..........

.....

..........

.....

..........
......

...........
.....

...........
.....

............
...

.............
..

..............
.

............... ................ ................ ................ ............... ............... ................ ................
................

...............
...............

...............

...............

................

................

................

...............o
a

D

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

S(ξ, y) = (interior of) limit of Poincaré discs Bzk

= (interior of) {x : x = limk xk , xk ∈ Bzk}

...........
...........

...........
..........

..........
......................................................................................

...........
...........
..........
.
..........
.
...........
........... .......... .......... ........... ........... ........... ........... ........... ...........

..........
..........
...........
...........
...........

Bzk

................

................

.................

.................

................

...............
...............

................
.................

...................................................................................................................................
..............

.
............

...

............
....

...........
......

...........
......

..........
......

..........

......

..........

......

..........
......

...........
......

...........
......

............
....

............
...

..............
.

................ ................. ................. ................ ................ ................ ................ .................
.................

................
...............

...............

................

.................

.................

................

................

•
ξ

↗
zk

D

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

S(ξ, y) = (interior of) limit of Poincaré discs Bzk

= (interior of) {x : x = limk xk , xk ∈ Bzk}

...........
...........

...........
..........

..........
......................................................................................

...........
...........
..........
.
..........
.
...........
........... .......... .......... ........... ........... ........... ........... ........... ...........

..........
..........
...........
...........
...........

Bzk

................

................

.................

.................

................

...............
...............

................
.................

...................................................................................................................................
..............

.
............

...

............
....

...........
......

...........
......

..........
......

..........

......

..........

......

..........
......

...........
......

...........
......

............
....

............
...

..............
.

................ ................. ................. ................ ................ ................ ................ .................
.................

................
...............

...............

................

.................

.................

................

................

•
ξ

↗
zk

D

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

S(ξ, y) = (interior of) limit of Poincaré discs Bzk

= (interior of) {x : x = limk xk , xk ∈ Bzk}

...........
...........

...........
..........

..........
......................................................................................

...........
...........
..........
.
..........
.
...........
........... .......... .......... ........... ........... ........... ........... ........... ...........

..........
..........
...........
...........
...........

Bzk

................

................

.................

.................

................

...............
...............

................
.................

...................................................................................................................................
..............

.
............

...

............
....

...........
......

...........
......

..........
......

..........

......

..........

......

..........
......

...........
......

...........
......

............
....

............
...

..............
.

................ ................. ................. ................ ................ ................ ................ .................
.................

................
...............

...............

................

.................

.................

................

................

•
ξ

↗
zk

D

Cho-Ho Chu ( Queen Mary, University of London ) Jordan structures in symmetric manifolds



Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Horoball S(ξ, y) in bounded symmetric domain

Kobayashi ball

Let a ∈ D ⊂ V (V = JB*-triple)

A Kobayashi ball ( centre a) is :

Ba = {z ∈ V : κ(z,a) < tanh−1r)} (r > 0)

κ(z,a) : Kobayashi distance
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Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

S(ξ, y) =︸︷︷︸
?

(interior of) limit of Kobayashi balls Bzk

Not working well for∞-dim !
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Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Alternative construction of S(ξ, y) for D

S(ξ, y)

=

{
z ∈ D : lim

k→∞

1− |zk |2

1− |g−zk (z)|2
< λ

}
(some λ > 0)
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Jordan algebras
Jordan and Lie algebras

Jordan algebras and geometry
Geometric analysis

Wolff Theorem

f : D −→ D : holomorphic, without fixed point.

Let f be compact (i.e. f (D) be compact).
Then

∃ ξ ∈ ∂D such that ∀y ∈ D, ∃ horoball S(ξ, y) ⊂ D
containing y :

f (S(ξ, y)) ⊂ S(ξ, y).

Proof.

S(ξ, y) =

{
z ∈ D : lim sup

k→∞

1− ‖zk‖2

1− ‖g−zk (z)‖2
< λy

}
(some λy > 0).

f (S(ξ, y)) ⊂ S(ξ, y) because κ(f (a), f (b)) ≤ κ(a,b).
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Special cases

1 D = Hilbert ball Goebel (Nonlinear Anal. 1982)

2 dim D <∞ Hervé (J. Math. Pures. Appl. 1963),
Mellon (Crelle 2000)

3 D = product of Hilbert balls Chu+ Rigby (JMAA 2014)

4 D = Lie ball Chu (Adv. Math. 2014)
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Denjoy-Wolff theorem??

f n −→ ξ ?
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Denjoy-Wolff type result (dim <∞)

 

 

D  =  bounded symmetric domain 

Boundary of  D =  Uα Kα  (disjoint union)         

Kα  =  boundary component (convex domain) 

     Kα     such that 

    h = limk f         with   h(D)  weakly closed                                

�      h(D)         Kα . 

e.g.   If  f = Möbius transformation, then  h(D)  =  Kα . 

 

 

 

 Kα 

D 

nk 
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Thank you !
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