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Principles for Statistical Inference

1. Consider Birnbaum’s Theorem, (WIP A WCP) < SLP. In lectures, we
showed that (WIP A WCP ) — SLP but not the converse. Hence, show that
SLP — WIP and SLP — WCP.

The Strong Likelihood Principle (SLP) states that if & = {X1,0, fx,(z1]6)} and
&y = {Xs,0, fx,(x2]|0)} are two experiments with the same parameter  and if x; € X3
and o € Xy satisfy fx, (z1]0) = c(x1,22) fx, (22| 0) for some ¢ > 0 for all § € © then
EU((‘:l, 331) = E’U(gz, 1‘2).

(a) SLP — WIP.
The Weak Indifference Principle (WIP) states that for the experiment £ = {X, 9,
Ix(@|0)}if fx(x|0) = fx(2'|6) for all 6 € © then Fv(E,z) = Ev(E,2').

In the SLP, let £; = & = £ and suppose that fx(z]0) = fx(z'|0) for all § € ©.
Hence, taking c¢(z,2’) = 1, the SLP implies that Fv(€,x) = Ev(€,z") which is
the WIP.

(b) SLP — WCP.
The Weak Conditionality Principle (WCP) states that if £* is the mixture of the
experiments £ and & according to mixture probabilities pi;,po = 1 — p; then
Ev(&*, (i,2;)) = Ev(&;, x;).

For the mixture experiment we have f*((i,z;)|0) = p;fx,(x;]0) for all § € ©.
Applying the SLP with ¢((¢, z;), z;) = p; gives Fv(E*, (i,x;)) = Ev(&;, x;) which
is the WCP.

2. 'Suppose that we have two discrete experiments £; = {X1,0, fx, (21 |0)} and
&y ={Xs,0, fx,(x2|0)} and that, for x| € X} and z/, € X,

fx (2110) = cfx,(25]0) (1)

for all # where c is a positive constant not depending upon ¢ (but which
may depend on z},z5) and fx, (¢} |0) > 0. We wish to consider estimation of
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0 under a loss function L(6,d) which is strictly convex in d for each §. Thus,
for all d; # d» € D, the decision space, and « € (0,1),

L(0,ad; + (1 —a)d2) < aL(f,dr)+ (1 —a)L(0,ds).

For the experiment &;, j = 1,2, for the observation z; we will use the decision
rule J;(z;) as our estimate of # so that

Ev(&j,z;) = 0;(x;).
Suppose that the inference violates the strong likelihood principle so that,

whilst equation (1) holds, d;(x}) # da(xh).

(a) Let £* be the mixture of the experiments & and & according to mixture
probabilities 1/2 and 1/2. For the outcome (j,z;) the decision rule is
0(j, ;). If the Weak Conditionality Principle (WCP) applies to £* show
that

5(1,2)) # 6(2.ah).

Under the WCP, Ev(&*, (j,z;)) = Ev(&;, x;) so that §(j,x;) = J;(x;). Thus, if
01(x)) # 02(x%) it immediately follows that 6(1,z)) # §(2, z)).
(b) An alternative decision rule for £* is

. < 5(1,2h) + 2-8(2,2h) ifx;=af forj=1,2
* . c+1 » 1 c+1 » 2 J j y 4y
05 ;) { 0(j, x;) otherwise. )
Show that if the WCP applies to £* then §* dominates § so that § is
inadmissible.

[Hint: First show that R(0,6*) = 1E[L(6,6*(1,X1))|0]+3E[L(6,6*(2, X2)) | 6].]

In the mixture experiment the pair (j,z;) are random and the classical risk for
0* is

R(0,6%) = E[L(0,6"(J, X)) 0]
= ZZL(G,é*(j,wj))f*((jvxj)|9)

= Y L. ) g x5 16)

1 1
= SEILO.5(,X0) |0+ JELEO.5 @ X)) [0 ()
In an identical fashion it follows that
1 1
R(6,6) = ZE[L(9,5(1,X1))[6] + SE[L(0,(2, X2)) | 0]. (4)

Now, for each j = 1,2, as 6*(j,z;) = 0(j, z;) for all z; # 27,

E[L(0,6"(j, X;)) 0] = > L(0,5"(j,z;)) fx, (x; | 0)

D L(0,8Gw5) fx; (x5 10) + {L(0, 5" (j,2})) — L(8,6(j, 2))} fx, (| 0)

E[L(0,0(j, X;)) 10] + {L(0, 0" (4, z})) — L(0,6(j, 25)) } x, (2 | 0). ()



Substituting, for each j, equation (5) into (3) and using (1) gives
RO,6%) = R(0,6)+ L{L0,5"(1La1) ~ L0, 5(1,2)} fx, (1) +
S L(6,6°(2,2)) — L9, 52, 5))} fx, (7% 10
R(0.0) + 5{06,6°(1,20)) ~ L(6,6(1,4))}ix, (a4 10) +

%{L(& 6(2,25)) — L(0,6(2,25)) } fx, (21 6) (6)

using equation (1). Now, from equation (2), §*(1,2}) = 6*(2,z5}) and so, for all
0, L(6,0*(1,z})) = L(6, 6*(2 x4)). Hence, (6) becomes

R(9,6*) = R(0,5)
i |

PO 1) 100,57 (1,00)) — L0, 501, 20)) — L6 6(2,23))
= R0+ DI04 (7)
where
AO) = L0007 (1,0)) = —L(0,6(01,25)) = — < L(0,3(2,21)

s+ - sy -
L <07 C+16(17x1)+ c+16(27x2)>

(200,00 + peoe.a))

< 0

by the strict convexity of L(#,d) in d for each 6 as 6(1,2}) # 0(2,2%). Hence,
using equation (7), we have for each 6 that

R(0,5") < R(0,5)

so that §* dominates § and thus ¢ is inadmissible.

(¢c) Comment on the result of part (b).

Part (b) shows that if we use a decision rule which violates the SLP but retains
the WCP then the corresponding decision rule of the mixture experiment, J, also
violates the SLP as 6(1,2)) # (2, x5). Moreover, this rule is inadmissible and is
dominated by a rule, 6*, which does satisfy §*(1,z}) = §*(2,2%) and so respects
the SLP for the outcomes z/, 5. As ¢ is inadmissible then we would not want
to use it which suggests that violating the SLP is not advisable (if we accept the
WCP) or a justification for not applying the WCP is required.

Statistical Decision Theory

3. Suppose we have a hypothesis test of two simple hypotheses

Hy: X~ fy versus Hy: X~ fi



so that if H; is true then X has distribution f;(xz). It is proposed to choose

between Hy and H; using the following loss function.

Decision
Hy H,
H c Co1

Outcome 0 00 0
H, C10 C11

where coy < ¢o1 and ¢11 < ¢19. Thus, ¢;; = L(H;, H;) is the loss when the ‘true’
hypothesis is H; and the decision H; is taken. Show that a decision rule

d(z) for choosing between H; and H; is admissible if and only if

.. fo(z)
Hy if flgmg > c,
5(z) = H, if ;0 i <
1
either Hy or Hy if ;iéii =,

for some critical value ¢ > 0.

For the prior distribution # = (mg,m) where m; > 0, let #* = (7, 7]) denote the

posterior distribution so that

g = P(Hy|X =ux)

fo(z)mo
fo(z)mo + fr(z)my’

77 = P(H|X =1)

Ji(x)my

fo(z)mo + fi(z)m

As we also have f;(z) > 0 for all z € X’ then 77 > 0. We calculate the posterior risk

under the two decisions Hy and Hj.

p(?T*,Ho) = L(Ho,H())WS +L(H1,Hg)’/TT
C()()Tl'ak +6107TI,
L(Ho, Hy)mg + L(Hy, Hy)my

* *
= Co1Ty +0117T1.

p(ﬂ-*aHl)

Thus,

p(r*, Hy) < p(r*, Hy) <= coomy + c1om] < co1m( + €117
* *
— (Coo — 001)7TO < (011 — 010)71
To _ €11 — C10 C10 — C11

< — > =
st Coo — Co1 Co1 — Coo

since cpo — co1 < 0 and 7} > 0. Using equations (8) and (9) we thus have

* * fo(w)mo C10 — C11
plr”, Ho) <plm™ Hy) = Fi@)m . cor — oo
fo(z) _ (cro —cu)m
= fi(x) ~ (co1 — coo)m0 ¢

(8)

(9)



since mp/m > 0 and thus ¢ > 0. The analogous arguments show that

p(r*, Hy) > p(n*, H) <= Jo(@) <c (11)
fi(=z)
. ol folz) _
p(7T 7H0) - p( 7H1) <~ fl(-r) (12)

The decision rule §(x) is chosen to minimise the posterior risk and so is Hy when (10)
holds, H; when (11) holds and is indifferent between Hy and H; when (12) holds.

Wald’s Complete Class Theorem states that a decision rule is admissible if and only if
it is a Bayes rule for some prior distribution 7 with strictly positive values. Thus, all
admissible decision rules have the form of §(z).

. Let Xq,...,X, be exchangeable random variables so that, conditional upon
a parameter 0, the X; are independent. Suppose that X; |6 ~ N(0,0?) where

the variance o2 is known, and that 6 ~ N(ug,02) where the mean py and

variance o7 are known. We wish to produce a point estimate d for 6, with

loss function
1
L(0,d) = 1—exp{—2(9—d)2}. (13)

(a) Let f(0) denote the probability density function of § ~ N(jug,02). Show
that p(f,d), the risk of d under f(6), can be expressed as

1 1 )
p(f.d) = 1—meXp{—2(1+ag)(d—Mo)}-

We calculate the risk of decision d under f(6),
1 2
p(fd) = E|l—expq—5(0—d

f|

_ 1—E[ap{—é@—df}‘

= 1—/_O;exp{—;( —d)2} \/%erxp{—;g(a—uof}de
(

> 1 1
= 1- expi ——
/_oo V2mog p{ 2

Now, using the result that

O—a)?+b(0—c)? = a+m@iiff+< b)mq?

for any a,b,c € R with b # —1 we have that

1 1+ 02 o2d+ o\’ 1
( ) + Ug( NO) ( 0’8 1_|_0_g + 1+0_8( NO)
1—|—03 \2 9
= 60— d— 1
( 0_(2) )( /u') + 1_|_0(2)( /~LO) ( 5)



O'gd + o

where 1 = 1402

. Substituting equation (15) into (14) gives
p(f,d) =
-1 > 1 1+03
1- . (d— po)? / - —09—~2}d9 16
exp { 2(1 + a_g) ( /’LO) } . /727_(_0_0 exp { 20_8 ( M) ( )

We recognise the integrand as a kernel of a N(ji,02/(1+ 03)) distribution. Thus,
as

* /1402 { 1+ of . 2}
VIFT0 eyl 6 — an = 1,
/m orml 202 (0 — Q)

equation (16) becomes

1

1
N eXp{_Q(l +03)(d_ﬂo)z}

p(fad) = 1-

as required.

Using part (a), show that the Bayes rule of an immediate decision is
d* = po and find the corresponding Bayes risk.

1
p(f,d) is minimised when )(d—,uo)z} is maximised.

1
- expld-—
V1+o03 p{ 2(1+ o

This is when d* = pg. The corresponding Bayes risk is

1
* = ,d* = 1 _—.
p*(f) = p(f,d") o2
Find the Bayes rule and Bayes risk after observing = = (z1,...,2,).

Express the Bayes rule as a weighted average of d* and the maximum
likelihood estimate of 0, T = %Z?:l x;, and interpret the weights.

As X; |0 ~ N(6,0?) then

CIUIE | e e

where the proportionality is with respect to . Hence, as 6 ~ N(ug,03),
fO]x) o f(x0)f(0)
1 _ 1
X exp {—%‘2(1192 — 2mc9)} exp {_202(92 - 2u09)}

1/1 n 9 1 n\ ' (o nx
= —_— _— —_— —2 _— —_— —_— —_—
e"p{ (o0 5) [9 (z+ %) (*)QH



2
n

1 n\ ! I nT 1 n\ !
— 0 2 _

so that 6 |2 ~ N (pn,02). Thus, we have conjugacy. The solution of [©, D, f(8|x),
L(0,d)] will be identical to that of [©, D, f(0), L(0, d)] but with revised hyperpa-
rameters fig — i, and of > o2.

which we recognise as the kernel of a N(uy,, 0;) where

The Bayes rule after observing z is thus
&@) = pn = Mo+ (1—N)T

(1/3)

(1/0§) + (n/o?)
weighted according to their respective precisions. The corresponding Bayes risk
is

where \ = . Thus, d*(z) is a weighted average of d* = ug and T

1

V1itoZ

(d) Suppose now, given data y, the parameter ¢ has the general posterior
distribution f(0]y). We wish to use the loss function L(6,d), as given
in equation (13), to find a point estimate d for §. By considering an
approximation of L(f,d), or otherwise, what can you say about the
corresponding Bayes rule?

p (f0]z) = 1-

To first-order, e* = 1 4 z so that

L(0,d) =~ 1—[1—;(0—d)2}
= %(Qfd)z
x (0 —d)>

Thus, L(6,d) is approximately proportional to quadratic loss and so the Bayes
rule may be equivalently found by considering the loss function to be quadratic
loss. For the decision problem [0, D, 7(6), (6 —d)?] the Bayes rule is E(0 | § ~ 7(6))
so for m(#) = f(0]y) the corresponding Bayes rule is E(0|Y’) which is thus the
approximate Bayes rule for the loss function given in equation (13).

Confidence sets and p-values

5. Show that if p is a family of significance procedures then

p(z;00) = sup p(z;0)
60€0,

is a significance procedure for the null hypothesis Oy C ©, that is that
p(X;6y) is super-uniform for every 6 € ©g.



Notice that, for all 8 € Oy,
p(x;00) <u = p(x;0) <u.
Thus, by the containment rule, for all 6 € ©g,

P(p(X;00) <ulb) < P(p(X;0) <ul0) (17)
u (18)

AN

where equation (18) follows from (17) as p is a family of significance procedures. Hence,
p(X; O¢) is super-uniform for every 6 € ©y.

. Suppose that, given 0, X1,..., X, are independent and identically distributed
N(6,1) random variables so that, given 6, X =1 3" X, ~ N(0,1/n).

(a) Consider the test of the hypotheses
Hy:0=0 wversus H;:0=1

using the statistic X so that large observed values Z support H;. For a
given n, the corresponding p-value is

pu(T;0) = P(X >7|6=0).

We wish to investigate how, for a fixed p-value, the likelihood ratio for
Hy versus Hi,

f(@|6=0)

LR(HQ,Hl) = f(T|9: 1)

changes as n increases.

(i) Use R to create a plot of LR(Hy, Hy) for each n € {1,...,20} where,
for each n, T is the value which corresponds to a p-value of 0.05.

For p = 0.05, for each n, we want to find Z such that P(X > 7|6 = 0) = 0.05,
that is T is the 95th quantile of N(0,1/n). The following R code can be used
to create Figure 1; a log-scale has been used to present the plot slightly more
attractively though this is not necessary.

alpha <- 0.05

nseq <- 1:20

logBF <- sapply(nseq, function(n){

sd <= 1 / sqrt(n)

z <- gnorm(1l - alpha, mean = 0, sd = sd)

dnorm(z, mean = 0, sd = sd, log = TRUE) -

dnorm(z, mean = 1, sd = sd, log = TRUE)

b

plot(nseq, exp(logBF), type = "b", pch = 16, log = "xy",

ylim = ¢(0.2, 15),

xlab = "Number of observations, n",
ylab = expression(paste("Likelihood ratio for ", H[O],
" versus ", H[1])), xpd = NA)

abline(h = 1, 1ty = 2)
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Figure 1: The likelihood ratio for the hypothesis test Hy : 6 = 0 versus H; : § = 1 where
X ~ N(0,1/n) and the p-value is fixed at 0.05.



(i)

Comment on your plot, in particular on what happens to the like-
lihood ratio as n increases. What is the implication for hypothesis
testing and the corresponding (fixed) p-value?

Figure 1 shows that for small n a small p-value for H such as 0.05 corresponds
to a likelihood ratio for Hy versus H; of less than one, and so ‘rejecting Hy
in favour of H; ’ is supported by the evidence from the observations. But as
n increases a p-value of 0.05 for Hy comes to correspond to a likelihood ratio
that strongly favours Hy over Hy. By the time n = 20 the likelihood ratio
already exceeds 10.

We conclude that a fixed threshold for a p-value is a very poor way of dis-
tinguishing between hypotheses. The moral of this story is that where there
is an explicit H; it should be used in a Neyman-Pearson test based on the
likelihood ratio and with careful consideration of both size and power. In
medical science the ‘minimal clinically important difference’ is the smallest
gap between Hy and H; that is interesting. It is used to do design calcula-
tions for sample size, but it can also be used to do hypothesis testing, rather
than just p-valuing Hy.

(b) Consider the test of the hypotheses

Hy:0=0 wversus H;:0>0

using once again X as the test statistic.

(i)

Suppose that 7 > 0. Show that

>0 f(z|0)
Since X ~ N(,1/n) then
Ir(Ho, Hy) = Iglggexp{—g [(E—O)Q—(E—Q)Q]}
e

if > 0 (and is equal to one otherwise).

Use R to create a plot of Ir(Hy, Hy) for a range of p-values for H
from 0.001 to 0.1.” Comment on whether the conventional choice
of 0.05 is a suitable threshold for choosing between hypotheses, or
whether some other choice might be better.’

The aim of this question is for fixed n to investigate how the likelihood ratio
changes with the p-value. For each p-value a, T is the 100(1 — a)th quantile of
N(0,1/n). The following R code, taking n = 1, can be used to create Figure
2

pseq <- ¢(0.001, 0.002, 0.005, 0.01, 0.02, 0.05, 0.1)

z <- gqnorm(l - pseq, mean = 0, sd = 1)

ell <- pmin(1, exp(-(1/2)*z"2))

plot(pseq, ell, type = "b", pch = 16, log = "xy",

xlab = "P-value", ylab = "Lower bound on likelihood ratio")

10
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Figure 2: Lower bound on the likelihood ratio as a function of the p-value for Hy for the
hypothesis test Hy : € = 0 versus Hy : 0 > 0 where X ~ N(60,1/n).
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In this case, a p-value of 0.05 corresponds to a lower bound on the likelihood
ratio of 0.26. If we agree that a likelihood ratio of 1/20 is starting to get
interesting, then a p-value of a bit less than 0.01 is suggested for this model
and these hypotheses.

2The plot doesn’t depend upon the actual choice of n and so you may choose n = 1.
3For the origins of the use of 0.05 see Cowles, M. and C. Davis (1982). On the origins of the .05 level of
statistical significance. American Psychologist 37(5), 553-558.
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