5 Network Models

Networks: An Introduction,
M. E. J. Newman, Oxford University Press (2010), Chapter 12-15.

5.1 Random graphs
Real world networks have distinctive structural properties.

e Often details are not known, only averages.

e Models can inform about importance of features (for dynamics etc.)

“Scale free” degree distributions

Degree distribution: probability that random node has degree k: pr = f(k).

Empirically: real world nets often scale free:

pr ~ k™% or cumulatively: (1)
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Figure 1: Cumulative degree distributions showing scale-free characteristics.



“Small world” property

Average shortest path-length [ between node-pairs:

. 1
I= mz% (4)

i>j
e For regular D-dimensional lattices: [ oc N b

Data shows a short path usually exists between pairs of nodes:
e for people (N = 7 x 10?) measure (Milgram etc.): I ~ 6.

High clustering

# (triangles)
# (connected triples)

Also define average local clustering coefficient:

Real world transitivity (¢ =

) much higher than random chance.

#(triangles on )
#(connected triples on 7)

C;, =

()

Assortativity

Correlation (“de-mixing”) occurs between some property of adjacent nodes.
e variable x; = x; or degree k; ~ k;

Can mesure Pearson correlation coefficient:

. Z zy(ewy — arby), (6)

050
Ty 7y

where e, is fraction of edges between = and y types, a, and b,: fraction of x,x
and y,y edges resp; o are st. dev. of a and b. For degree distributions this

becomes:
kik;
2 (Az‘j - znf) kikj

Zij (ki‘sij - %) kik;

r= (7)
e Correlated network: r — 1
e Uncorrelated network: r =0

e Anti-correlated network: r — —1

In real world correlations or anti-correlations occur, rather than random uncor-
related (see table).
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(TABLE 1II from Newman) The properties measured are

Figure 2
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5.2 The Erdos Renyi model

Simplest “random graph” model: assign all edges randomly: 2 ways to con-
struct:

1. GER: Create N nodes and randomly allocate K edges.
e randomly assign 2K elements A;;;~; = Ajiic; = 1.
2. Gﬁg: For each pair of nodes ¢ and j, assign edge with prob. p.

e GRI will appear from ensemble with prob. p& (1 — p)N(V-1)/2—Fk

Properties of ER model:

Can solve for many features:

Short path lengths: trivial for random case: each step gain gon average) k
neighbours, # (nei at dist I ~ k'), hence for whole network N ~ k!
7 log N

logk

log(~7x10%) __ 6
log(~50)

(8)
e for world population: [ ~

Clustering: c is random, independent of other edges:

k
c=p=_—— — 0 for N — o0 (9)
For world pop. ¢ ~ 7 x 10~7, but actual measured: 0.01-0.5

Degree distribution : Prob. vertex having degree k (holding k const.):
N _ k¥ exp(—k
p(k) = (N )1 - Nt & HOPER), (10)
k k!
exact for N — oo

e Not scale-free.
(also uncorrelated)

5.3 The configuration model

e Define desired degree distribution py,
e Assign m edges to N nodes by either:

1. Assign k; stubs (drawn from py) to each node 4,
— randomly join stubs
2. assign k; “desired degree” then:
—m= %Zh ky, edges placed with prob. p o k;k;.

Features: can choose degree distribution, path lengths short as in ER, can

2 2
derive (Newman) ¢ = LISk >—<k>] which can be large in special cases, but

N <k>3
not general.



5.4 The Watts Strogatz model

Regular lattices can have high clustering:

\/

¢ = 0.4: comparable to real world

Can vary ¢ by changing k on a 1D lattice:

But: path-lengths are long: [ ~ %

Make model “small world” by introducing short-cuts with prob p:

- - = - -

I:.'Eﬂ i S t.h:' Al e Sty
,I._-.hii‘..__ ,_._.*.“li’ﬁ_.:‘
iy s :_.._h o Y
- 4 ,-_i '-:'_. I g 4
'. | | :I A _‘ .._ _II
| III " | ':-_ I’ .:'. |
5 ; i d
~ A, (1R .
(N Lo e 7l
e st e oy

- TR

Figure 3: (a) Watts Strogatz, (b) Newman Watts Strogatz

Can either replace existing links or just add links.
Mixture of regular and random networks - contains features of both.

Difficult to treat analytically (2nd model is easier), but numerically observe
range of p with clustering and short .

However, the degree distribution isn’t scale free, e.g. for NWS:

P~ e = (12)
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Figure 4: Mean path-length and clustering for different rewiring in WS model

5.5 The Barabasi—Albert preferential attachment model

Models can try to explain features, e.g. scale-free degree distribution.

Barabasi and Albert proposed a rich-get-richer model.
e start with k connected seed nodes

e at each generation step a new node is added with edges to k others.

e Probability of i connecting to j p o< k;

Degree distribution: Find empirically:

pr~ k73

(13)

Non-linear BA model

e Probability of ¢ connecting to j p o k]
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Figure 5: A Barabasi-Albert preferential attachment graph which has a power-
law degree distribution.



