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55. * Let p € [1,00) and let f € LP(R). Let (an)n>1 and (b,)n>1 be real-valued sequences such that
> lan| < oco. Show that the sequence of functions f,(z) := > ;_, arpf(x — by) converges in
LP(R).

56. * Suppose (an)n>1 and (b, )n>1 are sequences of nonnegative numbers, such that A :== >~ a¥?® <
oo and B =) % bt < co. Show that >°° | a,b, < A¥*BY4,

n=1"n
57. Suppose that (X, M, u) is a o-finite measure space, and 1 < p < ¢ < c0.
(a) Show that if p is a probability measure and f € L9(u), then || f||, < |/ fll4-
[Hint: note that f = f -1, and apply Holder’s inequality]
(b) Show that if p(X) < oo then L(u) C LP(u).
(¢) Give an example to show that if ;(X) = oo, then we might not have L4(pu) C LP ().

58. Let (X, M, u) be a o-finite measure space. Let p € (1,00). Suppose f € R(X) and (for all n € N)
fn € R(X), with > 07 || full, < 0o. For alln € N and = € X, set

gl@) =Y fu(@)]  and  guo(z) =) Iful)]-

(i) Show that |[gull, = [|gooll, @8 n — 00, and deduce that ||ge||, < oc.
(ii) Show that the function h(z) := 3" fu(x) is well-defined and finite p-a.e., that is, the sum

converges for p-a.e. x € X.

59. * Let W € B, and for f,g € L*(W), write (f,g) = [;, f(z)g(x)dz. Show that if also h € L*(W)
and a,b € R then (f,ag + bh) = a(f,g) +b(f, h).

60. * For n € N, let f,(z) = sin(nz).

(a) Show that for n,m € N with n # m we have f027r fo() fin(x)dz = 0, while 027T(fn(a:))2dx =T.
[Hint: recall that cos(a + b) = cosacosb — sin asin b).

(b) Now set gn(z) = > p_, k™' fe(x). Show that in L*([0,27]) we have ||g,||3 = 7>, _, k2

(c) Show there exists a function g € L?[0, 27| such that g, — ¢ in L*([0,27]) as n — oo.



