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In spherical polar co-ordinates, any point P is comsidered as lying
on a sphere of radius r centred at the origin. The angle ZOP is 0
in a plane which makes angle ¢ with the plane y = 0.

Thoking of P as a point on the surface of the Rarth (of radius r), €
is (90 - latitude) and ¢ is longitude.

Z

Alternatively, consider P as being
defined by ordinary plane polar
co-ordinates (r,0) in a plane ZOP
which has been rotated about the
z-axis through angle ¢ from the
plane ¥y = O,

P has spherical polar co~ordinates (r,0,9)

Note that r has a different meaning in eylindrical and spherical polar
co-ordinates. [Some authors avoid posssible confusion by using R or
p in place of r for cylindrical polar co~ordinates.]

Note further that r is always 2 O, 0 < 0 <w {from north pole to south
pole), 0 < ¢ < 2 (one complete revolution around the z-axis).

The surfaces r = const. are spheres with centre at O.

The surfaces © = const. are circular cones with axis 0Z and vertex O.
The surfaces ¢ = const. are planes containing the z-axis

r,0,¢ are related to x,y,z by x = 0Q cos ¢, y = 0Q sin ¢,

2z = OP cos @; i.e. since OP = r, OQ = r 8in O, '

X =r sin 6 cos ¢ ¥ = r sin O sin ¢ z = r cos O

_ Alse.note that




[image: image2.png]Keeping O and ¢ fixed but
increasing r by dr, P moves
through distance

PPy = dr

Keeping r and ¢ fixed but
increasing © by d8, P moves in a
circle of radius r through angle d8
and so through distance

PP, =

&

Keeping r and 8 fixed but

increasing ¢ by d¢p, P moves in a
circle of radius NP = 0Q = r sin 6
and rotates about O0Z through angle
do. Thus P moves through distance

PP; = r sin 6 d¢

For r = const. = a the element of surface area on a sphere of radius a
is approximately a rectangle with sides PP, and PP,

i.e. ds = a2 sin 6 49 dp

The outward unit normal vector n to
dS is along the radius OP, so n = ¢

When r,0 and ¢ all increase an element of volume dV is generated

where dV = (PPy)(PP,)(PP,)
.
i.e. dv = r2 8in 6 dr d0 d¢p
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In cylindrical polar co-ordinates, any point P is considered as lying
on a cylinder of radius r whose axis is the z-axis. The plane
containing the z—axis and P makes angle @ with the plane y = 0.

Alternatively, consider P as being defined by ordinary plane polar
co~ordinates (r,0) in a plane lifted parallel to the x,y-plane through
distance z.

z , z

*®

P has cylindrical polar co~ordinates (r,0,z)

Note that r is always 2 0 with 0<0 < 2¢x, -~o < z < ®.

The surfaces r = const. are circular cylinders having axis along 0Z.
The surfaces @ = const. are planes containing the z-axis.

The surfaces z = const. are planes perpendicular to the z-axis.
r,8,z are related to x,y,z by x = 0Q cos 8, y =0Q 5in 0, z = z}

i.e. since 0Q = r,

X = r cos O
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Keeping 0 and z fixed but
increasing r by dr, P moves
through distance




[image: image4.png]Keeping r and 2z fixed but
increasing 6 by d9, P moves in
a circle of radius r through
angle d0 and so through distance

PP, = r d8

Keeping r and 0 fixed but
increasing z by dz, P moves
through distance

%

For r = const. = a the element of surface area on a cylinder of
radius a is approximately a rectangle with sides PP, and PP,

i.e. ds = a d8 dz

The outward unit normal n to dS
is along the radius RP so

n=cos @i+ sinO j

When r,0 and z all increase an element of volume dV is generated
where dV = (PP;)(PP,)(PP,;)

i.e. dvV = r dr 48 dz





