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This book gives an overview of the most widely used theories in asset pricing and
some more recent developments. The aim of these theories is to determine the
fundamental value of an asset. As we will see in the first section there is a close
relation between this fundamental value and an appropriate return. The main
focus of asset pricing theories, and therefore of most sections in this chapter,
is to determine this appropriate return. The last sections will also show how
deviations from the fundamental value can be explained. As the main focus of
this chapter is on the theories, empirical investigations are only presented in very

short, citing the results of the most prominent works.

The fundamental value of an asset has to be distinguished from its price that
we can observe in the market. The fundamental value can be identified with the
natural price as defined by Adam Smith. He defines the natural price to be such

that it gives the owner a sufficient profit.!

The price that can be observed can be interpreted as the market price in the
sense of Adam Smith. The market price is determined by demand and supply of
the asset and can therefore deviate from the fundamental value, but in the long

run will converge to the fundamental value.?

Although the focus of most theories is laid on the fundamental value asset pricing
theories are widely used to explain observed prices. As several theories failed
to explain prices sufficiently well they were modified to fit better with the data.
This gave rise to a shift in recent years from determinating the fundamental value
to explaining prices. With the emergence of the efficient markets hypothesis a
close relation between the fundamental value and the price has been proposed,

suggesting that the price should always equal the fundamental value. Therefore

1 See SmiTH (1776, p.72). Adam Smith used this definition to characterize the natural price
of commodities. Therefore he had also to take into account labor costs and land rents.
When applying this definition to assets, we only have to consider profits or equivalently
returns. He also mentions that sufficient profits depend on several characteristics of the
commodity. It will turn out that the most important characteristic is the risk of an asset.

2 See SmiTH (1776, pp.73 ff.). Empirically there is strong evidence that asset prices (and
returns) deviate from the fundamental value (and appropriate return) substantially in the
short run, but in the long run follow the fundamental value.



nowadays it is in many cases not distinguished between the determination of the

fundamental value and explaining observed prices. In many cases they are looked

alike.

In the sections that give a short overview of empirical results concerning the
different models it therefore has to be kept in mind that the aim of most models
is not to explain prices. The results have to be interpreted as how well the
fundamental value of the assets explains the observed prices and not how well
the model explains prices. Only the last two models on speculation and financial

disequilibria want to explain prices rather than the fundamental value.



1. The Present Value Model

In chapter 2 an asset has been defined as a right on future cash flows. It therefore
is straightforward to assume that the value of an asset depends on these cash
flows. As we concentrate our analysis on the cash flow of an investor, it consists
of the dividends paid by the company, neglecting capital repayments and other

infrequent forms of cash flows received by investors.!

It is assumed that dividends are paid at the beginning of a period, while the
asset can only be bought and sold at the end of a period.? This convention can
be justified by recalling that a dividend is paid from the company’s earnings in
the previous period (in most cases a quarter or year) and therefore should be

assigned to the holder of the asset in this period.

The following definition links dividends and prices:?

P =P Dy
1.1 R, =
(1.1) t+1 P, + P

where R;,; denotes the rate of return of the asset from period ¢ to period t+1, P,
the price of this asset in period ¢t and D;; the dividend paid at the beginning of
period t + 1. The first term on the right side represents the capital gain and the

L If we assume the company to retain only the part of their cash flow that it can invest as
efficient as their shareholders it is of no relevance to the shareholders whether a dividend
is paid or not. If cash flow is retained the value of the asset increases. This increase in the
value of the company compensates the investor for receiving only a part of the company’s
cash flow in form of a dividend. It is therefore reasonable not to distinguish between the
cash flow of a company and the dividend received by the investor. If the company invests
the cash flow less or more efficient than an investor would do, the value of the company is
reduced in the first and increased in the second case. Throughout this chapter we neglect
any behavior of the companies or the management that can harm the investors, i.e. we
assume that no agency problem exists.

2 See CAMPBELL ET AL. (1997, pp.254f.).

3 See CAMPBELL ET AL. (1997, p.12).



4 1. The Present Value Model

second term the dividend yield. Solving this definition for P, gives a difference

equation for the price in period ¢:

_ Pii1+ Dy

1.2 P,
(1.2 ' L+ Ry

Solving this difference equation forward for & periods results in

(1.3) P=>) [H %Rtﬂ-

i=1 Lj=1

oo
H 1+ Ry

j=1

Dyyi + Py k.

If we assume the asset price to grow at a lower rate than R, ;, the last term

converges to zero:*

: 1
14 li L
(1.4) w7

k— 00

Py =0.

Using (1.4) to increase k in (1.3) we obtain the price to be the present value of

the dividends:

00 % 1
(1.5) P = — | Dy

Equation (1.5) only holds ez-post, i.e. all future dividends and rates of return
have to be known for the determination of the current price. In the following
section it will be shown how this formula can be used to determine the price

without knowing future dividends and rates of return.
The following result from CAMPBELL ET AL. (1997, p.253) can easily be verified:

The price of the asset changes more with a persistent movement in dividends or
rates of return than a temporary movement of the same amount. An increase in

dividends and a decrease in the rate of return increases the current price.

1.1 The Efficient Market Hypothesis

The definition of an efficient market is given by FAMA (1970, p.383):

4 See CAMPBELL ET AL. (1997, p.255) and ASCHINGER (1995, pp. 39f.). A solution for the
case that this condition is not fulfilled is provided in section 4.11.



1.1. The Efficient Market Hypothesis 5

” A market in which prices always ”fully reflect” available information

is called "efficient”.”

With this definition in an efficient market the price should always equal the
fundamental value that is determined according to the information available.

Sufficient, but not necessary, conditions for a market to be efficient are:®

e no transaction costs for trading the asset,
e all information is available at no costs for all market participants,

e all market participants agree in the implications information has on current

and future prices and dividends.

Three forms of efficiency are distinguished in the literature: weak, semistrong
and strong efficiency. These forms differ only in the set of information that has
to be incorporated into prices. Weak efficiency uses only information on past
prices and returns, semistrong efficiency includes all public available information
and the strong form includes all information available to any market participant

including private information.%

Let the information set available in period ¢ be denoted €2;. In the further dis-
cussion the different forms of efficiency are not distinguished, §2; represents the

information set that suites the form needed.

Given this information set, a price fully reflects information if, based on this
information, no market participant can generate expected profits higher than the

equilibrium profit:”

(1.6) E w0 = 0,

® See FAMA (1970, p.387).

6 See FAMA (1970, p.383), CAMPBELL ET AL. (1997, p.22) and ASCHINGER (1995, p.40).

" See FAMA (1970, p. 385). This also implicitly assumes that all market participants make
use of their information to form expectations (rational expectations).
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where
Ty = Ry — K [Rt+1|Qt] .

Given the information set the expected return FE [R;y1]€] equals the realized
return R;,; on average, i.e. there are no systematic errors in predicting future
returns that could be used to make extraordinary profits. Using the (1.2) we see

that
(17) Pt+1 + Dt+1 - (1 —|— Rt+1) Pt-

Taking conditional expectations on both sides and rearranging the terms we get®

E P[] + E [Dyy1 ]
1.8 P =
1-8) T BRI

The expected return E [Ry1|€] is a function of the risk of the asset and has to

be determined by a separate theory.’

When comparing equations (1.2) and (1.8) we see that they differ only by using
expected values instead of the realized values for future prices, dividends and
rates of return. With the assumption of efficient markets we see from (1.6) that
an investor can make no extraordinary profits if the asset is priced according to
(1.8).!1° Hence we are able to derive an appropriate price ez ante by forming

expectations.

The same manipulations and assumptions that were made for the derivation of

equation (1.5) gives us the expression for the fundamental value of the asset:

1. P, = E D ;€]
. =2 |y | P

8 It is necessary to transform (1.2) into (1.7) first to obtain a linear form. This linear form
allows to take expectations and receive the desired result.
9 See FAMA (1970, p.384). Several of these theories are presented in subsequent sections.

10 Of course, the assumptions of the efficient markets hypothesis have to be fulfilled. Espe-
cially if the investors differ in their beliefs of the implications information has or if they
have different information, individual investors may be able to make expected extraordi-
nary profits.



1.2. The random walk model 7

The fundamental value depends on expected future dividends and rates of return.
The expected dividends are discounted with the expected rates of returns, i.e. the
present, values of all expected future dividends are added up. That is why this

model is called the present value model.

While for the determination of the expected returns theories exist that will be
presented in the following sections, for dividends no such theories exist. Which
dividends are paid by the companies depends on the success of the company and
has to be analyzed individually for each company. We will therefore impose some
restrictions on the expectations to get further insights into the properties of the

model.

1.2 The random walk model

A more restrictive version of the efficient market hypothesis is the random walk
model, which assumes successive price changes to be independent of each other.
Additionally it is assumed that these successive price changes are identically

distributed.!' In this case we have for all i = 1,2, ...:
(110) E [Rt+i|Qt] - E [Rt+i] - Rt,

i.e. conditional and unconditional expected values of the return are identical on

constant over time.?

Inserting (1.10) into (1.9) we get

(1.11) Pt:i<1th>iE[Dm|Qt].

1=1

Two special cases concerning the behavior of expected dividends can frequently
be found in the literature: constant expected dividends and constant growth rates

of expected dividends.

' See FAMA (1970, p.386).
12 This assumption is the basis for most asset pricing theories, only more recent models allow
returns to vary over time.
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With constant expected dividends, i.e. E[D;;|%] = D, for all i = 1,2

9 PICEEEN

equation (1.11) reduces to

(1.12) P, = %,

the fundamental value equals the capitalized dividend. This formula can fre-
quently be found in corporate finance to determine the value of a company or an
investment.'® The dependence of the fundamental value on the dividend and an

appropriate return can easily be seen from this formula: the higher the dividend

and the lower the appropriate return the higher the price of the asset is.

Another restrictive model is the Gordon growth model.** This model assumes the

expected dividends to grow with a fixed rate of G} < R;:
(1.13) EDii1|%] = (1 + G E [Dyyl 2] = (1 + Gt)iHDt.

Inserting this relation into (1.11) we obtain

1+G,y

1.14 p -4t
(1.14) (l —re)

D;.

This relation gives the insight that the price does not only depend on the current
dividend, but also on the growth of the dividend. Especially if the growth rate
is near the expected return the price is very sensitive to a change in the growth
rate:

0P, 1+ R,

— D,.
0G, (R, — G2

This formula, although the assumptions are very restrictive, gives a justification

of relative high prices for tech stocks. Many of these companies pay only a small
dividend at present (if at all), but they are expected to grow very fast. This

growth rate justifies the high price-earnings ratio observed in markets.

13 See BoEMLE (1993, pp. 604f.).

14 See GORDON (1962, pp. 43ff.).

15 A growth rate above expected returns would give an infinite price. This case is similar to
a violation of equation (1.4) and is therefore excluded here.

16 Consider the following example: A company pays a current dividend of D; = .1$ per share,
the expected return is Ry = .25 and the growth rate is Gy = .2. According to (1.12) the
price should be P, = .4$. But taking into account the growth rate, (1.14) suggests a price
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A more general form of the Gordon model can be obtained by manipulating
(1.11) further.!” Shifting the formula one period ahead and taking conditional

expectations gives

E[P.Q] = F D% Q
Pl = B| 3 (77 POl
= S () B
— = 1+Rt t+i+1 t] -
Subtracting
o) 1 7
P+ D, = E[D..;|Q
t T Dy ;(14‘31:) [Dyyi| %]
results in
o) 1 7
E[P 1| =P, — Dy = Z <1+Rt) E [Diiiv1 — Diyi|S%) — Dy.

=1

By substituting £ [Pp41|%] = (1 4+ Ry) Py + E [Dy41|S] from (1.7) we get

00 1 7
RtPt_Dt — Z(l"‘R) E[Dt+i+1_Dt+i|Qt]+E[Dt+1_Dt|Qt]
i=1 t

o0

1 i
= iz; (1 T Rt) E [Dt+i+1 - Dt+i|Qt]
1

= ) <1+Rt> E[ADyi119%],

1=0

where AD;yy = Dy.1 — D; denotes the change in the dividend from period ¢ to
period t 4+ 1. Rearranging we receive

Dt+1 > 1
R, Ry = \1+R,

(1.15) P = > E[ADy i1 |0%].

The fundamental value consists according to this representation of the capitalized

value of the current dividend and the capitalization of the present value of all

of P, = 2.48. The dividend yield is only 4% and a price earnings ratio of 24 if we assume
all earnings to be paid as dividends to the investors. Another company working in a much
less growing, but also less risky sector also pays a dividend of D; = .18 per share, with an
expected return of R; = .15 the value according to (1.12) is P = .67$ with a growth rate
of Gy = .05, while for the Gordon growth model it is P, = 1.05%, giving a price earnings
ratio of only 10.5. Although the expected return of the first company is much higher, it
has a higher value due to its fast growth.
17 See CAMPBELL ET AL. (1997, p.257).
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subsequent expected changes in the dividend. Equation (1.15) allows more gen-
eral assumptions on the dividend growth process than does the Gordon growth

model.

Not only the level of dividends, but also the expected growth has a significant
influence on the fundamental value. Further insights can be expected from re-
turning to the general case where expected returns are allowed to change over

time.

1.3 The dynamic Gordon growth model

Evidence from more recent asset pricing models (see e.g. chapter 4.4) suggests
that expected returns are not constant over time. Along with the observation that
dividends are also varying over time this gave rise to the dynamic Gordon growth
model as presented by CAMPBELL/SHILLER (1988b) and CAMPBELL/SHILLER

(1988a).

The non-linearity in expected returns of equation (1.9) makes this formula diffi-
cult to evaluate. We therefore approximate this relation by a log-linear model.

Let us denote

(116) 7"t+1 = ln (1 + E [Rt+1|Qt]) y
Piyi = InE [Pt+i|Qt] )

dt-l—i = InFE [Dt+i|Qt] .

From (1.8) we get after taking logs

(1.17) pe = IME[Py+ Dy |] — 1
D
= InFE |:Pt+1 <1 + t+1) Qt:| — Tit1
Py

= Pry1 — Tegr I (1 +exp (dpy1 — pry1)) -

The last term can be approximated by a first order Taylor series expansion around
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E [dt+1 - pt+1]3

In (1 4 exp (desr — pera)) = In (1 + exp (B [di1 — piya]))
exp (E [diy1 — praa))

1.18
( ) 1+ exp (E'[di11 — pra

]) (dt-i-l — Pt+1 — E [dt+1 - pt+1]) .

Inserting this expression and rearranging gives

exp (E [dis1 — pit1)) )
1.19 = -
( ) Dt Di+1 ( 1+ exp (E [dt+1 - pt-l—l])

exp (E [dt+1 - pt+1])
1+ exp (E [diy1 — peta]

) di+1

+1In (1 + exp (E [di1 — pey1]))

E [dt+1 - pt+1] €xp (E [dt+1 - Pt+1])

- — Tig1-
L +exp (E[diy1 — prya)) i
By defining
- 1

g 1+ exp (E'[dir1 — pra])’

ko= (1-p)ln(p—1)—1Inp
this gives

1 1

(1.20) pr = perp+ (1 —p)diy +1n <;> —(I=p)In <—p — 1) — Tt41

= i1+ (1= p)dpr + (1= p)In(p—1) —Inp —rep

= k+ o+ (1= p)dip1 — 141

It is now assumed that p is constant over time, i.e. the expected dividend-price
ratio does not vary over time. Defining d, as the expected log dividend price ratio

and Ad, as the expected change in log dividends:
(1.21) o0y = dy— py,
(1.22) Ady = dyyy —dy
we get from the above relation
(1.23) revr = k—pe+ ppeia + (1= p)dia
= k+d,—pi— p(dis1 — pev1) + dppr — dy

= k+ 0 — pory1 + Adpyy.
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If we in analogy to (1.5) assume that
(1.24) lim p'6y; = 0
1— 00

we can solve differential equation (1.23) forward and obtain

= k
(1.25) 0y = jz:;ﬂ (reaj — Adeyy) — 11—,

Substituting back into (1.21) gives the pricing formula of the dynamic Gordon

growth model:
k =L
(126) Pt = dt + ?p + ]z:;p] (Tt-i-j - Adt-i—j) .

The log price has been found to be a linear combination of the present value of
the increase in expected dividends, future expected returns, the current dividend

and a constant factor that adopts for the level of prices.'®

The price depends not only on the growth rate of the dividends, but also on how
long this growth is expected to be effective and how long the expected returns
change.!® This result has already been derived in the more general approach

without approximating by a log-linear function.

The advantage of this approximation compared to the exact formula (1.9) is its
linear structure. This makes it much more easy to use in an empirical investi-
gation. The next section provides a short overview of the results obtained from

such investigations.

1.4 Empirical results

An empirical investigation will face two major problems as can be seen by in-

spection of equation (1.26). The first problem is the infinite sum. In applying

18 See CAMPBELL/SHILLER (1988b, p.199).
19 See CAMPBELL ET AL. (1997, p.263).
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the formula we have to terminate the sum after 7' < oo terms, but with assump-
tion (1.24) this effect should not violate our results too much as for large T the

remaining terms are close to zero.

The second difficulty that arises is that only realized variables can be observed,
whereas we need the expected values of these variables. With the assumption of
an efficient market it is reasonable to assume that on average the expectations
are fulfilled, i.e. remaining errors should be small if the investigation includes

enough time periods.

Without going into details how to conduct an empirical investigation,? it turns
out that dividends are a good forecast for future prices (or equivalently returns)
for a time horizon of at least four years. For shorter time horizons the explanatory
power of dividends decreases fast, for one year dividends can only explain about

1 percent of the returns.?!

CAMPBELL/SHILLER (1988a) show that forecasted prices using the present value
model are much smoother than realized prices, but the pattern of the price

changes seems to follow the same scheme.??

The results show, together with many other empirical investigations, that in
the long term the prices behave approximately as predicted by the present-value

model. But in the short term prices can deviate substantially from the model.

The next sections will therefore investigate more carefully the expected returns

of an asset to explain these short term deviations from the present value.

20 See CAMPBELL ET AL. (1997) for an overview.
21 See CAMPBELL ET AL. (1997, p.269).
22 See also CAMPBELL ET AL. (1997, p.283).
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The Present Value Model




2. The Portfolio Selection Theory

When considering to invest into the stock market,! an investor has to make three

decisions:

e the amount he wants to invest into the stock market,
e determine the stocks he wants to invest in,

e the amount he wants to invest into each selected stock.

This section describes a method how to make these decisions and find an optimal

portfolio.? Such a portfolio

”

. is more than a long list of good stocks and bonds. It is a balanced
whole, providing the investor with protections and opportunities with
respect to a wide range of contengencies. The investor should build
toward an integrated portfolio which best suites his needs.”3

For this reason the associated theory is called portfolio selection theory or short
portfolio theory, rather than asset selection.* The portfolio selection theory has
been developed by MARKOWITZ (1959), TOBIN (1958) and TOBIN (1966). Al-
though the concepts employed in their theory have much been criticized for cap-
turing the reality only poorly, it has been the starting point for many asset pricing

models and up to date there has been developed no widely accepted alternative.

1 Other assets, such as real estate, commodities or human capital could easily be included.
As we concentrate on stock markets in this thesis, we only consider stocks here.

2 A portfolio is the entirety of all investments of an individual. See BUSCHGEN (1991, p.552).

3 MARKOWITZ (1959, p.3).

1 See MARKOWITZ (1959, p.3).
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Before describing the theory in detail we will at first work out the utility concept
that is used in the portfolio selection theory and throughout most literature on

financial markets.

2.1 The utility concept applied in portfolio
theory

As we have seen in the last section the value, and therewith the returns of assets
depend on their future dividends. These future dividends cannot be predicted
with certainty, it is a random variable, hence the return is also a random variable
from the view of an investor. The decisions mentioned above have to be made
under risk.” In their work VON NEUMANN/MORGENSTERN (1953) presented a

criterion to make an optimal decision if five axioms are fulfilled.®

Let A = {ay,...,ayn} be the set of all possible alternatives an individual can
choose between,” S = {s1,...,su} all states that affect the outcome,® and C' =
{c11,.. . cim; -5 ent, -+ o, enm ) the outcomes, where ¢;; is the outcome if state

s; occurs and alternative a; has been chosen.

Axiom 1. A is completely ordered.

A set is completely ordered if it is complete, i.e. we have either a; >~ a; or a; > a;
for all 4,5 = 1,..., N where ”>” denotes the preference. The set has further
to be transitive, i.e. if a; = a; and a; > a; we then have a; = a;. Axiom 1

ensures that all alternatives can be compared with each other and are ordered

> According to KNIGHT (1921, pp. 197ff.) a decision has to be made under risk if the
outcome is not known with certainty, but the possible outcomes and the probabilities of
each outcome are known. The probabilities can either be assigned by objective or subjective
functions. KEYNES (1997, p. 68) defines risk as the possibility of the actual outcome to
be different from the expected outcome.

6 Many different ways to present these axioms can be found in the literature. We here follow
the version of LEVY/SARNAT (1972, p. 202)

" As for N = 1 there is no decision to make for the individual it is required that N > 2.

8 As with M = 1 the outcome can be predicted with certainty we need M > 2.
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consistently.”

To state the remaining axioms we have to introduce some notations. Let any
alternative be denoted as a lottery, where each outcome ¢;; has a probability of
pij- We can write alternative i as

M
a; = [pinci, - - -, PineCint] , Where Zpij =1lforalli=1,..., N.
j=1

Axiom 2 (Decomposition of compound lotteries). If the outcome of a lot-
tery is itself a lottery (compound lottery), the first lottery can be decomposed into

its final outcomes:

Let a; = [pibir,...,pimbing] with bj; = [gijcr,-..,qcn].  With pf, =

Zl]‘il pilQilkw we have [pilbila - 7piMbiM] g [p}lcla cee ,prCL]

Axiom 3 (Composition of compound lotteries). If an individual is indif-

ferent between two lotteries they can be interchanged into a compound lottery:

If ai = [pinbir,- .., pijbij, ..., pimbing] and bij ~ [gijica, ..., pijrcn] then a; ~

[Pirbir, - - - pijldijicrs - - - Dijrer), - - - Pinbing)-

These two axioms ensure that lotteries can be decomposed into their most basic
elements (axiom 4.2) and that more complex lotteries can be build up from their

basic elements (axiom 4.3).

Axiom 4 (Monotonicity). If two lotteries have the same two possible out-
comes, then the lottery is preferred that has the higher probability on the more

preferred outcome:

Let a; = [pirc1, piaca) and b; = [gi1c1, ginc2] with ¢1 > ¢, if pin > qir then a; > b;.

9 The transitivity ensures consistent decisions of individuals. It is equivalent with the usual
assumption in microeconomics that indifference curves do not cross. See SCHUMANN (1992,
pp. 52 ff.).

10 This representation of joint probabilities assumes that the two lotteries are independent.
If the two lotteries where not independent the formula has to be changed, but the results
remain valid. It is also assumed throughout this chapter that there is no joy of gambling,
i.e. that there is no gain in utility from being exposed to uncertainty.
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Given the same possible outcomes this axiom ensures the preference relation” >”

to be a monotone transformation of the relation ”>" between probabilities.
Axiom 5 (Continuity). Let a;, b; and ¢; be lotteries. If a; = b; and b; > ¢;
then there exists a lottery d; such that d; = [p1a;, pac;| ~ b;.

This axiom ensures the mapping from the preference relation ”>" to the proba-

bility relation ”>" to be continuous.

The validity of these axioms is widely accepted in the literature. Other axioms
have been proposed, but the results derived from these axioms are identical to

those to be derived in an instant.'!

Given these assumptions the following theorem can be derived, where U denotes

the utility function.

Theorem 1 (Expected utility principle). An alternative a; will be preferred

to an alternative a; if and only if the expected utility of the former is larger, i.e

a; = a; < EU (a;)] > EU (a)].

Proof. Define a lottery a; = [pici, ..., pimca), where without loss of generality

€1 > C > -+ > cp. Such an order is ensured to exist by axiom 4.1.

Using axiom 4.5 we know that there exists a lottery such that
¢; ~ [upcr, upen | = luer, (1 —u)en] = cf.
We can now use axiom 4.3 to substitute ¢; by ¢} in a;:
a; ~ [pin€i, ... PineChyl-

This alternative only has two possible outcomes: ¢; and cy;. By applying axiom

4.2 we get

' See MARKOWITZ (1959, p. xi).
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a; ~ [picy, (1 = pi)ey] with p; = 33 wipyj,

what is the definition of the expected value for discrete random variables: p; =

E[Ui].u

The same manipulations as before can be made for another alternative a;, result-
ing in

aj ~ [pjci, (1 — pj)en] with p; = Elu;l.

If a; = a; then we find with axiom 4.4 that, as ¢; > e
Di > pj.

The numbers u;; we call the utility of alternative a; if state s; occurs. The
interpretation as utility can be justified as follows: If ¢; > ¢; then axiom 4.4
implies that u; > u;, we can use u; to index the preference of the outcome, i.e. a

higher u implies preference for this alternative and vice versa.

Therewith we have shown that a; > a; is equivalent to E [U (a;)] > E [U (a;)]. O

The criterion to choose between two alternatives, in our case which portfolio to
choose, is to take that alternative with the highest expected utility. To apply this
criterion the utility function has to be known. As in most cases we do not know
the utility function, it is necessary to analyze this criterion further to derive a

more handable criterion.

2.2 Risk aversion

"Individuals are risk averse if they always prefer to receive a fixed

payment to a random payment of equal expected value.”!3

12 The extension to continuous random variables is straightforward by replacing the proba-
bilities with densities.
13 Dumas/ALLAz (1996, p. 30), emphasize added.
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From many empirical investigations it is known that individuals are risk averse,
where the degree of risk aversion differs widely between individuals.'* The Arrow-
Pratt measure is the most widely used concept to measure risk aversion. We will

derive this measure following PRATT (1964).

With the definition of risk aversion above, an individual prefers to receive a fixed
payment of E[z] to a random payment of z. To make the individual indifferent
between a fixed payment and a random payment, there exists a number m, called
risk premium, such that he is indifferent between receiving E[z] — 7 and Z. By
applying theorem 4.6 we see that the expected utility of these two payments has
to be equal:

(2.1) EU@)=EU(E[E]-m)]=U(E]-mx).

The term F [z] — 7 is also called the cash equivalent of . Approximating the left

side by a second order Taylor series expansion around E [7] we get!®

(2:2) ElU@)] = EU(E[7])+U (B[] - El7])

+ SUM(E@(E - B

= U(B[) + U(E@)EfE ~ B
+5U" (B[R E(G - Bl

= U(EE]) + ;U (B7)Varls).

where U™ (E[Z]) denotes the nth derivative of U with respect to its argument
evaluated at E[Z]. In a similar way we can approximate the right side by a first

order Taylor series around E[z] and get

(2.3) U(B[#] - ) = U(BR)) + U (E@)r.

14 Despite this clear evidence for risk aversion many economic theories assume that the indi-
viduals are risk neutral. Prominent examples are the information-based models of market
making (see section 5.5) and the Black-Scholes formula for the pricing of options.

15 We assume higher order terms to be negligable, what can be justified if  does not vary
too much from E [7].
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Inserting (2.2) and (2.3) into (2.1) and solving for the risk premium 7 we get

L1 UNER) -
(2.4) =3 <_W> Var(T).

PRATT (1964) now defines

_U"Elz)
U'(Elz])

as the absolute local risk aversion. This can be justified by noting that the risk

(2.5) z =

premia has to be larger the more risk averse an individual is and the higher the
risk. The risk is measured by the variance of T, Var[z],'® hence the other term
in (2.4) can be interpreted as risk aversion. Defining 0 = Var[z] we get by

inserting (2.5) into (2.4):
(2.6) T ==z0"

If we assume that individuals are risk averse we need m > 0, implying z > 0.
It is reasonable to assume positive marginal utility, i.e. U'(E[z]) > 0, then this
implies that U”(E[z]) < 0. This relation is also known as the first Gossen law
and states the saturation effect.'” The assumption of risk aversion is therefore in

line with the standard assumptions in microeconomic theory.

The conditions U'(E[Z]) > 0 and U"(F[z]) < 0 imply a concave utility function.

The concavity of the function (radius) is determined by the risk aversion.'®

Figure 2.1 visualizes these finding for the simple case of two possible outcomes,

x1 and x5, having equal probability of occurrence.

16 For a justification of measuring risk by a variance see the following section

17 See SCHUMANN (1992, p. 49).

18 For risk neutral individuals the risk premium, and hence the risk aversion, is zero, resulting
in a zero second derivative of U, the utility function has to be linear. For risk loving
individuals the risk premium and the risk aversion are negative, hence the second derivative
of the utility function has to be positive, hence it is convex. See e.g. BEEKMANN (1995, p.
6.4/12) for the concept of concavity and convexity.
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Uls) U ()

U(E[z])
ElU(Z)] =
UEZ] -7
Ul(z:)
71 E[Z] — 7 E[7] T2 x

Figure 2.1: The Arrow-Pratt measure of risk aversion

2.3 The Mean-Variance criterion

Even by using the Arrow-Pratt measure of risk aversion, the utility function has
to be known to determine the first and second derivative for basing a decision
on the expected utility concept. Preferable would be criterion that uses only
observable variables instead of individual utility functions. For this purpose many
criteria have been proposed, the most widely used is the mean-variance criterion,
although it also is not able to determine the optimal decision it restricts the

alternatives to choose between by using the utility function.?

The mean-variance criterion has become popular first as it is not difficult to
apply and has some nice properties in terms of moments of a distribution and
secondly by the use of this criterion in the basic works on portfolio selection by
MARKOWITZ (1959), TOBIN (1958), and TOBIN (1966). Consequently theories

basing on their work, like the Capital Asset Pricing Model, also apply the mean-

19 See LEVY/SARNAT (1972, ch. VII and ch. IX) for an overview of these criteria.
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variance criterion, which by these means became the most widely used criterion

in finance.

It has the advantage that only two moments of the distribution of outcomes,
mean and variance, have to be determined, whereas other criteria make use of
the whole distribution.?’ The outcome is characterized by its expected value, the

mean, and its risk, measured by the variance of outcomes.?!

The mean-variance criterion is defined as

Varla;) < Var[a;] and FEla;] > Ela;]
(27) a; Z a; < or .
Varla;) < Varla;] and FEla;] > Ela;]
It is necessary, although not sufficient, condition to prefer a; over a; that
Varla;] < Varla;] and Efa;] > Ela;]. An alternative is preferred over another
if it has a smaller risk (variance) and a larger mean. Nothing can in general be
said about the preferences if Var|a;] > Var|a;| and E|a;] > Ela,|, other decision

rules have to be applied.??

In figure 2.2 an alternative in the shaded areas can be compared to a; by using
the mean-variance criterion, while in the white areas nothing can be said about
the preferences. If we assume all alternatives to lie in a compact and convex set

in the (i, o?)-plane,?

all alternatives that are not dominated by another alter-
native according to the mean-variance criterion lie on a line at the upper left of
the set of alternatives. In figure 2.3 this is illustrated where all alternatives are
located in the oval. The undominated alternatives are represented by the bold

line between points A and B. All alternatives that are not dominated by another

20 See LEVY/SARNAT (1972, pp. 307 ff.).

21 One of the main critics of the mean-variance criterion starts with the assumption that
risk can be measured by the variance. Many empirical investigations have shown that
the variance is not an appropriate measure of risk. Many other risk measures have been
proposed, see BRACHINGER/ WEBER (1996) for an overview, but these measures have the
disadvantage of being less easily computable and difficult to implement as a criterion. In
more recent models higher moments, such as skewness and kurtosis are also incorporated
to cover the distribution in more detail.

22 See LEVY/SARNAT (1972, pp. 308).

23 We will see that this condition is fulfilled in the case of portfolio selection for all relevant
portfolios.
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Mean

a; > a; 7

? a; < a;

Var[a;] Variance

Figure 2.2: The mean-variance criterion

alternative are called efficient and all efficient alternatives form the efficient fron-
tier.2* Without having additional information, e.g. the utility function, between

efficient alternatives cannot be distinguished.

The mean-variance criterion can be shown to be not optimal in general, i.e. the
true preferences are not always reflected by the results of this criterion.?> If the
utility function is quadratic, we will show that the mean-variance criterion always

reflects the true preferences.?

Instead of defining the utility function by a term like y = by + by x + by2? we can

without loss of generality normalize the function by choosing by = 0 and b; = 1.7

24 See LEVY/SARNAT (1972, pp. 318 ff.).

25 See LEVY/SARNAT (1972, pp. 310 f.). They also provide a generalization of the mean-
variance criterion that is always optimal. As this criterion cannot be handled so easily it
is rarely applied and therefore not further considered here.

26 See LEVY/SARNAT (1972, pp. 379 ff.).

2" The concept of expected utility implies that the utility function is only determined up to
a positive linear transformation. This allows to apply the transformation y — yg—lbo and
achieve the normalization. See LEVY/SARNAT (1972, pp. 205 and 379).
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Mean

Efficient Frontier

Variance

Figure 2.3: The efficient frontier

The utility function and its derivatives are therefore given by

(2.8) U(Z) = 7+ b3
(2.9) U'(i) = 1+ 2b3,
(2.10) U'" (i) = 2b.

According to (2.5) the Arrow-Pratt measure of risk aversion turns out to be

2b

2.11 =
(2.11) 1+ 20F [7]
If we concentrate on risk averse individuals and assume reasonably positive

marginal utility, (2.11) implies that
(2.12) b<0.

But if b < 0 we see from (2.9) that the marginal utility is only positive if

(2.13) Efd < —2—1[).

For large expected values the marginal utility can become negative. This unrea-

sonable result can only be ruled out if the risk aversion is sufficiently small.?®

28 This restriction on the expected value is another argument often used against the use of
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If we define E [Z] = p and Var [Z] = 0? we can write expected utility as
(2.14) EU(2)]=E[&+bi"] = p+bE [2°] = p+b(p* +07).
The indifference curves are obtained by totally differentiating both sides:
(2.15) dE[U ()] = (1 + 2bu)dp + 20do = 0.

The slope of the indifference curve in the (p,0)-plane is obtained by rearranging

(2.15):29

dp 2bo

2.16 _— =
( ) do 14+ 2bu

=zo0 > 0,

i.e. for risk averse investors the indifference curves have a positive slope in the

(u,0)-plane.

The equation of the indifference curve is obtained by solving (2.14) for p:3

(2.17) E[U(%)] = p+bp®+ bo?
i+ lyro = EUG)
<u+%JZ+& _ #ﬂU@ﬂ+ﬁﬁ
Defining r* = —%b as the expected outcome that must not be exceeded for the

marginal utility to be positive according to equation (2.13), we can rewrite the

equation for the indifference curves as

(2.18) (n—r*)+0*==2r*E[U (2)] +r*%,
a quadratic utility function and hence the mean-variance criterion. Another argument
2
is that the risk aversion increases with the expected outcome: 8]‘3%] =0 +2‘2’}5[i])2 > 0,

which contradicts empirical findings. Moreover in many theoretical models a constant risk
aversion is assumed, which has been shown by PRATT (1964) to imply an exponential
utility function. If the expected outcome does not vary too much constant risk aversion
can be approximated by using a quadratic utility function.

Instead of using the variance as a measure of risk, it is more common to use its square
root, the standard deviation. As the square root is a monotone transformation the results
are not changed by this manipulation.

30 See SHARPE (1970, pp. 198 f.)

29
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Mean Indifference Curves

B
Efficient Frontier

Standard Deviation

Figure 2.4: Determination of the optimal alternative

*

which is the equation of a circle with center p = r*, ¢ = 0 and radius

V—=2r*E[U ()] +r*2.3! With this indifference curve, which has as the only

parameter a term linked to the risk aversion, it is now possible to determine the
optimal alternative out of the efficient alternatives, that is located at the point
where the efficient frontier is tangential to the indifference curve. Figure (2.4)

shows the determination of the optimal alternative C.

We will now show that with a quadratic utility function the mean-variance cri-

1'32

terion is optimal.”® We assume two alternatives with p; = E[a;] > E [a;] = p;.

Let further o7 = Var [a;] and 07 = Var [a;]. If a; > a; it has to be shown that
E[U (a;)] > EU (a;)] -
Substituting the utility functions gives

pi + bu? + bo? > i + bu? + baf

31 The results that the indifference curves are circles gives rise to another objection against
the use of a quadratic utility function. An individual with a quadratic utility function
should be indifferent between an expected outcome of r* + v and r* — v for any given o.
From the mean-variance criterion (2.7) we know that for a given o the alternative with the
higher expected outcome will be preffered. In practice this problem is overcome by using
only the lower right sector of the circle.

32 Such a proof is given e.g. in LEVY/SARNAT (1972, pp. 385 ff.).
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pi — g+ b(pF — p13) + b(07 — 03) = (i — p3) [1 + b(ps + 1)) + (o] — o7) > 0.

Dividing by —2b > 0 gives us

1 i+ ol—o;
2.1 D) |- — . .
(2.19) (i — p15) { 5% 5 ] 5 >0

From (2.13) we know that —g; > p; and —5- > p;, hence we find that

L i+ 1y
2.2 -
(2.20) %~ 2

With the assumption that p; > p; and as b < 0 the first term in (2.19) is
positive. If now o7 < 0]2- as proposed by the mean-variance criterion equation

(2.19) is fulfilled and we have shown that the it represents the true preferences.

If o7 > o7 in general nothing can be said which alternative will be preferred. For
i = pj we need of < O'JZ- in order to prefer a; over a;. This is exact the statement
made by the mean-variance criterion in (2.13). Therewith it has been shown that
in the case of a quadratic utility function the mean-variance criterion is optimal,

i.e. represents the true preferences.??

2.4 The Markowitz Frontier

The portfolio selection theory is based on several assumptions that are summa-
rized in table 2.1 in the form they have been stated by LINTNER (1965a, p. 15).
Some of these assumptions, like the absence of transaction costs and taxes have

been lifted by more recent contributions without giving fundamental new insights.

In portfolio selection theory the different alternatives are the compositions of the
portfolios, i.e. the weight each asset has.3* Assume an investor has to choose

between N > 1 assets, assigning a weight of z; (i = 1,...,N) to each asset.

33 A quadratic utility function is not only a sufficient condition for the optimality of the
mean-variance criterion, but also a necessary condition. This is known in literature as the
Schneeweiss-Theorem.

34 The decision which portfolio is optimal does not depend on total wealth for a given constant
risk aversion, hence it can be analyzed by dealing with shares only. See LEVY/SARNAT
(1972, pp. 420 f.).
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e No transaction costs and taxes

e Assets are indefinitely divisible

e Each investor can invest into every asset without restrictions

e Investors maximize expected utility by using the mean-variance criterion

e Prices are given and cannot be influenced by investors (competitive prices)

e The model is static, i.e. only a single time period is considered

Table 2.1: Assumptions of the portfolio theorySource: After Lintner (1965), p. 15

The expected return (mean) of each asset is denoted p; (1 = 1,...,N) and the

variance of the returns by o2 > 0 (i = 1,...,N).*> The covariances between

assets ¢ and j will be denoted oy (1,7 =1,...,N).

The weight of an asset an investor holds have to sum up to one and are assumed

to be positive as we do not allow for short sales at this stage:
N
(2.21) =1
i=1
z;>0,t=1,...,N

For the moment assume that there are only N = 2 assets. The characteristics of
each asset can be represented as a point in the (y,0)-plane. We then can derive

the location of any portfolio in the (u,0)-plane by combining these two assets.?®

The expected return and the variance of the return of the portfolio is given by

(2.22) fp = Tipin + Topip = o + 11 (1 — i),

(2.23) ol = xjo] + 1505 + 2717201

= 05 +11(0] + 05 — 20102012) + 231 (0109p12 — 0F),

35 Instead of investigating final expected wealth and its variance after a given period of time
(the time horizon) we can use the expected return and variances of returns as they are a
positive linear transformation of the wealth. As has been noted above the decision is not
influenced by such transformation.

36 See TOBIN (1966, pp. 22ff.).
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where p;s = 2 denotes the correlation of the two assets.
0102

The portfolio with the lowest risk is obtained by minimizing (2.23). The first

order condition is

do?
—L =221 (07 + 05 — 20102p12) + 2(0102p12 — 03) = 0.

8371

The second order condition for a minimum is fulfilled if oy # o9 or if o; = 09 and
p12 # 1:

8203 2 2 9

8—:1:% = 2(0] + 05 — 20102p12) > 2(01 — 09)* >0

Solving the first order condition gives the weights for the minimum risk portfolio

(MRP):

2
03 — 0102012
(2.24) oM RE — i :
1 2 102012

The minimum variance can be obtained by inserting (2.24) into (2.23):

2 2 2 2
(2.25) o2 — 24 (03 — 0102p12) . (05 — 0102p12)
: MRP 2 2 2 D) 2 2 2
07 + g5 0102012 01 + g5 0102012
2 2
— g2_ (03 — 0102p12)
- 2 2 2
07 + g5 — 20’10’2p12

0105 (1 = ply)

2 2 :
07 + 05 — 20’10’2p12

If the returns of the two assets are uncorrelated (p;2 = 0), then (2.25) reduces to

2 9
010,

2.26 2 =12
( ) OMRP U%+U%

This variance is smaller than the variance of any of these two assets.?” By hold-
ing an appropriate portfolio, the variance, and hence the risk, can be reduced,

whereas the expected return lies between the expected returns of the two assets.
With perfectly negative correlated assets (p;2 = —1) we find that

(2.27) oripp =0

olaos
a'%%—o'%
which contradicts the assumption that o3 > 0. A similar argument can be used to show
that o3, 5p < 0.

37 Suppose 03,pp = > 032, this would imply that 0? > o2 + 02 and hence o3 < 0,
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and the risk can be eliminated from the portfolio.
In the case of perfectly correlated assets (p12 = 1) the minimum variance is the
variance of the asset with the lower variance:

(2.28) o2 o} if o} <ol
' MRP =\ o2 if o?> 03

We can derive a general expression for the mean-variance relation:

(229) o) —oyrp = 05 +ai(07 + 05 — 20102p12)

+231 (0102012 — 03)

2 .2 2
_ oioy (1 — pis)
2 2
07 +0'2 - 20'10'2p12

_ 202 2
= a1(0] + 05 — 20109p12)

MRP ( 2 2
—2.’171[1}1 (0'1 + 0y — 20'10'2p12)

2.2 | 4 3 2.2 2.2 2
0105 + 0y — 20105012 — 0105 + 0105071y

2 2
0] —|—O'2 — 20’10’2p12
_ 2( 2 2
= ZUI(O'I + 09 — 20’10’2p12)

MRP ( 2 2
—2.’171[1}1 (0'1 + 0y — 20'10'2p12)

2 2
(05 — 0102p12)
2 2

o1 + 05 — 20102p12

= (2] = 2212} + (2)'77)?) (0] + 03 — 20102p12)

= (;1;1 — .’II{WRP)Z(O'% + O'% — 20'10'2[)12).

With pprp denoting the expected return of the minimum risk portfolio, we find

that

(2.30) pp — barre = (w1 — 21"0) (1 — p2).

Solving (2.30) for z; — 2}®” and inserting into (2.29) we obtain:

(tp = parr)®

2 2 _ 2 2
0y — Onrp = (07 + 05 — 20102p12) (11 — 112)?
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Rearranging gives

2 2
9 — OMRP

2 2
01 + gy — 20'10'2p12

(2.31) (p — vpr)” = (11 — pa)?.

This equation represents a hyperbola with axes®®

H1 — U2
Hp = HUMRP T 5 > Op,
Vo2 + 03— 20102p12
M1 — M2

Iy Op.

HMRP — 5 5
\/01 + 05 — 20109012

The efficient portfolios lie on the upper branch of this hyperbola, i.e. above the
minimum risk portfolio.?® Figure 2.5 shows the efficient portfolios for different
correlations. It can easily be shown that in the case of perfect positive correlation
the efficient portfolios are located on a straight line connecting the two assets,
in case of perfectly negative correlation on straight lines connecting the assets
with the minimum risk portfolio. Between efficient portfolios can only be distin-
guished by using the utility function. Figure 2.6 adds the indifference curve to
the opportunity locus and determines the location of the optimal portfolio (OP).
The location of the optimal portfolio depends on the risk aversion of the investor,
the more risk averse the investor is the more close the optimal portfolio will be

located to the minimum risk portfolio.

It now possible to introduce a third asset. In a similar way hyperbolas can be
deducted representing all combinations of this asset with one of the other two.
Furthermore we can view any portfolio consisting of the two other assets as a
single new asset and can combine it in the same manner with the third asset.
Figure 2.7 illustrates this situation. All achievable portfolio combinations are
now located in the gray shaded area, where the bold line encircling the different

hyperbolas is the new opportunity locus.

This concept can be generalized to N > 3 assets in the same manner. All

achievable assets will be located in an area and the efficient frontier will be a

38 See TOBIN (1966, p.30).
39 The efficient frontier is also called opportunity locus.
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Figure 2.5: Efficient Portfolios with two assets

1 Indifference Curve

Opportunity Locus

Figure 2.6: Determination of the optimal portfolio with two assets
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B

MRP

Figure 2.7: Portfolio Selection with three assets

hyperbola. Using the utility function the optimal portfolio can be determined in
a similar way as in the case of two assets as shown in figure 2.8. If an asset is
added the area of achievable portfolios is enlarged and encompasses the initial
area. This can simply be proofed by stating that the new achievable portfolios
encompass also the portfolios assigning a weight of zero to the new asset. With a
weight of zero these portfolios are identical to the initially achievable portfolios.
To these portfolios those have to be added assigning a non-zero weight to the
new asset. Therefore the efficient frontier moves further outward to the upper

left. By adding new assets the utility can be increased.

Thus far it has been assumed that o? > 0, i.e. all assets were risky. It is also
possible to introduce a riskless asset, e.g. a government bond, with a variance of
zero. Define the return of the riskless asset by r, then in the two asset case we

get from (2.22) and (2.23):°

(2.32) Ly = Tipy +xor =143 (11 — 1),
(2.33) o = zio;.

10 See TOBIN (1958).
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Figure 2.8: The optimal portfolio with N > 2 assets

Solving (2.33) for z; and inserting into (2.32) gives

0. M1 — T
(2.34) pp =7+ E(m —r)=r+ Tp.
01 g1

The expected return of the portfolio is linear in the variance of the portfolio
return, i.e. the hyperbola reduces to a straight line from the location of the
riskless asset, (0, r), to the location of the asset. In the case of many risky
assets we can combine every portfolio of risky assets with the riskless asset and
obtain all achievable portfolios. As shown in figure 2.9 all achievable portfolios
are located between the two straight lines, the upper representing the efficient
frontier. There exists a portfolio consisting only of risky assets that is located
on the efficient frontier. It is the portfolio consisting only of the risky assets at
which the efficient frontiers with and without a riskless asset are tangential.*!
This portfolio is called the optimal risky portfolio (ORP). The efficient frontier

with a riskless asset is also called the capital market line.

All efficient portfolios are located on the capital market line, consequently they

are a combination of the riskless asset and the optimal risky portfolio. The

41 Tt is also possible that no tangential point exists, in this case a boundary solution exists
and the risky portfolio consists only of a single risky asset.
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Figure 2.9: The optimal Portfolio with a riskless asset

optimal portfolio can be obtained in the usual way by introducing the indifference
curves. As the optimal portfolio always is located on the capital market line,
it consists of the risky asset and the optimal risky portfolio. Which weight is
assigned to each depends on the risk aversion of the investor, the more risk
averse he is the more weight he will put on the riskless asset. The weights of the
optimal risky portfolio do not depend on the risk aversion of the investor. The
decision process can therefore be separated into two steps, the determination of
the optimal risky portfolio and then the determination of the optimal portfolio
as a combination of the ORP with the riskless asset. As this result has first been

presented by TOBIN (1958) it is also called the Tobin separation theorem.*?

So far we have assumed that for all s =1,..., N : z; > 0. If we allow now some
x; to be negative the possibilities to form portfolios is extended. An asset with
x; < 0 means that the asset is sold short, i.e. it is sold without having owned it

before. This situation can be viewed as a credit that has not been given and has

42 For investors being less risk averse it is possible that the optimal portfolio is located on
the part of the efficient frontier above the ORP, in this case the optimal portfolio does not
contain the riskless asset and assigns different wights to the risky assets compared to the
ORP. Therefore in general the Tobin separation theorem does only hold with the inclusion
of short sales, as described in the next paragraph.
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Capital Market Line

Figure 2.10: Portfolio Selection with Short Sales

to be repaid in money (unless money is the asset), but in the asset. The assets
can be the riskless asset or the risky assets, in the former case the short sale is an
ordinary credit. It is assumed that credits can be obtained at the same condition

(interest rate or expected return and risk) as investing in the asset.

By allowing short sales the efficient frontier of the risky portfolios further moves
to the upper left as new possibilities to form portfolios are added by lifting the
restriction that the weights must be non-negative. Therewith the capital market
line becomes steeper and the utility of the optimal portfolio increases. Figure
2.10 illustrates this case. The Capital Market Line extends beyond the ORP and
therewith the optimal portfolio will always be a combination of the riskless asset
and the ORP. The Tobin separation theorem applies in all cases, independent of
the degree of risk aversion. If the ORP is located above the ORP the riskless
asset is sold short and a higher fraction of the optimal portfolio consists of the

ORP.

In applying the portfolio theory to determine the optimal portfolio several prob-

lems are faced:
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e Determination of the risk aversion of the investor

e Determination of the expected returns, variances and covariances of the

assets

e Computation of the efficient frontier and the optimal portfolio

There exists no objective way to determine the risk aversion of an investor, most
investors are only able to give a qualitative measure of their risk aversion, if at
all. The transformation into a quantitative measure is an unsolved, but for the
determination of the optimal portfolio critical problem. It is important for the

allocation between the riskless asset and the optimal risky portfolio.

Expected returns, variances and covariances can be obtained from estimates based
on past data. But there is no guarantee that these results are reasonable for the
future. It is also possible to use other methods to determine these moments, e.g.
by using subjective beliefs. The determination of these moments are critical for

the determination of the optimal risky portfolio.

The computational problem to determine the efficient frontier and the optimal
portfolio requires to apply non-trivial numerical optimization routines.*® Ad-
vances in computer facilities and the availability of these routines do not impose

a threat anymore as it has done in former years.

When having solved the above mentioned problems, the portfolio theory does

allow to answer the questions raised at the beginning of this section:

e the share to be invested into risky assets, i.e. in our case the stock market

is determined by the optimal portfolio,

e the assets to invest in are those included in the optimal risky portfolio,

43 For a detailed description of the mathematical concepts to solve these problems see
MARKOWITZ (1959) and ASCHINGER (1990).
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e the shares to invest in each selected asset are given by the weights of the

optimal risky portfolio.

The portfolio theory has developed a theory how to allocate resources optimal.
Although mostly only financial assets are included, other assets like human capi-
tal, real estate and others can easily be included, although it is even more difficult

to determine their characteristics.

A shortcoming of the portfolio theory is that it is a static model. It determines
the optimal portfolio at a given date. If the time horizon is longer than one
period, the prices of assets change over time, and therewith the weights of the
assets in the initial portfolio change. Even if the expected returns, variances and
covariances do not change this requires to rebalance the portfolio every period.
As assets with a high realized return enlarge their weight, they have partially to
be sold to buy assets which had a low return (sell the winners, buy the losers). In
a dynamic model other strategies have been shown to achieve a higher expected
utility for investors, but due to the static nature of the model such strategies

cannot be included within this framework.
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3. The Capital Asset Pricing Model

In this section we will derive the Capital Asset Pricing Model (CAPM) that is the
most prominent model in asset pricing. SHARPE (1964) and LINTNER (1965a)
developed the CAPM independent of each other by using the portfolio theory to

establish a market equilibrium.

3.1 Derivation of the CAPM

The basis of the CAPM is the portfolio theory with a riskless asset and unlimited
short sales. We do not consider only the decision of a single investor, but aggre-
gate them to determine a market equilibrium. In portfolio theory the price of an
asset was exogeneously given and could not be influenced by any investor. Given
this price he formed his beliefs on the probability distribution.! The beliefs were

allowed to vary between investors.

In this section asset prices (or equivalently expected asset returns) will no longer
be exogenously given, but be an equilibrium of the market. Recalling the results
from section 4.1 we know that the current price affects the expected returns
and vice versa. Given future expected dividends and assuming that markets
are efficient, i.e. that the prices of assets equal their fundamental value, a high
current price results in a low expected return in the next period and a low current
price in a high expected return. In the same way in order to expect a high return,
the price has to be low and for a low expected return a high price is needed. This

equivalence of price and return allows us to concentrate either on prices or on

1 As portfolio theory makes use of the mean-variance criterion it is sufficient to form beliefs
only about means, variances and covariances instead of the entire distribution.
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expected returns. Convention in the academic literature requires us to focus on

expected returns.

Additionally to the assumptions already stated for portfolio theory, we have to
add that all investors have the same beliefs on the probability distribution of
all assets, i.e. agree on the expected returns, variances and covariances.? If all
investors agree on the characteristics of an asset the optimal risky portfolio will
be equal for all investors, even if they differ in their preferences (risk aversion).
Because all assets have to be held by the investors the share each asset has in
the optimal risky portfolio has to be equal to its share of the market value of all
assets.®> The optimal risky portfolio has to be the market portfolio. Moreover all
assets have to be marketable, i.e. all assets must be traded and there are no other
investment opportunities not included into the model. Table 3.1 summarizes the

assumptions.

Every investor j (j = 1,..., M) maximizes his expected utility by choosing an
optimal portfolio, i.e. choosing optimal weights for each asset. With the results

of section 4.1.2 we get*

(3.1) max E [U/(R,)] = max U’ (u,, — 1z~02>

{2}, {z:}Y 27°
_ 1 2

N 1 N N
= max ( 1 Tilby — §Zj Z szxkazk>

N
{wikiny k=1 i=1

for all j =1,..., M with the restriction Zf\il x; = 1.

2 See SHARPE (1964, p. 433), LINTNER (1965a, p. 600) and LINTNER (1965b, p.25). LINT-
NER (1965b) calls this assumption idealized uncertainty. SHARPE (1970, pp. 104 ff.) also
considers different beliefs. As the main line of argument does not change, these complica-
tions are not further considered here. Several assumptions made in portfolio theory can
also be lifted without changing the results significantly. BLACK (1972) restricts short sales
and SHARPE (1970, pp. 110 ff.) applies different interest rates for borrowing and lending
the riskless asset.

3 See SHARPE (1970, p. 82).

1 See DuMas/ALLAZ (1996, pp. 61 f. and pp. 78 f.).
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e No transaction costs and taxes

e Assets are indefinitely dividable

e Each investor can invest into every asset without restrictions

e Investors maximize expected utility by using the mean-variance criterion

e Prices are given and cannot be influenced by the investors (competitive prices)
e The model is static, i.e. only a single time period is considered

e Unlimited short sales

e Homogeneity of beliefs

e All assets are marketable

Table 3.1: Assumptions of the CAPM

The Lagrange function for solving this problem can easily be obtained as

N 1 N N N
i=1 =1

k=1 i=1

The first order conditions for a maximum are given by

OL; al .
: = Hi—Z TkOik — A=V, t=1,..., 1V,
(3.3) - i) A=0 1,...,N
! k=1
OL; al
(3.4) L= 1= ;=0
B\ ot

forallj=1,...,M7°

Solving the above equations for u; gives

N

(35) My = )\‘i‘@j Zxkaik = )\‘i‘ZjCOU
k=1

= A+ ZjCOU [R“ Rp] = A+ ZiOip-

N
R, wiRRy
k=1

5 The second order condition for a maximum can be shown to be fulfilled, due to space
limitations this proof is not presented here.
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With o;, = 0 we find that p; = A, hence we can interpret A as the expected return
of an asset which is uncorrelated with the market portfolio. As the riskless asset
is uncorrelated with any portfolio, we can interpret A as the risk free rate of

return 7:
(3.6) Wi =1+ 205

From (3.6) we see that the expected return depends linearly on the covariance
of the asset with the market portfolio. The covariance can be interpreted as a
measure of risk for an individual asset (covariance risk). Initially we used the
variance as a measure of risk, but as has been shown in the last section the risk
of an individual asset can be reduced by holding a portfolio. The risk that can-
not be reduced further by diversification is called systematic risk, whereas the
diversifiable risk is called unsystematic risk. The total risk of an asset consists
of the variation of the market as a whole (systematic risk) and an asset specific
risk (unsystematic risk). As the unsystematic risk can be avoided by diversifica-
tion it is not compensated by the market, efficient portfolios therefore only have

systematic and no unsystematic risk.

The covariance of an asset can be also interpreted as the part of the systematic

risk that arises from an individual asset:

N N N
Z L0 = Z z;Cov[R;, R, = Cov Z R, R,
i=1

= Cov[R,,R)) = Var[R,] = o>

P

Equation (3.6) is valid for all assets and hence for any portfolio, as the equation
for a portfolio can be obtained by multiplying with the appropriate weights and
then summing them up, so that we can apply this equation also to the market

portfolio, which is also the optimal risky portfolio:

(3.7) [ =T + Zj0n.

6 See SHARPE (1964, pp. 438 f.) and SHARPE (1970, p.97).
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Figure 3.1: The Capital Asset Pricing Model

Solving for z; and inserting into (3.6) gives us the usual formulation of the CAPM:

o)
(3.8) pi =1+ (tp — 1) =5

5 -
%p

Defining (; = 2% we can rewrite (3.8) as
p

(3.9) pi =1+ (= 1)

B represents the relative risk of the asset i (03,) to the market risk (7). The beta
for the market portfolio is easily shown to be 1. We find a linear relation between
the expected return and the relative risk of an asset. This relation is independent
of the preferences of the investors (z;), provided that the mean-variance criterion
is applied and that the utility function is quadratic. This equilibrium line is called

the Capital Market Line (CML). Figure 3.1 illustrates this relation.

For the risk an investor takes he is compensated by the amount of 1, —r per unit
of risk, the total amount (u, —)3; is called the risk premium or the market price

of risk. The risk free rate of return r may be interpreted as the price for time.

"It also can frequently be found that only excess returns over the risk free rate of return
are considered. by defining p; = p; —r (3.9) becomes ;= 1, 5;.



46 3. The Capital Asset Pricing Model

It is the compensation for not consuming the amount in the current period, but

wait until the next period.®

Equation (3.9) presents a formula for the expected return given the interest rate,
r, the beta and the expected return on the market portfolio, p,. However, the
expected return of the market portfolio is not exogenous as it is a weighted
average of the expected returns of the individual assets. In this formulation only
relative expected returns can be determined, the level of expected returns, i.e.
the market risk premium, is not determined by the CAPM. Although we can
reasonably assume 1, to be given when investigating a small capitalized asset,

we have to determine j, endogenously.

Thus far we only considered the market portfolio, but an investor will in general
not hold the market portfolio (optimal risky portfolio). As we saw in section
4.2 the optimal portfolio will be a combination of the market portfolio and the
riskless asset, where the shares will vary among investors. We can now add
another restriction to our model. The return on the optimal risky portfolio has
to be such that the market for the riskless assets has to be in equilibrium. The

amounts of riskless assets lent and borrowed have to be equal:®

M
(3.10) > a=0,
j=1

where z;, denotes the demand of the jth investor for the riskless asset. With this
additional market to be in equilibrium it is possible to determine 1, endogenously.
We herewith have found an equilibrium in the expected returns. These expected

returns can now be used to determine equilibrium prices according to section 4.1.

Nevertheless this result remains to determine only relative prices. The risk free

rate r is not determined endogenously. Although is can reasonably be assumed

8 See SHARPE (1964, p. 425). This in opposition to the interpretation of KEYNES (1997,
pp. 165) who interpreted the interest rate as a compensation for giving up liquidity, i.e.
binding resources over time.

9 See SHARPE (1970, p.81). Also a fixed supply of the riskless asset can be assumed without
changing the argument.
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that r can substantially be influenced by monetary policy, especially for longer

time horizons it is not given.

3.2 Critique of the CAPM

The assumptions underlying the CAPM are very restrictive. The problems as-
sociated with the use of the mean-variance criterion and the quadratic utility
function have already been mentioned in section 4.2. Some restrictions such as
the absence of transaction costs and taxes, unlimited borrowing and lending at
the risk free rate and short sales have been lifted by more recent contributions
without changing the results significantly. One restriction however that mostly
is not mentioned in the literature is that the assets have to be linearly depen-
dent. This linearity, also used in portfolio theory is implied by the use of the
covariance, which is only able to capture linear dependencies appropriately. This
linearity of returns rules out the inclusion of derivatives that mostly have strong
non-linearities in their pay-offs and have become an important tool for invest-
ment in recent years. By excluding such assets the need to include all assets is

violated.

Beside these theoretical critiques empirical investigations show a mixed support
for the CAPM. There exist a large number of empirical investigations of the
CAPM using different econometric specifications.!’ Early investigations mainly
supported the CAPM,!'! but more recent results show that the CAPM is not able
to explain the observed returns. If other variables, such as book-market ratios,
market value of a company or price-earnings ratios are included the beta has no

significant influence on the observed returns.'?

Like the portfolio theory the CAPM is a static model, i.e. the investment horizon

10 See CAMPBELL ET AL. (1997, pp. 211 ff.) and DumMas/ALLAZ (1996, pp. 128) for an
overview of the different econometric models.

11 See e.g. FAMA/MACBETH (1973).

12 See FAMA/FRENCH (1992) and FAMA/FRENCH (1993).
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is assumed to be only a single period. As has been pointed out, after every
period the portfolio has to be rebalanced even if the beliefs do not change. This
rebalancing will affect the market equilibrium prices and hence the expected
future returns and risk premia. Therefore a dynamic model will capture the
nature of decision making more appropriate, such a modification is given with

the Intertemporal CAPM to be presented in section 4.7.

Another critical point in the CAPM is that unconditional beliefs (means, vari-
ances and covariances) are used, the investors are not able to condition their
beliefs on information they receive. A direct implication of this is the assump-
tion that beliefs are constant over time. Many empirical investigations give strong
support that beliefs are varying over time, of special importance is the beta. But
also the risk aversion and the risk premium have been found to vary significantly
over time. These aspects are taken into account in the Conditional CAPM, that

will be presented in the next section.

The CAPM further takes the amount an investor wants to invest in the assets
as exogenously given. However the amount to invest is a decision whether to
consume today or to consume in the future. The influence of consumption is

incorporated into the Consumption-based CAPM.

Finally the CAPM explains the expected returns only by a single variable, the
risk of an asset relative to the market. It is reasonable to assume that other
factors may as well influence the expected returns. We will therefore discuss the
Arbitrage Pricing Theory as an alternative to the CAPM framework in chapter
4.6. The Intertemporal CAPM also allows for more risk factors.

Another assumption remains critical for the CAPM: the assumption that all as-
sets are marketable. Some investment restrictions due to legislation in foreign
countries are taken into account by the International CAPM, but assets such
as human capital are not marketable. Therefore the market portfolio cannot be

determined correctly. ROLL (1977) showed that the determination of a correct
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market portfolio is important to achieve correct results. Only small deviations
from the true market portfolio can bias the results significantly. Other investiga-
tions showed that small deviations do not have a large impact on the results.'® It
remains an open question whether the assumption of all assets to be marketable

1S restrictive or not.

As a results of these critiques the CAPM has been modified and today a wide
variety of extensions exist. Alternatives that use a different approach to asset
pricing are not frequently found and had, with the exception of the Arbitrage
Pricing Theory, no great impact as well in applications as the academic literature.
The remaining sections of this chapter will give an overview of the extensions of

the CAPM as well as alternative approaches.

13 See CAMPBELL ET AL. (1997, pp. 213 ff.).
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4. The Conditional Capital Asset
Pricing Model

As we saw in the last section the performance of the traditional CAPM is only
poor. It has been proposed that the reason may be the static nature of the model
and the therewith following assumptions of a fixed beta and fixed risk premia.
Allowing the beta to vary over time can be justified by the reasonable assumption
that the relative risk and the expected excess returns of an asset may vary with

the business cycle.!

It therefore is reasonable to use all available information on the business cycle and
other relevant variables to form expectations, i.e. to use conditional moments.

This gave rise to the Conditional Capital Asset Pricing Model.

4.1 Derivation of the model?

We assume that the CAPM as derived in the last section remains valid if we use

conditional moments instead of unconditional moments:
(4.1) E[R|_1] — E [r'|Q1] = (B[R |Qu-1] — B [r'|]) 617,

where

Cov [RE, RY /|0 1]
4.2 1= oM
(42) b Var [RY| 1]

R! denotes the return of asset i at time ¢, r* the risk free rate of return at time

t, R%, the return of the market portfolio at time ¢ and €, ; the information

! See JAGANNATHAN/WANG (1996, pp. 4 f.).
2 This derivation follows JAGANNATHAN/WANG (1996).
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available at time ¢t — 1. For notational simplicity we define

(4.3) %' = B[],
(4.4) 7' = E[RYy|Q-i] — B[] = B[Ry Q] — 6

as the expected risk free rate and the expected risk premium, respectively. We

can rewrite (4.1) as
(4.5) E[RIQu) ="+ 87

We want to explain unconditional returns because expectations cannot be ob-

served. Taking expectations of (4.5) we get with the law of iterated expectations:
(4.6) ER] =B +ER BB +Cov [yt 5]

The risk premium, 4'~', and the risk, 4:~", will in general be correlated. To
see this imagine a recession in which future prospects of a company are very
uncertain, then the beta will be relatively high as other companies, like consumer
goods or utilities that form a part of the market portfolio, are affected much less.
The risk premium will also be high to compensate the owners of the asset for
the higher risk in a recession as the asset forms part of the market portfolio.
In a boom relations are likely to change. Hence risk premium and risk will be

correlated.

Let the sensitivity of the conditional beta to a change in the market risk premium

be denoted by ¥J;:

_ Cov [B Y]

4.7 9; =

(47) Var [fﬁ_l]

We further define a residual beta as:

s W =B B 0 - B R).

The first two terms represent the difference of the conditional and the uncondi-

tional beta. The final term adjusts this difference for the deviation of the risk
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premium from its unconditional value. We find that

49  E@NT] = BB -EBT) -0 (BT -ETY)

= 0,

(4.10) En™'%" = EB " -E[E[B ]

—E [ (W - E[)]
= E[BE[T +Cov 8747
—E 57 E %]
0, (B[(+ )] - B T)
= Cov [, 7"] = 9:Var [17']
= Cov [B, 7] = Cov [B 147
= 0.

We can now solve (4.8) for the conditional beta:

(4.11) Bt =EB ] +0(n B )+t

We further can solve (4.7) for Cov [3{',7{"'] and insert the expression into (4.6)

to obtain:
(12) B[R] =B+ BB E B + Var [0

The excess returns turn out to be a linear function of the expected beta and the
sensitivity of the beta to a change in the risk premium. We want to express this

relation with using the unconditional beta.

Equation (4.5) also remains valid for the market portfolio, so that we get with

gt =1:

(4.13) E Ry Q] ="+,
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and from the definition of v} !:

(4.14) n = E Ry =7 Q-]

We define ! as the residual from relation (4.1):

(4.15) =R~ — (Ry— )8~
with
(4.16) B[] = B[R] — B [ 0]

—E [(Ry =% )8 ]

= %+ -
—E [Ry, — '] 8!

= ot
pu— 0,
(417) B [eiRy[Q] = B[RRI ]
—E (v "+ (Rhy —6") BY) Riy1€01]

= E[RRjy|Q-1]
—E [E [r{|Q-1] Ry ]

= 0.

By the law of iterated expectations we get:

(4.18) El] = B[E[Eua]] =0,
(4.19) EleiRy] = E[E[sRy[Q]] =0,
(4.20) Elen™'] = ElgE [Ry — % Q]

[
[

E[E B[Ry — 757 1] []]
E[E [0 1] E [Ry — 449 4]

= 0.
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By inserting (4.11) into (4.15) and solving for R! we get

(4.21) Rl = A '+ (Ry -7 ") E[B]
+(Ry =7 ") (i = E[T']) s

+ (Rl =) nt + el
From the definition and the properties of the covariance we get with (4.21):

(4.22) Cov[R,RY] = Cov[y, RY]
+Cov [Rly — 75 ' Riy] E 5]
+Couv [(Ry —%™") (1" = B [%7']) 0:, Riy]
+Cou [(Ry — v~ ") ni™", Riy ],

(4.23) Cov [RL,AFY] = Cov [v5 7Y
+Cov [Ryy — 5 ' E 87
+Cov [(Ry, =) (" = E ') a2
+Cov [(Ry — 75 ) i 7]

It has been shown by JAGANNATHAN/WANG (1996, pp. 38 ff.) that the last
term in (4.22) and (4.23) becomes zero if we assume the residual betas, n!™", to

be uncorrelated with market conditions.

We define

_ Cov[R, R),]
(4.24) Bi = Var[R,]

as the traditional market beta which measures the unconditional risk and

Cov [RL, ]
4.2 7= !
(4.25) bi Var [7{‘1}

as the premium beta which measures the risk from a varying beta. We can

substitute (4.24) and (4.25) into (4.22) and (4.23), respectively, and obtain after
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solving for f3; and ;"

Cov o, Rl

(4.26) B;
Var[RY,]
C Rt A1 Rt
ov[ M ’71[5) ) M]E[ﬂfl]
Var R, ]
LOov[(Bly =) (0 —E[n']) Bl
Var [RY,] v
COU [ 771 ]
(4.27) G, = Var[ = 1]
CO'U Rt tfl,,thl
20 Lty
Var [ }
Cov [(Ryy =% ") (" = E[n']) ']
+ = ;.
Var [ }
. Cov['yg_l,Rﬁw] . COU[R%/[—’YS_I,R%/[] .
If we define b10 = W, b11 = Var[R}tV[] s b12 =
Col(rymt O D ] L ol ol
Var[Rt ] 20 Var[ t—l] y V21 — Var[yf 1] y U22 —
Coo| (Ry =) (i~ = B[y )i b = {b } nd B = [bu bm] we can write
Var[’yl 1] ’ bg() b21 b22

(4.26) and (4.27) in vector form as
(4.28) {ﬁf,]:bJrB[EUl]].

If F [ﬁf‘l] and ¥; are linear dependent, i.e. F [ﬁf‘l] = dy + di¥;, we get from
(4.28):

(4.29) Bi = b+ bi(do + dr0;) + b129;
= (bio + bi1do) + (b11do + b12)9;.
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By inserting (4.29) into (4.12) we get
(430)  E[R] = E} ' +E D] (do+dds) +Var [y 0
= Bln ']+ E[n]d
+ (B [y di+ Var [v71]) 9,

= Ely | +E [ do
(E [’Yfil} di + Var [’Yfl]) (bro + b11do)
bi2 + bi1dy

E [fyf*l] di + Var [%71
biz + bi1dy

+

}@'
= ap+ a1

(E[’yfil]dl +Va7‘[’yfil])(blo+b11d0)
b12+b11do

with ag = E[v'] + E[v{"]do —
E[fyf_l]dl-i-Var['yf_l]
bi2+b11do ’

and a; =

In this case the conditional CAPM has the same form as
the unconditional form presented in the last section. But if E [ﬁf’l] is not a

linear function of ¥J; we are able to invert equation (4.28):

(4.31) { E [gfl] ] — B - B! { gv ] .

By rewriting (4.12) we get in vector form:

)

(32) B[R] =E [+ [E ) Var ] { 21 } |
Inserting (4.31) this becomes
(4.33) ER] = E[ '+ [EMVar ] B

S B Ve b B |

With B~ = EH 212 ,eo = E[ + [Ei] Var [y BT, e =
21 €22
FE [7{‘1] ci1 +Var [fyf_l] o1 and e = F [7{‘1] ci2 +Var hf_l] CooWe can rewrite

(4.33) as

(4.34) E [Rj] = eo + e1fi + 23]
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The expected return depends linearly on the market risk and the risk of a change
in the market risk, i.e. it depends on two different beta. Although we have the
dependence on two beta, this model is not a special case of other models that
will be discussed later having multi-beta structures. The original form had a
single (conditional) beta, only to derive the unconditional form this second beta
turned out, no other source of risk than the market risk has been added. This
second beta is due to the unobservability of expectations. Any risk factor that we
can determine can change over time, i.e. we could derive the conditional version
for various sources of risk, when determining the unconditional form for every
risk factor such a second beta would turn out, hence the Conditional CAPM is
a generalization of the unconditional form and not a generalization to include

other risk factors.

4.2 Empirical results

Models with time varying betas and risk premia have attracted increased atten-

3 The reason on one hand is the empirical evidence that

tion in recent years.
covariances, variances and risk premia are not constant over time. On the other
hand gives the poor performance of the traditional CAPM rise to modifications

of this model.

By introducing time varying betas and risk premia the conditional CAPM remains
to be a static model from its nature. Although a dynamic model would capture
reality more appropriate, the conditional CAPM performs much better than its
unconditional form.* The model by FAMA/FRENCH (1992), which adds other
factors like the book-to-market ratio or firm size, does not perform approximately

well and including other factors into the conditional CAPM does not improve the

3 See e.g. FERSON (1995), FERSON/HARVEY (1991), FERSON/HARVEY (1996), JAGAN-
NATHAN/WANG (1996) and their references.

1 See JAGANNATHAN/WANG (1996, pp. 18 ff.) and FERSON/HARVEY (1996, pp. 9 ff.). It
turns out that it even outperforms several multi-beta and dynamic models to be presented
in the following sections.
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results much, suggesting that their factors are of no real importance.’

JAGANNATHAN/WANG (1996) also showed that by including other risk factors,
different from those of FAMA/FRENCH (1992), the performance can be increased
significantly by using monthly instead of yearly data. This gives rise to other

models allowing for more general risk factors and dynamic models.

Summarizing can be said that the Conditional CAPM fits the data much better
than the traditional CAPM, but especially for explaining asset prices in the short

run, it fails.

% See JAGANNATHAN/WANG (1996, pp. 31 ff.).
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5. Models of Changing Volatility of
Asset Returns

The models considered thus far were all based on an economic theory assuming
rational investors optimizing an objective function. Despite the variety of models
that will be presented in the remaining sections, there exist a number of of effects
in asset markets that cannot be explained by any of these theories. One such
effect is the observation that the volatility, i.e. variance, of asset returns change
over time. This effect can be found in the long run using monthly or quarterly

returns, as well as in the short run, using intra-day returns (high frequency data).

While we could assign this effect in the long run to the effect of rational spec-
ulation by stating that over time the dispersion of fundamental values between
investors changes,! to make such an assumption in the short-run for high fre-

quency data is not very reasonable.

The lack of a theory explaining this effect and the strong demand from investors
to get tools for basing their decisions on, gave rise to a class of econometric models
introduced by ENGLE (1982) and BOLLERSLEV (1986). Their models of condi-
tional heteroskedasticity, together with a large number of variations developed
on their basic work, have become widely applied to model the returns of assets,

although these models have no economic theory that support them.

I See chapter 4.11.2.
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5.1 The ARCH-models

The first to propose a model of changing variances was ENGLE (1982) with his
Autoregressive Conditional Heteroskedasticity (ARCH ) model. It assumes asset
returns to be given by a linear combination of explanatory variables x; and some
parameters # and an error term &;, that has an expected value of zero given all
available information. The information (explanatory variables) is restricted to

past returns and error terms:

(5.1) re = 1y + &4,
Ele Q1] = 0,
E [€t€t+z‘|Qt—1] = 0, i # 0,
Var [5t|Qt—1] = F [8§|Qt_1] = ht.

The variance of the error term is now assumed to vary aver time by proposing it

to follow a gth order autoregressive process, i.e. an AR(q):

q
2
ht = Qp + E OGEY 4,
i=1

(5.2) ;>0 (j=0,...q).
This specification was defined as the ARCH(q)-process.

An extension to the Generalized Autoregressive Conditional Heteroskedastic-
ity (GARCH) model was provided by BOLLERSLEV (1986). He proposes the
conditional variance to follow a (p,q) Autoregressive Moving Average process,
ARMA (p,q). To form the GARCH(p,q)-process equation (5.2) has to be replaced
by

q D
hy = ap + Z azf?_i + Z Yili—i,
i=1 i=1

a]ZO (]:177Q)7

(5.3) >0 (j=1,...,p).
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As such models are difficult to estimate from the data, most applications restrict

themselves to a GARCH(1,1)-process:
(5.4) hy = ag + agel |+ vh 1.

As nearly all asset pricing theories use the variance of the return as a measure
for the risk of an asset and these theories agree that a higher risk has to be
compensated by a higher expected return, it is reasonable to include a term for the
variance in the expression of the return of equation (5.1). These considerations
gave rise to the ARCH-in-Mean (ARCH-M) introduced by ENGLE ET AL. (1987).
They replaced equation (5.1) by

(5.5) i = x84 0hy + &4,

where the conditional variance of ¢; is given by (5.2). This model can easily be
genaralized to a GARCH-in-Mean (GRARCH-M) by using (5.3) as the process

governing conditional variances.

When investigating not only a single, but a larger number of assets, it is useful
to assume that all assets are governed by the same process. Therefore EN-
GLE/KRONER (1995) provided a multivariate version of the GARCH-process. If
we let B denote the matrix of parameters x;, ¢; the vector of error terms and r;

the vector of returns, we get:

(5.6) ry = Bxy + &,
Ele|Qq] = 0,
E [5;5t+i|Qt—l] = 0, i # 0,
Var | 1] = FE e 1] = Hy,
p q
(5.7) H, =K + Z A;Hy AL+ Z cier e Cl.

i=1 i=1

The multivariate GARCH-M can easily be obtained by replacing (5.6) with

(58) ry = BZUt + Dht + &¢.
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where h; = vech(H;). These multivariate forms allow not only the variances of
asset returns to vary, but also the covariances between asset returns. Therewith
these models are close to that what can be observed from real asset returns,

although the specification of the model may not be appropriate.

Beside the models presented here a wide variety of other specifications exists in
the literature.? A variation that is frequently found in empirical investigations is
the Exponential GARCH (EGARCH) developed by NELSON (1991). In empirical
investigations it often turns out that this model fits the data best and is easier to

estimate. The EGARCH assumes the following form of the conditional variance:

(5.9) he=exp |ag+ Yo (Jo ] = E o]+ doi )|

J=1

where v,_; = \;’% The EGARCH specification allows with ¢ < 0 to model
asymmetric shocks to volatility. If —1 < ¢ < 0 a positive shock, i.e. e, ; > 0,
increases volatility less than a negative shock (g;,; < 0) in subsequent periods.
For ¢y < 1 a positive shock reduces the future variances and a negative shock

increases it.?

5.2 The relation to asset pricing models

A large number of empirical investigations using some forms of ARCH-
processes are reported in the literature, most investigations use models based
on GARCH(1,1) for computational simplicity. They show a strong support that
asset returns follow this specification, often the strongest evidence is found for a

EGARCH(1,1)-process.*

The conditional CAPM introduced in section 4.4 allowed for time varying vari-

2 Overviews of these models can be found in BOLLERLEV ET AL. (1992) or HAMILTON (1994,
pp. 665 ff.).

3 See HAMILTON (1994, p. 668).

4 See BOLLERLEV ET AL. (1992) for an overview. DUNNE (1997) uses a multivariate
GARCH-M to model the time varying risk-premium using the FAMA /FRENCH (1993) and
FAMA /FRENCH (1995) factors and finds strong evidence of this model.
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ances and covariances by taking their conditional values. As the only explanatory
variable the market risk has been used, but it has already been stated that that

other explanatory variables could easily be incorporated.

The ARCH-models presented here shows a simple specification of forming condi-
tional expectations on variances and covariances. It allows only past variances,
covariances and error terms to form the information set and combines them in a

linear form to form new expectations.

We should therefore interpret the ARCH-models as a specification of the condi-
tional asset pricing model. So we should not be surprised that ARCH-models
show strong support of their specification as it falls into the class of conditional
models and the Conditional CAPM is also strongly supported by investigations
not using ARCH specifications.

The ARCH-models fit the data very well, as well in the short run as in the long
run, especially the variances are well captured. To find an economic model how

to justify a simple ARCH framework remains an unsolved problem up to now.
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6. The Arbitrage Pricing Theory

Beside the problem of identifying the market portfolio and the critiques concern-
ing the mean-variance criterion, a critical point in the concept of the CAPM is
the aggregation of all risks into a single risk factor, the market risk. This ag-
gregation is useful for optimal or at least well diversified portfolios, but for the
explanation of returns of individual assets this aggregation may be problematic.
It is well observable that assets are not only driven by general factors like the
market movement, but that industry or country specific influences also have a

large impact on returns.

This section presents an alternative to the CAPM, the Arbitrage Pricing Theory
(APT) as first introduced by Ross (1976).!

6.1 Derivation of the APT

Assume that the returns are generated by the following linear structure:
(6.1) Ry = i + B + &,

where R; denotes the realized return of asset 4, 1; the unconditional expected
return, & a vector of different risk factors, 3; a vector representing the influence

each risk factor has on the asset return and &£; an error term summarizing the

! Ross (1976) analyzes a sequence of economies over time and shows the convergence of the
returns to his theory. Without changing the arguments we will use different assets instead
of different points of time and show that the relationship holds if the number of assets
increases to infinity. This change in argumentation is widely done in the literature, see
SCHNELLER (1990, p. 2).
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effects not covered by the model.? We make the following assumptions on this

structure:

(6.2) E[ﬂ = 0,

These assumptions state that the influence of effects not covered have on average
no influence on the returns, i.e. there is no systematic bias. The factors having
an influence on the returns are assumed to be normalized, i.e. only deviations
from their average values are considered, the effect of the level of these factors

are summarized in p;.

we do not have to assume that the ¢; are independent of each other, it is sufficient
if they are not too dependent on each other, such that the law of large number

can be applied. We need for all 4,j (i # j) that?

By the law of large numbers we find a vector x, = (zi1,...,2,) such that
lim, ,o 2, = 0 where £ = (&1,...,&,, i.e. in a well diversified portfolio the

error terms have no influence on the return of a portfolio. We therefore interpret

x; as the weight asset ¢ has in such a portfolio.

In general for any portfolio z we have

(6.4) R = 2'p+a2'B6+a'e

~ a'u+a' o,
where R = (Rl,...,fin), = (p1,--,pn) and B = (B1,...,5,). The term 2'f
denotes the risk from the common factors that cannot be eliminated by diversi-

fication, i.e. the systematic risk, while 2’2 can be eliminated by diversification,

i.e. it is the unsystematic risk.

2 It should be noted that this structure with the assumptions made below is identical to the
problem stated in factor analysis.
3 See RoSs (1976, p. 342).
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An arbitrage portfolio is defined as a portfolio with no risk, no net investment,
but a positive certain return.* Hence in an arbitrage portfolio neither systematic

nor unsystematic risk must be present and the following restrictions apply:

(6.5) PE = 0,
B8 = 0,
zr = 0,
where ¢ = (1,...,1)". Inserting these conditions into 6.4 gives us for an arbitrage
portfolio:
(6.6) 'R =a'p> 0.

In equilibrium we must assure that no arbitrage is possible, i.e.
(6.7) r'u=07°

If we continue to apply the mean-variance criterion, which is not implied by
the APT but mostly done for conventional reasons, the condition of no arbitrage
possibilities assures that with the introduction of more assets the efficient frontier

does not converge to a vertical line in the (p,0)-plane, i.e. % < 00.5

The assumptions underlying the APT as presented by SCHNELLER (1990, pp. 2
ff.) and Ross (1976, pp. 347 and 351) are summarized in table 6.1.

Let us consider an arbitrage portfolio fulfilling restrictions (6.5) and the expected

return of this portfolio is

(6.8) t'pu=c>0,

1 See SCHNELLER (1990, p.3).

5 From the definition of an arbitrage portfolio it would be sufficient to state =’y < 0, but if
z'p < 0 we could change the signs of every element in x and get with this new portfolio
z'p > 0 and arbitrage would be possible. Hence we have to state the condition that
z'p=0.

6 See SCHNELLER (1990, p.17).

8 This assumption has been shown by Ross (1976, p. 352) to be possible to relax in that
way that at least one individual has to believe the return to follow (6.1) and this individual
must have a considerable part invested into each asset, i.e. his share in holding the asset
does not converge to zero if more assets are added.

8 This implies also the possibility to borrow and lend the risk free asset, if such an asset
exists, at the same rate.
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e The returns are assumed by investors to follow equation (6.1)7

e Investors are risk averse with a finite Arrow-Pratt measure of risk aversion
e No transaction costs or taxes exist

e No restrictions on short sales for any asset®

e In equilibrium no arbitrage possibilities exist

e Every asset wants to be held by investors, i.e. the total demand for every asset
is positive

e For at least one asset the possible loss from holding the asset is limited to ¢ < oo

e Homogeneity of beliefs, i.e. all investors expect the same u; < oo and agree on [3;

Table 6.1: Assumptions of the APT
where
(6.9) c=m+t

with m = xou denoting the expected return of the optimal portfolio of the in-
vestor. From the limitation that p; < oo for all assets we know that m < co. We
will therefore consider an arbitrage portfolio whose certain return is larger than
the expected return of the optimal portfolio plus the maximum loss associated
to the asset with limited liability, i.e. the arbitrage portfolio should be preferred
to all other portfolios. We do not assume this portfolio to have no unsystematic
risk as it is not necessarily well diversified, we only assume it has no systematic

risk.

Before deriving the optimal arbitrage portfolio we have to state some preliminaries
from probability theory. Ross (1976, p. 359) states that if ¢, — @ in quadratic

mean, then E [U (7,)] — U(a) in quadratic mean.

Suppose that the unsystematic risk z'Vz, V' denoting the covariance matrix,

of the arbitrage portfolio converges to zero in quadratic mean, i.e. z'Vz —
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0. We then find that with the above result E [U (x’f% - t)] = U(@'p—t) =
U(c—t) > U(m). By the e-criterion of convergence there exists a number of
assets n such that E [U (x;lf% - t)] > U(my,), hence the optimal portfolio zg,,
with its return m,, would no longer be optimal. Hence z'Vx does not converge

to zero and there exists a number a¢ > 0 such that
(6.10) 'V > a.

We now can determine the optimal arbitrage portfolio. From the theory of port-
folio selection we know that the only efficient portfolio for a given expected return
is the portfolio which has the lowest variance (risk). The risk of the arbitrage

portfolio is only the unsystematic risk 'V z. We have to apply the restrictions

'p =0,
o =0,
2 = 0.

By defining W = (u, 8,¢)" and g = (¢,0,0) we can rewrite these restrictions as
(6.11) ZW =g.

The Lagrange function shows up to be

(6.12) L =2V —=2Xa'W — g).

The first order conditions for a minimum are

OL
6.13 — = 2V —2\W =0
(6.13) oL v ,
OL
_— = —2 ! — fr
2 (2'W —g) =0,
which solves to”
(6.14) V=W,

9 The second derivative with respect to z is 2V. As V is a covariance it is positive definite
and the second order condition for a minimum is fulfilled.
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(6.15) ZW =g.

Solving (6.14) for z and inserting into (6.15) gives'”

(6.16) WV-w)a=g.
We further find
(6.17) PV =ad'WA=g\=g [W’V_IVVT1 g>a>0.

Ross (1976, pp. 357 f.) has proofed that there exists a vector a* and a number
A > 0 such that with a*g =1

(6.18) (Wa*) (Wa*) < A < o0.

If we define ca* = (1, —7, —p)" we have a*g = 1 and (6.18) becomes

n

(6.19) Z (i = By — p)* < A < 0.

=1

As (6.19) has to hold for any n, also for n = co this implies that on average

(6.20) (i — Biv — p)* — 0.

A finite number of assets may not fulfill (6.20) but all of the remaining assets

have to fulfill it,!! hence nearly all assets have expected returns according to
(6.21) i = By + p,

what implies

(6.22) [ R p+ iy

If we assume asset 1 to be a zero-beta portfolio, i.e. £13; = 0 then the return of

this asset becomes in the absence of systematic risk:
(6.23) R = mim + 21610 + 115,
= T1l1
= mfy+azip

= T1p.

10 We assume all matrices to have full rank for simplicity. Ross (1976) showed how to change
the structure of the model to deal with matrices having not full rank.
' See CAMPBELL ET AL. (1997, p. 221).
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Hence we have found that
(6.24) Ri=p=r.

p is the return of the zero-beta portfolio. If there is a riskless asset it is the return

of this asset.

Assume now that there exist portfolios which have only a risk on one factor, [,
and that this risk is a unit, i.e. 2’3" =1 and 2’3 = 0 for all s # [. In this case

(6.22) becomes with inserting (6.24) and 't = 1 as normalization:

(6.25) dpmari4+ 3By =1+
or
(6.26) Y~dpy—r=p—r,

where p! = ' is the expected return of the portfolio with only a unit risk in
factor [ and no risk in the other factors. Therefore we can interpret 7' as the risk
premium for having one unit of risk in factor [. 3! then represents the amount of

risk asset ¢ has from factor [.
By inserting (6.24) and (6.26) into (6.22) we get

(6.27) i T+ (U — 1) By,

where p* = (ut, ..., u¥)

The exact relation only holds for an infinite number of assets, but as we find a

very large number of assets the deviation will be very small.!?

At a first glance we could interpret the APT as a generalization of the CAPM
to a multibeta model. The same structure of the result in equation (6.27) as in
the CAPM seems to support this view. But it has clearly to be pointed out that
the models differ substantially in their assumptions. The CAPM is concerned

12 See Ross (1976, pp. 353 f.).
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to find an equilibrium of the market by holding optimal portfolios as implied by
portfolio theory, whereas the APT finds this equilibrium by ruling out arbitrage
possibilities. We will address this distinction between the CAPM and the APT

in the next section that provides a very similar extension of the CAPM.

The APT allows to include other sources of risk than only the market risk, e.g.
industry specific factors. Furthermore a market portfolio has not to be deter-
mined, consequently we also do not face the problem of excluding assets from
the considerations, with a sufficient number of asset this relation should hold.
Also other measures of risk than variances and covariances could be used, how

to determine the betas is not predetermined by this theory.

As noted in section 4.3.2 FAMA/FRENCH (1992) and FAMA/FRENCH (1993) find
evidence that other variables are able to explain the observed returns better than
the market risk. The APT could be a framework to find a justification of their
results on a sound theoretical basis. The next section will therefore give a short

overview of the empirical findings concerning the APT.

6.2 Empirical evidence

The first problem to solve in applying the APT is to identify the risk factors 4.
Risk factors can either be constructed by finding a portfolio of assets that has a
high correlation with a certain risk, this portfolio is called a factor portfolio, or by
using other variables, such as macroeconomic data, e.g. GDP. The advantage of
the former approach is that expected returns for the risk factor, u' can easily be
determined from the market and the risk &; can also be estimated from market
data. The identification of these parameters for macroeconomic data imposes

much more difficulties. This is the reason why in most cases factor portfolios are

used.!?

13 See CAMPBELL ET AL. (1997, pp. 222 ff.) for the statistical methods of forming factor
portfolios and estimating the relevant parameters.
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To identify the systematic risk and hence the characteristics of the factor portfo-
lios we can either use theoretical considerations or statistical methods to identify
these risks. Widely used statistical methods are factor analysis and principal

components method.!*

There exists a large number of surveys investigating the explanation of asset
returns using APT.' The factors mostly identified in these studies are related
to dividends or earnings, book-market relations, the size of a company and the
variance of asset returns.'® Most investigations show that three to five factors are
sufficient to explain the observed returns, adding more factors does not improve

the result substantially.'”

The investigations cited give evidence that the APT can explain the observed
returns quite good for long and medium time horizons. For time horizons below
one year they are not able to explain the data adequately. Compared to the
present value model the time horizon can be reduced significantly from four to
about one year, but as in the CAPM there remain many effects that cannot be

explained sufficiently.

The assumption of a linear relation between the assets in the CAPM by the
covariances is replaced by the assumption of a linear relationship with risk factors.
Like in the CAPM this assumption limits the theory as nonlinear assets, like
derivatives, cannot be modeled adequately. The advantage of the APT in this
case is that it is not necessary to form a market portfolio and to include these
assets, it enables to exclude human capital or real estate. It enables also to restrict
the analysis to a certain group of assets, provided that the number of assets is
sufficiently large that the approximation in (6.27) holds. The more assets are

included the more precise the findings should be, with restricting to only a few

14 See CAMPBELL ET AL. (1997, pp. 233 ff.) for a short overview of these methods or
BRACHINGER/OST (1996) for a detailed description.

15 See the references in FAMA/FRENCH (1996) for an overview of the main contributions.

16 As we do not need a market portfolio for the APT the variance represents an appropriate
risk measure instead of the covariance in the CAPM.

17 See FAMA/FRENCH (1992), FAMA /FRENCH (1993) and FAMA/FRENCH (1996).
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assets the pricing relation does not break down as in the CAPM, it only becomes

less precise, i.e. we should find more noise.



7. The Intertemporal Capital Asset
Pricing Model

The models of asset pricing considered so far had one feature in common: they
were all static. The amount invested into assets was fixed for a given period of
time and the amounts invested into each asset could not be changed. At the end

of a time period it was assumed that the investors consume their wealth.

A more realistic setting would be to allow investors to change the amounts in-
vested into each asset and also to withdraw a part of their investment for imme-
diate consumption. Not only the amount invested into each asset but also the
fraction of the wealth invested into assets will become an endogenous variable,

while in the previous models this fraction was fixed.

The Intertemporal Capital Asset Pricing Model (ICAPM) as first developed by

MERTON (1973) takes these considerations in account.

7.1 The model !

In the ICAPM we assume a perfect market, i.e. all assets have limited liability,
we face no transaction costs or taxes, assets are infinitely divisible, each investor
believes that his decision does not affect the market price, the market is always
in equilibrium, hence we have no trades outside the equilibrium prices, investors

can borrow and and lend without any restrictions all assets at the same rate.

! The presentation follows MERTON (1973) with some proofs based on MERTON (1990, chs.
4, 5,11 and 15)
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Further assumptions are that trading takes place continuously, i.e. all investors
can trade at every point of time.?2 All variables that can explain the prices and
price changes of the assets (the state variables) follow a joint Markov process.®
The state variables are further assumed to change continuously over time, i.e. no

jumps are allowed.

If we let P! denote the price of asset i at time ¢, €, the information available at
time ¢t and h the number of time units, we have for the expected return of asset

i, pi, and the variance of the returns, o2, per unit of time:

1 _[Pi,—P
1 . =—F “thh T t0)
(7.) o= |
(7.2) 02:l M_h_ZM
' T P i) Boe

If we assume that u; and o7 exist and are finite and that lim,_,q0? > 0, i.e. by
trading at every point of time (with a very short time horizon) the uncertainty

cannot be eliminated.*
Table 7.1 summarizes the main assumptions of the [CAPM.

Define y;(¢) to be iid N(0, 1) distributed,® we then can write the return dynamics

implied by (7.2) with solving for Pti%gpg:
P}, — P}

Taking the limit of (7.3) with respect to h we get the differential equation of the
return process:

dPl_ Pti-l-h_Pti_
5 = lim e = pdt + Vdtogy;(t).

(7.4)

2 FAMA (1996) developed a model in discrete time obtaining similar results.

3 In a Markov process the distribution of the random variable only depends on the most
recent past realization of the process. For more details on Markov processes see HAMILTON
(1994, pp. 678 ff.).

4 See MERTON (1973, pp. 868 ff.).

5 The assumption of normality is not necessary for the results, but it allows to concentrate
the analysis on the well known class of Wiener and Ito processes. See MERTON (1973, p.
873).
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e All assets have limited liability

e No transaction costs and taxes

e No dividends are paid

e All assets are infinitely divisible

e All investors believe that their decisions do not influence the market price
e All trades take place in equilibrium

e Unrestricted borrowing and lending of all assets at the same conditions

e Trading takes place continuously

e Uncertainty cannot be eliminated by a continuous revision of the portfolio
e The state variables follow a joint Markov process

e The state variables change continuously

Table 7.1: Assumptions of the ICAPM
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Define dz; to be a Wiener process:
(7.5) dz; = y(t)Vdt.

Inserting (7.5) into (7.4) gives us the result that returns follow an Ito process:

P
P

Expected returns and variances of returns are also assumed to follow an Ito

process:
(77) du; = a;dt + bdg;,

where dg; and dx; are two, not necessarily independent, Wiener processes. Equa-

tions (7.6)-(7.8) are assumed to form a joint Markov process.

For the further analysis we assume that we have n risky assets and one riskless

asset, numbered n + 1. The riskless rate of return can change over time, i.e. we

have

(79) Op+1 = 0,
(7.10) Pnt1 = Ty
(7.11) b1 # O.

Unlike in the CAPM the investor does not maximize his terminal utility at the
end of a given time period (his time horizon), but the utility over the whole time
period with length T > 0.° The investor will maximize the function

T
(7.12) E [ /0 UE (C* (1)) e=?"tdt + UF (WH(T)) e |0 |,
where U* denotes the utility of individual k, C* its consumption at time ¢ and

p the discount factor for future utility. The first term denotes the present value

6 We assume that utility can only come from consumption, investment and the existence of
wealth are not part of the utility. The utility from wealth originates from the possibility of
future consumption. A similar distinction has indirectly been made by Adam Smith. See
SMITH (1776, p.47).



7.1. The model 81

of consumption from time 0 to time7 and the second term denotes the present

value of the utility from terminal wealth W*(T'), or terminal consumption.

MERTON (1990, pp. 124 ff.) derives the dynamics for the wealth W*(¢) at any
point of time. It consists of the number of assets that have been hold at a previous
point of time, N¥(t — h) multiplied by its present price, P’

n+1

(7.13) WE(t) = Nf(t—h)P;.

In the same moment of time he chooses a new portfolio, i.e. a new number of

shares, NF(t) and the optimal consumption per unit of time, C*(¢)h. His wealth

becomes’
n+1

(7.14) WH(t) =) NE(t) P} + C*(t)h.
i=1

Solving (7.13) and (7.14) for C*(t)h gives

n+1

(7.15) CHt)h = 3~ (Nt~ h) = NE(1) P

or with shifting the time period by h:

(7.16) CH(t+h)h = % (NE(t) = NF(t+h)) P,
(7.17) = i (N (1) = NE(t+ 1) (P, = P;)

+Z (NE(t) — NE(t + 1)) P}

By letting h — 0 (6.16) and (7.13) become

n+1

(7.18) Wh(t) = ZN’“ )Pl
n+1 n+1

(7.19) —C*tydt = Y dNF(t)dP +> dNF(t)P;.
=1 =1

" By the assumption that the price does not change with his trading decision.
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Differentiating (7.18) by using Ito’s lemma gives us with (7.19)

n+1 n+1 n+l
(7.20)  dW(t) = Y NF(t)dP;+> dNF(t)dP{ + > dNf ()P}
=1 =1 =1
n+1
> Nf(t)dP] — C*(t)dt.
=1

The first term represents the capital gains made from investing into assets and

the last term are the losses in wealth due to consumption.®

k i
Define wk(t) = Nviv(,f()gt as the fraction of wealth invested into asset ¢ after con-

sumption. Inserting this definition into (7.20) we get

(7.21) dWk(t) = ni:l wf(t)d?]jtiw’“(t) — C*(t)dt.

Inserting (7.6) gives us the Ito process governing wealth:

n+1

(7.22) AWk(t) = Zw (t) s W* (t)dt
—l—Zw (t)dz; — C*(t)dt

dt

n+1
= [Z w; )+

n+1

—C’k dt—l—VV’c Zw oidz;.

Define further X = (Xj,...,X,,) to be the vector of state variables, which we

assume to follow an Ito process:
(7.23) dX = Fdt + GdQ.

where d@Q = (dqq, . .., dqy,) is a Wiener process, with v;; denoting the correlation
between dg; and dg;, 1;; between dg; and dz;. It is further F' = (f1,..., f,) and
G = (gla"'agm)-

8 We could include other sources of income than capital gains, e.g. wages, that would increase
wealth in every period of time. This inclusion would not change the argumentation and is
therefore omitted here for simplicity.
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After these preliminaries we now can solve the maximization problem of equation
(7.12). For determining the maximum we have to find the optimal amount of con-
sumption, C*(t) in every moment of time and the optimal share of the remaining
wealth to invest into each asset, {wf(#)}71!.2 We define a performance function

JE(WE 1, X) as'®

T
(7.24)  JFWH X)) = max EU U (C*(r)) e "dr
ck),{wkm}! t

+U (WHT)) e 7T
As
(7.25) JEWE T, X) = U (WHT)) e T

we can rewrite (7.24) as

T
(7.26) JYWE LX) = max E[ / U (CH(r)) e " "dr
Cr ), (wk®),_, t

+ JFWE T, X)|Q] .

With v = T — t applying the mean-value theorem states that there exists a
t* € [t,T] such that

(7.27) /T U (C*(r)) e Tdr =U (C*(t)) ey,
t
We can expand J*(W* T, X) in a second order Taylor series around (W¥, ¢, X):
(7.28) JEWE T, X)) ~ JEWF X))+ JEAW + JFv + JEAX
+%J§VWAW2 + T AWAX + %Jt’;zﬂ
+ 5 AW + Jh, AX v + %J;C(XAXQ,

where the subindices denote the derivative with respect to this variable evalu-

ated at (W*(t),t, X(t)), AW = WH¥T) — Wk(t) and AX = X(T) — X(t). For

9 As E?Ill wk(t) = 1 it is sufficient to determine the fractions of the first n risky assets, the
fraction to be invested into the (n + 1)th riskless asset is therewith also determined.

10 For the method of solving this problem with principles of dynamic programming see MER-
TON (1973, pp. 875 ff.), MERTON (1990, pp. 100 ff.) and INTRILIGATOR (1971, pp. 326
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simplicity we assume that the derivatives J& and J% do not vary over time, i.e.
Jk. = J%, =0, which is resonable if we assume v to be not too large. Inserting
(7.27) and (7.28) into (7.26), eliminating J*(W* ¢, X) and dividing by v gives
us:

* A
(7.29) max E|U(CHt*)) e ™ + JéV—W + Jf
k) fwrm}_ v

AX 1 AW? AWAX
+J§§T + EJ@WT + T ———

AX?
v

1 1

Taking the limit as v — 0, hence t* — ¢, we get as W* and X follow a continuous

[to process:

dW
(7.30) max [U (CE@)) e + I E [—] + JF
ck) {wbn)}_ dt
dX] 1 dW?
k:E o ~ 7k E |/
TIXE | Ty vw dt

dWdX 1 dX?
k —Jk =
[ L )
With the continuity of the Ito process we get E[dW] = E[dX] = 0 and therewith
E[dW?] = Var[dW] and E[dX?] = Var[dX]. with the notations of (7.22) and

(7.23) we find that

dX | -
JNE {E = > Jtfi
- i1
ne m m
JixE [W = szijgingija
- im1 =1
dWdX | "o
JI]/CVXE |: o - = ;;JiwwfgiajnijWkuij,
dWQ' m n
Tivw B {7 = Jww ) wiwjoyW?,
. im1 j=1

where the subindices ¢ and j are for the derivation with respect to the ¢’s and j’s

state variable. We further have

d k n+1
Wy (wa(ui—r)H) o
=1
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Inserting these results into (7.30) gives

(7.31) max [U(C'k)e_”klt + JF
cr),{wk®}?

+ T3 (W’“ (g: wh(p; — 1) + 7") — Ck>

=1

=1

i=1 j=1
m n

+ Z Z JiWw;‘cginnijWkVij
i=1 j=1

1 m m

322 Jijgi%%] =0.

i=1 j=1

Defining the function in brackets for notational simplicity as ® and denoting the

derivitaive with respect to C* as ®¢ and with respect to w¥ as ®; we get the

(n + 1) first order conditions for a maximum:"!

(7.32) ®c = Ug—Jf =0,

(7.33) @ = JE(u— )W+ Thy Y whoy W2+ I8, Whgiom;
7j=1 7=1

= 0.

Condition (7.32) states the usual result that marginal utility of immediate con-

sumption (Ug) has to equal marginal utility from deferred consumption (Jy).

If we define V' = {0y;}7;_, as the covariance matrix of the assets, d* = {w;W*}"_,
as the demand vector for the assets of investor k, u = {p;}}_, as the vector of

expected returns, o = {g;0in;;};j=, as the covariance matrix of the asset returns
=

. JE JE
and the state variables, A¥ = —=W [HF = — W and H* = {HF}? | we can
’ Jww? 77J JEw v j=

rewrite (7.34) after dividing by W* in vector form:'?

(7.34) —A¥(p— 1) + Vd* — H*o = 0.

' The second order conditions are not reported here, but they can be shown to fulfill the
requirements for a maximum.

12'See MERTON (1990, pp. 370 ff.).
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Solving for the demand we get:!'3

(7.35) d* = ARV —r) + H*V o

With v;; as the (4, j)th element of V=" and o}; = g;joum; we can rewrite (7.35)

for an individual asset as

m n

(7.36) df = AR v — )+ > Y HEohwy.
7j=1

j=1 I=1
The demand for an asset consists of two parts. The first term is the demand
similar to that of the static CAPM, it is due to an efficient investment by mean-
variance maximizing. AF includes a term for risk aversion of the investor and
pj — r is the risk premium.Tthe second term is an adjustment made for hedging
against an unfavorable shift in the state variables. This adjustment can be either

positive or negative, depending on the sign of %—?, which forms a part of HF.14

If the state variables do not vary over time, it turns out that Hf = 0 and the
results are identical to the standard CAPM.!® In general, however, the state
variables will change over time. For simplicity we now assume that only one
state variable varies over time, e.g. the risk free interest rate r. In this case

(7.36) becomes

n

(7.37) df = A" vy — 1)+ HE Y ol

j=1 j=1
Assume there exists an asset, the nth asset, that is perfectly negative correlated
with the state variable, i.e. p,, = —1.'6 Such an asset could be a bond, which
is riskless in terms of default and whose value only depends on the interest rate.

Because of the varying interest rate the bond would no longer be riskless in his

13 As long as the risky assets are not linear dependent, e.g. portfolios are included, the
covariance matrices will be non-singular.

14 See MERTON (1973, p. 876). The results of the conditional CAPM that also adjusts for
the risk of a change in the beta could be interpreted in the same way.

15 See MERTON (1973, pp. 877 ff.).

16 If such an asset does not exist, we can consider the asset with the highest correlation in
absolute value without changing the results, see BREEDEN (1979, p. 272). The negative
correlation is only taken for computational simplicity, by holding the asset short a perfect
positive correlation can be obtained.
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value. We find

(738) Pir = PinPnr = —Pjn,
such that

i Pin0i0n Oin
(7.39) Ojp = Pjr0igr = —0jn0;Gy = —gr% = —grai.

By using (7.39) the second term in (7.37) becomes —H,’fg—; > i1 VijOjn- Because

vy; is an element of the inverse of o we find that if ¢ = n
(7.40) > vijoj =1
j=1
and otherwise
n
(741) Zvijajn = 0.
j=1

Therewith we can simplify (7.37) to

n

(7.42) d¥ = AkZUij(uj—r) fori=1,...,n—1,
j=1
- g
]:

We define now three portfolios:'”

e Portfolio 1: Consists of all n risky assets with weights ¢, =

7 2351;{,5!: lf(;)_fr), which are equal to the weights of the optimal risky port-
j=1 - J J

folio in portfolio theory.
e Portfolio 2: Consists only of the nth asset.
e Portfolio 3: Consists only of the riskless asset.

By construction the compositions of the portfolios do not depend on the prefer-

ences of the investors. Let A\¥ (i = 1,2,3) denote the fraction of his total wealth

17 See MERTON (1973, pp. 880 f.).
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investor k invests into each of these portfolios. The total demand for the first n—1
assets is given by A¥§;W* and for the nth asset by (A\¥§, +\5)W*. These demands
have to satisfy the conditions (7.42) if an investor has to be indifferent between

investing into all n assets directly or investing only in the three portfolios:

D i vig(p — 1) -
T - Wk =df = A" “wii(p; — 1),
dimi 2 b =1"vu(p; — 1) Z il =)

i=1

Mg Wk = \k

n

g
]:

Solving for A¥ and A5 gives
AP IS &
(7.43) A= WE > il =),
j=1 =1
HF
(7.44) Ab = —erg—;.
Instead of directly investing into all n risky assets, an investor will be indifferent
to choosing a combination of the optimal risky portfolio and the nth asset that has
the highest correlation with the changing state variable. The remaining wealth is
invested into the third portfolio consisting only of the riskless asset. This result

is known as the Three-Fund Theorem. It is the dynamic equivalent of Tobin'’s

Separation Theorem.

Portfolios one and three ensure the investor to have a mean-variance efficient
holding of assets, i.e. his holdings are on the efficient frontier of the CAPM. But
as the state variable changes over time stochastically, the efficient frontier shifts

over time, portfolio two hedges against an unfavorable shift.

In the general case where m > 1 state variables can change over time, it has
been shown in MERTON (1990, pp. 499 ff.) that (m + 2) portfolios are combined
by the investors, hence it is known as the (m+2)-Fund Theorem. The properties
in the general case do not change, one portfolio remains to be the optimal risky
portfolio, one consists only of the riskless assets and the other m portfolios consist

only of the asset having the highest correlation with one of the state variables.
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We can now derive the equilibrium expected returns in the case of m = 1 state

variables. Solving (7.34) for pu — ru gives

1 HF
(7.45) p—re= ﬂde VT

As this relation holds for every investor individually, it also has to remain valid
when aggregating the demands of all K investors. Let A = Zgzl Ak H =
SK_ H* D;=Y%_ dfand D = {D;}"_,. We can rewrite (7.45) as

1 H
4 —ro=—-VD—-—o.
(7.46) =i AV yid

As we have assumed that trade only occurs in equilibrium, the total demand

always has to equal the value of all assets, M: Z?jll D; = M. We define w; =

% as the fraction of the ith asset in the total market value, which because of

the equilibrium assumption has to equal relative demand. In scalar form (7.46)

becomes for 2 =1,...,n:

M & H
(7.47) Wi—r = 1 ijaij - ZUz’r
7j=1

On

M & H oing,
= — w]’UZ’j + — .
A Zjl A

If we denote the market portfolio by the subindex M we have puy — r =

Sy wi(py — 1), oinr = Y07 wioy; and o3, = 370 wiojy and (7.47) becomes

(7.48) _M H
. M r= A OiM A Oir-
Multiplying by w; and summing over all 7 = 1,...,n gives

M Hoypng, M H
(749) MUy — T = IO—]ZW + Z o = ZO—]ZW — ZO’MT-.
For i = n (7.47) becomes

M H

(7.50) Hn =T = —O0nar = — Onr.

By solving (7.49) and (7.50) for & and Z we get

M Onr OMr
(751) & = - (g — 1) — 5 (tn — 1),
OnrOp — OMrOnM OnrOpy — OMrOnM
H UnM 0.12\4
7.52) — = —r)— n—T).
( ) A Unr0]2\4 — OMrOnM (MM r) Unr0]2\4 — OMrOnM (Iu r)
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Inserting these results into (7.47) gives us the equilibrium expected returns after

rearranging terms:

OnrOiM — OnMOir (

(7.53) pi—r

2 v =)
OnrOp — OMrOnM

012\40ir — OMrOiM (,u . r)
n

Uan]2\4 — OMrOnM
= Bi(par = 1) + 57 (b — 1),

2
: 1 _ onroip—0 g; 2 _ OpOir—OMrOiM
with 3 = SR M_InMTir gand 37 = Mt ——r =,
OnrO0ar—O0OMrOnM OnrOyr—OMrOnM

The excess returns compensate investors for the systematic risk (3}) like in the
CAPM and additionally for the risk of an unfavorable shift in the state variable
(8?). Even assets which have a beta of zero, i.e. are uncorrelated with the market
portfolio, may have returns higher than the riskless rate of return because of
the exposure to an unfavorable shift in the state variable. This relation can be

observed in reality and could not be explained by the CAPM.

By allowing in general m > 1 state variable to change over time, MERTON (1990,

p. 510) has shown that (7.53) in general becomes
(7.54) pi— =B uar — 1)+ > Bl (py — ).
7j=1

i.e. every risk of a state variable is compensated individually. The ICAPM
extends the CAPM to a dynamic environment. The results are similar to those
of the APT, but it has the advantage that the risks can be determined from
characteristics of the assets. Cox ET AL. (1985) derive a similar result in a

much more general framework than provided here.

7.2 Empirical evidence

Empirical investigations into the performance of the ICAPM are not frequently

found. The reason is that at a first glance the ICAPM and the APT look alike
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from their results. The ICAPM only has a fixed risk factor, the market portfolio.
In the APT the market portfolio is not a risk factors as it has been assumed
that an investor is perfectly well diversified and hence the only source of risk are
common factors. In the ICAPM portfolios have not to be perfectly diversified,
nor the market portfolio neither the portfolios having the highest correlation with
the state variables, hence we could interpret the risk from the market portfolio as
arising from imperfect diversification. If all portfolios are perfectly diversified and
the state variables equal the common factors, the ICAPM collapses to the APT.
We could therefore view the APT as a special case of the ICAPM.!® Therefore
the APT and ICAPM are often treated alike, despite their different theoretical

foundations.'?

The investigation by DOKKO/EDELSTEIN (1991) explicitly uses the ICAPM as
their reference model. They use the uncertainty about future inflation and real
production as state variables. By using monthly data for the period 1960-1985
they show that excess returns are significantly affected by changes in these state

variables.

They further find changes inflation uncertainty to be highly persistent, whereas
changes in real production uncertainty are only temporary. Therefore they find
that changes in inflation uncertainty influence asset prices significantly, whereas

real production uncertainty has no important influence.?

With these results DOKKO/EDELSTEIN (1991) can explain the behavior of the
stock market in their observed time period quite well. But as most models it fails

to explain short-term movements of prices.

The ICAPM faces the same problem of identifying state variables as does one in

the APT with identifying common factors. FAMA (1998) addresses this problem

18 See FAMA (1996, pp. 460 f.).

19 E.g. CONSTANTINIDES/MALLIARIS (1995) do so.

20 This result is due to the finding of the present value model where has been pointed out
that a permanent change affects the price much more than a temporary change.
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of determining state variables.



8. The Consumption-Based Capital
Asset Pricing Model

When we want to apply the ICAPM to explain the behavior of asset prices we
face the problem of identifying the relevant state variables, the theory does give
no hint how to choose the relevant variables. The Consumption-Based Capital
Asset Pricing Model (CCAPM) as first developed by BREEDEN (1979) develops
the ICAPM further within the same theoretical framework to aggregate the risks

from shifting state variables into a single variable, consumption.

8.1 Derivation of the model!

The assumptions underlying the CCAPM are identical to those of the ICAPM
developed in the last section. The investors are also assumed to maximize the
function already stated in equation (7.12)?

T
(8.1) E [ /0 UF (C* (1)) e=?"tdt + U* (WH(T)) e T 10

with respect to consumption C*(¢) and the portfolio composition {wF}m ;.

The only additional assumption we have to make concerns consumption. We
assume that there exists only only a single consumption good? and that the state
variables influence also the consumption, i.e. consumption becomes a stochastic

variable. This influence could e.g. be through influencing the price and therewith

! The presentation follows BREEDEN (1979).

2 The notation is identical to that of the last section on the ICAPM.

3 The results remain valid with many consumption goods. The only changes that have to be
made are to replace nominal variables by real variables. See BREEDEN (1979, pp. 285 ff.).
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the number of goods that can be bought with a given wealth.

The first order conditions for maximizing (8.1) have already been derived in

section 4.7. We restate them here for convenience slightly modified:

(8.2) Jyw = U,

(8.3) o=t = Vo (=) — Sy,
| S T e |

If we derive (8.2) again with respect to the state variables X and wealth W* we

get
(8.4) Ity = Uex = UocC¥,
(8.5) Tvw = Ucw = UccCly.

Inserting these results into (8.3) we get

Uc _ UccC%
8.6 wrWt = — Vo — 1) — Xyt
(8.6) UccCh, ( ) UccChy
1 ck
_ Lk —1 X y/-1
z %V (M — ’I“L) — %V g,
with 2F = —% as the Arrow-Pratt measure of risk aversion. Premultiplying

(8.6) by CEV gives
(8.7) ChVw*W* = 2%(u — r) — Cko.

The term Vw*W¥ represents the vector of covariances of the asset returns with

a change in the wealth. We will denote V,y« = Vw*W*. Rearranging (8.7) gives
(8.8) 2F(u—r1) =V Cfy + Cho.

The covariances of the asset returns with the investors consumption can be de-
rived using [to’s lemma:
(8.9) Vo = Vo Oy + Chio.

Inserting (8.9) into (8.8) gives

(8.10) 2 —re) = Ve
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As (8.10) holds for every investor we can aggregate their decisions. Defining

z=3 4 2 and Vo = 30, Vien? gives us
(8.11) 2(p—11) = Ve,
or for a single asset

(8.12) 2(pi — r) = 0ic.

Equation (8.12) has also to be fulfilled for any portfolio. Let such a portfolio be
denoted by the subindex M, it has not necessarily to be the market portfolio.
With the weights w of this portfolio we can define the portfolio’s expected return
and covariance with consumption as ppr = > 0 wMp; and oo = >0 wMoic.

Multiplying (8.12) with w} and adding over all assets gives us
(8.13) z2(pr — 1) = omc-

Solving this equation for z and inserting into (8.12) gives after rearranging

g;c

(8.14) pi—1r = (pear — ).

oMmcC

By defining betas with respect to aggregate consumption in the conventional way

as fic = 2 and fyc = 24 we can rewrite (8.14) as
(@] C
3;
(8.15) pi— 1 == (pas — 1)
Buc

Suppose there exists a portfolio M that is perfectly correlated with changes in

aggregate consumption, then (8.15) reduces to®

(816) ui—r:ﬁic(uM—r).

The risks of an unfavorable shift in the state variables that determined the ex-

cess returns in the [CAPM have now been aggregated into a general risk factor,

4 We assume here reasonably that the investors make their decisions independent of each
other, hence we can neglect covariances in decisions.

5 The same result can be obtained when choosing the portfolio with the highest correlation,
see BREEDEN (1979, p. 276). It is not necessary to determine a market portfolio and face
the therewith associated problems as stated in the CAPM, but it is possible to determine
any portfolio as a reference.
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aggregate consumption. The different risk factors all influence current and future
consumption, hence they can be aggregated in this way. The term gy, —r is also

called the market price of consumption risk.

In order to interpret this result we have to remember that the present utility,
JE(W*,t, X) is, beside terminal wealth, affected by the amount of consumption
and its timing. As we further can reasonably argue that Cf, > 0, i.e. the
higher the wealth the higher consumption, and wealth is affected by these returns,

consumption is also affected by the returns of the assets held.

Assume now that a state occurs that reduces current consumption and the ex-
pected return of an asset, i.e. B;c > 0. The reduced current consumption reduces
the investors present utility. Because expected future returns of the asset are also
reduced, future expected wealth is reduced and hence future expected consump-
tion, what reduces utility further. When holding the asset an investor faces this
risk of an unfavorable shift in the state variables that influence his future con-
sumption, hence he has to be compensated for this risk. The same argumentation

can be used for a negative beta.

8.2 Empirical investigations

An empirical investigation of the CCAPM faces several measurement problems

concerning aggregate consumption:®

e The statistical data on aggregate consumption capture not consumption
directly, but the expenditures for consumption goods and services. As the
goods purchased are not necessarily consumed immediately (e.g. they can
be stored for later consumption or can be consumed over time like consumer
durables), the data will be biased, although as a result of aggregation the

bias will be reduced, but it may lead or lag the business cycle.

6 See BREEDEN ET AL. (1989, pp. 234 ff.).
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e The data available are not for an instant of time, but denote consumption
for a certain period, at least a month or a quarter, whereas asset prices are

available on a daily or even intraday basis.

e The data are generated from samples and we face the problem of sampling

errors.

Compared to the use of a market portfolio as in the CAPM the use of consumption
data also has a virtue. While the market portfolio that is determined typically
does not include important assets like real estate or human capital, consumption

data cover a much larger fraction of the effective consumption.”

Beside the data problem an empirical investigation faces many econometric prob-
lems, e.g. the determination of the portfolio with the highest correlation with a
change in aggregate consumption (also called the Mazimum Correlation Portfo-
lio), which is the equivalent to the market portfolio in the CAPM. For an overview

of these econometric considerations see BREEDEN ET AL. (1989).

BREEDEN ET AL. (1989) find that excess returns of a zero beta portfolio are
small, as predicted by the theory, whereas they are relatively large in the CAPM
model. They report further that the market price of consumption risk is positive
by observing data for the period 1929-1982 using quarterly and monthly data.
The linearity of excess returns and consumption risk (G;¢) is only rejected for
more recent subperiods (1947-1982) where the data quality is improved. This

suggests that data quality is a crucial factor for interpreting the results.

Summarizing can be said that the results show a weak support for the CCAPM, a
situation similar to the results concerning the CAPM. As other models presented
thus far the CCAPM is especially not able to explain the behavior of asset prices
in the short run, but this may also be the consequence of missing consumption

data for periods below a month.

" See BREEDEN (1979, pp. 291 ff.).
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AHN/CHO (1991) show that with a time varying risk aversion, where the risk
aversion depends on past returns, the CCAPM becomes much more consistent

with the data.



9. The International Capital Asset
Pricing Model

The previous models of asset pricing implicitly assumed that all investors are
located in the same country and consider only assets in their home country. In
reality, however, we find investors in different countries and they also invest a
part of their wealth abroad. In such a framework we therefore should consider
the influence of exchange rates, different tastes for consumption across countries
and barriers to foreign investment. These points were incorporated into the
International Capital Asset Pricing Model (International CAPM) as developed
by StuLz (1981b), STULZ (1981a) and STULZ (1995).

9.1 No differences in consumption and no
barriers to foreign investment

STULZ (1995) provides a model where neither the investors have different tastes
across countries nor different costs of investing at home and abroad are faced.
The assumptions underlying this model are very similar to those of the ICAPM,
they are listed in table 9.1.

We assume that the price of asset i, denominated in the currency of country 7,

P;; follows an Ito process:

dPy
(9.1) P] = ,uijdt—f—Uideij,

where 11;; denotes the expected nominal return of asset 7 in currency j, o;; the

standard deviation of this return and dz;; a standard Wiener process. The price
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e Asset prices and exchange rates are jointly log-normal distributed

e There exists a single consumption good or equivalently a common basket of
consumption goods

e The consumption good is continuously and costless traded between the countries

e There are n risky assets that are traded continuously and costless

e There is an asset that is riskless in real terms, i.e. in terms of the consumption good
e There are .J countries

e There exist no transaction costs, taxes, transportation costs or tariffs

e No restrictions on short sales

e No barriers to international investment

e Investors are price takers and have the same information

e Investors are risk averse

e For the consumption good the law of one price applies, i.e. the price is equal

in all countries adjusted only by the exchange rate (Purchasing Power Parity,
the exchange rate changes according to the difference of inflation in the countries.

Table 9.1: Assumptions of the International CAPM
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of the consumption good in country j, PJ-C, also follows an Ito process:

dpP¢
. —= =70l + 0x . A2x.,
(9:2) L = mdt + o5, der,
Pj

where 7; denotes the expected inflation rate in country j, o,, the inflation rate’s
variance and dz,; a standard Wiener process. The real price of an asset in terms

of the consumption good is given by

r_ Bij
(9.3) Py =25
J

and can be shown by Ito’s lemma to follow

ap; o
(9.4) B Pﬁj [ij — T — Oijr; + U dt + 0ijdzij — Ox;d2r,,
1] P(’

where ;. denotes the covariance between the nominal asset return and the
inflation in this country. The first term denotes the expected real return of asset
¢ in country j, i = fij — Tj — Ojjr; + 0'72r,. As the sum of two Wiener processes
is again a Wiener process we define a Wiener process o7, dzlj = 0ijdzij — Op;d2x;
and get an [to process for the real price of the asset:

dPj;
PT‘

(9.5) = pg;dt + odzj;.

We have now formulated exactly the CAPM derived in section 4.3, only substi-
tuting nominal returns by real returns. With the law of one price we know that

real prices and returns are equal in all countries and we can write (9.5) as

dpP;
Pr

)

(9.6)

= pidt +o;dz;.
From the CAPM we know that in this case
(9.7) pi =" =6 (py — "),

where the superscript 7 denotes real variables and pj;, is the expected real return
on the world market portfolio. In real terms there are no differences between
countries and for the decisions it is of no importance where an investor and an

asset is located.
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It is more convenient to write the returns in nominal than in real returns. Assume
therefore that there exists an asset that is riskless in nominal terms! and that
has a zero beta with the real world portfolio return. This asset also has to fulfill

(9.7). By replacing u! by its original expression we get
2 ro__

(98) ’I“j—7rj—0'ij,7rj—|—0'7rj —r"=0.

Rearranging and inserting into (9.7) gives us

(9.9) pij = (Oijm; = Orgimy) = 15 = B (i — 17).

The last expression on the on the right side denotes the real excess return of the
world market portfolio. As we know from the derivation of the real excess return

this is given by

r ro__ o . 2 o . 2
(9.10)  py — 1" = pwj— T — Owj + Onj (rj = = Opjm; + Uyrj)
= bwi = (Owjm; = Orjm;) = 75

StuLz (1995, p. 205) makes now the assumption that for all assets o, = 0,
i.e. the nominal asset returns are uncorrelated with the inflation rate.? With
this assumption we see from (9.9) and (9.10) that the real and nominal access
returns coincide. The beta of the real returns also equals the beta of the nominal

returns, Hence (9.9) becomes

(9.11) pij — 5 = Bij(pw; — 15).

We therewith found that with the assumption of no differences in tastes and
no investment barriers the CAPM as derived in section 4.3 remains valid in an
international setting. The market portfolio becomes the world market portfolio.
We can view the world as an integrated market, different currencies and borders

have no influence with the assumption of Purchasing Power Parity.

! This asset is not riskfree in real terms as inflation may reduce its value.

2 With this assumption the inflation risk has not to be considered and is not compensated.
Such an assumption may be reasonable in the present circumstances of the economies in
industrialized countries with their low inflation rates, but for countries with high inflation
rates this assumption is not reasonable as the inflation affects the economy as a whole.
The more reasonable assumption is that inflation affects all assets in the same manner, i.e.
Oijm; = Ojq; foralli =1,...,n. This would give us the same result.
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We will further on consider the influence different tastes and investment barriers

have on the expected returns of assets.

9.2 Differences in consumption

StuLz (1981a) extends the CCAPM to the case that investors and assets are
located in different countries and that the tastes of the investors differ between
these countries but are identical within a country. For simplicity we assume
that there exist only two countries, the home country and the foreign country,
denoted by an asterik at the variables.®> There exist no barriers to international

investment.

To model the different tastes in the countries we assume that there exist & dif-
ferent consumption goods in the home country and £* in the foreign country and
at least one consumption good is consumed in both countries. For the goods
consumed in both countries the law of one price applies as before, i.e. with an
exchange rate of e between the two currencies we have for these consumption

goods:

C _ C'x
(9.12) Py = eP{*.

The price for the jth domestic good in domestic currency is assumed to follow

an Ito process:
dPe
(9.13) —& = midt + 0r dzy,,

C
Pj

where uf denotes the expected price change, O'jC the variance of the price change

and dz]C a standard Wiener process. The exchange rate also follows an Ito process:

d
(9.14) % _ fedt + 0odze,
e

with p. as the expected change in the exchange rate, o, its variance and dz, a

standard Wiener process. We assume that there are n risky assets that are traded

3 The extension of the model to more countries is straightforward and does not change the
results.
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among countries, hence the law of one price applies to all assets. Additionally
each country has a riskless nominal asset in his currency with an interest rate of
r and r*, respectively. These riskless assets are also traded between the countries
as the (n 4+ 1)th asset, but as the exchange rate may vary it is not riskless in the

other country.

The risky foreign assets are assumed to follow an Ito process in foreign currency:

(9.15) C o= phdt + o dze,

where g is the expected return in foreign currency, o7, the standard deviation of
these returns and dz}. a standard wiener process. Using the law of one price for
these assets the price in domestic currency is given by P;- = eP;: and by applying

[to’s lemma the dynamics of the foreign assets in domestic currency are given by

dP- _dP:  de dedP;

PP e e

7%

(9.16)

Analogous equations can be derived for the domestic assets. For the riskless

assets in domestic currency these dynamics are given by

dP,
n+1
dPn+1* de
9.18 —— = rfdt+ —.
( ) Pn+1* ’ + €

Define the excess returns of a foreign asset in domestic currency, H;«, as the
return of this asset financed by borrowing abroad at the rate of r*. We get by
using (9.16) and (9.18):

dHl* dPl* dP’I'L *
(9.19) = — =l
Hi* Pi* P’I’L+1*

dP:  dedP: ..

Pr Tepr M

¥ ¥
The dynamics of the exchange rate does not affect the return as the investor has

fully hedged this risk by financing his investments abroad. Hence the exchange

rate risk will not be compensated as it can be diversified, the only risk is the
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development of the return in foreign currency. Equation (9.19) for a foreign

investor investing into a domestic asset becomes:

dH; _ P, _dedr,
H — P epn

(9.20)

For a domestic investor investing at home we have

dH; dP,
9.21 = — rdt.
(9.21) A
The excess returns of foreign and domestic investors differ only in the term %‘%’,

i.e. the covariance of the change in the exchange rate and the return of the asset
in domestic currency. We further get the excess returns for a domestic investor

for the foreign riskless asset by (9.17) and (9.18) as:

dHn+1*
Hn+1*

d
(9.22) = i+ f ~rdt

d
= (r"—r)dt+ ?6

dH* d de\ >
ntl  — (r*—r)dt——e+ <—6> :

%
Hn+1 € e

After these preliminaries we are now able to derive the model of international
asset pricing. Unlike in the CCAPM presented above we now have more than one
consumption good. Let qf denote the quantities consumed by domestic investor

k of consumption good j, then we have

n
(9.23) k=Y " Plqf =P,
=1
where C* denotes the consumption of the kth domestic investor, P¢ the vector
of domestic consumption good prices and ¢* the vector of consumption for each
consumption good. Besides the determination of the optimal amount spent for

consumption, the investor now additionally has to find the optimal allocation of
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the different consumption goods.* We therefore define the utility function as

(9.24) U* (CH(PY),PY) = Ir;%xuk(qk)

= max (u*(¢") + AN(C* — P9¢F).
q
The first order conditions for this maximization are

(9.25) u, = AP,

(9.26) Up = —\".

where A = U¢ is the shadow price of increased consumption. Hence (9.25) and

(9.26) become

(9.27) u, = UcP%,

(9.28) Up = —Ucq".

The optimal portfolio for a domestic investor has been derived in equations (8.2)

and (8.3) to fulfill the following conditions:

(9.29) Jt = Ug,

k k
(9.30) = W = () — Wy

We now assume that the first K state variables are the log-prices of consumption
goods. Using (9.24) as the utility function and applying the theorem of implicit
functions we get from (9.29) by differentiating

(9.31) J(]/C[/an = UccCp + Ucinp.

Let Y denote the vector of the state variables that are not prices of consumption

goods, i.e. X = (InP,Y), therewith we can write J%,, as

JF UccCump + U U
k _ InPW _ ccYinP ClnP _ ~ ClnP

4 These steps up to equation (9.37) follow BREEDEN (1979, pp. 285 ff.).



9.2. Differences in consumption 107

by using the results and notations of the CCAPM. Inserting (9.32) into (9.30)

and continuing as in 4.8 gives us

JE UccC
(9.33) wkwt = — kW Vi —r) — ckc Xyt
Jww Jww
1 Ucinp | 1,1
V
i
P Cy Ucinp
= -V Hu—-r)— =Vt~ | UccCw |V~lg
o (u—re) Cor o [ 2 ] o
We define Oz? as the share of total consumption investor k£ spends for good j
(9.34) al = Jckf
and mé“ as the marginal share from an increase in total consumption:
dag* :
(9.35) mk = pC 2 _ phyl.

By using these definitions we get with (9.28):
opr¢
dlnP¢
= —Uccchk - UCPCQC

(9.36) Ucinp = Ucp = UpcP’ = —P° (Uccd" + Ucqe)

_ kk k
= —Uccaf C —Ucm,

where o and m* are the vectors of the budget and marginal shares. Inserting

into (9.33), multiplying by V' Cy and rearranging gives

k k(ik
(9.37) zk<u—m—{rg :|O') = wakaV—U[aOC ]—l—C’XU
oF

Define P¥ and PF as the price of a basket of consumption goods that contains
exactly one unit of asset g that is consumed in both countries and the expenditure

for each asset is mfPffz and o¥PF, respectively. We therewith have in the first

it ar
m;“Pg . . . a;“Pg ..
case ——- units of asset j and in the second case —t%- units in these baskets.
g-J gJ

Let V,,o+ be the vector of covariances of the asset returns with changes in Pk,

k
(9.38) Vit = 0 { ”8 } :
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and V.« the vector of covariances of the returns with changes in P¥:

oF
(9.39) Vit =0 { . ] .
Thus we can rewrite (9.37) as

(9.40) Fp—re—V,

mi) = Ve — C*V .

We can now aggregate (9.40) over all M domestic investors and get with z =
Soily 2, O =300, CF, P, :lecwﬂPolf%k and Py, = Zl]cv[:lprlfz%:

(9.41) 2(pp =1t = Vim) = Ve — CVya.

The term 1/P,, denotes the real value of a marginal increase in domestic con-
sumption as the result of a change of the value of the portfolio domestic investors

hold, i.e. P,, depends on the preferences of the domestic investors.

For a foreign investor we get the equivalent equation in foreign currency:
(9.42) 2 =¥ = Ve ) = Vipor — C" Ve

In order to aggregate domestic and foreign investors both equations have to be
denoted in the same currency. Define 2" = ez*, CF = eC*, PI' = eP’ and

PI' = eP* as the corresponding values in domestic currency. With Ito’s lemma

we get:
(943) Vu*a* = V,u*l/eaF = V,u*aF - Vu*ea
(9.44) Vu*m* — VM*I/BTTLF — V,u*mF — VH*Q)
1
(945) V#*C* - Vu*l/eCF — ; (V/L*CF — Vu*eOF) .

From (9.22) and (9.23) we see that for the excess returns of the riskless assets of

the other country we have

dHn+1»< . _dH;:+1 + (@)2
Hipy1- Hypy €

and from (9.20) and (9.21) for the risky assets:

dH; _ dH; | dedP,

(9.46)

(9.47)
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In

By defining L = [ 0 —1

] we get from (9.46) and (9.47):

(9.48) L(p" —1r*) = (p—1t) + Ve

It can further be shown that for any stochastic variable y that

(9.49) LV, = V.

Multiplying (9.42) with L and inserting (9.43), (9.45), (9.48) and (9.49) we get
(9.50) 2P (u —re— Vump) = V,or — C’FVWF.

This relation is now expressed in domestic currency and can therefore be aggre-
gated with equation (9.41). By defining 2" = 2z + 2, PV = P, + P! and
CV =C +CT we get

(9.51) W (,u —ry,— V,umW) = View — C'WVWW.
By denoting ¢ = % the real world consumption we get with [to’s lemma:
(952) PO‘ZVVMC = PXVVH(/*W/IJOI‘/V = Vucw - CWVIMX.

Inserting into (9.51) and rearranging gives:
PW
(9.53) p—=rt—=Vyw = ZLWVHC'
This relation has to hold for any asset and any portfolio M (not necessarily the

market portfolio):

PW
(9.54) P — 1= Vi mw = ZLWVMMC'

Solving for the preference parameter I;LVVVV and inserting into (9.53) gives the final

relationship

Vie
VHMC .

(9.55) =1t — Vyw = (s =70 = Vyyyw)
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The portfolio M can freely be chosen, a useful approach in line with the traditional
CAPM is to choose the world market portfolio of all jointly risky assets and the

riskless asset of the other country.®

The left hand side of equation (9.55) denotes the real excess return of the asset, on
the right side the first term denotes the real excess return of the reference portfolio
and the last term denotes the covariance of the nominal asset returns with world
real consumption relative to this relation of the reference portfolio. The real
expected excess returns are higher the higher this covariance is. A company that
produces a product whose demand depends heavily on aggregate consumption
would have a higher covariance. The excess returns depend on the product the

company produces and the country in which their product is demanded.

This model showed that different tastes across countries do not affect the alloca-
tion of assets and their real expected returns, they only depend on the relation
to world aggregate consumption, i.e. aggregated tastes. These findings are very
similar to those of the CCAPM. By using a portfolio M as reference whose returns
are perfectly correlated with changes in aggregate consumption, ( 9.55) equals

the CCAPM in real terms.

To get differences in the allocation of assets, e.g. the observed bias towards do-
mestic assets we have either to deviate from the law of one price for consumption
goods and assets, e.g. by introducing transportation costs or to introduce barriers

to international investment, what will be done in the next section.

9.3 Barriers for international investment

StuLz (1981b) provides a model of international asset pricing in the presence

> StuLz (1981a, p. 392) shows further that the portfolios held by investors in different
countries differ only by the share they invest into the others country riskless asset, the
relative shares of the jointly risky assets are equal and within a country the investors differ
only in the share of the domestic riskless asset. This finding is very close to the Tobin
separation theorem of the traditional CAPM.
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of barriers to international investment. Like in the last section he assumes two
countries, in each country there are n and n* assets located, such that n+n* = N.
We assume that foreign investors are free to invest in their home country or
abroad without facing any restrictions, whereas domestic investors can invest
into domestic assets without any restrictions, but if they want to invest in foreign
asset have to pay a tax of # per time period and invested unit of wealth. This
tax can either be a transaction tax, but it can also be interpreted as costs of

obtaining additional information.

The expected return from holding a foreign asset is reduced to p; — € and from
being short in an asset to —u; — #. The tax of 6 has not to be paid on the net
position of a foreign asset, but on every position individually, i.e. holding one

unit of a foreign asset long and one unit short results in a tax of 26.

With these conditions we assume every investor to optimize his portfolio holdings
according to portfolio theory presented in section 4.2. If we denote the covariance
matrix of all domestic and foreign assets by V and w” the long and v* the vector
of short positions of the kth domestic investor the variance of a portfolio is given

by
(9.56) V, = (wF — %)V (wF — o).

The return of this portfolio consists of the expected returns from holding the
assets, (w¥ —v*¥)'u, subtracting the taxes for holding foreign assets, (w® +v*)'1,0,
where ¢, denotes a vector with zeros in the first n» and ones in the last n* rows,

and the return from holding the risk free asset (1 — (w* — v¥)s)r:5
(9.57) py = (wW'k — ") — (wF —0%)0,0 + (1 — (WP —o*)0)r.

From portfolio theory we know that to find the efficient frontier we have to

minimize (9.56) subject to the constraints p, > p°, w¥ > 0 and v* > 0.7 With \*

6 We assume the exchange rate not to vary in this model, i.e. the asset is riskless in both
countries. Instead of considering two different countries it is also possible to interpret this
model with two groups of investors facing different costs of investing into certain assets.

" For practical reasons we minimize 1V, to avoid a 2 in the first order conditions.
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denoting the Lagrangean multiplier for the first constraint we get the following
first order conditions with L* denoting the Lagrange function:

oLk .

(9.58) Dk = V(wh —o®) = N —re—01,) > 0,
oL* k_ ok k

(9.59) w:—\/(w — ")+ M (p—re+0,) > 0,
OLF

9.60 = =0

(9.60) w2 =
OL¥

9.61 N— = 0.

(9.61) oty 2

By combining (9.58) and (9.59) we get

(9.62) MNo(p— 104 00,) > V(w® —o%) > N (p— 11— 01y),

or with V; denoting the ith column of V', i.e. V;(w* —v¥) denoting the covariance
of the ith asset with the portfolio w* — v*, and

(9.63) 10(i) = 1 if the asset is foreign and the investor is domestic
' FY71 0 if the asset is domestic or the investor is foreign

we can rewrite (9.62) as

(9.64) Ny — 4+ 015(1)) > Vi (0 — %) > No(ps —r — 012(3)).
For domestic assets and foreign investors (9.64) reduces to

(9.65) Ne(pj —r) = V] (w" —o").

If the second inequality in (9.64) holds strict we know from (9.58) and (9.60) that
N
Dy (Vj(wh =) = Xy — 7 = 01p(3))) =0
j=1

holds only if w® = 0. Otherwise this sum must be positive by the restriction
that wF > 0 and the second term being positive. Equivalently with (9.61) the
strictness of the first inequality in (9.64) implies v¥ = 0. If both inequalities hold
strictly the asset is not held by the investor. Hence one of the two inequalities
has to be an equality. Defining for a domestic investor

1 for a foreign asset held long
(9.66) (i) = { 0 for a domestic asset
—1 for a foreign asset held short



9.3. Barriers for international investment 113

we can write

(9.67) VI (wF — oF) = MNo(; — r — 0m,(0)).

g k _ .k e ;
(9.68) Vi (w vF) _pi— O, (1)
T ——

for i # j. The N net demands w* — v* are the only unknown variables in these
N —1 equations and the relative demands of the assets can be determined.® As no
preferences enter equation (9.68) the relative demand for every domestic investor
only depends on the properties of the assets and hence all investors have the
same relative demand for risky assets, i.e. have the same optimal risky portfolio.
But as we will see it has not to be the world market portfolio. The optimal risky
portfolio for foreign investors will be different of that for domestic investors unless
the term 7% (i) equals zero, i.e. no barriers for investment exist. Nevertheless all

foreign investors will demand the same optimal risky portfolio.

Suppose that there exists a foreign asset whose return is uncorrelated with any
other asset, domestic or foreign, i.e. 0;; = 0 for i # j. Suppose further that the
excess return is zero, as it is in the traditional CAPM, i.e. p; —r = 0. Then

(9.64) becomes

(9.69) N > o2 (wh — oF) > =Nk,

For holding the asset long we need o?wf = —\*0. As A¥ can be shown to be
positive,” this implies w? < 0. In the same manner holding the asset short implies
vF < 0. Both results violate the assumption of nonnegativity of the positions.
Therefore an asset with such a property is not traded by domestic investors. This

result shows that not all assets are held by domestic investors.

8 Provided that there are no assets that are perfect substitutes for the other assets, e.g.
perfectly correlated assets or mutual funds. Furthermore an asset is either held long or
short, the tax avoids holding both positions as only the net position is important for the
characteristics of the portfolio.

9 Mk is the shadow price of a gain in expected return.
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Define now ¢g¥ and Q¥ such that (9.64) becomes

(9.70)  MNe(py —r +01p31) + NQF = V/(wF —oF)
= M(uy—r —01p(i) + Negk.

As for domestic assets 1p(7) = 0 we find that unless \* = 0, ¢¥ = Q¥ = 0 and for

foreign assets ¢F + QF = 26.

Define w® as the vector of the share the assets have on total world wealth W" and
let with W* as the wealth of investor k define: TF = NkWwk TP =5 1% TF =
ZFTka 5k = 17:_;7 ’7D = %7 qk = (qlfa e '7Q§€V), and q = ZD (5qu7 where D

and F' denote summing over all domestic and foreign investors, respectively.

Multiplying (9.62) by W* and summarizing over all investors gives

VY (= o)W = (TP + T (= ro+ 0u) + > TH.
D+F D+F

Inserting the above definitions and using that 6, = ¢¥ = 0 for foreign investors
we get

TD

(9.71) Vw' W% = (TP +TF) (u —ri+ 9Ln o

1
b T )

D+F
= (T"+T") (p—ri+~"0u,

TD+TF ZTDq >
= (TP +1%) <,u — 71+ vP0u, —i—’yDZ(Squ)

D
= (T°+T") (p—ri+~4"0, +v"¢").

Multiplying (9.71) by w® and defining o2

as the variance of the world market
portfolio m, 0, = (w*)'t,, as the tax to be paid by a domestic investor for holding

the world market portfolio and ¢, = (w®)'q”, we get with u,, as the expected
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return on the world market portfolio:

(9.72) oW = (TP + T7) (porn — 7 = Omy” + gm7").

Define ™ = ‘?f as the vector of betas of the assets with the world market

portfolio. Solving (9.72) for TP + T and inserting into (9.71) we get
(9.73) p—re—" 00, +7v"¢" = 8™ (m — 7 — 0ny” + qmY").

With § = 0 we get the usual relationship of the CAPM as derived earlier.! For

domestic assets this reduces to

We find a linear relationship between the beta of the asset with the world market
portfolio and the excess return of the asset. the slope can be either smaller or

larger than in the CAPM, where it is p,, — 7.}
For a foreign asset we get from (9.73):
(9.75) pi =1 = Bt =1 = 07" + 4u7”) + 770 = P4

We find a similar Security Market Line as for domestic assets, it has the same
slope, but it is shifted. If the asset is hold long, the second inequality in (9.64)
becomes an equality and by inspection of (9.70) we see that ¢f = 0 and hence
q? = Y n*¢%¥ = 0. The SML is shifted by 7?0 upwards. If the asset is held
short it follows in the same way that QP = 0 and hence from ¢” + QP = 20 that
q” = 20 and therefore the SML is shifted downwards by v”f. We find to have
three SML, one for domestic assets, one for foreign assets held long and one for

foreign assets held short.

An asset not held by domestic investors fulfills both inequalities in (9.64) strictly,
hence we find that for those assets 0 < ¢¥ < 20 and the assets plot between the

two SML for foreign assets. Figure 9.1 illustrates these findings.

10 As ¢F = 0 for domestic and foreign assets if § = 0 it follows that ¢” = 0. For domestic
assets we always find ¢” = 0.
1 See STULZ (1981b, p. 930) for a discussion of this topic.
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Hi Foreign assets held long

Domestic assets

1 Foreign assets held short

vPo

P80

g

Figure 9.1: The Security Market Lines of the International CAPM

From (9.74) and (9.75) we see that with barriers to international investment an
asset with a beta of zero with the world market portfolio may not have the same
expected return as the risk free asset if it is a foreign asset. And a beta of one

does not ensure to receive the market return.

At last we will show which properties an asset must have that it is held by
domestic investors. Aggregating (9.64) over all domestic investors after having

multiplied by W* gives

(9.76) TP (i —ri+6u,) > VZ(wk — " YWE > TP (i —re— 0u,,).
D

Define G as the fraction of total wealth invested into risky assets by domestic

investors and G* by foreign investors
Lo
D Z E_ kYt
G = WD (wl - ) )
i=1

N
1
G = WF Z(wf—vf)Wk
i=1

and w? — v the vectors of fractions invested into each risky asset by domestic

investors. The inequalities in (9.76) have to hold strictly for assets not hold by
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domestic investors. For foreign assets not held we get

(9.77) TP (s —r +0) > GPWPVi(w? — v YW* > TP (; — r — 6).
From (9.65) we similarly get

TF
(9.78) Vi(w" —o") = W(“i - ),

VP =Vi(wP —vP) and V' = V;(w" — ') denote the covariance of asset i with

the portfolio held by domestic and foreign investors, respectively. Solving (9.78)

for p1; — r and inserting into (9.77) gives us

GFWF
T VI 4+ TP0 > GPWPVP > TP

or after rearranging

Grwr

D
T TF

V;F - TDH;

Dy D FyF
GTVX VP~ GTVFV VI > -0,

. Dy D FiF ) .
Defining £ = €0~ and &7 = ©0— enables us to rewrite this as

(9.79) 0 >

(9.80) EPVP ="V < 0.

Foreign assets that have a small covariance with the optimal risky portfolio of
the domestic and foreign investors will not be held by domestic investors. These
assets then will also have a small covariance and hence a small beta with the world
market portfolio, which is a weighted average of these portfolios. the smaller the

tax is the more assets will be traded, if # = 0 all assets are traded as predicted

by the CAPM

The reason that assets with a small beta with the world market portfolio are not
held is that their expected benefits are too small to overcome the costs. The
diversification effect can also be achieved by assigning a higher fraction to the

riskless asset in the optimal portfolio.

Also foreign assets that have covariances close to those of domestic assets will not
be traded, although their beta may differ significantly from zero. These foreign
assets can easily be substituted by domestic assets without imposing the costs.
These interpretations show that it is very likely to find domestic investors to hold

more domestic assets.
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9.4 Empirical evidence®

Most empirical investigations test the segmentation or integration of asset mar-
kets, i.e they want to find or reject barriers to international investments. In gen-
eral neither evidence for segmentation nor integration can be found at significant
levels. The reason may be that these barriers in most cases affect investors from
different countries or different types of investors of the same country not equally.
Different tax structures, investment quotas and other factors differ widely be-
tween countries and types of investors. This will influence the behavior of asset
returns in a much more complicated way than modeled here. Additionally glob-
alization and liberalizations change the rules permanently such that it is difficult
to investigate asset returns over time. These difficulties make it very problematic

to find support for or against the model.

The only substantial evidence can be derived from assets that differ only in their
availability to foreign investors, e.g. the A- and B-shares of the Shenzen Stock
Exchange in China. It can only be said that the more widely an asset is available

to foreign investors the higher its price is.

12 87uLz (1995) summarizes the main empirical works on the International CAPM.



10. The Production-based Asset Pricing
Model

The CCAPM and the ICAPM presented in the last sections took the productions
side of the economy as given and only modeled the demand. Empirically strong
evidence has been found that stock returns forecast GDP growth very well. By
inverting this relation high expected GDP growth in the future should result
in high asset returns now. By taking the demand side (consumption) as given
and modeling the supply side (production) of the economy COCHRANE (1991)
developed the Production-based Asset Pricing Model (PAPM).

10.1 The model

We assume a discrete time setting where a single good is produced in a finite
number of states.? We further have a single asset which pays a dividend in every

period depending on the state. The discount factor also depends on the state.

From section 4.1 we know that the fundamental value of the asset with the current
state as the only source of information is given by

£(14)01]
T=t k=t

where P, denotes the price at time ¢, p¥ the discount factor of investor k in state

(10.1) P,=E

! The derivation follows COCHRANE (1991).
2 A generalization to a continuous time model, many goods produced and infinite number
of states can easily derived, obtaining the same results. See COCHRANE (1991, p. 213).
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s, D, the dividend and s’ the current state. Defining the return as usual we get

Py + Dy — By

10.2 R =
(102 o
Using (10.2) it can easily be verified that
(10.3) P,=E [p},,(1+ R1)Pis'] .

By inserting (10.2) into (10.3) and iterating by inserting (10.3) again, we get
(10.4) P =
Pii1+ Dyga)|s']

[
[
(051 (Pio(L + Riy2) Pipr + Dysr)|s']
[

i1 (Ph2(Prvz + Dita) + Dyg)|s']

(1)1
T=t k=t

hence (10.3) and (10.1) are equivalent. By dividing (10.3) by P, we get

= F

(10.5) E [pji1(1+ Riya)]s'] = 1.

For later convenience we rewrite p;,; in terms of the consumption good. Let

PE(s'*1) denote the price for the consumption good at time 0 for delivery at

1

time ¢ + 1 if a certain state s“t! occurs (contingent contract). We assume that

such a price exists for every state and date, i.e. we assume a complete market.

The real price of this claim in terms of the good at time ¢ in state s is given by

(10.6) pC (st = %.

We also can express P (s'1) if we are in a certain state s’ by
(10.7) Py (s"1) = Py (s") piam(s™s"),

where 7(s'™!|s') denotes the probability that state s'*! occurs given state s'.

Rearranging and using (10.6) gives
pC (st

(10.8) Pri1 = (st ]sT)
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We now turn our attention to the production of the good. The total production,

Y, consists of the production of a single consumption good, ¢;, and investments

I

(10.9) Y = ¢ + 1.

The total production is assumed to follow a certain production function
(10.10) e = f (ke li, 8,

where k; denotes the capital stock and [; the labor input, which we assume to be

constant over time. The increase in the capital stock follows
(10.11) ki = gk, 1),

where in general g(k;, I;) # k;+ I, as we also account for adjustment costs of new

investments, i.e. costs like education of employees.

Differentiating (10.10) and (10.11) totally with subscripts denoting the derivatives

we have:

(1012) dkt—i—l = g](t)dlt,

(1013) dkt+2 = gk(t + l)dkt+1 + g[(t + l)d]t+1,
(1014) dyt+1 = fk (t + 1)dkt+1.

We can view the capital stock as fixed for a given period and labor input is
fixed over the entire time by assumption, hence the marginal product of capital
depends only on the production of the consumption good (sales) as the costs
are fixed. It further depends on the adjustment costs of new investments in this
period. This marginal product of capital has to equal the return on investment

by standard neoclassical theory:

9
(10.15) 1+ Ry, = =g (1),
Ok 11
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We assume now that the capital stock for the periods ¢ + 2 and following is fixed
and that the firm has to decide which amount to invest in period ¢ and which

amount to invest in period ¢ + 1.2 This implies the restriction
(10.16) dkyi o = 0.

By inserting (10.13) and rearranging we get

(£ 1)
qI(t + 1)

By using (10.9),(10.12),(10.14) and (10.17) we get from (10.15)

(1017) d]t+1 - t+1-

9
(10.18) 1+ R, = =)
Ok11

_ dyi1 — dItHg[(t)
g[(t)dlt

filt +1)gr(t)dl, + 2L
dI,

- <fk(t +1) + M) 91(t).

g;(t + 1)

gr (t) dIt

If we assume the company to maximize the expected profits by choosing the
appropriate investment strategy, standard neoclassical theory suggests that
marginal costs and benefits have to equal. By (10.10) the total production in
a period is given by the capital stock as the only variable. Total production can
only be divided between the production of the consumption good and new invest-
ments. An increase in investment by dI; has to be accompanied by a decrease
in sales of consumption goods with the same amount, hence marginal costs of
increasing investments are P¢(s')dI;. The marginal benefits are the increased
production of the consumption good in the next period, due to a rise in total
production and a reduction in future investment (the capital at ¢+ 2 is fixed to a

PO dct+1|st]. So the first

certain amount), i.e. the marginal benefits are F [W

order condition for a profit maximum is
PC(St—i—l)

(10.19) PY(s"Ydl, = E {W

degiq |st] .

3 The results have to be valid for only two periods, hence the restriction to periods ¢ and
t + 1 does not change the result.
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Inserting (10.9), (10.14) and (10.17) gives

. (fku I 1)) gr(t)d1| } |

Dividing by PY(s')dI; and using (10.18), (10.6) and (10.8) we get

(10.20) PY(s"Ydl, = E {

(10.21) E [pry1(1+ Rip)|s'] = 1.

By comparing this first order condition for a profit maximum on the return on
investment with the asset pricing condition (10.5) we see that they both look
alike. By writing these conditions in another form we get

(1022) 3wl s o (1 4+ Fyp) = 30w ) prea (14 Resn) = 1,

gt+1 gt+1

It is obvious that the return on investment is a linear combination of asset returns
and vice versa. In order to prevent arbitrage, i.e. the company may assets sell
short and invest the proceedings to obtain a riskless profit or vice versa, the two

expected returns must equal:
(10.23) E[R,,,] = E[Ri].

Having shown the equality of expected asset returns and return on investment, we
now can relate the asset returns easily to the growth rate of GDP, i.e. the business
cycle. High expected growth of GDP will increase the return on investment and
hence expected asset returns. The high expected returns for the near future will
lead asset prices to increase as shown in section 4.1. This result will give the
result of the stock market leading the business cycle, but this lead should not too

far as the precision of expectation decrease with the forecast horizon.

We further have the rationale for asset pricing that the expected asset return

should equal the return on investment.

10.2 Empirical evidence

An empirical investigation into the performance of the PAPM can use equation

(10.23). Critical to the investigation is the determination of the return on invest-



124 10. The Production-based Asset Pricing Model

ment, the return on assets can easily be derived from the market. This return
can only be determined on the basis of the balance sheet, which is only published
quarterly, in Europe often only semiannual or annual, while stock returns are
available daily. Further the data in the balance sheet may be biased due to poor
accounting standards and actions taken for fiscal measures, i.e. the data quality

may only be poor. We therefore face similar problems as in the CCAPM.

The investigation undertaken by COCHRANE (1991, pp. 223 ff.) using quarterly
data for the period 1947-1987 show nevertheless a high and significant correlation
between asset returns and returns on investment. The returns on investment are
more volatile than asset returns, suggesting that the arbitrage is not complete

due to transaction costs or market incompleteness.

COCHRANE (1991, pp. 232 ff.) further finds that the asset returns forecast GDP

growth by about 9 months, a not too long period of time as predicted by theory.

These results suggest that in the longer run (for period longer than a quarter) the
stock market is driven by the business cycle, where for investigating single assets
or industries the business cycle has to be decomposed into the parts relevant for
this investigated assets. As other variables of interest to the expected returns,
e.g. interest rate or consumption in the CCAPM, are also closly linked to the

business cycle, its importance for explaining asset returns is further increased.

What remains an unsolved problem is the explanation of asset returns in the short
run. Here only the Conditional CAPM, especially the ARCH specifications, give

promising hints.



11. The Influence of Speculation on
Asset Prices

The preceding sections offered various models to determine the fundamental value
or appropriate returns for assets. Empirical investigations showed support for
these models in the long run, but with the exception of the Conditional CAPM
clearly failed explaining short term price movements. It was further found that
prices can deviate far from the prices predicted by these models, mostly they
are too high. These deviations attracted increased attention in recent years,

especially in the aftermath of the stock market crash in 1987.

Many models explaining deviations from the fundamental value assume irrational
behavior of investors, like fashions, fads or herding.! Another group of models
emphasizes the importance of imperfect aggregation of information in prices.?
In this section we will only focus on models assuming rational behavior of all

investors.

Deviations from the fundamental value are usually called bubbles, if they are the

result of rational behavior, they are also called rational bubbles.

11.1 Rational bubbles

Like in the static models of asset pricing we assume that investors buy an asset

in one period and liquidate it in the following period consuming the proceedings.

1 See SHILLER (1989, pp. 7-68) for an overview.
2 See KLEIDON (1995) for an overview.
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In section 4.1 we derived the price of an asset to be the present value of the

expected future dividends, i.e. the fundamental value by using the assumption
(11.1) lim H L pa) =0

' k— o0 j:l 1 + Rt+j+1 bk '
If we lift this assumption the fundamental value p; as derived in section 4.1 is

only the particular solution to the differential equation

(11.2) p— Py + Dy
' ! 1+ Ry

The general solution to this problem is
(11.3) P, =P+ B,

where B, is the bubble term.? Inserting (11.3) into (11.2) and noting that the

fundamental value as a particular solution also has to fulfill (11.2) we get

P+ B+ D
Pt* +Bt t+1 t+1 t+1

Rearranging gives the condition for the bubble term:

(11.4) Bii1 = (1+ Ryy1)B:.

Introducing expectations as in section 4.1.1 equation (11.4) becomes
(11.5) E [Bi1|%) = (1 + E [Ri41/|82)) By

There are many specifications of the bubble term that satisfy (11.5). The deter-

manistic bubble
(116) Bt+1 - (1 + E [Rt+1|Qt])Bt

grows with the same rate as the fundamental value. As long as the expected

returns of the fundamental value are positive the bubble term will grow and the

3 See ASCHINGER (1995, p.120).
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price will deviate more and more from the fundamental value.* With a negative
expected return the bubble term would reduce again. Such a specification of a
bubble is unrealistic as empirical evidence shows that in the long run the price
follows the fundamental value, i.e. the bubble bursts. The most famous specifi-
cation that allows the bubble to burst is the stochastic bubble as introduced by
BLANCHARD/WATSON (1982). They define the bubble as

™

(11.7) g [ BERp 4o with probability
‘ " Et+1 with probability 1 — 7

with Eleyy1]] = 0 and Var[e;1|Q;] > 0. With this specification the bubble will
burst at some time and the price jumps back near to his fundamental value. To
compensate for the the risk of this price jump the expected return is larger as
long as the bubble persists and the higher the probability of its burst is.> Such
a bubble is rational because a further increase in the bubble is justified by the

expectation of a further increase with probability 7.

This specification of a bubble faces several problems. If we only take assets with
limited liability, as shares, into account, a negative price is not reasonable, This
allows not for large negative bubble terms.® We further see that the burst of a
bubble implies a large drop (or in the case of a negative bubble increase) in the
price, an event not frequently found in asset markets, where price falls happen
to occur over a longer period. On the other hand made this property stochastic
bubbles popular for explaining a crash, like the ones of 1929 and 1987,” whereas

for regular market conditions it is not reasonable.

Other specifications of bubbles that sometimes depend on the fundamental value

have also been proposed, but most specifications face the same problems.®

Rational bubbles can explain significant deviations of the price from the funda-

1 See ASCHINGER (1995, p. 121).

% See ASCHINGER (1995, p. 121).

6 See CAMPBELL ET AL. (1997, pp. 259 ff.).

" See e.g. ASCHINGER (1995, pp. 128 ff.).

8 See ASCHINGER (1995, pp. 124 f.) and KLEIDON (1995, pp. 481 ff.) for examples and an
overview of the literature.
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mental value and higher returns than expected from observing the fundamental
value, but with the drop of prices if a bubble bursts they are not able to ex-
plain price movements in regular markets. They further fail to explain the higher
volatility observed in asset markets compared to the fundamental value, the in-

crease in volatility from the presence of bubbles is not sufficient.

Froop/HoDRICK (1990, p. 87) point out that it is empirically very difficult to
proof the existence of bubbles. Critical is the determination of the fundamental
value and the exact specification of the model. Therefore empirical evidence for

bubbles are rarely found.”

11.2 Rational speculation

LEACH (1991) presented a model similar to the rational bubbles in the specifica-
tion of BLANCHARD/WATSON (1982), but he allows the investors to have time
horizons of more than two periods. We have S types of investors, each having a

time horizon of 2 < .J < oo periods.

We assume that there exists only a single unit of a single asset owned by a single
investor. Every period a new investor enters the market and the owner of the
asset offers him the asset at a fixed price. The entrant can accept the offer and

become the new owner or he can reject and leave the market.

Every investor belongs to one of the S types of investors. Each type s (s =
1,...,95) assigns a different value to the asset. This assumption can be justi-
fied by assuming different expectations of future dividends. For simplicity the

fundamental value is assumed to be constant over time for all types.

The owner receives the dividend at the beginning of a period, then learns which
type of investor will enter the market, correctly interferes the entrants reservation

price and then makes his offer to sell. He does not know the types of entrants in

% See KLEIDON (1995, p. 482).
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the following periods, it is only known the probability that the entrant will be of

type s. This probability is assumed not to vary over time.

If the owner wants to sell the asset and leave the market afterwards he quotes a
price that equals the entrants reservation price,'® which the entrant accepts. If
he does not want to sell the asset, he quotes a higher price than the reservation

price of the entrant and the entrant rejects the offer.!!

The owner has to decide every period whether to sell the asset at the entrants
reservation price or to hold the asset for another period. At the end of his life,
in period J, he has to sell the asset to any entrant. If the entrants reservation
prices is low and the owner is young, he will not sell the asset, even if the price is
above what he thinks is his fundamental value, because he rationally speculates'?
that at a later date he may receive a higher price. An old investor on the other
hand may be willing to sell the asset even below his fundamental value fearing

to receive an even lower price later.!3

Therefore we observe prices that may differ from the fundamental value of the
owner to both sides. But as the owner will in general not hold the asset until he
is old, the deviations will more frequently be on the upper side unless the owner

has not a very high fundamental price.

The prices will vary around the fundamental values of the owners, i.e. the volatil-
ity of the asset prices will be higher than the volatility of any fundamental value
of the owner. Hence this model is able to explain short-term deviations from the

fundamental value, whereas in the long run prices will follow the fundamental

10 To quote a lower price would violate the assumption of rationality as larger profits would
be possible. The reservation price of the entrant has not necessarily to be his fundamental
value. Although the entrant may assign a low fundamental value to the asset he may be
willing to enter the market, speculating to sell the asset at an even higher price.

1 Alternatively to this mechanism an auction can be conducted every period giving the same
results.

12 ASCHINGER (1995, p. 17 f.) defines speculation in a narrow sense as buying (or in our
sense holding) or selling a good in order to receive a profit from a later selling or buying,
not to make profits from holding the asset (e.g. from dividends).

13 LeacH (1991) provides formal proofs of these statements together with proving the exis-
tence and uniqueness of the equilibrium.
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value.

Empirically this model is even harder to confirm than the rational bubbles. Beside
the problem of the specification of the model, we have to determine not only
one, but S different fundamental values. On the other hand we should expect
a higher volatility of prices compared to an ”average” fundamental value. As
this empirically can be found,'* this model may provide a platform to explain
these findings. A direct test of this model has thus far not been proposed in the

literature.

14 See e.g. LEROY (1990).



12. The Theory of Financial
Disequilibria

The models described in the preceding sections of this chapter all derived ex-
pressions for equilibrium prices or expected returns of assets. Different variables
affecting this equilibrium and the mechanism through which they affect the equi-
librium have been proposed. These variables all affect the fundamental value of

the assets are therefore also called real factors.

Short-term deviations from the fundamental values may be explained by rational
speculation. These deviations also form an equilibrium. Empirical investigations
suggest that deviations from the fundamental value do not only occur in the
short run, but can last for months, even for years. The most cited examples are
the long Hausse from 1982 to October 1987 and the current Hausse lasting since
1991. These long lasting deviations usually do not affect only a certain asset or
industry, but the market as a whole, i.e. instead of relative prices the price level

is affected.!

Market commentators, unable to find a change in the fundamental values, often
explain larger increases of the market prices with liquidity pouring into the market
and larger falls with liquidity flowing out of the market. These movements are
often, but not necessarily, accompanied by an adverse movement in bond prices.
These observations suggest that the flow of funds has another important role in

determining the asset price level, rather than relative prices of assets.

If the economy were in equilibrium no excess liquidity would be present to in-

! See PEPPER (1994, p. 9).
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fluence asset prices. Therefore PEPPER (1994) emphasizes the importance of

financial disequilibria to explain the price level of assets.

12.1 Financial Disequilibrium

In reality the economy is unlikely to be in equlibrium. PEPPER (1994, ch. 15)

illustrates this with the following scenario:

Assume the nominal GDP grows by a relative large amount. This can be due to
a growth of real activity or a high inflation. In both cases the companies have an
increased demand for finance, they either need more credits or have to issue more
shares. Let us concentrate on the demand for bank loans, the effect of issuing
new shares is equivalent, also the form of credit, bank loans or bond issues are of
no importance. The demand increases because in the first case larger inventories
and new investments have to be financed and in the later case the inventories

have to be replaced at higher nominal costs.

The supply of credits (savings) does not necessarily increase by the same amount.
In case of a growth of real GDP savings may reduce as the confidence in a strong
economy grows and more is spent. With high inflation savings may be reduced
at first to bring forward expenditure to avoid higher future prices, after these
expenditures have been made savings increase, maybe faster than the demand
for bank loans. Hence we are likely to have an imbalance in demand and supply

of credit. Assume for the following a gap in supply.

This gap will in part be filled by rising interest rates, inducing higher savings
and lower demand for credit and in part by commercial banks, maybe with the
support of the central bank.? Banks do not only act as intermediaires between

demand and supply of credit, but also as buffer if they do not exactly match. By

2 Globalization made it possible to close this gap with international investors. Again the
effect does not change. See PEPPER (1994, p. 111).
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their ability to create secondary money they will increase the money supply? to

meet the demand.

Money is held to facilitate transactions (payments) and for savings. The demand
for money from transactions is determined by the income of an individual or
by the economic activity as a whole. The demand for savings has not necessar-
ily equal the increased supply. Suppose that the remaining supply exceeds the

demand. This excess money supply can be

e unintended savings: These savings will be spent for consumption, result-

ing in product-price inflation.

e intended savings: If the savers are not content with their interest rate
they receive on bank accounts, they will change to other assets, e.g. stocks,
if they seem to be more attractive. This increases the price level in these
markets. These transactions in the asset markets are not based on informa-
tion and the assets are not systematically chosen, most assets are affected.

These trades are called liquidity trades.

In an analogous way excess demand in a recession can be treated. Excess demand
and supply of credit and hence flow in and out of the market vary with the

business cycle, leading about 6 month.*

The real factors varying in the same way with the business cycle should affect
asset prices only slightly, smoothing the business cycle by taking into account
future developments in the next years. The flow of funds on the other hand
swings with the business cycle increasing the movements of the price level as

observed in empirical investigations.®

We should therefore expect the asset market as a whole to vary with the flow

of funds, whereas relative prices of assets should mainly be influenced by real

3 Money defined in a broad sense, e.g. as M3.
1 See PEPPER (1994, ch. 3).
% See PEPPER (1994, pp. 58 ff.).



134 12. The Theory of Financial Disequilibria

factors.

12.2 Empirical evidence

The investigation of PEPPER (1994) shows significant evidence that the flow of
funds accounts for a considerable part of the variance in UK stock markets for
the period 1967-1989. For time horizons of 1 to 4 years they account for about a
third of the variance, whereas real factors only have significant influence for time
horizons of more than two years, reaching also about a third for time horizons of
four years. For short time horizons of less than a year nor the flow of funds nor
the real factors, like in the other asset pricing models, can explain the variation
of asset returns. For long time horizons the real factors dominate, because over
time excess demand and supply for money cancel and real factors become more

visible.

It further turns out that real factors influence relative prices, whereas the flow of

funds has no important influence, as predicted by theory.

PEPPER (1994, chs. 11-13) further reports a close relation between the develop-
ment of the stock market and excess money supply for the period 1950-1987 for
both the US and UK. The long rise in the stock market from 1982 to the crash of

1987 can be explained with this factor, but the crash itself cannot be explained.

It has to be noted that changes in the concept of monetary policy of the central
banks or the regulatory framework for banks can distort the relation between
excess money supply and stock prices for a period of adjustment. The funds also
often need a change in the real factors to flow in or out of the stock market as
an initial condition. But then the flow of funds often disregards changes in real
factors, especially changes that should lead to a reversal of the flow, while changes
supporting the current flow are viewed as a confirmation and often increase the

flow in the same direction.
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The theory of financial disequlibrium can explain the long-run deviations from
the fundamental value by the flow of funds. It allows also the prices to follow
their fundamental values in the long run and explains why markets as a whole
deviate from their fundamental values and not only single assets alone as would
be suggested by rational bubbles or rational speculation. For the explanation
of short term deviations and the high short term volatility this theory gives no

hints.
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13. Summary

This chapter gave an overview of the main models used in asset pricing, including
some more recent developments. Their aim is to determine the fundamental value
and/or an appropriate expected return. Most models relate expected returns to
risks investors have to bear and have to be compensated for. They differ mainly

in the risk factors they allow to enter into the model.

Although a large number of risk factors have been proposed in the literature and
many models are used, none of the presented models or any other models used by
practitioners are able to explain the observed asset prices or returns sufficiently.
While most models work quite well for time horizons of more than a year, they
fail in explaining short term movements. Only the Conditional CAPM, especially
if covariances are modeled with a GARCH process, shows a satisfactory fit with

the data, but the GARCH specification misses any economic reasoning.

The existence of many anomalies! observed in asset markets, e.g. seasonal pat-
terns, cannot be explained by any of these theories. They are subject to a large
field of theories trying to explain a certain effect or a group of effects. To ex-
plain anomalies often even the assumption of rational acting investors, a central

element in economic theories, is questioned in these efforts.

As there exists no generally accepted model of asset pricing the opinions of in-
vestors concerning the value of an asset diverge substantially. Access to relevant

information and a superior model are central elements to make extraordinary

! Anomalies are returning patterns in asset prices that cannot be explained by any theory
and are known to market participants. For an overview of recorded anomalies see LEROY
(1990) or HAwAwINT/KEIM (1995).
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profits in the market. Therefore not only academic research but also securities

companies make huge efforts to improve the models.?

2 How important it can be to have a superior model can be illustrated with the case of the
rise of Salomon Brothers, Inc. In the 1980’s due to their ability to value mortgage bonds
more precisely than their competitors and gained an outstanding position in this market.
When this competitive advantage eroded, the outstanding position of Salomon Brothers,
Inc. also declined. See LEwIs (1989).
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