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Sy is the set of permutations of {1,..., n}.
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Mixing Times and Cut-off Coarse Ricci Curvature

Sy is the set of permutations of {1,..., n}.
X = (X¢ : t > 0) continuous time random walk: X; =~ 00y,

with ~; S vy
e Transposition: v = (i, /) with i # j both uniform

e k-cycles: v = (x1,...,xk) with x; # x; for all i # j chosen
uniformly

X has invariant distribution p (when k is even p is uniform on S,)
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dro(t) = X —ullv = 3 [B(Xe = o) — (o)
0€S,

= inf  P(X]#Y
X{N)LT,Y’NM (Xe #Y)
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dro(t) = X —ullv = 3 [B(Xe = o) — (o)
0€S,

= inf  P(X]#Y
X{N)LT,Y’NM (Xe #Y)

Theorem (Diaconis & Shahshahani (1981))

Let tmix = (1/2)nlog n. Then each € > 0 we have that
for the transposition random walk (k = 2):

n||—>nclo dTV((]-_E) tmix) =1 n||—>n;o dTV((1+€) tmix) =0.

e
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dro(t) = X —ullv = 3 [B(Xe = o) — (o)
0€S,

o . / /
AT P(X; # Y')
Theorem (Diaconis & Shahshahani (1981))

y Let tmix = (1/2)nlog n. Then each ¢ > 0 we have that
" for the transposition random walk (k = 2):

nll_)rT;o dT\/((l—E) tmix) =1 n||—>ngo dTv((1+6) tmix) =0.

The above is referred to as the cut-off phenomenon and t,, is "
called the mixing time.
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Theorem (Berestycki & $. (2014))
Let tmix = (1/k)nlog n and suppose that k = k(n) = o(n). Then

each ¢ > 0 we have that

lim dTV((]- = 6) tmix) =1 |Lm dTV((]- aF 6) tmix) =0.

n—o0
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Mixing Times and Cut-off

Coarse Ricci Curvature
Cutoff phenomenon + tmix = (1/k)nlogn for k > n/2.
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Mixing Times and Cut-off

Coarse Ricci Curvature
Cutoff phenomenon + tmix = (1/k)nlogn for k > n/2.
tmix < (C/k)nlog n when k = o(n).
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Mixing Times and Cut-off

Coarse Ricci Curvature

Cutoff phenomenon + tmix = (1/k)nlogn for k > n/2.

tmix < (C/k)nlog n when k = o(n).

Cutoff phenomenon + tyix = (1/k)nlogn for k < 6.
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Theorem (Lulov (1996))
Cutoff phenomenon + tmix = (1/k)nlogn for k > n/2.

Theorem (Roichman(1996))
tmix < (C/k)nlog n when k = o(n).

Theorem (Roussel (2000))
Cutoff phenomenon + tmix = (1/k)nlogn for k < 6.

Theorem (Berestycki, Schramm, Zeitouni (2011))
m Cutoff phenomenon + tmix = (1/k)nlog n for k fixed
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L! transportation distance:

Wl(Va 7T) - XNLn;F,NWE[d(Xv Y)]
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L transportation distance:

Wl(Vv 7T) - XNiyn\f/Nﬂ E[d(Xv Y)]

Definition (Ollivier (2009))

m Let (E,d) be a graph and {my}xcg a collection of
V= & probability measures on E. For x,y € E with x # y

‘L;A define

Wl(mx7my)
k(x,y)=1— ——F—==
bal7 4%, )
Define the coarse Ricci curvature as k =
infyzy (X, y).
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k(x,y) > 0 if and only if Wi(m,, m,) < d(x,y):
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k(x,y) > 0 if and only if Wi(m,, m,) < d(x,y):

k(x,y) <0 if and only if Wi(my, my) > d(x,y):
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k(x,y) > 0 if and only if Wi(m,, m,) < d(x,y):
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Mixing Times and Cut-off Coarse Ricci Curvature

Now (E, d) = (Sp, d) where d(o, ¢’) minimum number of
transpositions 7{,...,T, so that c =o' o 0---07).
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Now (E, d) = (Sp, d) where d(o, ¢’) minimum number of
transpositions 74,...,7, so that c = ¢’ o 0---07,. Forc >0
we take my, = chn/z transposition random walk started at x.
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Now (E, d) = (Sp, d) where d(o, ¢’) minimum number of
transpositions 74,...,7, so that c = ¢’ o 0---07,. Forc >0
we take my = an/z transposition random walk started at x.

Theorem (Berestycki & $. (2014))

For ¢ > 0 let k. denote the coarse Ricci curvature. Then for c <1

Iim k=0
n—o0o

and forc > 1

0(c)* < liminf ke < limsup ke < 0(c)?

=9 n—00

where 6(c) € (0,1) is the solution to §(c) =1 — e<%(c),
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Mixing Times and Cut-off

Coarse Ricci Curvature

lv=mllrv =

'anﬂ_E[l{X;ﬁY}] < Xwi/r,]iwﬂ-E[d(X, Y)] = W1(I/, ’/T)
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Coarse Ricci Curvature

Mixing Times and Cut-off

E[d(X,Y)] = Wi(v, )

inf E[1 < inf
o [ {X;’SY}] - XN:/r,]YNﬂ'

[[v—ml||7v = it

'. For each s > 0,
ﬁ 1Mz — v < diam(E)(1 — k)°

= 9DAC¢
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Coarse Ricci Curvature

For ¢ > 1 we have that

. C n
lim dT\/ ( -
n—o00

—log(1—0(c)*)2

log n) =0.

Mixing times and coarse Ricci curvature on the permutation group

a

&
«0O0» «F»r <« >

DA
Bati Sengiil

it
-



Mixing Times and Cut-off

Coarse Ricci Curvature
For ¢ > 1 we have that

. C n
lim dT\/ ( -
n—o00

—log(1—0(c)*)2
Easy computation:

log n) =0.

im ¢ =1
ctoo — Iog(l — 9(C)4) N
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Mixing Times and Cut-off

Coarse Ricci Curvature
For ¢ > 1 we have that

lim dry ( ¢ n
n—o00 — Iog(

1—-46(c)*)2
Easy computation:

log n) =0.

1

. c
cioe —log(1 — (c)%)
Hence for each ¢ > 0,

nll_)rr;o drv((1+¢€)(1/2)nlogn) =0
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Mixing Times and Cut-off Coarse Ricci Curvature

Let t = cn/2, then

inf  E[d(X,Y/
ot ELAOG YY)

d(x,y)

HC(Xay) =1-
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Let t = cn/2, then

inf ~ E[d(X{, Y{)]
XX Y{mX;

Ke(id,x) =1— d(id )
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Let t = cn/2, then

inf E[d(X, Y{)]
X[ ~X4, Y]~ X]

Ke(id,7) =1— 1
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Let t = cn/2, then

inf ~ E[d(X{, Y{)]
XX, YinX

1

ke(id, 7) =1—

Take 7 to be a uniform transposition and take 71 = 7, coupling up
to time to =t — logn

id
XtO :T]-O"'OTNtO

T __
to — 71O " O TNy O TNy +1-
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Mixing Times and Cut-off Coarse Ricci Curvature

Let t = cn/2, then

inf ~ E[d(X{, Y{)]
X]~ X4 Y] ~XT

1

ke(id,7) =1 —
Take 7 to be a uniform transposition and take 71 = 7, coupling up

to time to =t — logn

id
Xto :Tlo...OTNtO

-
Xy =T10- - OTN, © TN, +1-

Theorem (Schramm (2005))

There exists a set A(tp) C {1,...,n} of size = 6(c)n
such that Xy, restricted to A(ty) ‘“looks like” the uni-
form permutation. v

Mixing times and coarse Ricci curvature on the permutation group Bati Sengiil



Mixing Times and Cut-off Coarse Ricci Curvature

Two cases: 7y, +1 = (i,j) with i,j € A(to). Then there exists a
coupling during [to, t] such that

Xid = X7
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Two cases: 7y, +1 = (i,j) with i,j € A(to). Then there exists a
coupling during [to, t] such that

Xid = X7
Thg+1 = (i,J) with i & A(to) or j ¢ A(to). Then take

th_d:Tlo"'oTNt

XtT Tlo"'OTNtOTNH—l'
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Two cases: 7y, +1 = (i,j) with i,j € A(to). Then there exists a
coupling during [to, t] such that

Xid = X7
Thg+1 = (i,J) with i & A(to) or j ¢ A(to). Then take

th_d:Tlo"'oTNt

XtT:Tlo‘-'OTNtOTNt_;,_l.

Conclusion
. 0 pba. 6(c)?
d(th.d,XT) _ pba (C)
1 pba. 1—6(c)?

ie. ke >1—E[d(Xd, X)) =0(c)?
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Thank You!
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