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Math 101

1. A graph G = (V,E) is said to be connected if for all v, w ∈ V (v 6= w)
there is a path of edges from v to w.

2. An N-valued random variable X has expected value E[X] defined by

E[X] =
∑
n≥1

nP[X = n]

where P denotes probability.

3. If X is a Poisson distributed random variable with parameter µ > 0
then E[X] = µ and P[X = 0] = e−µ.

4. If X,Y are random variables, then E[X + Y ] = E[X] + E[Y ].
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Overview

Let K be the set of all connected finite graphs with at least two vertices.
Let M1 be the set of all graphs G with minimum degree at least 1, i.e.
with N0(G) = 0 where N0(G) is the number of isolated vertices. Clearly

K ⊂M1.

Our main message is that for certain types of large random graphs G,

P[G ∈ K] ≈ P[G ∈M1]

and also N0(G) is approximately Poisson so

P[G ∈M1] ≈ exp(−E[N0(G)])

and therefore
P[G ∈ K] ≈ exp(−E[N0(G)]).
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The Erdos-Renyi random graph G(n, p)

Let n ∈ N and p ∈ (0, 1). The random graph G(n, p) has n vertices; each
of the n(n− 1)/2 possible edges is included with probability p
(independently). It is not hard to see that

E[N0(G(n, p))] = n(1− p)n−1 ≈ ne−np

and if we choose p = pn so that ne−npn → β as n→∞, it turns out that
N0(G(n, pn) is approximately Poisson for n large, so

P[G(n, pn) ∈M1] = P[N0(G(n, pn)) = 0]→ e−β.

Then it is easy to deduce that

lim
n→∞

(
sup

0≤p≤1
|P[G(n, p) ∈M1]− exp(−ne−np)|

)
= 0
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Equivalence of ‘G ∈ K’ and ‘G ∈M1’ for G(n, p)

Erdos and Renyi (1959) proved that if we choose pn so n exp(−npn)→ β
as n→∞, then

lim
n→∞

P[G(n, pn) ∈ K] = e−β.

Then we can deduce that

lim
n→∞

(
sup

0≤p≤1
|P[G(n, p) ∈ K]− exp(−ne−np)|

)
= 0

and
lim
n→∞

sup
0≤p≤1

P[G(n, pn) ∈M1 \ K] = 0.
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The random geometric (Gilbert) graph G(n, r)

Let r > 0, n ∈ N. The graph G(n, r) has vertex set Vn = {X1, . . . , Xn}
with Xi independently uniformly distributed over the unit square [0, 1]2.
The edges consist of those {Xi, Xj} such that |Xi −Xj | ≤ r, where | · | is
the Euclidean norm.
Sometimes more convenient to consider G(Nn, r) where Nn is Poisson
(n), but results are similar - we’ll ignore this distinction.
Modulo boundary effects, for r small we have

E[N0(G(n, r))] = n(1− πr2)n−1 ≈ n exp(−πnr2).

If we choose rn so n exp(−πnr2
n)→ β ∈ R then we have another Poisson

approximation result (Dette and Henze 1989):

lim
n→∞

P[N0(G(n, rn)) = 0] = exp(−β).

Hence,

lim
n→∞

sup
0≤r≤

√
2

(
|P[N0(G(n, r)) = 0]− exp(−n exp(−πnr2))|

)
= 0.
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Equivalence result for G(n, r)

If we choose rn so n exp(−nπr2
n)]→ β, then

lim
n→∞

P[G(n, rn) ∈ K] = e−β.

We can then deduce that

lim
n→∞

(
sup
r≥0

∣∣P[G(n, r) ∈ K]− exp(−n exp(−nπr2))
∣∣) = 0

and
lim
n→∞

sup
r≥0

P[G(n, r) ∈M1 \ K] = 0.

The proof of these results is entirely different from in the case of G(n, p).
Essentially they are due to MP (1997); see also Gupta and Kumar (1998),
who were interested in wireless communications networks.
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Multiple connectivity, and thresholds

Let k ∈ N. We say a graph is k-connected if for any two vertices x, y there
exist k disjoint paths from x to y. Let Kk be the set of k-connected
graphs with at least two vertices. Clearly Kk ⊂Mk, the set of graphs of
minimum degree at least k. MP (1999) showed the equivalence

lim
n→∞

sup
r>0

P[G(n, r) ∈Mk \ Kk] = 0.

Given a realization of Vn = {X1, . . . , Xn}, the threshold radius for
k-connectivity, respectively the threshold radius for minimum degree at
least k, are defined by

ρn(Kk) = inf{r : G(n, r) ∈ Kk};
ρn(Mk) = inf{r : G(n, r) ∈Mk}.

These are random variables, determined by the configuration Vn.
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Strong equivalence

Let k ∈ N. Since Kk ⊂Mk we have that ρn(Kk) ≥ ρn(Mk). A strong
version of the preceding equivalence holds (MP 1999), namely

lim
n→∞

P[ρn(Kk) = ρn(Mk)] = 1.

That is, if we add the edges amongst Vn one by in order of increasing
length, the graph becomes k-connected at the same time as the minimum
degree goes above k − 1. In particular

lim
n→∞

P[ρn(K) = ρn(M1)] = 1.

It is not known if there is a random finite N such that

P[ρn(K) = ρn(M1), ∀n ≥ N ] = 1.
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The Geometric Erdos-Renyi graph

Given n ∈ N, p ∈ [0, 1], and r > 0, let G(n, r, p) be the graph with vertex
set Vn (n independent uniform in [0, 1]2) and with vertices x, y connected
with probability p whenever |x− y| ≤ r (and not connected whenever
|x− y| > r). This is the intersection of the graphs G(n, p) and G(n, r).
If (rn, pn)n≥1 chosen so that pn � 1/ log n as n→∞, and
n exp(−nπpnr2

n)→ β, then (Yi et al. 2006, MP 2013+)

lim
n→∞

P[G(n, rn, pn) ∈ K] = lim
n→∞

P[G(n, rn, pn) ∈M1] = exp(−β).

If pn = O(1/ log n) the second equality above fails because of boundary
effects. However, for any (rn, pn)n≥1 we have (MP 2013+)

lim
n→∞

P[G(n, rn, pn) ∈M1 \ K] = 0

or to put this another way:

lim
n→∞

sup
r>0,p∈(0,1]

P[G(n, r, p) ∈M1 \ K] = 0.
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More choices of (rn, pn)

If n−1/3

logn � pn � 1
logn and

e−nπpnr
2
n/2(n/(pn log(n/pn)))1/2 → β

2
√
π
,

or if pn � 1/ log n and sup{rn : n ∈ N} < 1 then

e−nπpnr
2
n/4/(pn log 1/pn)→ β/π

then (MP2013+)

lim
n→∞

P[G(n, rn, pn) ∈ K] = lim
n→∞

P[G(n, rn, pn) ∈M1] = exp(−β).
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Thresholds for Geometric Erdos-Renyi graphs

Given n and p, suppose we have the random point set Vn and also
independent variables Iij , 1 ≤ i < j ≤ n with P[Iij = 1] = p and
P[Ii,j = 0] = 1− p. We can take the edge set of G(n, r, p) to be

E(G(n, r, p)) = {{i, j} : |Xi −Xj | ≤ r, Iij = 1}.

Define the random variables (determined by Vn and {Iij , 1 ≤ i < j ≤ n}):

ρn,p(K) = min{r : G(n, r, p) ∈ K};
ρn,p(M1) = min{r : G(n, r, p) ∈M1}.

Then (MP 2013+) for any choice of (pn)n∈N,

lim
n→∞

P[ρn,pn(K) = ρn,pn(M1)] = 1.
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‘Soft’ random geometric graphs

Given a nonincreasing connection function φ : R+ → [0, 1], consider the
graph G(n, φ) with vertex set Vn ⊂ [0, 1]2, and with each x, y ∈ Vn
connected by an edge with probabiltiy φ(|y − x|) (generalises the
geometric E-R graph). Then (by a Mecke-type formula)

E[N0(G(n, φ))] ≈ n
∫

exp

(
−n
∫
φ(|y − x|)dy

)
dx.

with all integrals being over [0, 1]2. Our heuristic suggests for large n that

P[G(n, φ)) ∈M1] ≈ exp

(
−n
∫

exp

(
−n
∫
φ(|y − x|)dy

)
dx

)
and

P[G(n, φ) ∈ K] ≈ exp

(
−n
∫

exp

(
−n
∫
φ(|y − x|)dy

)
dx

)
.
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A class of connection functions

Given connection function φ : R+ → [0, 1], and given η > 0, let

rη(φ) = inf{t ∈ R+ : φ(t) ≤ ηφ(t)}.

Let Φη be the class of connection functions φ with rη(φ) > 0 and

φ(t)

φ(0)
≤ 3

η
exp

(
−
(

t

rη(φ)

)η)
, for all t ≥ 0.

Given η, Φη is a class of connection functions that are uniformly
exponentially decaying in the η power of distance measured in their
characteristic length-scale rη(φ). Note Φη ⊂ Φη′ for η > η′.
All step functions of the form φ(t) = p1[0,r](t) are in Φ1.
Also, given β, γ > 0, there exists η > 0 such for that all ρ > 0 the Rayleigh
fading connection function φρ(t) = exp(−β(t/ρ)γ) (with ρ > 0) lies in Φη.
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Limit theorem for soft random geometric graphs

(MP 2013+). Suppose η > 0. Then as n→∞,

sup
φ∈Φη

∣∣∣∣P[G(n, φ) ∈M1]− exp

[
−n
∫

exp

(
−n
∫
φ(y − x)dy

)
dx

]∣∣∣∣→ 0

(where all integrals are over [0, 1]2) and

sup
φ∈Φη

∣∣∣∣P[G(n, φ) ∈ K]− exp

[
−n
∫

exp

(
−n
∫
φ(y − x)dy

)
dx

]∣∣∣∣→ 0.

Thus
sup
φ∈Φη

|P[G(n, φ) ∈ K]− P[G(n, φ) ∈M1]| → 0.
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Random geometric bipartite (‘AB’) graphs

Suppose Wm = {Y1, . . . , Ym} with Yi also uniform on [0, 1]2.
Let G2(r, n,m) be the bipartite graph with vertex set Vn ∪Wm (actually
Poissonized) and edge set

E(G2(r, n,m)) = {{Vi,Wj} : |Vi −Wj | ≤ r}.

It is a geometric graph with edges only between vertices of opposite type.
Let G2

1(r, n,m) be the graph on Vn with Xi, Xj connected iff they have a
common neighbour in G2(r, n,m), i.e.

E(G2
1(r, n,m)) = {{Xi, Xj} : ∃Yk ∈Wm with |Xi−Yk| ≤ r, |Xj−Yk| ≤ r}

Define G2
2(r, n,m) similarly on vertex set Wm. Then G2(r, n,m) is

connected iff G2
1(r, n,m) and G2

2(r, n,m) are both connected.
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Thresholds for bipartite graphs

Let ρ′n,m be the connectivity threshold for G2
1(·, n,m):

ρ′n,m := min{r : G2
1(r, n,m) ∈ K}

Weak law of large numbers (MP 2013+). Let τ > 0. Then as n→∞,

nπ(ρ′n,τn)2/ log n
P−→ max(1/τ, 1/4)

(Improves on asymptotic bounds of Iyer and Yogeshwaran 2012).
Expect the easiest way to be disconnected is to have an isolated point.
Easiest way for Xi to be isolated is: to have no Y -points within r (if
τ ≤ 4), or to have no X-points within 2r (if τ ≥ 4). E.g. if
nπr2

n/ log n = 1/τ then the expected number of Xi with no Y -neighbours
is

n exp(−nτπr2
n) = n exp(− log n) = 1
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Hamiltonian paths

A graph is said to be Hamiltonian if there is a travelling salesman tour
through the vertices, i.e. a cycle through the vertices using edges of the
graph. Let H be the set of hamiltonian graphs with more than two
vertices. Clearly H ⊂M2.
Balogh, Bollobas, Krivelevich, Müller and Walters (2011) proved that

lim
n→∞

P [ρn(H) = ρn(M2)] = 1.

That is, if we add edges one by one in order of increasing length, the
graph becomes hamiltonian just when the minimum degree goes above 1.
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Other probability distributions

Now let Vn = {X1, . . . , Xn} with X1, X2, . . . independent in Rd, with
common probability density f , i.e. with P[Xi ∈ A] =

∫
A f(x)dx (up to

now d was 2 and f was uniform on the unit square).
Consider the normal with f(x) = c exp(−|x|2). Choose rn so
E[N0(G(n, rn))]→ α > 0. Then (MP 1998)

P[N0(G(n, rn)) = 0]→ e−α;

P[G(n, rn) ∈ K]→ e−α;

and hence
sup
r≥0

P[G(n, rn) ∈M1 \ K]→ 0.

For d = 2 only, Hsing and Rootzen (2005) generalized this result to a
larger class of densities, for example of the form f(x) = c exp(−c′‖x‖β)
with β > 1, with ‖ · ‖ any norm with elliptical contours.
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