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44. Suppose (X, M, u) is a measure space and F,, C X with F,, € M and u(F,) < oo, Vn € N.

Suppose also that D C M is a m-system in X with F,, € D for all n € N, and v is a measure on
(X, M) such that v(A) = u(A) for all A € D.

(a) For n € N set E,, := Uj_, Fj. Use the inclusion-exclusion formula from Question 39 to show
for all n € N, A € D that

N(En) = V<En)§ WANE,) = V(A N En)

(b) Now suppose moreover that Uy® , F,, = X. Show that u(A) = v(A) for all A € o(D).

This is the Uniqueness lemma (Theorem 5.7). It was proved in the notes under the extra
assumption that F,, C F,41 for alln € N. You are asked here to prove it without this extra
assumption.

45. * Let (Q, F, u) be a probability space. Let f : 2 — [0, 00] be measurable, i.e. f is a nonnegative
random variable. For ¢ > 0 define L(t) := [, e”/)p(dw) (the Laplace transform of f).
(a) Show that lim; o L(t) = p({w € 2 : f(w) = 0}). Here we make the convention that e~ = 0.
(b) Show that limy o L(t) = p({w € Q: f(w) < co}).

(¢) Show that limyo(¢t~*(L(0) — L(t))) = [ fdu if the integral on the right is finite. [Hint: use the
fact that 1 —e™™ < x forx > 0.] What about if the integral is infinite?

[Hint: Given f : (0,00) = R and a € R, if f(t,) — a for any sequence (t,)n,>1 with t, T oo as
n — oo then f(t) — a ast — oo. If f(t,) — a for any sequence (t,)n>1 with t, } 0 as n — oo
then f(t) = a ast | 0.

46. * Let (X, M, p) be a o-finite measure space. Show the following:
(a) If f: X — [—00, 0] is measurable, E € M, [.|f|du =0, then f =0 a.e. on E.
(b) If f € L' () with [, fdp =0 for all E € M, then f =0 a.e. on X.
(c) If f € L*(u) with | [y fdu| = [y |f]dp, then either f >0 a.e. on X, or f <0 ae. on X.
)

(d) If f: X - R and g : X — R are measurable functions, then {z € X : f(z) # g(x)} € M.

47. Let f: R — R be integrable. Suppose {h,},>1 is a sequence in R such that h,, — 0.

(a) Show that for any K € (0,00) we have f_KK |f(z + hy) — f(z)|de — 0 as n — oo. [Hint:
first suppose f is continuous, recalling that any continuous real-valued function on a compact
interval is bounded. For general f, use Question 43]

(b) Show that [*° |f(z + h,) — f(z)|dz — 0 as n — oco.

48. * Let (X, M, u) be a o-finite measure space. Suppose f, fi1, f2,... € R(X) such that f, T f
pointwise and moreover f,, € L'(u) and sup,, [ fodu < co. Show that f € L'(n) and [ f.du —
[ fdp as n — .



