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Abstract

We consider linear time-invariant differential-algebraic equations in both finite and infinite
dimensions. Utilizing the theory of state/signals systems, we identify which variables are states,
which variables are inputs and which variables are outputs and describe the dynamics though a
standard input/state/output system.

1 Introduction

If one models a real-world dynamical system and puts all the relevant variables in a vector-valued
function v, then in the linear finite-dimensional time-invariant case the equations obtained can be
written as

Eoi(t) = Agu(t), (1)

for certain matrices Eqg, Ag € R**™. Such a model is called a differential-algebraic equation (DAE).
A DAE is difficult to analyze directly and a good first step to analyze a DAE is to restructure
the equations. We show that we can write R” = X+U+) (direct sum) and that accordingly
decomposing v(t) = z(t) + u(t) + y(t) we have

#(t) = Az(t) + Bu(t), y(t) = Cz(t) + Du(t), (2)

for certain (single-valued) bounded operators A: X - X, B:U - X, C: X - Yand D :U — Y
which in the considered finite-dimensional case can be represented by matrices. Hence the DAE
can be re-written as an input/state/output system with state space X, input space U and
output space ), which is much easier to analyze.

We also consider the infinite-dimensional situation where instead of we obtain

i(t) a(t)

ool =51t (3)
where the (single-valued) operator S is in general unbounded and generalizes the block matrix
[é g]. Generally, the infinite-dimensional system may not have particularly nice properties
(aside from S being single-valued), but under some mild additional assumptions we obtain that S
is an operator node in the sense of [13].

In Section 2] we give sufficient detail about the above constructions to consider several examples
in Section 3] Section [] compares our results to results available in the literature. Finally in Section
we state precise theorems with proofs.



2 Informal statements of the main results

To the DAE we can associate the subspace of R” x R" given by

w o {[1] € [E5] o= ).

As a subspace of a product space, W can naturally be seen as the graph of a multi-valued operator
Ap (also known as a linear relation):

gph(Ag) =W,  Agv = {q : [g] € gph(Ao)} :

In Section [5| we will in fact formulate all results in terms of multi-valued operators.

Conversely, if M is a closed multi-valued operator on a Hilbert space V (closed meaning that
gph(M) is closed), then by [I, Lemma 4.1.15] there exists a Hilbert space Z and bounded single-
valued linear operators E, A : V — Z such that (this is called a kernel representation)

o= {[] < r-n)

We have the following important subspaces associated to a multi-valued operator M:
dom(M) = {v : 3¢ such that [ﬂ € gph(/\/l)} ,
mul(M) = {q : [g] € gph(./\/l)} ,

im(M) = {q : v such that [q] € gph(M)} .

v
We note that in terms of a kernel representation we have

dom(M) = {v : 3¢ such that Eq = Av}, mul(M) = N(E),
im(M) = {¢ : Jv such that Eq = Av}.

2.1 The ultimate multi-valued operator

We specialize again to the finite-dimensional case and consider the multi-valued operator

gph(Ag) = { [ﬂ € [ﬁq : Eog = AOU} ;

associated to the DAE . As a first step, from this multi-valued operator we should obtain a
multi-valued operator A with the same set of continuously differentiable trajectories but with the
additional property that im(.A) C dom(.A). To this end, we consider the sequence of multi-valued
operators Aj, defined iteratively by

dom(Ak)] | @

gph(Ak11) = gph(Ag) N [dom( Ay
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Because of finite-dimensionality, this sequence must terminate, i.e. there exists a u € Ny such that
Ayt1 = A, We define A := A, and A then indeed has the property that im(A) C dom(A).
Crucial is that all of these multi-valued operators have the same set of continuously differentiable
trajectories: v is a continuously differentiable solution of if and only if (for any k € N)

[28] € gph(Ao) = [58] € gph(Ay) <> [28] € gph(A).

Intuitively, in general the original multi-valued operator 4y has “too large” a graph and the graph
of A is the subspace of gph(Ag) which (minimally) suffices for the description of the continuously
differentiable trajectories.

2.2 The input/state/output decomposition
We define ) as a direct complement to dom(.A):

R™ = dom(.A)+,

(choosing )y as the orthogonal complement would make it unique, but there can be reasons to
consider a non-orthogonal direct complement). We subsequently define the signal space

W = mul(A) + Do,

(this sum is actually direct since by construction mul(A) C im(.,A) C dom(.A)) and define the state
space X as a direct complement (once again, choosing the orthogonal complement would make it
unique, but there can be reasons to consider a non-orthogonal direct complement):

R" = X+W.
We then decompose the signal space as a direct sum of the output space ) and the input space U
W = Y+U,

where the condition on the output space is that ) is a direct complement to mul(.A). The choice
Y =Yy and U := mul(.A) is always valid, but there can be reasons to consider other choices.
We then have
R" = X+U+Y,
and with respect to this decomposition we obtain that the dynamics is described by the in-

put/state/output system (where A, B, C and D can also be described, but in examples these
are often obvious once we know the decomposition).

2.3 The infinite-dimensional case

In the infinite-dimensional case we consider initially a multi-valued operator Ay on the Hilbert
space V (where the choice ¥V = R" gives back the finite-dimensional case previously considered). In
(4) we have to consider closures of domains, i.e. we instead have to consider

gph(Ak11) = gph(Ag) N [m} ’



and the operator A is defined through

[e.e]
Vo= (dom(A),  sph(4) = ephido) 0 [J2].

k=1 *
It is no longer guaranteed that the sequence terminates, so that we instead have to assume this,
i.e. we have to assume that there exists a u € Ny such that A,;1 = A,. We now obtain that
im(A) C dom(.A) in case of termination (there are alternative assumptions under which this holds).
The definitions of ), X and W remain essentially the same (the spaces )y and X are now explicitly
assumed closed):

V = dom(A)+, W = mul(A) + Vo, V= X+W.

The decomposition of the signal space VW into an input space & and an output space ) becomes
more complicated (unless dom(.A) is closed in which case the situation is the same as described in
the finite-dimensional case). Instead of the output space being taken as a direct complement in W
to mul(.A), it should be chosen as a direct complement in W to the characteristic signal bundle.
Here we will restrict ourselves to the special case where My = {0} (Section [5| does deal with the
general case). In that special case the characteristic signal bundle is given by (here A € C)

§()\) = {w € W : dz € X such that [ AT

x—i—w} Egph(.A)}.

In the case that dom(A) is closed, F(co) is well-defined and equals mul(.A), but in general a finite
value for \ needs to be used. The output space ) is chosen to satisfy ) N mul(A) Ndom(A) = {0}
and as a direct complement in W to §(/\) Subsequently, the input space U/ is chosen as a direct
complement in W to Y: R
W =Y+3(\) = Y+U.

We then have that @()\) is the graph of a single-valued operator (’/5()\) : U — Y, which is the
transfer function of the input/state/output system. This knowledge can be used to distinguish
more desirable choices of input and output spaces from less desirable ones (one good criterion
would be to make a choice so that & is well-posed, i.e. uniformly bounded on some right half-
plane, if such a choice is possible).

3 Examples

3.1 Finite-dimensional examples

Ezample 3.1. We consider [7, Example 2.4] from our perspective. The DAE there models a simple
RLC circuit with equations

LI=Vy,, CVog=1I 0=-RI+Vg, 0=V,+Vo+Vg—Vs.

We define
Ulzla UQZVLa U3:VC7 U4ZVR7 U5:VS'



This corresponds to the multi-valued operator

R R L = v, Cgqz =v1, 0= —Ruy + vy,
gph(Ao) = { L}] < {R% ' 0=wvy+v3+wvg—vs ’

The domain of this equals
dom(Ao) = {U ER?: 0= —Rv1 + vy, 0=U2+U3+U4—U5},

so that

gph( A1) = [q] S [ﬁi

] Lgi = v, Cqz =v1, 0= —Ruvy + vy,
v

0=1wvo 4+ v3 4+ v4 — vs,
O0=—-Rq1+qs, 0=q+q3+q—¢
We note that the added constraints in gph(.A;) signify that for continuously differentiable trajec-
tories we must have
OZ—Rj+VR, O:VL+V0+VR—V5.
We have dom(.A;) = dom(Ag) so that the sequence terminates and we have A = A;. Therefore

RS Lqi = v2, Cq3 =v1, 0 = —Ruvy + vy,
:|€|:R5:|' 0=1wvo 4+ v3 4+ v4 — s, ,

aph(A) = [q
O0=—-Rq1+q, 0=q+q3+q1— g5

[

and
dom(A) = {UER5:0: —Ruvy + vy, 021}2—1—1}34—1}4—@5}.
Note that dom(.A) has dimension three. The multi-valued part of A equals
mul(A) ={z€R°:¢q; =0, g3=0, 0=—Rq1 +q1, 0=q2+ g3+ @ — g5} ,

which has dimension one. Equivalently, we have

1 0 0 0
0 1 0 1
dom(A) =span<q [0, |0, [1] p, mul(A) = span{ |0
R 0 0 0
R 1 1 1

The space )y should be taken as a direct complement of dom(.A) and therefore must have dimension
two. To align with the original variables we choose

0] 0

1 0

Yo=span¢ |0],]0

0 1

o] |o

This gives

0 0] [0 0 0 0
1 0 1 1 0 0
W =)o+ mul(A) =spang (0], (0], |O =span 0], |0f, |O
0 1 0 0 1 0
o] lo] [1 o] lo] [1



The state space X should be chosen as a direct complement of W. To align with the original
variables we choose

1 0
0 0
X = span 0f, (1
0 0
0 0

We choose the output space )V = ). Finally, we must choose the input space U as a direct
complement of Y in W and to align with the original variables we choose

U = span

o O o O

These choices mean that v; and wvs are states, vs is an input and v9 and v4 are outputs, i.e. I and
Vo are states, Vg is an input and Vy, and Vg are outputs. Re-writing the original equations gives

LI=-RI-Vc+Vs, CVe=I1, Vp=-RI-Vc+Vs, Vg=RI,

which is the input/state/output system

I ~E 0T 1 VI ~-R -1][1 1
Sl = | L L _
AR 1 AR A AR i | AR
Ezample 3.2. We consider [2, Example 6.1] from our perspective. To not prejudice the choice of
input, we denote what is denoted u in [2, Example 6.1] by vg. The equations then are

U1 = V1 + Vg + vg, Vg = —v1 + Vg + Vg, V4 = V3 — Vg, 0 = vy,

(note that there are no constraints on vz). This corresponds to the multi-valued operator

_Jla R%T  q1 = v 4+ v2 +v6, g2 = —v1 + v + Vg,
gph(Ag) = { M € [Ra] - s = vs — vg, 0 = vy }

The domain of this equals
dom(Ag) = {v € R®: vy =0},

_Jla R%l  q1 = v +v2 +ve, g2 = —v1 + v + vg,
gph(Ay) {[U] © [RG] ' qs =13 —vg, 0 =04, 0 =qq }

so that

The domain of this equals
dom(A;) = {v € RC: vy =0, v3 = ve ),
so that

_Jla RSl g1 = v +v2+vs, g2 = —v1 + vy + vg,
gph(Ag)—{[v} © {RG}' O0=wv3—wvs, 0=v4, 0=q4, 0=1¢q3 — g6 }



We have dom(Az) = dom(.A;) so that the sequence terminates and we have A = As. Note that
dom(A) = dom(A3) = dom(.A;) has dimension four. The multi-valued part of A equals

mul(A4) = {z€R% g5 =q3, 1 =0, g2 =0, g4 =0},

which has dimension two. Equivalently we have

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 1 0
dom(.A) = span ol 1ol 1ol 1ol ¢ mul(A) = span ol 7 o
0 0 0 1 0 1
0] 10] |1] [O] 111 10]

The space )y should be taken as a direct complement of dom(.A) and therefore must have dimension
two. To align with the original variables we choose

0 0

0 0

1 0

0 0

(L0] L0])
This gives

[07 [0 [0 [0O] (07 [0] [o0] [0]
0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0
W - yO + mul(A) - Spa‘n O 9 1 Y 0 Y 0 - Spa’n 0 9 1 9 0 I 0
0 0 0 1 0 0 1 0
0] [0 1] L[O]) 0] [0 10] [1]

The state space X should be chosen as a direct complement of W. To align with the original
variables we choose

1 0
0 1
0 0
X = span ol * 1o
0 0
0] O]

We choose the output space Y = ). Finally, we should choose the input space U as a direct
complement of ) in W and to align with the original variables we choose

([0 0

U = span

o= O O O
_ o O O O



Therefore v1 and vy are states, vs and vy are outputs and vs and vg are inputs. The input/state/output

system is
2)1_11v1+01v5 03_00v1+01v5
2}2_—111}2 011}6’ ’1)4_001}2 001}6.
In [2, Example 6.1] the following cost functional is considered

/0 s (t)? + [oa ()2 + [oa(t) 2 dt.

If we ignore the input vs (which doesn’t play a role in the dynamics or the cost), then this becomes
a standard linear quadratic optimal control problem with input vg, state [ | and control operator
[1] (the variables vs, vs and vs play no role and can at this stage be ignored). The corresponding

algebraic Riccati equation can be easily numerically solved and results in the optimal feedback
vg = —5.1813v1 4 0.4142vs. (5)

This part of the optimal control is unique, but since vs is an input which is unconstrained by the
problem, it can be arbitrary in an optimal control (so that optimal controls are not unique, but
the non-uniqueness is easily identified).

In [2, Example 6.1] the following initial conditions are specified:

’Ul(()) = 1, ’UQ(O) = —1, 1)3(0) = U4(0) = ’U5(0) =0. (6)

These initial conditions are consistent with the constraints in the sense that v(0) belongs to dom(.A4)
if (and only if) v6(0) = 0 is chosen. However, they are not consistent with the optimal feedback
since that equation is then not satisfied at ¢ = 0. This implies that with the initial conditions @
the cost functional has an infimum which is not a minimum. This seems to have gone unnoticed
in [2, Example 6.1]. The underlying issue is that @ through the initial condition on vs imposes
an initial condition on the control (since vg = v3). By writing the DAE as an input/state/output
system, it becomes clear which initial conditions can (and should) be imposed: only elements of the
state space X (in this example v; and vy) should have initial conditions and no initial conditions
for the inputs or outputs should be imposed (although since in this example the input component
v5 plays no role, it doesn’t hurt if an initial condition is imposed on vs).

3.2 Infinite-dimensional examples

Ezample 3.3. We consider the example from [6]. There two coupled temperature equations on the
spatial interval (0, 1) are considered where in both equations diffusion is neglected (only convection
is considered) and in one equation the time constant is set to zero. This leads to (here dot indicates
time derivative and prime denotes spatial derivative)

Tw=Ty—Tw, T)=Ty—Ty,

where for notational simplicity we set all the relevant constants in [6] equal to one. To minimize
smoothness assumptions, we write the second equation in integral form as

I3
T,() = e T, (0) + /0 e EDT, () di.
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With vy := Ty, ve := Ty, vz := Ty(0), a corresponding multi-valued operator is

_ q (Ov ) xR . q1 = v2 — V1,
eobico) = {[1] < | 220102 <R ange) et 1 JE e €y () d }
The domain of this equals

3
dom(Ag) = {v € L2(0,1)? x R : vp(€) = e Suy +/ ) dn} ,
0

which leads to

q L2(0,1)% x R a1 = UQE U1,
) = £ 4] € [0 S| ¢ (@ =St e Duan,
’ @2(§) =e” 5‘13+f5 gy () dny

We then have dom(A;) = dom(Ap), so that A = A;. We note that dom(A) = dom(Ay) is closed.
Because of this, the situation is actually like described in Section [2| for the finite-dimensional case
and there is no need to consider the characteristic signal bundle. We should choose ) as a direct
complement of dom(.A). We can choose

0
yO = L2(07 1) )
0

which is indeed a direct complement of dom(.A) as we can uniquely write

L2(07 1) P 0
L0.1)| 3 |p2| = |ps— e ps— [5 e~ € Dpi(n) dn
R P3 0
P
+ e £p3_|_f5 (&— W)pl( )dn e))o—i—dom(A)
pP3
We have
mul(4) = {q € L2(0,1)* xR q1 = 0, q2(6) = ¥as }
so that
0
W =Yy +mul(A) = | L*0,1)
R
As a direct complement we choose
L%(0,1)
X = 0
0

We choose

0 0

U=10 y yzyo— LQ(O,l) )
R 0



which is valid since /+) = W. We therefore have that x := v; is a state, y := v is an output
and u := v3 is an input. In terms of the original variables, this means that T;, is a state, T} is an
output and T,(0) is an input. The input/state/output equations are

13
i(t,6) = eCu(t) + /0 € an(t,m) dy — (1,6),

¢
y(t,€) =e_5U(1t)+/0 e &M (t,n) dn,

i.e.

13
(Ax)(€) = / e E () dn — 2(6),  (Bu)(€) = e,

0

3
(C)(€) = / e EMa(n)dn,  (Du)(€) =S,

0
which we note are all bounded operators (this is because dom(.A) is closed).
Ezxample 3.4. We consider the following PDE on the spatial domain (0, 1) with boundary conditions
0 = —vf, v1(0) = va, v1(1) = vs.

A corresponding multi-valued operator is

gph(Ag) = { m € {51((%:11)) iﬁq tqr = vy, vi(0) = w2, wvi(l) = 03}‘

The domain of this equals

dom(Ag) = {v € HY(0,1) x R?: 01(0) = vp, v1(1) = vs},

which is dense in L2(0,1) x R?. Hence A = A and dom(A) = L?(0,1) x R?, so that we must have
Yo = {0} and therefore W = mul(.A). We have

mul(A) = {q € L*(0,1) x R* : ¢; = 0},

which has dimension two (and is therefore closed). We note that mul(A) N dom(A) = {0}. We
should choose X as a direct complement of mul(A) in L?(0,1) x R?. To align with the original
variables we choose

X:{UELZ(O,l)XR2:1}2:1}3:0}.

Since dom(.A) is not closed, we have to consider the characteristic signal bundle. We have

) 0] 2201 Ao = o
SN =< |n] € R : Jvy € H'(0,1) such that L=
Vs R Ul(O) = V2, ’Ul(l) = U3

We have that \v; = —v] has the general solution vy (£) = e~*¢v1(0), so that the boundary condition
v1(0) = vy gives v1(£) = e vy, and we must then have v = v1(1) = e vy, so that

%()\): 1 vy i vg € R



We choose the output space ) as the following direct complement of the characteristic signal bundle
(note that since mul(.A) N dom(A) = {0}, any direct complement would suffice)

Y=10},

and we choose the input space U as a direct complement (in fact orthogonal) to Y in W = mul(.A):

U= R

This means that vy is an input and vs is an output. This gives the transfer function e=* which is
well-posed (the opposite choice of vy an output and v3 an input would give the transfer function
e which is not well-posed and therefore this opposite choice, though allowed, is not sensible). The
input/state/output system we obtain with input u := vy, state z := v; and output y := vs is
described by the operator

[l =] o= {E) e [TR ] =),

and is well-known to in fact be a well-posed linear system (here with some abuse of notation we
. . . 0 .
identify the input space [IS{} with R).

Ezample 3.5. We consider the example from [I1), Section 5] which is an electrical circuit with a
transmission line. The equations are (where for notational simplicity we take Gp = Ry = 0 and
Cr = Ly = C =1 in the notation of [II] and we omit uy which just equals uc and therefore plays
a trivial role, but complicates notation):

V=-r, I=-V,
uc =10, 0=—iy —ic+ I1(0), 0= —uc + V(0), 0=1I(1).

We define
Ulz‘/a UQZI; V3 = uc, U4:i07 U5:iV'

A corresponding multi-valued operator is

[ Taq L2(0,1)2x R3] q1=—vh, q=—v], g3=ny,
gph<-/40) - { I:U:| € |:H1(0, 1)2 % R3 : 1)2(0) — vy + s, ’1)1(0) — v, 1)2(1) —0 .

This gives
dom(Ap) = {v € H'(0,1)* x R? : v2(0) = va +v5, v1(0) =wv3, va(1) =0},

whose closure is dom(Ag) = L?(0,1)? x R3, so that A = Ay and Yy = {0}. We have

0 0

0 0
mul(A) ={q:q1 =¢q2=q3 =0} =spanq |0], [0] 5,

1 0

0 1
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which is two-dimensional (and therefore closed). We should choose the state space X’ as a direct
complement to W (which here equals mul(.4)) and to align with the original variables, we choose

X ={veH(0,1)> xR®: vy = v5 =0} .
We note that

mul(A) Ndom(A) = {z : v1 = vy = v3 =v4 + v5 = 0} = span

= o o O

-1

which is one-dimensional.
Since dom(.A) is not closed, we have to consider the characteristic signal bundle. We have

vy = —vb,
Avg = —vf,
P ) L*(0,1) x R] 9 \vg = wi,
SN = [w} € [ R ] : Jv € L*(0,1) x R such that 09(0) = wy + ws,
v1(0) = vs,
U2(1) =0

Solving the ODEs with the boundary conditions v1(0) = v3 = % and v2(1) = 0 gives
v (€) = % (cosh(\) — tanh(\) sinh(A€))
va(€) = % (— sinh(\€) + tanh()\) cosh(A€)) .

From the final equation v9(0) = w; + we we then obtain

w0y — (tanh()\) N 1) w.

A
Therefore
0 -
S(A) = h(Al) wi
tan
—— + 1]
We choose
0
0
Y = span 0 ,
0
1

noting that this is a direct complement of the signal bundle and that ) Nmul(A) Ndom(A) = {0}.
We choose the input space U as the orthogonal complement of ) in W = mul(A):

0

U = span

o = O O

12



This means that we consider vy as input and vs as output. We have that v, vo and vs are states.
The input/state/output system is described by the operator

_x’2
x — x HY0,1)2 xR] 21(0) = z3,
sl =) L | aomo={f] =[O 28 )
x2(0) —u
where )
T U1 %4
r= x| = |vo| = | 1|, U =4 = ic, Y =v5 =1y.
Z3 | U3 uc

4 Literature comparison

By Proposition in the finite-dimensional case we have dom(Ag_1) = dom(A) for all k € N.
The spaces dom(A’S ) and the space V, appear in the DAE literature in terms of kernel represen-
tations. In terms of a kernel representation of Ay we have (here A W for a set W refers to the
inverse image under Ag of W):

dom(AET!) = A Egdom(A),

which is how it appears in the DAE literature (e.g. [3, 4]) as the first Wong sequence of the pencil
sEg — Ag. The space V, then is the limit of this first Wong sequence.

The multi-valued operators Ay themselves (rather than just their domains) also appear in the
DAE literature in terms of kernel representations. In terms of a kernel representation we have

gph(A;) = { [;] : Egz = Agx, Jz1 such that Egz; = Aoz} ,

and more generally

; Eoz1 = Az,
gph(Ag) = L] :Eoz = Aoz, 321,... 2 such that Egz; = Agz;_1,
je{2,...,k}
In terms of the derivative array [2]
| O Ap 0 ... 0
—Ao Eo :
M = ) ) , N = 0 0 i
—Ao Eo 0 ... ... 0
this is (note that the x; play a trivial role)
z x
z 21 al
gph(Ag) = LJ :321,...25,%1,..., oy such that M | | =N | . ,
% T

13



and the algorithm in [2| Theorem 3.1] can be seen as determining a kernel representation of gph(.Ay).
Even though Wong sequences and derivative arrays both appear in the DAE literature, this con-
nection between them (one giving the graph, the other the domain) does not seem to have been
explicitly made before.

In [7] and [2] based on dimensions, it is realized that some variables should be interpreted as
states and some as inputs, but no method is given for making this distinction. An algorithm for
this is given in [5]. Also related is [8] where a DAE and is written as an input-state system with
an output zeroing condition (the ezplicitation in [8, Proposition 6.7]). The above cited articles are
all on finite-dimensional systems and take different approaches than we do. A particular difference
is that we allow for quite some flexibility in the choice of the state, input and output spaces. We
note that the Wong sequence appears in an infinite-dimensional context in [14] (although not under
that name).

In behavioral theory, it is known that a linear differential system can always be written in
standard input/state/output form [I0], which is closely related to, but not quite indentical to
the finite-dimensional version of our main result (as in the behavioral result a state is generally
constructed rather than identified amongst the existing variables and it is therefore closer to classical
realization theory than to our results).

5 Theorems and proofs

In this section we give precise statements and proofs for the results informally stated in Section
In Section we detail the construction of A from Ay and we also give some results which
allow us to connect this to the Wong sequence known in DAE theory. In Section [5.2] we consider
the decomposition V = X+ and how this gives a multi-valued operator A, obtained from A.
Section [5.3| reviews some results from state/signal theory [I] which are needed. Sections and
construct a state/signal system from the multi-valued operator A (and conversely) and in Section
from this state/signal system an input/state/output system is obtained (this last step is a
straightforward application of results from [1]). Finally, in Section we state results, which
easily follow from the earlier results, which more directly link the multi-valued operator A to the
input/state/output system.

5.1 From a multi-valued operator to a multi-valued operator

Let Ap be a multi-valued operator on the Hilbert space V. Define the sequence (Ay)22, of multi-
valued operators on V iteratively by

gph(Ag41) = gph(Ag) N [jzrmnti:ﬂ ’

further define

Ve := ﬂ dom(Ay),
k=0

and define the multi-valued operator A on V by

V.
gph(A) = gph(Ag) N V.] :
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Lemma 5.1. We have

dom(Ak)}

h(A =gph(Ap) N |—7F%1 .

gph(Ag41) = gph(Ao) [dom(Ak)

Proof. We show this by induction. It is trivially true for & = 0. We have (the first equality is by

definition, the second by the induction hypothesis)

dom(AkH)] [dom(AkH)] [dom(/lk)]
h(A = gph(A N |——=""£| = gph(Ap) N N
gph(Ak+2) = gph(Ak+1) {dom(AkH) gph(Ao) dom(Ajs1) dom(Ay)
dom(Ak+1):|
= gph(Ap) N |—"=41
where in the last equality we used that dom(Ag41) C dom(Ag) as gph(Ags1) C gph(Ag). O

We say that the sequence (Ay)32, terminates if there exists a u € N such that A, = A, (in
which case Vo = dom(A,,)).

Lemma 5.2. If the sequence (Aj)72, terminates, then im(A) C dom(A).

Proof. Using termination for the first and last equalities we have
im(A) = im(A,+1) C dom(A,) = dom(A),
as desired. O

The following definition gives a boundedness notion for multi-valued operators generalizing that
for single-valued operators. The terminology quasi-bounded is not standard, but will be useful for
us to distinguish two related but different notions which often appear in the literature with the
same name (in many instances, bounded requires the domain to be the whole space).

Definition 5.3. A multi-valued operator M : dom(M) C V — V is called quasi-bounded if there
exists a M > 0 such that for all z € dom(M) there exists a z € Mx such that ||z|| < M|x]|.

The closed-graph theorem for multi-valued operators (see e.g. [12]) states that the following
are equivalent for a closed multi-valued operator M:

e dom(M) is closed,;
e M is quasi-bounded.
Proposition 5.4. If Ay is closed and dom(Ay) is closed for all k € Ng, then Vo =V = dom(A).

Proof. As the intersection of the closed spaces dom(Ay), we have that V, is closed, so that in
particular Vo = V,. Let z € V, and let k£ € Ny. Then z € dom(Ag41) so that there exists a
2 € dom(Ag) such that [% ] € gph(Ap). By the closed graph theorem for multi-valued operators,
we have that A is quasi-bounded (as its graph and domain are closed). It follows that we can
choose the sequence (zi)ren, to be bounded. Because we are in a Hilbert space, it follows that
(2k)ken, has a weakly convergent subsequence. Let z denote the limit of this subsequence. Then

z

[%] € gph(Ap) converges weakly along a subsequence to [Z]. Since gph(Ap) is a closed subspace
of a Hilbert space, it is weakly closed [9, Problem 19] and therefore the limit [Z] is in gph(Ap).
Similarly, since the elements of (z;);> are all in dom(Ay) and dom(.Ay) is weakly closed, we have
z € dom(.Ag) and since this is true for all £ € Ny we have z € V,. It follows that for all z € V,

there exists a z € V, such that [Z] € gph(Ap). This precisely means that dom(A) = V,. O
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Corollary 5.5. If Ay is closed and dom(Ay) is closed for all k € Ny, then im(A) C dom(A) =
dom(A).

Proof. By definition we have im(A) C V,, so that Proposition gives im(A) C dom(A) =
dom(.A). O

Example 5.6. We consider an example where the sequence (Aj)7°; does not terminate. Define
z ?(N
gph(Ap) = { [w] € [EQENH cx1 =0, 2= ka} )

dom(Ap) = {xEEQN):xl:O},

gph(A;) = {[ﬂ € [ﬁzgﬂ =2 =0, 2z = $k+1}7

dom(A;) = {x€€2N):x1:x2:O}.

We then have

so that

and therefore

Generally we have
dom(Ag) = {$€€2N):xlzxgz...:ka:O}.

We therefore see that there does not exist a u € N such that dom(A,) = dom(A,41).
We do have that dom(.Ay) is closed for all k € Ny (and we have that A is closed) and we have
Ve = {0}. In accordance with Proposition [5.4] we have dom(A) = {0}.

Theorem 5.7. If at least one of the following conditions hold

o The sequence (Ar)72, terminates;

o Ay is closed and dom(Ayg) is closed for all k € Ny;
then im(A) C dom(A).

Proof. Under the first condition this follows from Lemma[5.2] Under the second condition it follows
from Corollary [5.5] O

Definition 5.8. Let M be a multi-valued operator on V. Then v : [0,00) — V is a continuously
differentiable trajectory if v is continously differentiable (from the right at ¢ = 0) and

mg] € gph(M), Vit >0.

Theorem 5.9. Continuously differentiable trajectories of Ay and A coincide.

Proof. Since gph(.A) C gph(Ap), it is obvious that a continuously differentiable trajectory of A is a
continuously differentiable trajectory of Ag. Let v be a continuously differentiable trajectory of Ajg.
Then v(t) € dom(Ag) and the difference quotient (v(¢t-+h)—wv(t)) is in dom(Ag). It follows that o ()
as the limit of the difference quotient belongs to dom(.Ap). Hence v is a continuously differentiable
trajectory of A;. Arguing similarly, we obtain that v is a continuously differentiable trajectory of

Ay, for all k € N. In particular v(t) € dom(Ag) for all k& € N so that v(t) € V. As before, using
difference quotients, it follows from this that ©(t) € Vs. We conclude that [zgg} € gph(A), ie.
that v is a continuously differentiable trajectory of A.
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The following two results are to make the connection with the Wong sequence in Section [4] and
are also used when discussing discrete-time trajectories in Appendix

Lemma 5.10. Let M be a multi-valued operator. Then
dom(MH 1) = {:1: € dom(M") : 3z € dom(M*) such that [ﬂ € gph(/\/l)} .
Proof. Since M*tt = MFM we have
gph(MM1) = { L‘?ﬂ : 3z such that L’j € gph(M), [‘Z] € gph(/\/lk)} ,
so that (using that Jy such that [¥] € gph(MF) is equivalent to z € dom(MF))
dom(MFF1) = {:J: € dom(M) : 3z € dom(MP*) such that [;] € gph(/\/l)} .

Since dom(M*) C dom(M**1) we can replace x € dom(M) with = € dom(M¥) without changing
the set. This gives the desired result. O

Proposition 5.11. Assume that dom(Ay) is closed for all k € Ny. Then we have dom(Ag) =
dom (A1),

Proof. We use induction. The statement is trivially true for & = 0, so assume that dom(Ag) =
dom(AET!). We have (since the domains are assumed closed, we can omit closures)

dom(Ag41) = {LE € dom(Ay) : 3z € dom(Ag) such that L’j € gph(Ao)}

= {x € dom(AF™) : 32 € dom(AET) such that [ﬂ € gph(.Ag)}
= dom(AFT?),
where in the last equality we have used Lemma [5.10) O

5.2 To a multi-valued operator on a product space

Let A be a multi-valued operator on V and let X and W be closed subspaces such that
Y =X+W.

Then we can define the multi-valued operator Ay from [{X)] to itself by

z X
W +
gph(Ax) = [P e | ] [;Jri] € gph(4)
w 12%

Conversely, given two Hilbert spaces X and W we can consider the product space V= [1%] (with
the product inner-product) and consider X and W canonically as subspaces through identifying
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them with [ {)0(}] and [{19\}'} respectively. We can then define the multi-valued operator AonV
though

IO R ¥ SN

oo ) |a Vi Hwxg
gph(A) = M €15 Mo € gph(Ax)

HW“){U

We have that A and A are algebraically and topologically equivalent; however the inner-products
in V and V are different unless the direct sum V = X+ is orthogonal. Since inner-products play
no role in our theory (only the induced topology does), this difference is immaterial.

5.3 A brief review of state/signal systems

We recall several notions from state/signal theory [I]. A state/signal system with state space X
X
and signal space W is a subspace V of [ 1/}/\/ } The state/signal system is called closed if V is a

closed subspace. The multi-valued part of the state/signal system is

z
zeX: |0l eV
0

The canonical input space of the state/signal system is

z
Wy =CqweW:dzsuchthat |0 € V
w
The classical state space of the state/signal system is
z
Xgg: =< x € X :dz,wsuch that |z| €V
w
The observation subspace of the state/signal system is
z
Ho := {x] S [X] :dzsuch that |z | €V
w w w

Definition 5.12. A state/signal system V is bounded if the following conditions all hold

(i) V is closed;

(ii) the multi-valued part of V equals {0};

(iii) for the classical state space we have X s = X;
)

(iv) the canonical input space Wy is closed.

By [I, Theorem 4.2.31] this is equivalent to the definition of bounded in [I, Definition 2.1.37].
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Definition 5.13. We say that z : [0,00) - & and w : [0,00) — W form a continuously dif-

ferentiable trajectory of V if x and w are continuously differentiable (from the right at ¢ = 0)

and

x(t)
)| eV, vt > 0.

=

Remark 5.14. The notion of continuously differentiable trajectory is similar to but distinct from
the notion of classical trajectory from [I]. For a classical trajectory it is only assumed that w
is continuous. By density, this difference is immaterial. We consider the notion of continuously
differentiable trajectory since this connects more easily to trajectories for multi-valued operators.

5.4 From a multi-valued operator to a state/signal system

Let A be a multi-valued operator on V. Let )y be a closed subspace such that
V= dom( )+y0,

define
W = mul(A) + o,

and let X be a closed subspace such that
V=X+W.

Assume throughout that mul(A) C dom(A). We denote the multi-valued operator on [ 3%, | induced
by A and the decomposition ¥V = X+W by A, as in Section

Lemma 5.15. We have W = mul(A)+).

Proof. We only have to show directness. Let w € mul(A) N Y. Since mul(A) C dom(A) we have
w € dom(A) N Yy and therefore w = 0. O

Lemma 5.16. We have W N dom(A) = mul(A).

Proof. Since mul(.A) C W by definition of W and mul(A) C dom(A) by assumption, one inclusion
is obvious.

Let v € WNdom(A). Then v € W, so v = ug +y € mul(A) 4 Vo, so that y = v — ug € dom(A)
using that v € dom(A) and up € mul(A) C dom(A). Therefore y € dom(.A) N Yy so that y = 0. It
follows that v = up € mul(A). O

Lemma 5.17. The space VW is closed.

Proof. Let W 3 w,, = up +yn € mul( ) + Yo be such that w, — w. Denote by II to oblique
projection onto dom(.A) along )y. Define u := ITw and y := (I — II)w. We have (using that

mul(A) C dom(A))

Up = Muy = W(uy + yp) = Hw = u,
which since u,, € mul(A) gives that u € mul(.A). Similarly we have

Yn = (I_H)yn = (I_H)(Un+yn) — (I—H)w:y,

which since ) is closed gives y € ). Therefore w = v+ y € mul(A) 4+ )y. Hence W is closed. [
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We define the state/signal system with state space X and signal space W (as defined above) by

z
z X

V= x| € [ X]| :3peW such that ]; € gph(Ay) ¢ . (7)
w w w

Lemma 5.18. With the assumptions and definitions as above, we have

(i) The multi-valued part of V' equals {0};

(ii) For the canonical input space of V we have Wy = mul(A) N dom(A).

(i1i) For the classical state space of V' we have

Xos = {x € X : 3w € W such that x + w € dom(A)},
and X is dense in X.

() If A is closed and quasi-bounded, then V is bounded.

(v) For the observation subspace of V- we have Hy = dom(Ax).
If additionally we have im(A) C dom(A), then additionally the following holds:
(vi) We have

z
z € X :Jx,w such that |z | €V C{zEX:EIpsuchthat Lje?-lo} (8)
w

Proof. (i) By definition the multi-valued part of V' is

z
2€X:|0| eV :{zEX:EIpGWsuchthat {ng}Egph(A)}.
0

We then have z 4+ p € mul(A) C W, which since p € W implies z € W, but then z € X N W = {0}.
Therefore the multi-valued part of V' indeed equals {0}.
(ii) The canonical input space by definition is

z
Wo=<wéeW:dzsuchthat 0| € V
w

= {w €W :3dz € X,p € W such that [zgp] Egph(A)}

= {w € W :3q €V such that [3}] € gph(A)}

= dom(A) N W.
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Using Lemma it follows that Wy C dom(A) N W = mul(A). Combined with the above
established Wy C dom(A), this gives Wy C mul(A) N dom(A). Conversely, assume that w €
mul(A) Ndom(A). Then since mul(A) C W we have w € W N dom(A) = W.

(iii) By definition the classical state space of V' is

z
Xes = { x:3dz,wsuch that |z| €V
w

_ ) z+p
—{xEX.EIzGX,w,pGWsuchthat [x+w]€gph(A)}
={z € X : 3w € W such that z +w € dom(A)}.

We now show that X, is dense in X. Let x € X. Then V > 2 = a + w € dom(A)+))p. Since
a € dom(A), there exists a sequence dom(.A) > a,, — a. Let II be the oblique projection onto X
along W. Define x,, := Ila, € X and w, := (I — II)a, € W. Then z,, + w, = a, € dom(A), so
that x, is in Xs. We have z, = Ila,, — Ila. We further have x = Iz = Il(a + w) = Ila since
w € Yo C W and the projection is along W. Therefore z,, — x, showing that X is dense in X.

(iv) Assume that A is closed and quasi-bounded. By the closed graph theorem for multi-valued
operators we have that dom(.A) is closed. By we always have that the multi-valued part of V
equals {0}. Since dom(.A) and mul(.A) are closed we have using |(ii)| that the canonical input space
as the intersection of these is closed. Let z € X. We can write V > x = a +y € dom(A)+)p, so
that z —y = a € dom(A). Since dom(A) is closed, with w := —y € W we have x + w € dom(A),
so that x € X5 by It follows that X = Xs. It remains to show that V is closed.

Let V > [ 1%2 ] — 1% ] Then there exist p, € W such that

Ty + Wy

gph(A) > [Z”p”} .

By quasi-boundedness, p,, can be chosen as a bounded sequence. It follows that (p,) has a weakly
convergent subsequence. Since W as a closed subspace of a Hilbert space is weakly closed [9,
Problem 19], we have that the weak limit p belongs to W. It follows that along a subsequence

gph(A) 5 [Z"er"} — {'Hp},

Ty + Wy x4+ w

Tt+w
V is closed. We conclude that V' is bounded.
(v) The claim about the observation subspace is immediate from the definitions.
(vi) The condition im(.A) C dom(A) translates to im(Ax) C dom(A).

Let z be such that there exist x and w such that [ 1% } € V. By definition of V' this implies

which since gph(A) is closed implies [ 777 ] € gph(A). It follows that [ {% } € V and therefore that

4
that there exists a p € W such that [g] € gph(Ax). Then [,] € im(Ax) which by the additional

w
assumption in this part of the result gives [;] € dom(Ax). Using that by |(v)| we have Hy =
dom(Ay) then gives [,] € Ho which gives the desired result. O
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5.5 From a state/signal system to a multi-valued operator

Let V be a state/signal system whose multi-valued part equals {0} and which satisfies (§)). Define
the multi-valued operator M on [iﬂ by

z X ;
aph(M) = { | P | e MBI ﬂe’Ho . )
w b
w w

Lemma 5.19. With the assumptions and definitions as above, we have
(i) dom(M) = Ho;
(11) mul(M) = [WLO} where Wy is the canonical input space;

(i1i) If V is closed, then M is closed.

(iv) If V is bounded, then M is closed and quasi-bounded.

Proof. (i) We have

2
dom(M) =< |“| : 3z, psuch that |x| eV, || Ty
w w P

The condition [ 1%} € V precisely means [{,] € Ho and by the assumption (8], the condition

[7] € Ho doesn’t impose any further restrictions. Therefore dom(M) = H,.
(ii) We have (using that the multi-valued part of V' is trivial)

o= ([ e )10 ) ) i)

using that the multi-valued part of the closure is the closure of the multi-valued part.
(iii) Let

Zn z

Pn p

h
gph(M) > . ad
Wh, w
Then

Zn z p ;
Vola,| — |2, 7{09[”]%“,
DPn b

Wy, w

- - 4
which since V' and H are closed gives [fﬂ € V and [;] € Ho, so that [g] € gph(M).

w

(iv) Since V' is bounded, it is closed so that by we have that M is closed. By [1, Definition
2.1.37] we have that the observation subspace H is closed, which by gives that dom(M) is closed.
It follows from the closed graph theorem for multi-valued operators that M is quasi-bounded. [
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Lemma 5.20. If we start with a multi-valued operator A that satisfies im(.A) C dom(.A), then form
V using (7)), and then form M using (9)), we have gph(Ay) C gph(M), where we have equality if
moreover mul(A) is closed.

Proof. The condition im(A) C dom(.A) translates to im(Ax) C dom(Ay).

z

Let [é’} € gph(Ax). By definition of V' we then have [g)} € V. Moreover, [] € im(Ax), so

w
that by assumption [;] € dom(Ay), which by Lemma gives [;] € Ho. Therefore gph(Ay) C
gph(M).

z
For the converse, let [g} € gph(M). Since [ 5:} ] € V, we have that there exists a pg such that

w

z —
[’;0] € gph(Ax). From the first part of the proof it follows that we must have [, ] € Ho. We then

w KANEAE:

have
[ 0 ]Gdom(.%lx).
P — Do

Using Lemma it follows that

It follows that p — po € dom(.A) N W which by Lemma equals mul(A). Using that mul(A) is
closed, we obtain

0
P70 € eph(Ax),
| 0
so that )
z z 0
p| _|po| _|p—po
P= 7o) — [P P € aph(An),
w | w 0
as desired. O

Lemma 5.21. Ifim(A) C dom(A) and mul(A) is closed, then we have the following. Continuously
differentiable trajectories of A and V' coincide in the sense that if ] is a continuously differentiable
trajectory of V, then v := x + w is a continuously differentiable trajectory of A and if v is a
continuously differentiable trajectory of A, and we (uniquely) write v = x + w with respect to the
decomposition V = X+W, then [ %] is a continuously differentiable trajectory of V.

Proof. Let [ ] be a continuously differentiable trajectory of V. By definition we have that both x
and w are continuously differentiable and that for all ¢ > 0
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i(t)

We then have [i((i))} € Ho so that (by considering difference quotients) Li’( B

} € Ho. From Lemma
[(.200 it follows that

i (t
0
(t

w(t

g

~ — s —

E gph(AX)a

8

which precisely means

i(t) + i)
0+ i) <A

so that indeed v = x + w is a continuously differentiable trajectory of A.
Let v be a continuously differentiable trajectory of A. Then for all ¢ > 0

] ot

Write v(t) = x(t) + w(t) with respect to the decomposition V = X+W. Then x and w are
continuously differentiable and v(t) = &(t) + w(t). It follows that

e =[] < ena

From this we conclude that (with p(t) :=w(t) € W)

so that [ ] is a continuously differentiable trajectory of V. O

Ezample 5.22. We give an example to illustrate the imporance of the condition im(A) C dom(.A).

v

R?’
gph(A) = { [q] € [Rg] Q1 =v2, Q2 =v3, U= 0}-
Then
dom(A) = {veR?:v1 =0}, im(A)=R? mul(Ad)={geR’:q =g =0},

so that the condition im(.A) C dom(.A) is not satisfied but the standing assumption that mul(.A) C
dom(.A) is satisfied. We consider

y():{UERB:UQZU;;:O}, W:yo+mul(A):{v€R3:v2:0},
X:{’UERS:’Ulz’Ug:O}.

We then have

z X
V = z| €| X ]| :z29=w3, w =0
w w
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For f twice continuously differentiable we have that

0 0
) = |fO),  wlt)=] 0 |,
0 f'(t)

is a continuously differentiable trajectory of V. However, the equations describing trajectories of
A are

U1 = Vo, Vg = 3, v = 0.

and it easily follows that v = 0 is the only continuously differentiable trajectory of A. Hence the
conclusion of Lemma is false (and as mentioned above, the assumptions in Lemma are
not satisfied). Of course, we can use the iteration from Section [5.1| with A4 the above multi-valued
operator to arrive at a multi-valued operator which does satisfy im(.A) C dom(.A), and produce the
corresponding state/signal system (and this is what one should do for this example).

5.6 From a state/signal system to an input/state/output system

Let V' be a state/signal system with state space X and signal space W. Let U and ) be closed
subsspaces such that (this is called an input/output representation in [I, Definition 4.2.5])

W:Z/[—i_y7

and let S be the multi-valued operator from [;};] to [j,f] given by (this is called an input/state/output
representation in [I, Definition 4.2.10])

z
x | €V . (10)
u+y

gph(S) =

f 8 €

Definition 5.23. We say that = : [0,00) — &, u : [0,00) — U and y : [0,00) — ) form a
continuously differentiable trajectory if x, u and y are continuously differentiable (from the right at
t =0) and

U

(t)
ygti € gph(9), vt > 0.
(t)
Lemma 5.24. With the assumptions and definitions as at the start of this section we have the

following. Continuously differentiable trajectories of V. and S coincide in the sense that if [ﬂ s a

continuously differentiable trajectory of S, then [45y] is a continuously differentiable trajectory of
V and if [ ] is a continuously differentiable trajectory of V. and we (uniquely) write w = u—+y with

respect to the decomposition W = U-+Y, then [ﬂ s a continuously differentiable trajectory of S.

Proof. This is immediate from the definitions. O
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The classical state space of S is

x € X : 3z,u,y such that € gph(S) p,

S 8 W

and it is trivial to see that the classical state spaces of V and S coincide. It is also easy to see that
V' is closed if and only if S is closed (see [I, Lemma 4.2.11 (i)]).

Lemma 5.25. We have that S is single-valued if and only if both the multi-valued part of V' equals
{0} and Y N Wy = {0} where Wy is the canonical input space of V.
Proof. This is essentially contained in [I, Theorem 4.2.15].

Assume that S is single-valued. Let y € Y NW);y. Then there exists a z € X such that {g} eV,
which implies [7] € S[J]. Since S is single-valued, this implies y = 0 (and z = 0). Therefore
YN Wo = {0}. Let  be in the multi-valued part of V. Then [8} € V so that [§] € S[9] which

since S is single-valued implies z = 0. Hence the multi-valued part of V' equals {0}.
Assume that the multi-valued part of V equals {0} and that Y N W, = {0}. Let [5] € S[J].

Then [g} €V, so that y € Wp. Tt follows that y € Y W), so that y = 0. Then [8} €V, so that 2
is in the multi-valued part of V', so that by assumption z = 0. It follows that S is single-valued. [

Proposition 5.26. We have that S is a bounded single-valued everywhere-defined operator if and
only if the following conditions both hold:

(i) V is bounded;
(ii) Y is a direct complement to W.

Proof. Assume the two stated conditions. By [I, Theorem 4.2.33] the second condition is equivalent
to (U,Y) being an input/state/output bounded input/output representation of W in the sense of
[1, Definition 4.2.16], which precisely means that S is bounded.

Assume that S is bounded. It follows from [I, Lemma 4.2.11 (iv)] that V' is bounded. Using [I],
Theorem 4.2.33] we obtain that ) is a direct complement to Wj. O

The formal resolvent of the state/signal system V' is the family of multi-valued operators @()\)
indexed by A € C defined by

- 10
EN) = |-1 A 0|V,
0 1

@)

the resolvent set p(V') consists of those A € C for which @()\) is a bounded everywhere-defined

single-valued operator from [1%] to X, and V is called resolvable if its resolvent set is non-empty

[1, Definition 3.4.33]. We note that a resolvable state/signal system is closed [1, Lemma 3.4.34].
The characteristic signal bundle of V' is [1, Definition 3.4.15]

X
%()\) ={we&W:dzsuchthat |z | €V
w
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_ The formal resolvent of the input /state/output system S is the family of multi-valued operators
() indexed by A € C defined by [I], (10.2.1(a)]

0 010

- 0 100
gph((N) = | ;] &Ph(9);

0 00 1

the resolvent set piso(S) is the set of thoseA € C for which @(A) is a bounded everywhere-defined
single-valued operator from [5 ] to [3\; ], and S is called resolvable if its resolvent set is non-empty.

Lemma 5.27. Let V be closed. The following are equivalent:

(a) A€ piso(S);

(b) X€ p(V) and Y is a direct complement of the characteristic signal bundle @(A) inW.
Proof. This is [1, Theorem 10.3.6] (in particular (vii) implies (ii) in that result). O

The main operator A of an input/state/output system S is the multi-valued operator from X
to X defined by

8

gph(A) = [ﬂ : Jy € Y such that € gph(9)

0

We note that by [I, Theorem 10.2.4], resolvability of S implies that A has a non-empty resolvent
set and that piso(S) = p(A) (where p(A) is the usual resolvent set of the multi-valued operator A).

The following definition is adapted from [13] (by [13, Lemma 4.7.7] this definition is equivalent
to [13| Definition 4.7.2]).

Definition 5.28. An operator node is a single-valued linear operator

S : dom(S) C [g] — [35] with the following properties. We decompose S = [é g] where
A&B : dom(S) — X and C&D : dom(S) — Y. We denote dom(A) := {z € X : [§] € dom(S5)},
define A : dom(A) C X — X by Az = A&B[{] and require the following to hold:

(i) S is closed;

(ii) A&B is closed;

(iii) A has a nonempty resolvent set and dom(A) is dense in X’;

(iv) For all u € U there exists a x € X such that [§;] € dom(S).

Note that A in Definition is the main operator of S.

Lemma 5.29. We have that S is an operator node if and only if the following conditions both hold:
(i) S is single-valued;
(ii) S is resolvable.
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Proof. This is [I, Theorem 10.2.26] noting that S resolvable implies S closed. O

Theorem 5.30. We have that S is an operator node if and only if the following conditions all
hold:

(i) the multi-valued part of V' equals {0};
(ii) V is resolvable;
(11i) Y N Wy = {0};
(iv) YV is a direct complement of the characteristic signal bundle F(\) in W for some A € p(V).

Proof. Assume that S is an operator node. Then by Lemma S is single-valued which by
Lemma implies and By Lemma @L S is resolvable, which implies that S is closed
which implies that V is closed. From Lemma @ we then obtain and

Assume the above condititions. By Lemma [5.25] we obtain that S is single-valued. Since V
resolvable implies V' closed, by Lemma we obtain that S is resolvable. From Lemma [5.29| we
obtain that S is an operator node. ]

Remark 5.31. With respect to W =U +Y, the characteristic signal bundle §()\) becomes the graph
of the input/output resolvent &(\) (this follows from [I}, 10.3.7(a)]). For S to be well-posed (for the
definition of a well-posed input/state/output system (as in [13]), we refer to [I, Definition 14.1.1])
it is necessary that & is uniformly bounded on some right half-plane. This can further inform the
choice of the decomposition W = U/+) in Theorem m

5.7 From a multi-valued operator to an input/state/output system

We assume that the multi-valued operator A is as in Section (in particular, it is assumed that
im(A) C dom(A)), that V is defined in terms of A as in (7)) and that S is defined in terms of V" as

in .

We note that if the conditions on the multi-valued operator are not satisfied then the con-
struction in Section [b.1| can often be used to obtain a multi-valued operator with the same set
of continuously differentiable trajectories which does satisfy the assumptions and can therefore be
used as A in this section.

Theorem 5.32. With the assumptions and definitions as at the start of this section and the ad-
ditional assumption that mul(A) is closed we have the following. Continuously differentiable tra-

jectories of A and S coincide in the sense that if [ﬂ s a continuously differentiable trajectory of

S, then v := x + u +y is a continuously differentiable trajectory of A and if v is a continuously
differentiable trajectory of A and we (uniquely) write v = z+u+y with respect to the decomposition

V = X4+U+Y, then {%] is a continuously differentiable trajectory of S.

Proof. This follows from combining Lemma [5.21] and Lemma [5.24 O

Theorem 5.33. We have that S is single-valued if and only if Y N mul(A) Ndom(A) = {0}.
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Proof. From Lemma [5.25 we have that S is single-valued if and only if both the multi-valued part
of V equals {0} and Y N Wy = {0} where W) is the canonical input space of V. By Lemma
the first of these conditions is always true and by that same lemma Wy = mul(A) Ndom(.A), giving
the desired result. O

Theorem 5.34. We have that S is a bounded single-valued everywhere-defined operator if the
following conditions all hold:

(i) A is closed;

(11) dom(A) is closed;

(i4) Y is a direct complement to mul(A) N dom(A).
If mul(A) is closed, then the converse is also true.

Proof. We verify the conditions in Proposition [5.26

Assume the listed conditions. By Lemma [5.18] and the closed graph theorem for multi-valued
operators we have that V is bounded. By Lemma [5.18 we have that the canonical input space
W equals mul(A) N dom(A) so that ) is a direct complement to Wy. Therefore the conditions in
Proposition [5.26] are satisfied, so that S is bounded.

Assume that S is bounded and mul(.A) is closed. Then by Proposition we have that V' is
bounded. From Lemma we have that M as given there is closed and quasi-bounded. From
Lemma [5.20] it follows that Ay and therefore A is closed and quasi-bounded. From the closed
graph theorem for multi-valued operators we then obtain that 4 is closed and dom(.A) is closed.
The last condition follows from Proposition using that Wy equals mul(A) Ndom(.A) by Lemma
I8 O

Theorem 5.35. We have that S is an operator node if and only if the following conditions all
hold:

(i) Y Nmul(A) Ndom(A) = {0};
(ii) V is resolvable;
(iii) Y is a direct complement of the characteristic signal bundle @()\) in W for some A € p(V).

Proof. We verify the conditions in Theorem [5.300 By Lemma [5.18| we have that the condition
that the multi-valued part of V' equals {0} is always satisfied. By Lemma we have that
canonical input space Wy equals mul(A) N dom(A), so that the two conditions Y N Wy = {0} and
YNmul(A) Ndom(A) = {0} are the same. The remaining condition (resolvability of V') is literally
identical. O

Remark 5.36. Whereas Theorem does not mention V', Theorem does. In principle the
two conditions involving V' in Theorem [5.35] could be phrased in terms of A, but its seems more
natural to phrase them in terms of V.
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A Frequency domain trajectories

In addition to continuously differentiable trajectories, as we have discussed up to now, there is also
the notion of frequency domain trajectories (which is for example important in optimal control
problems).

Definition A.1. Let 2 be a non-empty open subset of C. A frequency domain 2 trajectory is
defined as follows.

e For a multivalued operator A on V it is a pair (9,v°) where © is a holomorphic function
defined on Q with values in V and v° € V such that for all A € Q

[vo J}\,\)@(/\)] € aph(A).

e For a state/signal system V it is a triple (£, w, 2°) where & and @ are holomorphic functions
defined on  with values in X and W respectively and 2° € X' such that for all A € Q

—20 + AZ(N)
Z(N) eV. (11)

e For a multi-valued operator from [5] to [gﬁ] it is a quadruple (2,9, 2°,4) where &, § and @
are holomorphic functions defined on € with values in X, ) and U respectively and 20 € X

such that for all A € Q
—29 + A2(\)

583 € gph(S). (12)
a(\)

The state/signal definition of frequency domain Q trajectory is [I, Definition 12.1.1] and the
input/state/output one is [I, Definition 11.1.1].
We note that the equations and are respectively equivalent to

. ()
Z(A) .

leew. [P caom,
o ey

where @ and & are the respective formal resolvents.
In the remainder of this section, we assume that that V' is defined in terms of A as in and
that S is defined in terms of V' as in .

Proposition A.2. Ifim(A) C dom(A) and mul(.A) is closed, then we have the following. Frequency
domain §) trajectories of A and V coincide in the sense that if (&,1,2°) is a frequency domain
trajectory of V., then with © := &+ there exists a w® € W such that with v° := 2% +w® we have that
(6,0%) is a frequency domain ) trajectory of A and if (0,v°) is a frequency domain Q trajectory
of A, and we (uniquely) write © = & + w and v° = 20 + w°® with respect to the decomposition
V = X+W, then (2,,2°) is a frequency domain Q trajectory of V.
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Proof. Let (2,w,2°) be a frequency domain  trajectory of V, i.e. for all A €

—20 + A2(N)
z(N) eV. (13)
w(A)
Using (&) we have that there exists a p(A) € VW such that
—z0 + )\i‘()\)] —
€ Ho. 14
For fixed a € (2, define w” := aw(a) — p(a). Then with A = « precisely is
—20 + a@(a) =
[—wo + aw(a)] € Ho.
For X € Q we have
—20 4+ A2\ ][220+ ad(a) Z(N) ()| 5
] [—wo + aw(a)] A [w(A)} - [ﬁ)(a)] € Ho,
"%()‘)} and [i((z))]

{—wo + Aw(A)

where we have used that by (applied with A and with A\ = «) we have that [
are both in Hy. It follows from Lemma that
—20 + AZ(N)
—w¥ + A (N)
j()\) € gph(‘AX)7
w(A)

w(A)

which precisely means that
—2% —w® + A2 () + Md(N)

] . h(A).
e ey Y e

This gives that (9,v°) is a frequency domain 2 trajectory of A.
Let (9,v") be a frequency domain Q trajectory of A, i.e. for all A € Q
—0% + X\o(N)
] e

Then
—29% — w® + A2 (N) + Ad(N)
e ey e,

—z0 + A2 (N)

—w? W
j(j) M| € gphiay),
w(A)

so that

so that
—20 + A2(N)
Z(N) eV,

w(A)

which precisely means that (2,0, 2°) is a frequency domain Q trajectory of V
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Proposition A.3. Frequency domain Q trajectories of V and S coincide in the sense that if
(&,9,2°, 4) is a frequency domain Q trajectory of S, then (2,4 + §,2°) is a frequency domain
trajectory of V and if (2,1, 2°) is a frequency domain Q trajectory of V. and we (uniquely) write
W = 4 + 9 with respect to the decomposition W = U+Y, then (z,9,2°,4) is a frequency domain Q
trajectory of S.

Proof. This is [1, Lemma 12.1.4] O

Corollary A.4. Ifim(A) C dom(A) and mul(A) is closed, then we have the following. Frequency
domain Q) trajectories of A and S coincide in the sense that if (&,79, 2%, 1) is a frequency domain
trajectory of S, then with 0 := &40+ there exist u® € U and y° € Y such that with v° := x04u0+4°
we have that (9,v°) is a frequency domain §) trajectory of A and if (9,v°) is a frequency domain
Q trajectory of A and we (uniquely) write © = & + @ + 7 and v° = 20 + u® + y° with respect to the
decomposition V = X+U+Y, then (&,9,2°,4) is a frequency domain Q trajectory of S.

Proof. This follows from combining Proposition and Proposition O

Example A.5. It is not true that frequency domain trajectories are preserved by the iteration from
Section (unlike continuously differentiable trajectories as shown in Theorem [5.9)). Let

eph(Ao) = {m c [gz] P, —o}.

Applying the iteration from Section [5.1] gives

gph(A):{[g] € [ﬁi] :q1:sz=vl=v2:0},

so that the only frequency domain trajectory of A is (0,0) (the choice of Q is immaterial). On

0
the other hand, Ay has the nontrivial frequency domain trajectory v = [_%?}, W = {Zé} where
2
v, 09 € R are arbitrary.
We now give some positive results on the preservation of frequency domain trajectories under

the iteration from Section (.11

Proposition A.6. Let (0,v°) be an Q trajectory of Ag. Then it is an § trajectory of Ay if and
only if v° € dom(Ag). Moreover, it is an Q trajectory of A if and only if v° € V.

Proof. Let v° € dom(Ayp). Since (9,v%) is an Q trajectory of Ag we have ©(\) € dom(Ay), so that
—00 4+ A\5(N) € dom(Ap). Tt follows that

[_UO@JE AA)@(A)] € gph(Ag) N [dom(Ao)

dom(.Ao)] = gph(A1), (15)

which shows that (9,v%) is an Q trajectory of Aj.
Let (9,2") be an § trajectory of A;. Then holds, so that 9()\) € dom(Ag) and —v?+ () €

dom(Ap), which implies that v° € dom(Ag).

Let v° € V,. Then v° € dom(Ay), so that (9,v°) is an Q trajectory of A; by the above. Moreover
v% € dom(A;), which implies similarly that (9, v°) is an € trajectory of As. Proceeding like this, we
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obtain that (9,v%) is an Q trajectory of Ay for all k € N. In particular, 9(\) € N2, dom(Ag) = V.
It follows that 0 o)

—00 + Ao(A VAR

) e e n (] = e (16)

so that (9,2°) is an € trajectory of A.
Conversely, assume that (9,1 v0) is an Q trajectory of A. Then holds, which implies that
0(A\) € Ve and —0 4+ AU(A) € Ve, the combination of which implies 00 € V. O

B Discrete-time trajectories

In addition to continuous-time trajectories, it is possible to consider discrete-time trajectories.
Definition B.1. Infinite-time discrete-time trajectories are defined as follows.

e For a multi-valued operator A it is a sequence v : Ny — V such that for all n € Ny

[”ZH] € gph(A). (17)

n

e For a state/signal system V' it is a pair of sequences x : Ny — X and w : Ny — W such that
for all n € Ny
Tn+1
T, | €V.
Wn,

e For a multi-valued operator from [fj ] to [3‘; ] it is a triple of sequences ¢ : Ng — X,y : Ng — )V
and u : Ng — U such that for all n € Ny

Tn41

Yn
o € gph(9).

n
Un

The state/signal definition of discrete-time trajectory is [I, Definition 7.4.1] and the input/state/output
one is adapted from [I, Definition 6.5.2].

In the remainder of this section, we assume that that V' is defined in terms of A as in and
that S is defined in terms of V as in .

Proposition B.2. Ifim(A) C dom(.A) and mul(.A) is closed, then we have the following. Infinite-
time discrete-time trajectories of A and V' coincide in the sense that if (z,w) is an infinite-time
discrete-time trajectory of V, then v defined by v, = x, + w, is an infinite-time discrete-time
tragectory of A and if v is an infinite-time discrete-time trajectory of A, and we (uniquely) write
Vp = T, + Wy, with respect to the decomposition V = X+W, then (z,w) is an infinite-time discrete-
time trajectory of V.
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Proof. Let (z,w) be an infinite-time discrete-time trajectory of V. Then for all n € Ny

Tn41
T, | €V.
W,

It follows that also [ﬁﬁ} €V, so that [t} ] € Ho. It follows from Lemma |5.20| that

n+1

Tn+1

T € gph(Ay),

n
Wn

which precisely means that

Tn+1 + Wntl
€ gph(A),
e e gn)

i.e. that v is an infinite-time discrete-time trajectory of A.
Let v be an infinite-time discrete-time trajectory of A. Then [“7F'] € gph(A), i.e.

Un

[H?nﬂ + wn+1:| € gph(A)

Ty + Wy
so that
Tn+1
Wn+1
" € gph(Ay),
Tn
Wn,
which gives that
Tn+1
T, | €V.
Wn
Hence (x,w) is an infinite-time discrete-time trajectory of V. O

Proposition B.3. Infinite-time discrete-time trajectories of V. and S coincide in the sense that if
(z,y,u) is an infinite-time discrete-time trajectory of S, then (x,u+7y) is an infinite-time discrete-
time trajectory of V. and if (x,w) is an infinite-time discrete-time trajectory of V and we (uniquely)
write wy, = up + Yy, with respect to the decomposition W = U+Y, then (z,y,u) is an infinite-time
discrete-time trajectory of S.

Proof. This is essentially [I, Lemma 7.4.3]. O

Corollary B.4. If im(A) C dom(A) and mul(A) is closed, then we have the following. Infinite-
time discrete-time trajectories of A and S coincide in the sense that if (z,y,u) is an infinite-time
discrete-time trajectory of S, then v defined by vy, := T, + Uy + Yn 1S an infinite-time discrete-time
trajectory of A and if v is an infinite-time discrete-time trajectory of A, and we (uniquely) write
Up = Tp + Uy + Yn with respect to the decomposition V = X+U+Y, then (x,y,u) is an infinite-time
discrete-time trajectory of S.
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Proof. This follows from combining Proposition [B-2] and Proposition [B.3] O

The following result considers the iteration from Section in the context of discrete-time
trajectories.

Proposition B.5. Assume that dom(Ayg) is closed for all k € Ng. Then infinite-time discrete-time
tragectories of A and Ap coincide.

Proof. As gph(A) C gph(Ap), we always have that an infinite-time discrete-time trajectory of A is
an infinite-time discrete-time trajectory of Aj.
From Proposition we have that dom(Ay) = dom(A5T), so that by Proposition 5.4 we have

dom(A) = ﬁ dom(AETY), (18)
k=0

and

dom(A)} (19)

gph(A) = gph(Ao) N [dom(A)

Let v be an infinite-time discrete-time trajectory of Ag. Then as for all £ € Ny

) e

Vo U1

we have ["551] € gph(A5T), so that vy € dom(AF™). From (I8) we obtain vy € dom(A). Similarly,

vo

we obtain that v, € dom(.A) for all n € N. We then have for all n € Ny

Un+1 dom(.A)
|: Vn :| € gph(AO) N [dom(.A) )
which by gives that v is an infinite-time discrete-time trajectory of A. O

Ezample B.6. We show that finite-time discrete-time trajectories (defined in the obvious way by
requiring to hold for n € {0,..., N — 1} for some N > 1 where N is called the length) are not
necessarily preserved by the iteration from Section Let

gph(Ao) = {m c [ﬁz] g = s, w1 = 0}.

Applying the iteration from Section [5.1] gives

gph(A)Z{m € [ﬁi] :ql=q2=v1=v2=0}.

v

We have that for any a € R and b € R

€ gph(Ao),

Q@ O o

so that the finite sequence v : {0} — R? defined by v := [?] is a discrete-time trajectory of length

a
one of Ay. However, for a # 0 this is not a discrete-time trajectory of length one of A.
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