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Diffusion-based Generative Models

2
DDPM

(Ho et al., 2020)
StyleGAN2-ADA

(Karras et al., 2020)
Reverse SDE

(Song et al., 2020)



Score-based Generative Models through SDE

http://yang-song.github.io/blog/2021/score/

Yang Song et al, Generative modeling by estimating gradient of  the data distributions, ICLR, 2021



• Once the score model is trained to optimality,

• i.e. 𝑠! 𝐱 ≃ ∇𝐱𝑝(𝐱)

• Use Langevin dynamics to draw samples

𝐱!"# ← 𝐱! + 𝜖∇𝐱log 𝑝 𝐱 + 2𝜖𝐳!

𝑖 = 0, 1, … , 𝐾

http://yang-song.github.io/blog/2021/score/

Score-based Generative Models through SDE



Diffusion Denoising Probabilistic Models (DDPMs)
Ho et al. NeurIPS, 2020

• Train with variational lower bound
• Follow the reverse markov chain at inference

Dhariwal and Nichol, NeurIPS, 2021



DDPM

• Training objective:

• Inference:

SGM

• Training objective:

• Inference:

Equivalence between the Two Approaches
Song et al. ICLR 2022



Song et al. ICLR 2022

d𝒙 = $𝒇 𝒙, 𝑡 𝑑𝑡 + 𝑔̅(𝑡)d𝒘

d𝒙 = [$𝒇 𝒙, 𝑡 − 𝑔̅ 𝑡 3∇4log 𝑝5 𝒙 ]𝑑𝑡 + 𝑔̅(𝑡)d𝒘

Corresponding reverse SDE

Noising

Denoising

• Solve reverse SDE numerically: Image generation (denoising)

≃ [$𝒇 𝒙, 𝑡 − 𝑔̅ 𝑡 3𝑠6(𝒙, 𝑡)]𝑑𝑡 + 𝑔̅(𝑡)d𝒘

Reverse Diffusion Through Score-Matching



SCORE-BASED DIFFUSION MODELS
FOR INVERSE PROBLEMS

Chung et al,  Medical Image Analysis (in revision), 2022



• Denoising step (reverse SDE)

• Data consistency step (e.g. GD, POCS)

A General Score-based Formula for Inverse Problems
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State-of-the-art Performance



Generalization Capability



Generalization Capability



Uncertainty Quantification



Very Slow Convergence



CCDF: COME CLOSER, DIFFUSE FASTER
Chung et al,  CVPR, 2022



Intuition: Why use the whole process?



Is this part necessary? 

Intuition: Why use the whole process?



• 𝑡# = 0.3
• 𝑁$ = 𝑡#𝑁 = 300

use this much

𝒙#

𝒙%$ = 𝑎%$𝒙# +𝑏%$𝒛

𝒙%$

Intuition: Why use the whole process?



• 𝑡# = 0.3
• 𝑁$ = 𝑡#𝑁 = 300

use this much

3𝒙#

𝒙#

𝒙%$ = 𝑎%$𝒙# +𝑏%$𝒛

𝒙%$

3𝒙%$ = 𝑎%$3𝒙# +𝑏%$𝒛

3𝒙%$

Intuition: Why use the whole process?



𝜀% ∶= ||𝒙% − <𝒙%||&

Intuition of  CCDF



̅𝜀'( ∶= 𝔼||𝒙'( − <𝒙'(||&

Intuition of  CCDF



̅𝜀%,* ∶= 𝔼||𝒙%,* − <𝒙%,*||& < 𝜀%

Intuition of  CCDF



3𝒙#

𝒙#𝒙%$

CCDF: The Algorithm

𝒙%$ = 𝑎%$𝒙# +𝑏%$𝒛



𝒙!+#( = 𝒇 𝒙! , 𝑖 + 𝒈 𝒙! , 𝑖 𝒛!

𝒙!,# = 𝑨𝒙!+#( + 𝒃
• Denoising step (reverse SDE)

• Data consistency step (e.g. GD, POCS)

𝑨𝒙 − 𝑨𝒙( ≤ 𝒙 − 𝒙( ∀𝒙, 𝒙′

General form

Constraint

• Non-expansive mapping

CCDF: The Algorithm

𝒙!" = 𝑎!"𝒙# + 𝑏!"𝒛 : 1-step noising

: Iterative denoising



Contraction on ℝ&

A function 𝒇:ℝ! ↦ ℝ! contraction mapping ,

if  there exists 0 ≤ 𝜆 < 1 s.t. ∀ 𝒙, 𝒚 ∈ ℝ!

𝒇 𝒙 − 𝒇 𝒚 ≤ 𝜆‖𝒙 − 𝒚‖

𝜎-./
𝜕𝒇 𝒙
𝜕𝒙 ≤ 𝜆 < 1

Theorem A.1. (Pham et al. 2008)

𝒙!"# = 𝑓 𝒙! , 𝑖 + 𝑔 𝒙! , 𝑖 𝒛

• 𝒇 is contracting with 𝜆

• Tr 𝑔 𝒙, 𝑖 𝑰𝑔 𝒙, 𝑖 ≤ 𝐶 ∀𝒙, 𝑖

Then, 𝔼 𝑥! − P𝑥! & ≤
2𝐶

1 − 𝜆&
+ 𝜆&!𝔼 𝑥% − P𝑥% &

Key Idea: Stochastic Contraction



Proof of Theorem 1. (VE-SDE; SMLD)

𝒙" = 𝒙# + 𝜎"𝑧

𝒙′"$% = 𝒙" + 𝜎"& − 𝜎"$%& 𝑠' 𝒙" , 𝑖 + 𝜎"& − 𝜎"$%& 𝒛

Forward

Reverse SDE

𝜕𝒇((𝒙" , 𝑖)
𝜕𝒙"

= 𝐼 + 𝜎"& − 𝜎"$%&
𝜕𝑠' 𝒙" , 𝑖
𝜕𝒙"

=
𝜎"$%& − 𝜎#&

𝜎"& − 𝜎#&
𝑰

Proof.

𝜆 = max
"∈[+,]

𝜎"$%& − 𝜎#&

𝜎"& − 𝜎#&
< 1

𝐶 = max
"∈[+,]

𝜎"& − 𝜎"$%&

: Stochastically
contracting

Reverse SDE is Contracting!
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f(xi, i)



Corollary 1.

𝒙!"#( = 𝑓 𝒙! , 𝑖 + 𝑔 𝒙! , 𝑖 𝒛!

𝒙!"# = 𝑨𝒙!"#( + 𝒃
Non-expansive mapping

𝔼 𝑥! − P𝑥! & ≤
2𝐶𝜏
1 − 𝜆& + 𝜆

&!𝔼 𝑥% − P𝑥% &

𝜏 =
Tr(𝑨0𝑨)

𝑛

Proof.

𝒙!"# = 𝑨𝑓 𝑥! , 𝑖 + 𝒃 + 𝜎 𝒙! , 𝑖 𝑨𝒛!

@𝒇(𝒙' , 𝑖)

𝜎./0
𝜕D𝒇 𝒙, 𝑖
𝜕𝒙

≤ 𝜎./0 𝐴 𝜎./0
𝜕𝒇 𝒙, 𝑖
𝜕𝒙

≤ 𝜆

Tr 𝑔 𝒙, 𝑖 𝑨(𝑨𝑔 𝒙, 𝑖 = 𝑔 𝒙, 𝑖 &Tr 𝑨(𝑨 = 𝐶𝜏

Non-expansiveness is Sufficient!



Theorem 1.

̅𝜀X,Y ≤
2𝐶𝜏
1 − 𝜆3

+ 𝜆3ZA ̅𝜀Z[

Error decreases exponentially
with reverse diffusion!

𝜏 =
Tr(𝑨K𝑨)

𝑛

𝜆

𝐶

Theoretical Findings



Theorem 2. (shortcut path)

̅𝜀#,L ≤ 𝜇𝜀#

• For any 0 < 𝜇 ≤ 1, there exists a minimum 𝑁′ s.t.

• Optimal 𝑁′ decreases as 𝜀% gets smaller

Theoretical Findings



Come Closer, Diffuse Faster



Come Closer, Diffuse Faster



Feed-forward 
network correction

Come Closer, Diffuse Faster



20 step diffusion

𝑁 = 100, 𝑡# = 0.2

• ILVR, SR3

• proposed

𝑁 = 20, 𝑡# = 1.0

Experimental Results: SR



Experimental Results: SR



20 step diffusion

𝑁 = 100, 𝑡# = 0.2

• Score-SDE

• proposed

𝑁 = 20, 𝑡# = 1.0

Experimental Results: Inpainting



20 step diffusion

𝑁 = 1000, 𝑡# = 0.02

• Chung et al.

• proposed

𝑁 = 1000, 𝑡# = 1.0

Experimental Results: Fast MRI



Summary

• Diffusion models: Exciting new path for solving inverse 
problems

• Universal solver without knowledge about the problem a 
priori

• Great generalization capacity

• Acceleration through stochastic contraction theory



Questions?


