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Summary

This thesis considers the problem of the steady flow of an incompressible non-Newtonian
viscous fluid through a channel with porous walls, under conditions of suction or in-
jection through the walls and possibly in the presence of a temperature gradient. The
non-Newtonian viscosity function is either of power-law type or has an exponential
dependence upon the temperature within the channel. Solutions of similarity type are
sought for the stream function and asymptotic results are presented. Numerical solu-
tions of the reduced similarity equation system are performed and initial linear stability

calculations are given.
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Chapter 1

Introduction

1.1 Applications

The instance of laminar flow through a channel with porous walls is an idealisation of
the flow behaviour that occurs in the real world in corresponding geometries. It can
be used to model processes such as transpiration cooling, where the walls of a pipe or
channel containing heated fluid are protected from overheating by passing cooler fluid
over the exterior surface of the pipe or channel; another application is to model the
fluid flow occurring during the separation of isotopes of Uranium-235 and Uranium-238
by gaseous diffusion in order to produce fuel for nuclear reactors; controlling boundary
layer flow over aircraft wings by injection or suction of fluid out of or into the wing,
or as part of a model for flow past a membrane or filter. Whereas some of these can
be situations where one or both of the walls of the channel are porous, a motivation
for [Cox91a] is that in an experimental situation, having both walls porous means that
experimental equipment would obstruct the observation of any flow within the channel;
having one transparent solid wall would allow observations to be made. The fluid flow
underlying gaseous diffusion for nuclear fuel was the motivation for Berman’s 1953
paper [Berb3] that describes the problem that now bears his name.

The variation of viscosity with respect to temperature or shearing within a flow
situation is one way of reconciling the difference between mathematical models and
reality. A fluid model with constant viscosity is not a good choice for describing the
flows which have some microstructure or other material property that may change with
temperature e.g. industrial lubricants, polymers. It may be the case that the viscosity
of the material will decrease with increasing temperature, and so a constant viscosity
model may predict inaccurate results in experiments. In addition, the flowing materials

may have a nonlinear relationship between their viscosity and applied shear, e.g. shear-

12



1.2. PROBLEM FORMULATION 13

thickening, where the viscosity increasing with shear-rate so that it becomes harder to
deform the material under the same rate of applied shearing, or shear-thinning, (which
is the opposite effect) where the viscosity decreases as the shear-rate increases, so it
become easier to deform the material under the same rate of shearing. Materials with
these nonlinear and complex behaviours can only be modelled approximately and so

there will be many different models which could be chosen to describe their viscosities.

1.2 Problem Formulation

We wish to consider the steady two-dimensional laminar flow of an incompressible
viscous fluid within a channel. The fluid is assumed to be of a non-Newtonian type,
with a viscosity that may depend upon both the stresses and temperature effects that
the fluid is experiencing. The channel can have uniformly porous walls or a single porous
wall through which fluid may be withdrawn or introduced. In addition a temperature
difference may be imposed between the walls of the channel. The effects of viscous

generation of heat due to internal friction are neglected in this work.

A
% xo =h,T =Ty

L -WoVL

Figure 1.2.1. Channel geometry for both the one and two porous walled cases.

A Cartesian (z1,z2) coordinate system is set up within the channel with the z;
axis located midway between, and parallel to, the channel walls, which are at zo = %h.
The upper wall is held at a constant temperature Ty and the lower wall is held at a
constant temperature T7,.

The main dimensional equations that will govern the fluid flow and temperature
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14

u(z1, r2,t) = (q1(w1, 22,1), q2(x1, 22, 1))
T(.’L’l,xg,t)
p(xy,x2,t)
T, To, t

fluid velocity vector

temperature

fluid pressure

coordinate directions and time

fluid density (constant)

fluid thermal conductivity (constant)
specific heat of fluid (constant)

fluid thermal diffusivity (constant)

shear rate and temperature dependent
fluid viscosity

second invariant of tensor A

Cauchy stress tensor (i,j € {1,2}) being
the sum of the fluid pressure and the
deviatoric stress tensor

deviatoric stress tensor

(zero when no shear stresses acting)

Kronecker delta tensor (i,j € {1,2})

symmetric rate of deformation tensor
(1,5 € {1,2})

function describing the rate of viscous
dissipation of energy as heat

Table 1.1. List of notation
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profile can be stated as follows,

dq;

o~ 0, (1.2.1)
8qi '8(11‘ . 80’1']'

P < ot + @ 81‘J> N (%j ’ (122)

Oi5 = 0ji, (123)
or or 0 or

e (at . q8> -2 <k axi) ‘o, (1.2.4)

d = O'Z'jdij. (1.2.5)

where the notation is defined in Table[I.1. These equations represent the conservation
of mass in a fluid particle, conservation of linear momentum, conservation of angular
momentum, conservation of energy and finally the definition of the rate of viscous
dissipation of energy as heat. In stating these we have assumed that the density of
the fluid is constant and that there are no body forces acting upon the fluid as a
whole (e.g. gravity). In addition, the temperature equation has been stated with the
assumption that the total internal energy of the fluid does not explicitly depend upon
any kinematic quantity, e.g. the strain-rate or stress tensor, but it may depend upon
the pressure and temperature.

The conservation of mass statement can be interpreted as the identit
Iy=d; =0. (1.2.6)

It remains to specify the form of the viscosity function before stating the final set of
dimensional governing equations for the problem. Let us assume that the dependencies

upon temperature and shear rate factor into the form

The second factor, F5(Il4) describes the variation of the viscosity with shear rate. A

commonly used model is the power-law model,
Fy =K |[Ig|" ", (1.2.8)

where the second tensor invariant Il is defined in Table 1.1l The nondimensional

exponent n determines the type of fluid under consideration. The parameter K is the

'The summation convention is adopted, whereby repeated indices indicate summation over the
possible values of that index. In this case the index ¢ may take the values 1, 2.
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Material Consistency index K n Shear rate range

(Pas™) (s7)
Ball-point pen ink 10 0.85 10° - 103
Fabric conditioner 10 0.6  10° - 10?
Polymer melt 10000 0.6 102 - 10
Molten chocolate 50 0.5 107! -10
Synovial fluid 0.5 0.4 107! - 102
Toothpaste 300 0.3 10° - 103
Skin cream 250 0.1 10°-10?
Lubricating grease 1000 0.1 10! -10?
Conc. corn starch solution 0.131 1.72 100

Table 1.2. Typical values of the power-law parameters of common materials for a
particular range of shear rates. Collated from [BHWS89, page 22], [Ste96, page 80].

consistency index and has units of Pas™. If n = 1 the Newtonian fluid model is re-
covered, where K assumes the role of the dynamic fluid viscosity. If 0 < n < 1 then
the fluid is said to be shear-thinning and the viscosity decreases as the rate of shear
increases. If n > 1 then the fluid is shear-thickening and the viscosity decreases as
the shear rate increases. Shear-thinning fluids are more common than shear-thickening
fluids, and shear-thinning fluids are usually found in industrial applications such as
lubricants. Some typical values of the exponent n and consistency index K are shown
in Table the data being reproduced from the work of Barnes, Hutton and Wal-
ters [BHWS89, page 22| and Steffe [Ste96, page 80]. Both K and n are in general
temperature dependent, but the temperature dependence of n is so weak that it is
acceptable to use a constant n, [BAH87, page 210]. The temperature dependence of
K can be absorbed into the first functional factor of i, and so we consider K constant
here.

The first factor, F1(T'), describes the dependence of the viscosity upon the fluid
temperature. It it usual that the viscosity will decrease monotonically as the tempera-
ture increases. It is generally found that the temperature dependence produces a linear
shift ar in the value of the viscosity when plotting the logarithm of the viscosity versus
the logarithm of the shear rate [BAH87, page 139], [Tan00, page 459]. This shift can

be expressed as the following ratio,

w(T)Topo _ (T)To
wTo)Tp  p(Io)T

ar = (as p is constant). (1.2.9)

This can then be rearranged to give an expression for the overall viscosity at temper-

ature 71" given a reference value at temperature 7. An initial functional form for the
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temperature dependence is provided by the Andrade model (also referred to as the
Arrhenius model) [BAHS7, page 140],[Tan00, page 451] and is given by

= const * e E b EfL_1 (1.2.10)
pr=comst =P\ 7y ) TP\ R, ) P\ R\T T 1, -

where FE is the activation energy of the fluid molecules (different for each fluid), R is the
universal gas constant (8.314.J/(Kmol)), T is the absolute temperature of the fluid and
Tp is a reference temperature. However, for small temperature variation, this can be
approximated and we will consider two common functional forms: one exponential and
one algebraic. In both cases the viscosity decreases monotonically as the temperature
increases. In this situation we can omit the small ratio Ty /T in ar as it is approximately

unity. More specifically we take

Fy(T) = exp (;To) exp @ (; - T10>> , (1.2.11)
exp (775 ) exp (5 (7))

E E Ty-T
(1) (1 7).

The final functional dependence of the viscosity upon temperature and shear rate

(1.2.12)

~
~

is of the form
= F(T)K |IIy|"" . (1.2.13)

In summary, the dimensional set of governing partial differential equations that are

to be solved for the fluid flow and temperature problems are

91 Ogo
= 1.2.14

8901 t o, 8952 0’ ( a)
DQ1 op 0 oq1 0 ( Oq 0 ( Ogq

= 2 — = 1.2.14
Dt COmy T ox1 ( c'?:m) + 4D ( 8x2) 1o ( 8961) ( b)
DQ2 Op | 0 [ O d ( Oq 0 0q2

= — 2 1.2.14
Dt 8.%’2 * on 8.%’1 ( 8.291) 8.291 ( 6:132) + 6:102 ( (91'2) ( C)
DT 82 T
o = U,'J'd,'j = (fp(sij + T,'j) d,'j =

OpN\2  1/0q\2  0Oq Oga 1 /0q2\2 (0q2\?2
o (GR) 4530y 4 om0 (00 (B2 o
on o = +h: q(z1,h,t) =0, qa(z1,h,t)=VoVuy(z1), T =1y, (1.2.14f)

on o = —h: q(x1,—h,t) =0, qz1,—h,t)=-VoVr(z1), T =Tr. (1.2.14g)
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where the symbol D% denotes the material derivative and is defined to be

D 0 Jg 0
E(.) = a(.) + (u-V)(), V= <8x1’ 81:2> . (1.2.15)

The boundary conditions being applied are that of no-slip, an upper- and lower-wall
normal fluid speed (which may be position dependent) and an upper- and lower-wall
temperature profile. We restrict attention to temperature profiles that are constant

with respect to longitudinal position. The final parameter, E, is defined to be
EFE=1- VL(xl)/VU(xl) (thus VL(.CL'l) = (1 — E)VU(xl)) (1.2.16)

and allows a degree of problem selection: if £ = 0 we have the two porous walled
problem as stated above; if £ = 1 we obtain a problem where there is no fluid motion
through the lower wall; finally if 0 < E < 1 there are different rates of fluid extraction or
injection through the walls. We require Vi(x1) and V(x1) to be non-negative functions
and so the sign of V{y controls whether fluid is being introduced to or removed from the
channel through the porous walls. We therefore are not considering channel cross-flow

situations.

1.3 Problem Nondimensionalisation

The next step is to nondimensionalise the system in order that terms may be consis-
tently compared. It is not possible to make comparisons prior to nondimensionalisation
because each quantity in the system has a physical dimension and it nonsensical to
compare quantities of differing physical dimension. Once these dimensions have been
removed, the sizes of the nondimensional terms may be estimated and progress may
be made to simplify the governing system, where possible. The nondimensionalisation
process is the first step in refining a model by being able to identify the processes that
are most influential upon the system, given the values of the parameters at that time.

Typical values for characteristic dimensions are chosen in accordance with the prob-
lem in hand. In this case we nondimensionalise the system with the following changes

of variables:

VoVu L h _
vy =Lx, xo=hy, q = OhU u, g2 =WWyu, t= VOVUt,
%VUL el — 272 D= )
= MyK ‘2h2 i, p=pVyViPp, T=To+ Ar 0, (1.3.1)
~~ =Tr.-Ty

o
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where h is a characteristic channel half-width, A7 a characteristic temperature differ-
ence T, — Ty across the channel width, pg denotes the fluid viscosity at temperature
Ty (and shear rate 1/7 if applicable) and € = h/L is the aspect ratio of the channel.
The characteristic fluid velocity is taken to be VyVyy, where Vi is a non-negative con-
stant characteristic fluid speed and the sign of V;; determines whether there is suction
or injection occurring. The pressure has been scaled with inertia and an additional
parameter P, which can be chosen to find consistent scalings for the different regimes
under consideration.

The nondimensionalisation for the viscosity is obtained by expanding the definition
of p and requiring that the nondimensional viscosity i is O (1). The reference value of
Ty is chosen to be Ty, the temperature of the upper wall, and then the temperature
problem is that of a cooler upper wall than lower wall if Ap > 0 (the heated channel
problem) and a hotter upper wall than lower wall if A7 < 0 (cooled channel prob-
lem). Using M (T') to denote the generic temperature dependence for convenience, the
nondimensionalisation for the viscosity is found after the following manipulation,

dq1 91\’ O 992 Oq2 dg2 \°
= M(T)K |—= =
# ( ) (<6$1> <8$2> t o, 8:62 8:131 + 8951 + 81‘2

n—1
2

n—1
1VRV2I'2 [[fou\? 1L2 (8ua\® o0udv 1h% (00\> [00\°
= M(TK |--2Y — == ——to—= = —
(T) 2 h? ‘<0:E) +2h2 <8g> +agaz+2L2 (8:3) +<6g)
B 1VRVRLE|T u ou\®> h29udv 1h* (00>  h?
= MK |5 =5 7@ a5 +ﬁa@£+§ﬁ ) T
n—1
_ VOVUL2 u -
- MK |G \<g) ( )

n—1
2

RV
4ht

mMOK‘

o) (57)

where My is the contribution to the reference viscosity g at fixed temperature 7o and

M (0) is the nondimensional temperature dependent contribution to the viscosity. The

nondimensional quantities My and M () are found to be

EAT 7

B E(T-T,) B -22T4 _
either M (T) = eFTo e =75 =eFfoe "o = MSM(0), (1.3.2a)
E EArO _
M(T 1+ — 1——— ) =MgM* 6 1.3.2b

and we then take either M§ and M?(6) or M§ and M¢(0) for My and M (f) respectively.

n—1

2

(

o0v

9y
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The governing equations are now expressed as

%VU@+%VU@
nooz T h op

=0, (1.3.3a)

n—1
PVolgLDu_ Vol pdp | WK |V VGLT| ¥ 0 1y, 00y
2 Dt L 9 Lh nx oz \""oz
VOVUMOKL VOV,}L2 g< aj> VoVuMoK |VEVZL2 73(7@)
E 4R4 oy \Fay Lh 4RA oy \Faz )
(1.3.3b)
PVEVE DY _ pVEVE L0 | VoV MoK |VEVEL? = Q(_@)
h Dt h 0y L2 Ah? oz \"oz
n—1 n—1
VMK \VEVEI " 0, 0my | VoMK | VEVEER5 0 (0
h2 nx oz "oy 12 nx oy \"" oy
(1.3.3¢c)
pcVoVuAr DO kA7 920 kAr 920
PEOPUST =7 LAt ML AN 1.3.3d
o DI I o h282+ (1.3.3d)
AL G O S
h# 4ht L2\0z oy L? 0y 0z
1 h* f0U\2 h? /00\2
+omi(s) 2 (5) } (1.3.3¢)
ony=+1: a=0, v=V(z), 06=0, (where V(z) = Vy(z)/Vy)  (1.3.3f)
ony=-1:. =0, v=(-1+E)V(z), =1 (1.3.3g)

We now define the nondimensional groups

WL ") e Reynold b ing the of
T , the Reynolds number, comparing the ef-

e Re = pVOVUh/<MOK

fects of inertia and viscosity;

e Pe = %, the Péclet number, comparing the convective and thermal conduc-

tive length scales;

VoV L |71
MoK | U
¢ ‘ 22

e Pr = E‘é = ———5——, the Prandtl number, comparing the relative effects

of thermal conductivity and inertia;

MoKV@V3L?
e Br = RATRZ

fects from the heat produced by viscous dissipation against the effects of heat

VoV L |71
2h2

, the Brinkman number, comparing the thermal ef-

conduction;
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2772 | dp
VEVE | o

e Na = $, the Nahme-Griffith number, comparing the heat generated

by viscous dissipation against the temperature change required to change the

viscosity substantially;

e 3= AT

in temperature.

T=Tp

, which measures the sensitivity of the viscosity to changes

In the cases of the full Andrade model with the algebraic and exponential approxi-

mations (1.2.12]), the sensitivity parameter § has the common value of

EAr

O=Fre

In both the algebraic and exponential cases we make the assumption that

w (8T)
p(B-1)

=0(1)asf —oofor T =0(1),

(1.3.4)

and we define g = p (8) and pg < 1, where p has been evaluated with a typical shear

rate for the fluid. The § — oo limit corresponds to a biviscosity fluid model, that is a

fluid which has two distinct values for its viscosity.

Using these nondimensional groups, we may rewrite the governing equations in the

form
o
op 0 ou 0 /_0u 0 /_0v

Reﬁ “Ree 2Pa—Jr a—<2ua—u)+a—g(ua—g>+¥8—g<ua—;>,

Dv op 0 /_0v J ¢ _0Ou 0 /. _0v
Resqu:—R 5Pa +e %OLE%) 8%(“872)+887g<2ﬂ37;)’
PeD—e—aﬂ-i—@—kfi)

Dt 0z2 = 0y?
b =2miet ()" (50) += 5o o (5) = (5)
(G 3G st 3 (3 423’}
ong=+1: au=0 v=V(x), 6=0,
omyg=-1: u=0, v=(-1+E)V(z), =1

(1.3.5¢)

(1.3.5f)
(1.3.5g)

The Reynolds and Péclet numbers share the same sign, but this sign is reversed when



1.3. PROBLEM NONDIMENSIONALISATION 22

the flow changes from injection through the walls to suction through the walls of the
channel.
In order to balance the effects of pressure and viscosity, we now set P = (€2Re)_1.
If we now introduce a stream function
onp O

Y(xy,29) = VoV Lop(z, ) where (4,0) = (c')gj’ _85:> (1.3.6)

then the continuity equation is automatically satisfied, and the system becomes,

Re2. (’%> __ P, 22(2- oy )+ 0 (‘8%) = 28<—82¢>, (1.3.7a)

Dt \ 8y “oz " ° 0z \*Fazag) Tag\Magz) T ° oy \Foz2
D [0y _ 10p 30 _ 0% 9/ 0% /. 0%
Reth(@:z) T oy oz (“%2) oz (“6g2> “oy (2“637(%)’
(1.3.7b)

Pe——=¢’—— + - + @, (1.3.7¢)
Y

n—1

O*p\2 1 0%)\2 0%p 0% 1 4 10%\2 O%p 2| °
_ 2 (Y ¥ 2 Yy v Y e 2
¢ =2Brie (8@8@) +2(8g2) c 0y? 012 3 (8932) te (817850)
PhN2 1,02 LD PE 1 PuNe s Pha2) T
2 (27 2y Y v 402V 2
{5 (a:f:ag> 2(6@2) © 92 0z2 Tof (6:z2> e (8376:3) » (13.7d)
ony=+1: ?;:0’ —?;:V(LE), 6 =0, (1.3.7¢)
onj = 1: ?gzo, _%:(—1+E)V(a‘:), f=1. (1.3.76)

Now, by multiplying the y-momentum equation up by &, and dropping the overbar
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notation we obtain the nondimensional governing equations
81/) 8]? 2 8 82'¢ 821)Z) 8 82¢
ReDt <8y> T oz e ox <2 8x8y + 3y ay 8 Horz | (1.3.8a)

—R6522 ov :—@—542 o + €2 82¢ 52 2 5y
Dt \ 0z oy oz \Moz2 8x 8y Ay 'uay&v ’

(1.3.8b)
Pe%f = ngiz + 8;2 +®, (1.3.8¢)
o= () 5 () = 5 () ()
n—1
ooy sy e a2y (o)) s
ony=+1: gz) =0, —gi} =V(z), 6=0, (1.3.8e)
ony=—1: ?’; =0, —gi} =(-1+E)V(z), 6=1 (1.3.8f)

One characteristic scale that has not been defined is L, the distance from the origin
to the end of the channel along the x; axis. This quantity is in some sense arbitrary, as
it can be defined in terms of the other parameters of the problem in hand. In the case
of a solely thermally varying viscosity, we wish to only consider the flow of fluid in the
region where the effects of inertia and conduction are balanced. In order to do this, we
limit the region of interest to distances along the channel length that are smaller than

the typical thermal conduction length; thus we define
L=Peh (Pe>1). (1.3.9)

However, in the case of the viscosity depending solely upon the rate-of-shear, this
previous definition is not useful as we would not consider any temperature equation
associated with the flow. In this case we would define L in terms of the aspect ratio of

the channel, and then consider the limiting case of an increasingly small aspect ratio
e=h/L, e < 1. (1.3.10)

Therefore, in the case where we can have both temperature and rate-of-shear variation
within the viscosity function, we must take L large enough such that the channel aspect

ratio is sufficiently small and also large enough that the region of interest still encloses
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the region of inertia-conduction balance
L > max {h/e, hPe}. (1.3.11)

As we are not considering the effects of viscous dissipation of heat we may take
Br <« 1 uniformly across the channel. Taking the curl of the momentum equations

gives

Re( O oW Y 9y 33¢> Reg? (_ O oY L 9% )

otdy? ' Oy 0z0y®:  Ox Oyd otdz? Oy 02° ' Oz Oyda?
92 azz/) , 02 0% , 02 [ 0% 2 9 [ 0%
=23 +2¢ 2 Kas e
oy? 8y Oyox 0x0y 8y Ox? 822 \" 0y?

| 548—2 (ﬁ%) , (1.3.12a)

0z2 0z2
Do 8% 0%

ep; = o S te BL (1.3.12Db)
ony=+1: ?;5 =0, —?;i =V(z), 6=0, (1.3.12c¢)
ony=—1: ?;5 =0, _?;f; =(-14+E)V(z), 6=1. (1.3.12d)

Finally, we obtain the leading order unsteady problem

3 3 3 2 2
Re (5t + 0y et~ o 1) = o (Pt i
2

(20000 _ovovy 0 a3
w= M(0) (;2;5 " , (1.3.13c¢)
ony=+1: gj:o, —gi} =V(z), 6=0, (1.3.13d)
ony=—1: gjzo, gi} (-1+E)V(z), 6=1 (1.3.13e)

In most cases we will consider the steady states of this system, but in the case of
temporal stability the unsteady system will be needed.

When the exponent n = 1 and E = (0, we obtain the two porous-walled Newtonian



1.3. PROBLEM NONDIMENSIONALISATION 25

fluid flow problem

By By o 0% 92 9%
Re <atay2 + 87y8568y2 o 8y3> - 87y2 <:U’ay2> ) (1.3.14a)

a6  o0yY o8 oy oo 020

Pel =+ % | = 1.3.14

e<0t+8y6x 8;1:6y> D2 (1.3.14)

= M(0) (exponential or algebraic form as appropriate), (1.3.14c)
_ . % oy _ _

ony=+1: 9y 0, B V(z), 60=0, (1.3.14d)
_ . oy _ _

ony=—1: oy 0, e V(z), 0=1. (1.3.14e)

and if there is no temperature variation of viscosity, so p = 1, this further reduces to

By o B oY\ 0
R (o + oy et~ 05 01) ~ 5" .
00 000 oo\ 9%
Pe <6t + o 8333@/) = 55 (1.3.15b)
ony=+1: (8915 =0, —gqﬁ =V(z), 6=0, (1.3.15c¢)
ony=—1: gj -0, _gi} =—V(z), 0=1. (1.3.15d)

We shall mainly focus on the one walled (E = 1) problems but having the problems
posed in a general manner allows some progress to be made on the £ = 0 two walled
problem with equal wall flow conditions and on the intermediate 0 < E < 1 problem
with unequal wall flow conditions. The effects of the various non-Newtonian influences
will be considered separately; either the power-law fluid model is used and then the
temperature equation is not coupled to the flow problem and so is not considered
further, or the temperature-dependent viscosity model is used and both equations are

needed.



Chapter 2

Previous work

In this chapter we wish to present a brief overview of work that has been done on the
problems under consideration. This has been broken down into two sections: one on the
isothermal problem and one on the non-isothermal problem. As the majority of work
has been on the isothermal problem this section is itself divided into two subsections:
firstly the two porous walled problem with symmetric solutions and secondly the two

porous walled problem with asymmetric solutions and the one porous walled problem.

2.1 Isothermal problems

2.1.1 Two porous walled problem with symmetric solutions

Various asymptotic results have been deduced or proven for the two porous walled
problem with solutions that are symmetrical about the channel centreline. The original
work by Berman [Ber53| produced a first order perturbation solution for the small
Re > 0 suction limit. Sellars [Sel55] obtained an expression for the high Re > 0 suction
limit. This was subsequently extended by Terrill [Ter64] and further work by Robinson
[Rob76] described the three different symmetric suction solution types (I, I, I1I) that
are possible in this limit. Authors define these solution types differently but we shall
use the descriptions given by Zaturska et al. [ZDB88|. Type I solutions exist for all
values of Re whereas types II and I1] only exist beyond a critical positive value of
the Reynolds number, given as Re = 12.165. The type I and I solutions differ by
exponentially small terms in the limit Re — oo, first shown by Robinson [Rob76].
Terrill’s subsequent paper [Ter65] addresses the large injection solution and he corrects
an earlier attempt by Yuan [Yua56], which does not predict the correct behaviour of
the third derivative of the solution across the channel centreline, by constructing an

outer solution and an inner solution near the channel centreline.

26
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In 1984 Durlofsky and Brady [DB84| showed that any injection solution is spatially
stable, that the type I Re > 0 suction solutions are spatially stable but the types I1
and I11 solutions for Re > 0 are spatially unstable.

Two papers by Lu, MacGillivray and Hastings [LMH92, HLM92| proved some of
the numerically known properties of the solutions of the boundary value problem. It
was proved that there is at least one solution for all values of Re, and for sufficiently
large Re > 0 there are three solutions, confirming the work in Robinson’s 1976 paper
[Rob76]. For the injection solution, it was proved that the behaviour of the solution,
away from the channel walls, was sinusoidal and as Re — —oo, the leading order
behaviour was linear. The concave down and increasing non-concave suction solutions
have a vanishing second derivative as Re — oo and also have a linear leading order
behaviour. As Re — oo these solutions have two distinct regions: an inviscid inner
region and a viscous boundary layer near the wall. The three different solution types
(I,11,1II) correspond to the four cases detailed in [LMH92] in the following way: the
concave down solution for Re < 0 and Re > 0 corresponds to the type I injection
and suction solutions; the increasing non-concave solution for sufficiently large Re > 0
corresponds to the type I solution; the solution with a single zero in the half-channel
interior for large enough Re > 0 corresponds to the type I11 solution.

The type II1 solutions for Re > 0 were also studied by MacGillivray and Lu in
[ML94] and two rigorous results were proved for the internal zero of these solutions,
namely that the internal zeros move toward the wall as Re — oo. The asymptotic
description of the solution to the boundary value problem was of an inviscid outer
region, a viscous boundary layer near the wall and a novel transition layer in which
transcendentally small terms were included.

The paper of Cox and A.C. King in 1997 [CK97] established the first detailed asymp-
totic description of the type I11 suction flows via the transformation of the boundary
value problem derived from a similarity solution of two porous walled problem into an
initial value problem (using a method described by Terrill in [Ter64]). The four region
asymptotic behaviour of the solution to this initial value problem, up to and including
the second zero of the first derivative of the solution, allowed Cox and King to recon-
struct the flow and perform comparisons with other numerical solutions to the original
boundary value problem. Ferro and Gnavi [FG00| show that the type I solutions are
spatially stable for a range of Reynolds numbers, but asymmetric perturbations to the
symmetric solutions are able to cause instability.

Numerical solutions and analysis of the symmetric problems have been produced
by various authors in the course of their work mentioned above. Zaturska, Drazin and

Banks [ZDB88| used numerical results for the symmetric problem to perform temporal
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stability analysis of the asymmetric problem, and also calculated a phase plane for
the unsteady type I solution. MacGillivray and Lu [ML94]| compare their asymptotic
results to a numerical solution of the original boundary value problem and also to the
numerics in [ZDB88| and note that their transition layer yields better results. The
asymptotic work in [CK97] on the initial value problem is compared to direct numer-
ical solution of the boundary value problem to show the accuracy of their asymptotic
results; they also disagree with some of the details of the numerical results produced
within [ZDB88]. A full two-dimensional calculation is compared to the behaviour of
the similarity solutions of type I in order to examine the spatial stability predictions
of their work.

Variations to the two porous walled problem in §1 are also investigated by re-
searchers. Durlofsky and Brady [DB84] consider solutions in an axisymmetric tube
geometry and show that the injection solutions are spatially stable and the suction
solutions are spatially stable as long as there is no flow reversal within the tube. They
also consider the basic two porous walled channel problem with accelerating (or decel-
erating) walls and conclude that both the injection and suction solutions are spatially
unstable as there are always regions of flow reversal within the channel. Cox [Cox91a]
considers the accelerating wall problem in the channel by recasting it as an initial value
problem. Cox then proves that the number of solutions to the initial value problem
that have a zero of the first derivative is at most two. From these solutions the flow
behaviour within the channel can be recovered, and he is able to identify solutions

analogous to types I — I11.

2.1.2 Two porous walled problem with asymmetric solutions and the

one porous walled problem

The two porous walled problem with asymmetric solutions only received attention once
the 1998 paper by Zaturska et al. [ZDB88| demonstrated the existence of asymmetric
solutions in the suction case. Asymptotic descriptions of the flow behaviour for suction
solutions of type I,, I/ and III,,I1I/ were obtained: type I, consists of an inviscid
sinusoidal core and viscous boundary layers at the walls; type 11, consists of an inviscid
core, viscous boundary layers at the walls and a viscous shear layer about the mid-line of
the channel. Zaturska et al. found the asymmetric solutions numerically by perturbing
the symmetric solutions with antisymmetric eigenfunctions. They established that
temporally stable asymmetric solutions exist for a limited range of Reynolds numbers.

In 1991 Cox produced two papers [Cox91b, Cox91a] considering variations of the
original two porous walled and one porous walled problems. For the problem of in-

jection through the upper wall and an impermeable lower wall, Cox [Cox91a] found
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that in the limit Re — —oo there are two flow regions: an inviscid outer region and a
viscous boundary layer near the impermeable wall, in which the solution is the Falkner-
Skan® profile with m = 1. In this situation there is only one steady solution and it
is temporally stable. For the two porous walled problem and large Re > 0 suction
flow with different amounts of suction at each wall, he noted that there was a three
region behaviour, with an inviscid core and viscous boundary layers at each wall. In
this case the general conclusion to be drawn is that, for large enough Re > 0, the so-
lutions are spatially unstable. The type I, solution is temporally unstable for a range
of Re values. Considering the situation of suction at the upper wall only, in the steady
problem there are two cases: for small Re > 0 there are three solution branches, one
temporally stable and two temporally unstable; for large enough Re > 0 flow reversal
occurs and so there is a loss of temporal stability as perturbations can be carried in
both directions within the channel. For the unsteady suction problem, the only stable
solution for large Re > 0 occurred as part of a limit cycle. This limit cycle has two
parts: an inward part (according to the behaviour of the limit cycle on the phase plane
[Cox91b, fig.9 p.15]), which has an inviscid solution structure away from the channel
walls, the amplitude of which is exponentially decreasing; the outward part also has
an inviscid core away from the walls but it is rapidly growing and is moderated by
the viscous solution near the matching point with the viscous boundary layer. Cox
mentions that the growing inviscid solution appears to be an intermediate asymptotic.
The temporal stability analysis was performed by using a shooting method to solve the
two-point boundary value problem and the corresponding eigenvalue problem.

For the one porous wall problems Cox [Cox91a] transforms the boundary value
problem into an initial value problem and proves that the number of solutions with
a zero of their first derivative is either two or none, and then compares numerical
solutions with the known injection and suction solution asymptotics in this case. He
also considers the problem with just one accelerating wall (no suction or injection)
and the theoretical results follow through without much amendment. In 1997 Cox
and J.R. King [CK97] produced a four region asymptotic description of the solution
to the initial value problem obtained after transforming the one porous walled channel
boundary value problem. The fluid flow field is recovered from the numerical solution of
the initial value problem combined with the asymptotics and covers both the injection

and suction flows. A schematic of the four region structure is given in Figure (2.1.1),

!The Falkner-Skan problem (this description being a paraphrase of the description given by Batche-
lor [Bat01, page 316]) describes the boundary layer flow of a fluid adjacent to a solid boundary, aligned
with the z-axis, where the far field fluid horizontal velocity is given by v = Cz™ with C' > 0 and m
constants. A solution of the boundary layer equations may be found of the form ¢ = (l/Ucc)l/zf(n)7 n=
(U/vz)'/?y and the boundary layer system is found to be mf'?> — (1/2)(m + 1)ff"” = m + f". The
case m = 1 corresponds to the flow of fluid toward a stagnation point at a wall.
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Figure 2.1.1. Schematic of the single porous walled solution structure in the initial

. . 1/2
value problem in [CK97], where a(d) = log [4 log 6~ + 6log (41log 5_1)1/2} .

which is not given in [CK97].

Ferro and Gnavi [FG00] extend the spatial stability results of the similarity solutions
to the two porous walled suction problem. They report that the type I, solution is
spatially stable if there is no flow reversal within the channel whereas the type 111,
solutions are spatially unstable for any Re > 0 as there is always a region of flow
reversal within the channel. Numerical experiments suggested that these types 111,
solutions were unstable to both symmetric and antisymmetric perturbations. They
concluded that there is a small range of Re > 0 within which the possible similarity
solutions are spatially stable; the smaller end of the range of Reynolds numbers permits
symmetric spatially stable solutions and the higher end permits asymmetric spatially
stable similarity solutions.

A paper by J.R. King and Cox [KCO01] considers the steady and unsteady solutions
of the one porous walled problem and the authors are interested in the large Re limits
of the problem. As we are only looking at the steady problem the discussion will be
limited to that case. In contrast to the previous work on the one porous walled problem
the authors obtain results directly from the boundary value problem formulation and
not via Terrill’s [Ter64] transformation to an initial value problem. They summarise the
three known asymptotic limits of small Re, large negative Re corresponding to injection
driven flow and large positive Re, corresponding to suction driven flow. The small Re
solution is a regular perturbation series and the large injection solution is a singular
perturbation series solution comprising of an inviscid outer region away from the lower
wall and a viscous boundary layer near the lower wall, as reported by Cox in [Cox91b]
and [Cox91a]. The final case of large positive Re consists of a four region solution;
there is an interior region around the nearest internal zero of the solution function to
the upper wall, a boundary layer adjacent to the upper wall, an outer inviscid region

in the main body of the channel and a boundary layer adjacent to the lower wall.
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There are exponentially small terms involved in the boundary layer at the upper wall
which asymptotically match with terms in the interior layer, and these terms have an
influence upon the scalings of the interior layer which are then determined by matching
the solution in that layer to that in the outer, inviscid, region. The authors novel use
of an optimal truncation method upon the diverging series solutions allows an accurate
approximation to be calculated in the case where inverse powers of log(1/Re) occur.

The 2004 paper by Cox and J.R. King [CK04] considers the large Reynolds number
asymptotics of the two-walled porous channel problem in boththe E =0and 0 < F < 1
cases, obtaining asymptotic descriptions of the asymmetric type I1 and I11; solutions
for £ = 0, an improved asymptotic description of the symmetric type II1 solution
for E = 0, and large Reynolds number asymptotic descriptions for the type I; and
111, solutions of the 0 < F < 1 problem (two walled problem with unequal suction
rates). They use matched asymptotic expansions with exponentially small terms at
interior layers and boundary layers together with multiple regions within the channel
width to produce the high suction asymptotic solutions. These are constructed in
two ways: either an “exact” method is used where matching of solutions is attempted
between the outer and inner solutions in the usual manner, or an “ad-hoc” method is
used where the outer solution boundary conditions are replaced with conditions applied
at the interior zero(s) of the solutions. The “ad-hoc” method is seen to yield better
numerical estimates of the outer solution structure than the usual "exact” method,
with the authors noting that the improved numerical accuracy has come at the cost of
a fully systematic approach to the asymptotic analysis. The analysis is guided by an
detailed examination of the particular boundary layer problems that arise in the course
of matching and are recorded in a companion paper, [CK05].

The companion paper by J.R. King and Cox, [CK05], considers the boundary layer
flows driven by the injection or suction of a viscous fluid at a porous channel wall.
Multiple solutions are reported for high enough rates of suction and these solutions have
different forms; one solution corresponds to the previously found monotone solution
(which connects to the injection solution branch) and the other two solution forms show
regions of flow reversal near to the porous channel wall. The solutions with flow reversal
are not connected to the main branch of solutions. One solution exhibits reversed flow
regions above a critical suction rate and the other solution has reversed flow only up to
a critical flow rate. The three different solution branches are examined in the limit of
large suction (and injection where it is valid) and the reversed flow solutions involve the
matching of exponentially small terms. Numerical simulations are also performed in
order to assess the quality of the asymptotic analysis. The reported multiple solutions

are important in the asymptotic description of the various high suction rate solutions of
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the Berman problem and are used in [CK04] accordingly. The authors then relate their
solutions to the known solutions for the flow of a viscous fluid within the boundary
layer of an impermeable walled channel whose walls are accelerating and also to the
three dimensional suction flow boundary layer solutions, where the number of coexisting

solutions is found to be greater than that of the analogous two-dimensional problem.

2.2 Nonisothermal problem

The only work on the injection or suction of fluid within a channel with porous walls and
involving temperature is [FG02]. Figure[2.2.1[shows a bifurcation diagram reproducing
Figure 2 in [FGO02] for the flow of a Newtonian fluid in an isothermal two porous walled

channel upon which the different base solution branches are presented.

2.2.1 Ferro and Gnavi, 2002

Ferro and Gnavi [FG02] consider the effects of viscosity gradients upon the stability
of Berman flows in the two porous walled problem. They take, for simplicity, an
exponential viscosity function p(7) = exp(—~4T'). If v > 0 then the viscosity decreases
as the temperature increases (typical for most liquids) but if 4 < 0 then the viscosity
increases as the temperature increases (an example of this behaviour is that of dry air at
atmospheric pressure at temperatures above 0° [Bat01, Appendix 1]). The exponential
form of viscosity is a good fit for the behaviour of water in the range 10 — 100°C.
Asymptotics are presented for the low thermal conductivity limit of [Pe| > 1 in the
cases of I1(7), I3(y) without flow reversal. The solution types are labelled analogously
to those of the isothermal case: types I, I2 and I3 correspond to different sections of the
type I solution branch for nonzero . In the case of large suction the solution structure
comprises an isothermal layer and either one or two temperature boundary layer(s),
depending upon the behaviour of the flow function. Ferro and Gnavi comment that
the temperature in the isothermal layer cannot be found using standard perturbation
theory and they resort to a variational approach to obtain its value. For the injection
scenario there are two outer layers near the walls of the channel and an inner thermal
boundary layer near the stagnation line. In the limit of low thermal conductivity two
fluids of different constant viscosities are injected into the channel and the temperature
jump within the channel occurs across the stagnation line. An analytical description of
the branches of the bifurcation diagram close to the first bifurcation point is produced.
Ferro and Gnavi then reproduce the bifurcation results of previous authors in the
isothermal case to provide a contrast to their bifurcation results. There are solution

branches analogous to those in the v = 0 problems; in particular there is only one
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branch of solutions that exist for all Re with v # 0, I;(y). They introduce the effec-
tive Reynolds number, which can only be calculated after the flow problem has been
solved. It is useful for distinguishing the artefacts caused by the viscosity gradients
from those which occur due to the value of the mean viscosity in the channel. They
found that for the steady state solutions, for a fixed value of the effective Reynolds
number, the stagnation line for v > 0 (v < 0) is displaced toward the wall of lower
(higher) temperature, i.e. where the viscosity is lowest.

Next the temporal stability of the v # 0 steady state solutions is examined. For
v # 0 the (Re,~) plane is divided into four regions, in which different types of tempo-
rally stable solution can be found. For fixed ~y, these four types are: a single temporally
stable solution; two temporally stable solutions; one temporally stable solution and one
temporally stable periodic solution; and two temporally stable periodic solutions. This
division of the plane is not equal and there is a bias toward one sign of 7. Reinter-
preting these results in terms of the effective Reynolds number removes any bias and
reintroduces symmetry into the (Re,7) plane. The displacement of the flow field to-
ward regions of lower viscosity accentuates the instability of the asymmetric solution
whereas if it enhances the symmetry of the flow field the stability of the corresponding
solution is improved. In the case of the unsteady problem, the authors note that the
stronger the dependence of the viscosity upon the temperature, the more marked the
increase of the critical Reynolds number corresponding to a Hopf bifurcation bringing
periodic solutions.

The spatial stability of solutions is then considered. The authors note that only
temporally and spatially stable solutions are observable in practice. Their results are
that solutions of type I7 and I3 are spatially stable if there is no flow reversal in the
channel and that all other solution types are spatially unstable; this result is the same
as that found in the constant viscosity spatial stability analysis. Thus, for the injection
problem the solutions are spatially stable for any Re < 0 while the suction solutions are
only spatially stable up to a certain critical value of the Reynolds number, dependent
upon . The quantitative behaviour of the solutions in the presence of thermal gradients
is similar to that of the temporal stability case, but the regions in which the stable
solutions are to be found are much smaller and the critical Reynolds number is again
reduced.

The authors finally conclude that most of the solutions of the temperature-dependent
viscosity problem are temporally and/or spatially unstable. The thermal effects reduce
the values of critical Reynolds numbers, and also enhance the stability or instability of
the solutions, depending upon whether the shifting of the solution toward regions of

lower viscosity enhances the symmetry or asymmetry of the flow field.
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Chapter 3

Isothermal power law fluid

problem - preliminaries

In this chapter we start by seeking a similarity solution of separable form for the power-
law fluid flow problem in the general two porous walled geometry as a basis for further
work in subsequent chapters. We then construct a small Reynolds number expansion
of the flow function coming from the similarity solution and finally pose the temporal
and spatial stability problems for the two porous walled isothermal flow.

3.1 Similarity solutions

Introducing the following rescalings
r=aX, y=p0Y, ¥(z,y) =7S(X,Y) (83,7 €R) (3.1.1)

into the governing steady isothermal system

oy By apoty\ 9% [|0%|" 0%

Re [ = S S S 22, (3.1.2)
Oy O0x0y?  Ox Oy? oy? \ | 0y? oy?
. W, %

ony=+1: oy 0, o V(z), (3.1.3)
. W, 9

ony=—1: oy 0, o (—1+ E)V(z), (3.1.4)

we obtain from the governing equation that the following relation must hold

ay " = pleR (3.1.5)

35
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for invariance. If we assume that «, 3,7 > 0 and that v = a* for some choice of \,

then we have that
1+ (n—2)A

o™ =3 where m = e

(3.1.6)

This gives

U(@,y) = a*S(x/a,y/B) = 2*S(1,y/B) = 2 f(n), where n=yz~ ™. (3.1.7)

The governing partial differential equation for ¢)(x,y) is transformed into the principal

differential equation for f(n),

Re((A—2m) ' f" = ML) = (|£""" )", where ' = (;7, (3.1.8)

while the boundary conditions become

, = () 4 mat i f () = V() (3.1.9)

, =AM () +mar I (n) = (14 E)V ().
(3.1.10)

on nz™ = +1: 2" f (n) =

0
on nz™ = —1: 2" f'(n) =0

Now as the boundaries of the 1 domain are to remain independent of z under the
similarity transformation, we must have that m = 0, and so n = y. In summary we

have that 1

2—n’

Y(x,y) =2 fly), A= Viz) = —z*1 (3.1.11)

and f(y) satisfies the principal differential equation

"
ARe (f'f" — ff") = (f” \f"y"‘l) : (3.1.12)
and the boundary conditions
ony=+1: f'=0, f=1, (3.1.13)
ony=-1: f'=0, f=-1+E, (3.1.14)

We then find that we must consider two cases in order to proceed further: uniform
injection/suction or variable injection/suction. Before investigating these two cases we
should see if there are more general separable similarity solution forms that could be

applied.



3.1. SIMILARITY SOLUTIONS 37

3.1.1 Alternative similarity solution forms

Since, in (3.1.11), we required m = 0 to preserve the boundary conditions (3.1.9) and

3.1.10), we now choose to seek a more general form of separable solution, namely

Y(z,y) = —g() f(y)- (3.1.15)

Substituting this into the steady isothermal system yields,

Regg' (f/f// . ff///) =g ’g‘n_l <_nf(iv) U//\nfl _ n(n . 1)f” (f///)Z }f//‘nf:i) 7

(3.1.16)
ony=+1: —gf' =0, ¢f=V(), (3.1.17)
ony=-1: —gf' =0, ¢f=(-1+E)V(x), (3.1.18)

where ’ means the derivative with respect to the argument of the relevant function.
For (3.1.16) to be separable, we require

a9’ _ —nf(iv) ‘f//‘nfl —n(n—1)f" (f///)Z |f/,|n73
g |g’n71 Re (f'f" — ff")

—=r (3.1.19)

to hold, where r is the separation constant. This means that we have to satisfy
g =rglg” ", V(z)=g¢', ¢(0)=0 (flow symmetry condition), (3.1.20)
leaving the modified equation for f(y),

rRe (f/f// _ ff///) — _nf(iv) ’f//‘n—l _ n(n . 1)f// (f///)Q |f”‘n_3, (3'1.21)
=1, (3.1.22)
— _14E, (3.1.23)

ony=+1:
ony=—1:

which in general has to be considered numerically.

We assume that g(z) is not identically zero otherwise it would yield a trivial form
for ¢(x,y). The relevant form of the suction or injection profile corresponding to a
particular solution g(z) is determined by the requirement that ¢'(x) = V(z), coming
from considering the boundary conditions upon the walls.

Cancelling a factor of g(z), we are left with a Bernoulli-type equation for g(z), with



3.1. SIMILARITY SOLUTIONS 38

solutions
(c+r2- Tl)flf)ﬁ ; glx) >0andn #2 =V(z)=r(c+r(2- n)aj)%
g(x) = | Aexp (rz), n=2 = V(z)=rexp (rz)
—(c—r2-n)x)T7, g(z) <Oandn #2 = V(z) = —r(c—r(2 —n)z)ir
(3.1.24)

subject to conditions upon x,r, ¢, A and n.

We want to have suction or injection throughout the whole length of the channel
and as such we must consider the solution branches that are nonzero for all . We also
want to impose the symmetry condition 1(0,y) = ¥,,(0,y) = 0, an assumption that
was implicitly made in Berman’s paper [Ber53].

When n # 2 if we impose the condition ¢g(0) = 0 then we find that ¢ = 0. Rewriting

the function as

o(x) = sgn(@) (r(2 — mal) e = § CE T R0 nEE g o
—(r2—=n)(—z))2=», <0, n#2

allows the determination of the separation constant r = a?~"/(2—n) for some constant
a. The simplest choice is to take a = 1, i.e. that any extra arbitrary constant in the
definition of ¥ can be absorbed into the f-problem by redefining the Reynolds number;
in this case the separation constant is 7 = 1/(2 —n) = X\. We can then simplify the
form of g(z) to

(@) = sgu(a)|z|=, n#2. (3.1.26)

and have thus extended g(z) to have an odd symmetry about x = 0. In this case we
then have that the injection or suction function V' (x) is given by
1 1

Vir)=5— |2, n#£2. (3.1.27)

In the case n = 2 the governing equation becomes
rRegg’ (£/1" = £1") = glgl (=200 5| = 2" (") 11" 1) | (3.1.28)
with the solution for g(x) in this case being
g(z) = £Bexp(+rz), B> 0,r € R. (3.1.29)

However, we cannot impose the symmetry conditions upon g without forcing it to be

identically zero, and so in this case the centreline has been, in effect, pushed off to plus
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or minus infinity. Solutions of this form are dissimilar to those in the n # 2 case due to
the lack of symmetry. Fluid injection occurs when ¢’ < 0, which is the situation when
the minus signs are taken in the above form of g(z) and in this case the separation
constant r must remain negative; in contrast, suction occurs when by ¢’ > 0 which is

the result of taking the positive signs and in this situation r must remain positive.

3.1.2 Uniform injection or suction case

If the injection or suction is constant throughout the channel length (so that V' (z) = 1)
we must either have that the separation constant » = 0 or that A = 1. As r = 0 gives
a trivial form for g(x) this is not possible, and so we must have A = 1 but then any
possible similarity solution only holds if n = 1 i.e. if the fluid is Newtonian.

In the case of a power-law viscosity function, we conclude that there is no similarity
solution of separable form considered that is valid across the entire channel for the
case of uniform injection or suction problem. We are then left to consider whether
a similarity solution of separable form is relevant over a reduced part of the domain,
e.g. where the solution structure may contain boundary layer phenomena (where Re >

1). This is considered in later sections.

3.1.3 Variable injection or suction case

In contrast to the previous subsection, if we allow the form of the suction or injection
function to be determined whilst finding a separable similarity solution, we may be
able to find other valid solutions with variable suction or injection along the channel

length. These solutions are exactly those described in section [3.1.1l

3.2 Preliminary asymptotic analysis

3.2.1 Small Re limit

To consider the Re — 0 limit, let us pose the regular expansion of f(y) in € = rRe =
Re/(2 — n), namely

fw) = foy) +efily) + € faly) + - . (3.2.1)



3.2. PRELIMINARY ASYMPTOTIC ANALYSIS 40

Integrating the governing ordinary differential equation once gives,

c <f/2 _ ff//) _ (_f// }f//‘TFl)/ n ﬁ’ (3.2.2)
ony=+1: f'=0, f=1, (3.2.3)
ony=-1: f'=0, f=-1+E, (3.2.4)

and substituting the regular expansion for f(y) into the system (3.2.2)—(3.2.4), expand-

ing the integration constant in powers of ¢,

B=L0+efi+e2fbo+--- (3.2.5)

and approximating the modulus using (3.3.1) gives the following series of problems at

each order:

O@1)y: 0=—(f""£) +po, (3.2.6)
ony=+1: fh=0, fo=1, (3.2.7)
ony=-1: fh=0, fo=-1+E, (3.2.8)
O@): fo" = fofd == (1" ) + B, (3.2.9)
ony=+1: f{=0, f1=0, (3.2.10)
ony=-1: fi=0, f1=0. (3.2.11)

For the O (1) problem (3.2.6)—(3.2.8), an exact solution can be found in the general
case where the wall flow rates are not necessarily equal. First consider the situation
where fJ > 0: numerical evidence suggests this is near the lower wall. Denoting the

solution in this region by fo4, we intend to solve the ode

(f6:)"" = Bo, (3.2.12)
ony=-1: for=-1+E, fi, =0. (3.2.13)

This has solution )
(Boy + co)*

Jor(y) = I ey + e (3.2.14)
A2+ 5) (1+3)
where ¢, c1, ¢z are constants of integration. It is clear that fy, \, 04y asy — y* = —%.

Applying the two boundary conditions allow the determination of ¢; and ¢ in terms
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of the remaining quantities Gy, cg and FE, giving

1

_ (e —Bo)'

i e (3.2.15)
_ ~ (eo — Bo) 7 co — Po

v L+ B = S 1 g (3.2.16)

If we now consider the region where fy < 0, which is near the upper wall, we have

to solve the following ode

(—f5)"" = =6, (3.2.17)
ony=+1: fo_=1, fi_=0. (3.2.18)
This has solution
do —
Jo-(y) = —(do — foy)™” + dry + da. (3.2.19)

B (2+5) (L+5 )

We can see that fi N\, 0_ as y — y* = ﬁ If we apply the two boundary conditions

we obtain the following values for the integration constants d; and do,

(do — Bo) '+

di = — 3.2.20

! Go(1+1) 7 (8.2:20)
_ (do — ﬂo)H% do — Bo

dy =1+ Wt 1+ﬂ0(2+%) (3.2.21)

Now in order to proceed to the general solution of the problem, we must first have
that fp and f{) are continuous about y = y*; this needs the two descriptions of y* to
coincide, and so we have that dy = —co. Imposing continuity of f/(y*) needs dy = ¢1,
and this implies dg = ¢g = 0, which in turn implies y* = 0. Now imposing the continuity

of fo(y*) requires dy = c2, and this yields

fo = — (1 - g)n (2 + i)n (3.2.22)

In summary we have that the leading order solution is

_ (1=3B) ol (1-3E)(2+7)
for(y) = 72 (—y)*Fn + 25y + 4E, y e [-1,0],
Joly) = Y (IEQE) Z L (B ()1(+2 )) sl (3.2.23)
fo-(y) = — (HQ%) y+n+z+71)y+§E, y € [0,1],
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equivalently stated as

foi(y) = B=BED (gyata/n | CEREnED) 4 By e (1, 0],

foly) = - RGN (3.2.24)
fo-(y) = —C=Egyp e 4 EREy + 5, ye (0]

Turning to the O (¢) problem (3.2.9)—(3.2.11), we again must split the problem into
two parts, coinciding with the regions of positive and negative values of f{(y).

In the region where foi(y) is valid, y € [—1,0], we can substitute the general (i.e.
not £ = 0 specific) leading order solution into the O (g) equation (3.2.9) and find an

expression for f14(y), namely

fi(y) = Ro + Bi(—y) + Ra(—y) /™ + Ry(—y)*™/"

(3.2.25)
+Ry(—y)?T2/™ 4 Ry (—y)3 T2 + Rg(—y)* 3/, y e [-1,0],

where Ro—Rg are constants; the values of Ry, R1, Ro and R3 are to be determined while
the values of R4, R5 and Rg are known as they come from the forcing zeroth-order terms
in (3.2.9).

We can immediately use the two boundary conditions at y = —1 to give two equa-

tions relating the R; coefficients

f1+(—1) =0: Ry+Ri+Ry+ R3s+ R4+ Rs+ Rg =0, (3.2.26)

dfit
dy

(—1):(): —R1—(1+1/n)R2—(2+1/H)R3—(2+2/H)R4

— (3 + 2/n)R5 — (4 + 3/n)R6 = 0. (3.2.27)
The corresponding function f;_(y) valid on y € [0, 1] is

fi-(y) = Co + Chy + CoyT1/m 4 Cay> /7

(3.2.28)
+C4y2+2/n + C5y3+2/n + 06y4+3/n’ y € [O, 1]’

where Cy—Cg are constants; the values of Cy up to C3 are to be determined whereas the
values of Cy, C5 and Cg are known. Applying the two boundary conditions at y = 1

gives two equations for the coefficients C;

flf(l):()i Co+C1+Cy+C3+Cy+Cs5+Cs =0, (3.2.29)

dfi_
dy

(1)=0: Ci1+(1+1/n)Ca+ (2+1/n)Cs+(242/n)Cy

+(3+2/n)Cs + (4+3/n)Cs = 0. (3.2.30)
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It remains to specify four more conditions in order to determine the values of the
constants; these conditions are that fi(y) and f{(y) should be continuous at y = 0
and that the quantities f{'(y)|f{(y)[" and (f{'(y)|f{(y)|™) should also be continuous
at y = 0. Altogether these specify that

Co = Ry, Ch = —Rq, Cy = Ro, C3 = —Rj3. (3.2.31)

Solving the four remaining simultaneous equations for the unknown coeflicients gives

the values of all the unknowns in terms of Cy, C5 and Cy

(2n)"(2n + 1)2™(2 — E)*"E

Co=0Cy=— 16(n (1 2) : (3.2.32a)
_ _ (2n)"(2n+1)>""(2 - E)* ™(8n* — 3n —9)

C1 =05 +20C6 = 48(n + 1)3(3n + 2)(4n + 3) ’ (3:2:32b)
B _ (2n)"(2n+1)*"(2— E)* "E

Cy=—-2C; = St D2 1) : (3.2.32¢)

Cy— —2Cs —3Cs — — (2n)"(2n + 1)27"(2 — E)3"(3n? — n — 3) (3.2.324)

8(n+1)3(3n + 2)(4n + 3) ’
(2n)"(2n +1)2"(2 - E)*>"E
= — 2.32
Ca 16(n + 1)2(n + 2) ’ (3:2:3%€)
(n—1)(2n)"(2n + 1)> (2 — E)>™"
16(n 4+ 1)3(3n + 2) ’
(2n)"*2(2n +1)2 (2 - E)3"
96(n+1)3(3n+2)(4n+3) ’
Ry = Co, Ri = —C1, Ry = (3, Ry = —C3, Ry = C4, Ry = —C5, Rg = —C.
(3.2.32h)

Cs = (3.2.32f)

Co = — (3.2.32g)

We can state the value of 37 as

9(2n +1)2(2 - E)?
43n +2)(4n+3)

B = (3.2.33)

The first order perturbation term f1(y) is therefore found to be

() = fi+(y) given in (3.2.25), y € [-1,0], (3.2.34)

fi—(y) given in (3.2.28), y € [0,1],

where the coefficients C; and R; are given in (3.2.32a)—(3.2.32h).
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3.3 Linear stability analysis

We wish to perform a numerical linear stability analysis of the power-law viscosity
fluid flow in order to establish whether flows are temporally or spatially stable or not.
In practice, it is only stable flows that are observable, as the perturbations have not
destroyed the base flow to which they were applied. In each case the essence of the
method is to take a specified flow field and add an infinitesimal perturbation, either in
space or in time, and to see what happens next. If the perturbation decreases to zero,
then the base or specified flow is said to be stable to that infinitesimal perturbation;
if the perturbation increases without bound and overshadows the base flow, the base
flow is said to be unstable to that particular infinitesimal perturbation.

The analysis of stability is based upon reducing the perturbed problem to an eigen-
value problem by linearisation of the perturbed problem about the base flow and ap-
proximating the perturbed flow in an appropriate manner. For temporal stability a
normal mode representation is used, while for the spatial stability the perturbation
takes the form of a power of the space-dimension dependence of the base flow. In doing
either of these, an unknown scalar is introduced to the problem, which takes the role

of an eigenvalue.

3.3.1 Spatial stability

The steady version of the system (1.3.13a)—(1.3.13e) for the case n # 2, describes
the base flow to which perturbations are applied. We add a spatially-dependent per-
turbation function eH (z,y), where € < 1, to the base flow described by the stream
function, giving ¢ (x,y) = —G(x)F(y) + eH(z,y). Substituting this into the steady

system produces
Re{(~GF' +cH,) (~G'F" + cHyy,) — (—G'F + cH,) (~GF" + eHyyy) )
= (I-GF" + ety [ (~=GF" + eHy,))
Yy
ony=+1: —GF +eH,=0, G'F —eH, =V (x),

ony= —1: —GF/+€Hy=0, G/F_EHx: (_1+E)V(x)’

where / denotes differentiation with respect to the argument and subscripts refer to

partial differentiation. This must now be simplified by expanding the modulus term.
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For generic terms a, b and ¢ one would obtain

‘a+€b+626+"“k: ]a\ﬂl%—eb/a—&-e%/a—i—---‘k
= |a|* + ekab|a|* 7% +
o (K 2y K 2,2\ | k=2
€ 5(2@0—1—1) )+ §(k—2)a b | a|" "+ (3.3.1)

Using this expansion, and neglecting terms of quadratic or greater order in €, produces

the following problems at each order

"
Y

O(1) ReGG (F'F' - FF") = G|G|"! (—F” \F”]”‘l)
ony=+1: GF' =0, G'F=V(x),
ony=-1: GF' =0, G'F=(-1+E)V(x),
O(€) Re(~GF'Hyyy — G'F"Hy + GF"H, + G'FHyy,) = n (Hy, \—GF"\”‘1>yy ,
ony=+1: H,=0, H, =0,
ony=-1: H,=0, H,=0.

The O (1) terms reproduce the base flow and they can be recast as two separate ordinary
differential equations (via the method of separation of variables) in order to determine
similarity solutions of the base flow, leading to equations (3.1.20) and (3.1.21)—(3.1.23).

However, to progress further with the perturbation function and so the O (¢) problem,

let us seek perturbations of almost the same similarity form as the leading order terms,
the only difference being that the spatial functional dependence along the channel

length is raised to an unknown power. Thus, we seek solutions of the form
¥(z,y) = —G(@)F(y) +G™(x)H(y), meR.

Recalling that we sought nontrivial G(x) satisfying (3.1.20), the governing equation for
the O (¢) problem is
"

mrRe (F/IfIl/ _ F///Ij[> + rRe (F’/I:[I . Fﬁ///) —_n <ﬁ// ‘F//‘nfl>

If we define a scaled Reynolds number

p—"Re_ _ Re (3.3.2)

n n(2 —n)
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then we can restate the O (e) problem as

"

mi (FH"— F"0) + R (F'I — FI") = - (" [F/|"")

It now remains to apply appropriate boundary conditions to the perturbation func-
tion. The boundary conditions at the channel walls are solely O (1) conditions and
so the correct spatial perturbation boundary conditions are homogeneous. Thus, the
eigenvalue problem for determination of the spatial stability of a given base flow F can

be stated as

mR (F"H ~ F") + R(FE" — F'R) = (A7) (3.3.3)
ony=+1: H =0, H=0, (3.3.4)
ony=-1: H =0, H=0. (3.3.5)

Where nontrivial functions H satisfying (3.3.3)-(3.3.5) exist they are called eigen-
functions and the corresponding values of m are called eigenvalues. The stability of
solutions is determined by the eigenvalues, and their interpretation is summarised in
Table 3.1 This has been constructed by considering the general behaviour of the
2 term multiplying the y-dependent function H, and the behaviour described there
should be compared with numerical computation of the eigenvalues and correspond-
ing eigenfunctions. For example, for large values of x, the suction problem has fluid
entering the channel from large = positions. If the product (m — 1)\ > 0, then the
perturbation term may not be smaller than the base flow and in this case the distur-
bances would overshadow the base flow behaviour, destroying the similarity solution
downstream of the channel end. Thus, the suction problem is unstable to perturbations
when (m — 1)\ > 0; this produces the entries for both A >0, m >1and A <0, m <1
when z > 1. Then it does not matter whether the flow is stable or not for z <« 1, as
the similarity form has already been destroyed by the perturbations and so the solution
form that has been assumed is no longer valid. In the case of fluid injection the per-
turbation at z < 1 must remain small for the injection flow to be stable; the product
(m — 1)\ < 0 must be satisfied for z™* < z as = < 1. If the flow is unstable for z < 1
then the corresponding downstream flow for z > 1 is not necessarily going to be of the

assumed similarity form.
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rl z>1
A<O0 A>0 A<O0 A>0
n>2) [ (0<n<2)| (n>2) | (0<n<?2)
nj. m <1 stable unstable unstable unstable
m > 1 | unstable stable unstable unstable
Suc. L™ <1 - unstable unstable stable
m > 1 | unstable - stable unstable

Table 3.1. Summary of the predictions of spatial stability of similarity solutions for
values of the eigenvalue m, parameter A = 1/(2 — n) and for large or small . An
entry of “—” in the suction cases indicates that the upstream position is unstable and
so no prediction can be made about stability of the location in question in the case of
suction.

In the case n =1 (Newtonian fluid flow) the stability problem reduces to

mRe (F’”FI . F’EI”) +Re (Fﬁ”’ - F”ﬁ’) — (), (3.3.6)
ony=+1: H =0, H=0, (3.3.7)
ony=-1: H =0, H=0. (3.3.8)

3.3.2 Temporal stability

In order to consider the temporal stability of the fluid flow we must start with the
system (1.3.13a)—(1.3.13¢) (for the case n # 2). Before adding perturbations to the

base flow, it is worthwhile recording, for future reference, a similarity solution for the

unsteady problem. Substituting the variables

T = Qx, y:ﬁgv 1?:71;’ t=0ot (a7ﬁ7776€R>0)

into the unsteady partial differential equation yields the following relations between

the the four quantities

v 9P A"

B% af i
First, noting that as the y-domain of the channel is fixed, we must have 8 = 1. Then
we find that

1 1—n
f}/ e aQ—n7 5 e a2—n7

and so the form of similarity solution for the unsteady problem is

— 1

(T, g,t) = xz (1, y, taz%) = xﬁf(yﬂ'), T = tx;%"ll. (3.3.9)
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Returning to the question of temporal stability, we now add a time-dependent

perturbation function to the steady base flow stream function. Substituting
U(z,y,t) = —G(@)F(y) + eH(z,y,1), <1,
into the unsteady system produces

Re (eHyyt + (—GF' + eHy) (—G'F" + eHwyy)
- (_G,F + EH@") (_GFW + 6Hyyy))

=(-Gr" +eHy, " (-GF" + nyy))yy'

Using the expansion for the modulus given in equation (3.3.1), we obtain the fol-

lowing leading order and first order perturbation problems,

O(1) ReGG (F'F'—FF") = -G|G|"* (F"|F"|")",
ony=+1: GF' =0, G'F =V(z),
ony=-1: GF =0, G'F = (-1+E)V(x),
O(e) Re(Hyy — G (F'Hy — FHyyy) — G (F' Hyyy — F"Hy))
=n|G"" (|F"[" " Hyy),,
ony=+1: H,=0, H,=0,
ony=-1: H,=0, H,=0.

The O (1) statement reproduces the steady base flow problem (3.1.16)—(3.1.18) and so
we can use the fact that the functions F(y), G(x) satisfy separate ordinary differential
equations; in particular, if we use (3.1.20) in the first order perturbation problem we

can replace r|G|""! with G'. If we now require H(z,y,t) to be of the form
H(z,y,t) = exp (st) H (z,y)

then we may obtain, after cancelling common factors, the following bidimensional eigen-

value problem,

H, G _ _ _ _ _
rRe <s Y+ — (F"Hy — F'Hyyy) + FHyyy — F” Hy> =n (|[F"|""'H,,)

G/ G’ vy’
(3.3.10)
ony=+1: H,=0, H, =0, (3.3.11)
ony=-1: H,=0, H,=0. (3.3.12)
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In order to obtain one dimensional eigenvalue problems we must use a different
form for the perturbation term rather than just expanding in normal modes, as this
fails to work here. It is found that we need a non-uniform time scale dependent upon

the function G’(m. Returning to the O (¢) problem above, setting
H(z,y,t) = =G(@)f(y,7), 7=0C'(a)t, (3.3.13)
produces the partial differential equation for f(y, ),

rRe (_fny — Ffyyy + F" fy + F' (fyy + (0 = D)7 fyyr)

" i1 (3.3.14)
E (= 1)) = —n (FT ),

where we have used the fact that

GG//
G/

=(n—1)G".

If we wish to obtain an ordinary differential equation boundary value problem, we
must split the function f(y,7) into separate y- and 7-dependent functions. Then we
must approximate the 7-dependence for large and small 7. Thus the total perturbed

stream function becomes

P(z,y,t) = G2) (=F(y) + ef(y, 7)) = G(z) (=F(y) + efo(y)T(7)), (3.3.15)

and we now wish to approximate T'(7) in the limits of large and small .
For 7 < 1 the partial differential equation (3.3.14) becomes

rRe (_fonyT o Ffoyny + F”foyT + F/fony + F”/fOT) =-n (‘F//’n_lfony)yy

If we assume that
T(r) =exp(st), forT<1,s€eR,

then upon simplification we are left with the following eigenvalue problem for fy(y),

where s is the unknown eigenvalue and the base flow F' has already been determined,

n (IF"["2 " + 1Re (F'f§ + F" fy — F" fo — Ff)") = srReff, (3.3.16)
ony=+1: fy=0, fo=0, (3.3.17)
ony=-1: fy=0, fo=0. (3.3.18)

!This is reminiscent of the similarity solution form described in equation (3.3.9
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For 7 > 1, we approximate T'(7) by
T(r)=71°% for7>1,seR,

and then substitute this into the partial differential equation (3.3.14). Using the fact
that 7 > 1, the partial differential equation is simplified to become the following

eigenvalue problem

n (|F//|n—1f6/)// +rRe (F”f(/) + hod (/)/ _ F///fo _ Ff(/)//)

= sRer(n—1) (F" fo — F'f), (3.3.19)
ony=+1: fi=0, 1+ (n—-1)s)fo=0, (3.3.20)
ony=-1: fi=0, 1+ (n—1)s)fo=0. (3.3.21)

where s is the unknown eigenvalue and the base flow F' has already been found. This
particular form of perturbation, arising from the need to split the variables for the
perturbation in a different manner from that for normal modes, has been used in the
analysis of the spatial and temporal stability of Jeffery-Hamel ﬂow@ by McAlpine and
Drazin [MD98].

The case where 7 >> 1 is able to give information about the stability properties at

different positions along the channel, i.e. for 7 > 1 we can have

e G’ > 1, t =0(1): stability information for large z-positions at small and order

one times, as G’ ~ 2,

o ' <1, t=0(1): stability information for small times near the channel origin ;

e G'=0(1), t> 1: stability information for large times for order one x-positions

within the channel.

3.4 Regularisation for power-law viscosity numerical work

In order to perform numerical studies upon the ordinary differential equation for f(y)
we must use a regularised version of the problem. This is because the function |f”(y)|
is not analytic, and this causes numerical routines to have problems converging upon a
correct solution. The regularisation modifies the problem so that the resulting function

("% +6%)Y/2 is analytic and the value 6 > 0 is user provided. The parameter d is chosen

2A Jeffery-Hamel flow is, in polar coordinates (r,6), the two-dimensional flow of incompressible
viscous fluid between stationary impermeable planes located at @ = +«, driven by a steady source or
sink of fluid of strength Q at » = 0 where the planes intersect.
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to be small, and the idea is that, as it is reduced, the solutions obtained for successive
d-values should become better and better approximations to the solution of the original
problem, where the nonanalytic terms appear.

Using the regularisation

\fﬂ—n4=(f”+5ﬂ% (3.4.1)

the nondimensional power-law part of the viscosity term p becomes

n—1

uﬁ(ﬂ%mﬂQ = A1 (3.4.2)
and the ordinary differential equation that is to be solved is now

Re (f/f// _ ff///) _ _f(iv) (nf//Q 4 52) A3 (n — 1>f//f///2 (nf//2 + 352> A"

(3.4.3)
ony=+1: f =0, f=1, (3.4.4)
ony=-1: f'=0, f=—-1+E, (3.4.5)

where r is the aforementioned separation constant.

3.4.1 Regularised spatial stability problem

In order to perform numerical solutions of the spatial stability problem, we again will
need to regularise the problem formulation in the same manner as that for the base flow
problem considered above in §3.4] Performing the regularisation the spatial stability
problem is then restated in a form that can be further manipulated, if needed, for

numerical work, as follows
mrRe (F”’H — F’H”) + rRe (FH”/ — F”H’)
_ nH(iv)Anfl + 2n(n - 1)An—3F//F///H///
+ n(n . 1)(n . B)H// (F//)2 (F///)2 .An_5 + n(n . 1)H” <F///2 + F//F(iv)) An—3

(3.4.6)
ony=+1: H' =0, H=0, (3.4.7)
ony=-1: H =0, H=0, (3.4.8)

where 7 is the separation constant arising from the base flow problem, F’ is proportional

to the transverse fluid velocity component in the base problem, m is the unknown eigen-
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value and H is the unknown eigenfunction. This problem must be supplemented by one
more condition in order to determine the eigenfunctions, which acts as a normalisation

condition. In this case we take
H'(-1)=1. (3.4.9)

In the case n = 1, the regularised spatial stability problem reduces to

mrRe (F"H — F'H") + Re (FH" — F"H') = H™), (3.4.10)
ony=+1: H =0, H=0, (3.4.11)
ony=-1: H' =0, H=0, (3.4.12)

which agrees with the analytical formulation of the problem given earlier in (3.3.6)—
(3.3.8), and in previous work by [ZDB88] and [DB84].

3.4.2 Regularised temporal stability problem

Again, a regularisation of the modulus term is required in order to perform numeri-
cal work on the temporal stability eigenproblem. However, in this case there will be
two different regularised problems, corresponding to the two 7 limits appearing in the
temporal stability problem’s formulation.

For the first, 7 < 1 limit, the regularised eigenproblem for the eigenfunction fo(y)

and eigenvalue s is

srRefl = nA”flféiV) +2n(n — V)F"F" ' A3 +n(n —1)f] <F”’2 + F”F(iv)) A3

+n(n—1)(n—3)fYF"*F" A" 4 1Re (F'fil + F"f; — F" fo — Ff}") (3.4.13)
ony=+1: fi=0, fo=0, (3.4.14)
ony=—1: fy=0, fo =0, (3.4.15)

and the eigenfunction normalisation condition is
J(—1)=1. (3.4.16)

For the limit 7 > 1, the regularised temporal stability problem for the eigenfunction
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fo(y) and eigenvalue s becomes
sr(n—1)Re (F" fo — F'f{) = nA"_lféiV)
+ 2n(n o 1)f(/)//F//F///An—3 + n(n _ 1) (/)/ (F///Z + F//F(iv)> An—?;

+ n(n . 1)(n B 3)f6’F”2FW2.An_5

+rRe (F'f§ + F" fo — F" fo — Ffg), (3.4.17)
ony=+1: fi=0, (1+(n-1)s)fo=0, (3.4.18)
ony=-—1: fi=0, (1+(n-1)s)fo =0, (3.4.19)

and the eigenfunction normalisation condition is
J(=1)=1. (3.4.20)

In the specific case of n = 1 where the temporal stability of Newtonian fluid flow is

being considered, the temporal stability problem reduces to

sRefo” = fo™) + Re (F'f§ + F"f — Ffl' — F" fo) (3.4.21)
ony=+1: fi=0, fo=0, (3.4.22)
ony=—1: fy=0, fo=0, (3.4.23)

together with the eigenfunction normalisation condition,
0(=1) =1, (3.4.24)
which also agrees with the analytical formulation (3.3.16)—(3.3.18).

3.4.3 Summary

In this chapter we have found a similarity solution for the flow of a power-law fluid
in a channel driven by fluid injection or suction through the porous channel walls.
We have then used this solution as a basis for a small Re expansion of the solution,
for linear spatial and temporal stability problems and then presented the equivalent
regularised problems for flow and stability calculations. In subsequent chapters we
restrict attention to the power-law fluid with exponent n € (0,2). Flowing materials
modelled by power-law fluid viscosity models are more commonly found with their
power-law exponents in this range than for n > 2. We shall further restrict attention of
the fluid flow to that within a one porous walled channel, corresponding to the problem

selection parameter F = 1.



Chapter 4

Isothermal power law fluid
problem - one porous walled

channel

4.1 Numerical results for base flows

4.1.1 Type [ solution bifurcation results

In this section we produce bifurcation diagrams for the various power law flows consid-
ered and a selection of assorted profiles. In each bifurcation plot the variable plotted
on horizontal axis is R (defined in equation (3.3.2))), but the quantity plotted on the
vertical axis depends upon the wall being considered. If the upper wall is considered
then the quantity plotted on the vertical axis is —f”(1) (or its logarithm depending
upon the scales of the surrounding data). The quantity —f”(1) is plotted rather than
f"(1) as the latter is generally negative. The importance of the second derivative of
f(y) is that it is related to the viscous shear stress and so f”(1) is proportional to the
viscous stress at the upper Wal.

The regularised system (3.4.3)—(3.4.5) has been solved for each set of data plotted

with the value of the regularisation parameter § = 0.01 unless otherwise stated.

The upper wall stress per unit area is given by 7, = uhyy(z,1) with units Pa and has the di-
n—1
mensionless form 7, = — K }VOVUL/Qh2|n_1 (VoVu L/ p?)xt/27m |g1/2—n F1) 1) using the
similarity form ¢ = f:nl/(%”)f(y).

o4
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10

Bifurcation diagram for one porous walled flow with R from -20 to 20
Upper wall with §2 = le — 4 and various values of n from 0.3 to 0.5

10

10

log(~f'(1))
'SN

Figure 4.1.1. Bifurcation diagram for upper-wall data for various 0.3 <n < 0.5
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Bifurcation diagram for one porous walled flow with R from -20 to 20
Lower wall with 62 = le — 4 and various values of n from 0.3 to 0.5

50 , : , , : , .
n=0.5
n=0.4

or n=0.3[]
_sol
-100}
T -1s0f  ®
L e~
0
] —
-10
—250}
-15
) 2 4 6
-300}
350 , , , , , , ,
20  -15 10 5 ) 5 10 15 20

Figure 4.1.2. Bifurcation diagram for lower-wall data for

R=TRe/(n(2 - n))

various 0.3 <n <0.5
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Bifurcation diagram for one porous walled flow with R from -20 to 20
Upper wall with 62 = le — 4 and various values of n from 0.6 to 1.0
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Figure 4.1.3. Bifurcation diagram for upper-wall data for various 0.6 <n <1

Bifurcation diagram for one porous walled flow with R from -20 to 20
Lower wall with 2 = le — 4 and various values of n from 0.6 to 1.0
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Figure 4.1.4. Bifurcation diagram for lower-wall data for various 0.6 <n <1
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Bifurcation diagram for one porous walled flow with R from -20 to 20
Upper wall with various values of n from 1.0 to 1.5
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Figure 4.1.5. Bifurcation diagram for upper-wall data for various 1 <n < 1.5

Bifurcation diagram for one porous walled flow with R from -20 to 20
Lower wall with various values of n from 1.0 to 1.5
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Figure 4.1.6. Bifurcation diagram for lower-wall data for various 1 <n < 1.5
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Bifurcation diagram for one porous walled flow with R from -20 to 20
Upper wall with various values of n from 1.6 to 2.0
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Figure 4.1.7. Bifurcation diagram for upper-wall data for various 1.6 < n < 2. Note

the change of scale for the vertical axis.

Bifurcation diagram for one porous walled flow with R from -20 to 20
Lower wall with various values of n from 1.6 to 2.0

-20 -15 -10 -5 0 5 10 15 20

Figure 4.1.8. Bifurcation diagram for lower-wall data for various 1.6 < n < 2
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A selection of solutions for fixed values of the flow index n are now given. The
two most extreme values of the scaled Reynolds number R = Re/(n(2 — n)) are for
the cases of high injection and suction rates; the intermediate values that are chosen
depend on whether the fluid is shear-thinning or shear-thickening. If it is shear-thinning
(0 < m < 1) then the intermediate points are where there are turning points on the
bifurcation curve. If it is shear-thickening (1 < n < 2) then an intermediate point is
chosen where the lower wall stress vanishes and then a second point is chosen if there
is a turning point on the curve.

The quantities plotted are f(y) and the first three derivatives of f(y). The values
for f(y) and f'(y) are proportional to the vertical and horizontal components of velocity
respectively. The quantity f”(y) is related to the fluid vorticity by VAy = wk = 2 f"k

and so f"”(y) is proportional to the gradient of the vorticity in the y direction.

[ R=84 — —  R=102 =]
2
1
3 =

0
-0.5 -1

-1 0 1 -1 0 1

y y

5 50

-10 -100
-1

Figure 4.1.9. Flow function f(y) and its first three derivatives for selected values of
Re with n = 2. The quantity R is not used as the governing equation for f (y) does
not admit the same scalings for its solution and as such the separation constant in its
derivation is arbitrary, and has been taken to have the value of 1 in the case of suction

and —1 for injection.
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Figure 4.1.10. Flow function f(y) and its first three derivatives for selected values of
R with n = 1.8,

f(y)

f(y)
o N

Figure 4.1.11. Flow function f(y) and its first three derivatives for selected values of
R with n = 1.6.
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| R = —: R R=17339919 - = —- R =15.23164 R=20

f'(y)

Figure 4.1.12. Flow function f(y) and its first three derivatives for selected values of
R with n = 1.4.
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Figure 4.1.13. Flow function f(y) and its first three derivatives for selected values of
R with n = 1.2.
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Figure 4.1.14. Flow function f(y) and its first three derivatives for selected values of
R with n = 1.

[ R=-20 — — — R=1 - R=6472012 - — — R = 5.488472 R=20|
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Figure 4.1.15. Flow function f(y) and its first three derivatives for selected values of
R with n = 0.8.



4.1. NUMERICAL RESULTS FOR BASE FLOWS 63

R=2]
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Figure 4.1.16. Flow function f(y) and its first three derivatives for selected values of
R with n = 0.5.

Figures[4.1.1-44.1.8/ show the upper and lower wall bifurcation diagrams for the one
porous walled channel flow of a power-law fluid for a range of values of exponent n. The
main feature of the upper wall diagrams for shear-thinning fluids (n < 1) as compared
to the Newtonian fluid (n = 1) is that the region of hysteresis remains for suction flow
and occurs for lower values of R as n decreases, whereas the wall stress is increasing as
n decreases and the hysteresis region rotates anticlockwise as n decreases. For small
enough values of n (stronger shear-thinning fluids) there is a looped region of hysteresis.
The corresponding lower wall plots for shear-thinning fluid show that the lower wall
stresses for suction flow also increase as n decreases; the hysteresis region becoming
flatter in height and covering a greater range of R as n decreases. For the injection
flow, the upper and lower wall behaviours remain similar as n decreases and are not

dissimilar to the Newtonian fluid where n = 1.

The solutions for n = 0.8 and n = 0.5 (Figures[4.1.15 and [4.1.16 respectively) show
that injection flow is very similar to that of a Newtonian fluid (Figure(4.1.14). For small
values of suction, up to the first turning point on the region of hysteresis, the profiles
for n = 0.8 and n = 0.5 are similar. The final profile for R = 20 does show differences
between the two flows. For n = 0.5 the minimum of f(y) is less than that for n = 0.8
and the boundary layers in f’(y) for n = 0.5 are thinner than those for n = 0.8, with a
resulting increase in the gradients of f/(y) as these layers are encountered adjacent to
the walls. The values of f”(£1) and f"”/(£1) are much greater for n = 0.5 as compared
with n = 0.8 and so the wall shear stresses are accordingly greater for smaller n.

As n increases above 1 the bifurcation diagrams for the shear-thickening fluid (Fig-
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ures|4.1.5H4.1.8]) change in character. The region of hysteresis is lost and the upper wall
suction curves flatten out as n increases from n = 1.1 to n = 1.9, with the maximum
value of — f”(1) decreasing as n increases. The lower wall suction curves display a sim-
ilar trend in that, as n increases, the hysteresis region is lost and the minimum value
of f”(—1) reduces towards zero as n increases. An artefact of the hysteresis region
remains on the lower wall curves for n > 1.5 and near the zero of f”(—1) the curvature
of these curves changes sign as n increases. The injection regions for each n are all
similar and only the lower wall bifurcation diagrams help to distinguish the curves; the
upper wall stress increases as n increases, for a fixed value of ]%, and the lower-wall
stress decreases as n increases.

The solutions for shear-thickening fluids (Figures [4.1.1344.1.10) have qualitative
similarities. As m increases, the minimum value of the suction f(y) profiles reduces
from below —1 when n = 1.2 to above —0.5 when n = 1.8. The profiles for f'(y) are all
sinusoidal for n > 1 suction flow, indicating a region of reversed flow where f’(y) < 0,
and the behaviour of f’(y) around its maxima becomes more peaked as n increases. As
the fluid becomes more shear-thickening the wall values of f”(41) change their relative
ordering, from f”(—1) < f”(1) when n = 1.2 to f”(—1) > f”(1) when n = 1.8. The
profiles of f”(y) for injection flow all show that there is an area of non-zero f” near
the lower wall and then f” ~ 0 for the majority of the remaining channel width. The
interior zero of f”(y) closest to the upper wall is located on a region with an increasingly
steep negative gradient as n increases above 1 and this can be seen in the sizes of the
spikes of f”'(y) as n increases.

For n = 2 the values of R are the same as for Re as the separation constant coming
from the separation of variables similarity solution is now arbitrary as compared to the
n # 2 case (where it was determined as r = 1/(2 — n)). The trends described for the
shear thickening power-law fluid above are still shown for the n = 2 bifurcation digram
(Figures[4.1.7/and [4.1.8) and for the solution plotted in Figure 4.1.9.

4.1.2 Type [ analysis and asymptotics
Small Re asymptotics

The small Reynolds number asymptotics derived in §3.2.1 can be specialised to the

isothermal one porous walled channel setting by letting F = 1. In this case the first
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two terms of the expansion for f(y) are

—n

f) = foly) +efily) (Where €= 2R€ )

for(y) +efir(y), ye[-1,0]
fo-(y) +efi-(y), yel0,1],

where
2n)"(2n +1)27"  (2n)"(2n 4+ 1)27"(8n% — 3n — 9
f1+(y):_( )" ( )" (2n)"( ) )(_y)

16(n+1)%(n+ 2) 48(n+1)3(3n +2)(4n + 3)
(2n)"(2n + 1)2 (=g L+ (2n)"(2n + 1)27"(3n% — n — 3) (—y)2H1/m
8(n+1)2(n +2) 8(n+ 1)3(3n + 2)(4n + 3)
L@ (DR D,
16(n + 1)2(n + 2) 16(n + 1)3(3n + 2)
(2n)"*+2(2n + 1)27"
96(n + 1)3(3n + 2)(4n + 3)
(2n)"(2n +1)27"  (2n)"(2n + 1)27"(8n% — 3n — 9)
T 16(n+1)%2(n+2) 48(n +1)3(3n + 2)(4n + 3)
2n)"(2n+1)*" 11ym  (20)"2n+1)°7"Bn* —n—=3) 4.1,

(~y

(_y)4+3/n

)

fi(y) =

8(n+1)2(n+2) " 8(n+ 1)3(3n + 2)(4n + 3)
_(2n)"(2n+ 1> y2H2m (n=1)(2n)"(2n +1)*" 2+2/n
16(n + 1)2(n + 2) 16(n + 1)3(3n + 2)

(2n)"2(2n +1)*" 4+3/n
96(n + 1)3(3n + 2)(4n + 3) '

In particular this predicts the value of f”(1) for small ¢ to be

2n41 8(5nQ +8n + 6)(2n)"2(2n + 1)%"
2n (n+2)(3n +2)(4n + 3)

7(1) = +0(@?), (1)

which, when n = 1, agrees with the known Newtonian prediction [Ter64]

3 19
F'W]oy = =5 — zgRe + O (Re?).

The leading order small Re expression and its first three derivatives are plotted in

Figures[4.1.17 and[4.1.18]for values of n between 0 and 2. The leading order expressions
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are used as an initial guess for the numerical simulations by using the continuity in R

of the solution for small R.
n=0.100 n=0.300 n=0.500 n=0.700 n=0.900  n=1.000
1 1 1 1 1 1
205 0.5 0.5 0.5 054///// 0.5
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10 5 2 2 2 2
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O(r \ 0 0 0 0 0
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Figure 4.1.17. Algebraic small Reynolds number profiles for the one walled flow problem

- here 0 < n < 1. The profiles are presented in a tabular layout, with n increasing

from left to right and the number of derivatives of f(y) taken increasing from top to

bottom.
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n=1.000 n=1.100 n=1.300 n=1.500 n=1.700 n=1.900

1 1 1 1 1 1
50.5/ 0.5 0.5 0.5 0.5 0.5
0 0 0 0 0 0
-101 -101 -101 -101 -101 -101
1 1 1 1 1 1
§o.5/\ 0.5 0.5/\ 0.5/\ 0.5 0.5/\
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Figure 4.1.18. Algebraic small Reynolds number profiles for the one walled flow problem
- here 1 < n < 2. The profiles are presented in a tabular layout, with n increasing
from left to right and the number of derivatives of f(y) taken increasing from top to
bottom.

4.1.3 Large Re — —oo asymptotics

We wish to consider the large injection behaviour of the power-law fluid in the one

porous walled channel, governed by the following ordinary differential equation

"
(_f// ‘f//’n—1> (f f ff///) (4.1.2)
-n
ony=+1: le, f =0, (4.1.3)
ony=—1: f=0, f =0 (4.1.4)
If we define ¢ = —QI;—B" as the small perturbation parameter, we can see that there

will be an outer inviscid flow region and an inner viscous boundary layer near the
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impermeable lower wall. For the outer problem we expand f(y) in regular powers of ¢,

fy) = foly) +efr(y) + O (7)), (4.1.5)

and solve at each order in turn. The problem for fy(y) is

fofs = fofd =0, (4.1.6)
ony=+1: fo=1, f5=0, (4.1.7)
ony=—1: fo=0, (4.1.8)
and has solution .
foly) = cos <7r(y4_)> . (4.1.9)
The problem for f;(y) is
fLls + R = fofi" = fifg =0, (4.1.10)
ony=+L f1 =0 f =0, (4.1.11)
and has solution )
fily) = C(y —1)sin <7r(y4_)> , (4.1.12)

where the constant C' is to be determined by matching to the solution in the inner
region.
To consider the inner region adjacent to the lower wall, we rescale the problem with
the scalings
y=—1+emY, f(y)=cHnF(Y) (4.1.13)

to obtain the inner problem

"
—(F"[F") 4 FE - FF" =0, (4.1.14)
onY =0 F=0, F =0, (4.1.15)
asY — oo F o~ %Y, (4.1.16)

where the far field behaviour has been chosen to ensure matching to the outer flow

region. Again we expand the solution F(Y) in regular powers of €,

F(Y)=F(Y)+eF(Y)+0 (%),
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and obtain the leading order inner problem

"
- (Fg’ \F(;’\”*) + FJF! — RyF =0, (4.1.17)
onY =0 Fp=0 F,=0 (4.1.18)
asY — oo Fy~ %Y + Yo, (4.1.19)

where the constant Y is determinable from the numerical solution of the inner problem
and the coefficient C' in the first correction term in the outer region is now determined
to have the value C' = Y;/2 by matching. We can first ask if this problem is well
specified. In Appendix Al we detail the calculations required to show that the n = 1
case is well specified, the calculations required in the non-Newtonian case are almost
the same as seen below.

Near the lower wall we first express Fy(Y') as a Taylor expansion about Y = 0,

1 1
Fo(Y) = 5AY2 + 6BY3 e (4.1.20)

and define Fy(Y) = FS(Y) 4+ 0F(Y) where F§(Y) = $AY? + 1BY? and b < 1.
Substituting this in to the leading order inner problem, retaining the terms of O <5>
and keeping the first term in the expansion of the modulus term gives an ode for the

eigenmodes,
L . - 1 ~ "
—nE™ A ¢ AR+ AYF" — GAVAF" = BF = 0. (4.1.21)

Taking 3 (Y) = Y9 with ¢ = 0,1,2,3 gives four possible eigenmodes. However, the
boundary conditions at Y = 0 eliminate ¢ = 0 and ¢ = 1, meaning that there are only
two degrees of freedom left if A and B are not specified. The ¢ = 2 and ¢ = 3 modes
are consistent with the boundary conditions imposed at the lower wall, and so a total
of two boundary conditions have been imposed so far.
Turning to the far field behaviour, if we now set Fy(Y) = F(Y) 4+ 6F(Y) where
T

F§(Y) = 2Y +Y)p, substituting into the governing equation gives an ode for the potential

eigenmodes by retaining the lowest order terms on each sides of the equation,

n—1

~

L AN (iv) | £ ror (g2 | g
ZF +ZF = (nF F +nn—1)F"(F F

n_3> L (41.22)
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Upon substituting F ~ AY? with Y > 0 and A, ¢ unknown we find that

T _ _ - o)
A0 =1D)B =Y = AJA" gl = D(g - 2)(g = 3+n) g(q — D|" Ty
(4.1.23)
and the modes ¢ = 0, 1, 3 are potential eigenmodes; equating the exponents of Y gives

the fourth potential eigenmode with

qg=- (4.1.24)

1—n’
This fourth mode predicts decay in the far field when 0 < n < 1, but if n > 1 decay
does not occur and in that case it is not consistent with the requirement that OF < Fy

as Y — oco. When 0 < n < 1 we find that the constant A is positive and has the value

[ A@n)(t 1) \ T .
A_(Tr(3—n)(1—n)12”> . (0<n<1) (4.1.25)

Thus two boundary conditions have been imposed in this case: imposing linear be-
haviour in the far field eliminates the ¢ = 3 and ¢ = 1 modes. With the two conditions
imposed at the lower wall a total of four conditions have now been imposed and so
the problem for 0 < n < 1 has the correct number of boundary conditions and is well
specified. In light of this, the eigenmode for ¢ = 0, the constant behaviour, is fixed by
the problem already and so should be able to be determined by a numerical solution
of the problem.

When n = 1 the calculations in Appendix|A show that the decaying eigenmode is of
an exponential form, Y =% exp (—7rY2 / 8), and the other three modes are the algebraic
modes with exponents ¢ = 0,1 and 3 as seen above for 0 <n < 1 and n > 1.

However, for n > 1 we see that there must be a point, Y* say, at which F{/(Y™)
becomes zero. We are therefore dealing with a free boundary problem to determine

this point. If we pose the free boundary value problem as

"
(B [FS"™Y) = FoRY — RoFy, (4.1.26)
onY =0 Fy=0, F}=0, (4.1.27)
omY =YY" F= %, FJ =0, (4.1.28)

where the position Y* is unknown, we are interested in the local behaviour of Fy about
Y*. For Y > Y™ we have that Fp ~ 7Y + Y. If we consider F(Y') of the form

Fo(Y) = Ag — % (Y*—Y)+By(Y*—Y), (4.1.29)
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where Y < Y™ and Ay, By are constants to be determined, substitution into the bvp
and balancing the highest derivative with the most significant term from FjF{/, we find
that

Fo(Y) ~ Ay — % (Y*—Y)+ By (Y* — V)T (4.1.30)
where the constants Ay and By are related by
Byl = Aom. (4.1.31)
By continuity of Fy(Y) at Y = Y™ we have the identity
Ay = ZY* 1Y, (4.1.32)

By integrating the fourth order two-point bvp (4.1.17)—(4.1.19) once and evaluating
the constant of integration by using the far field behaviour, we can then solve the third
order two-point bvp obtained for 0 < n < 2 numerically using Matlab and produce

estimates for the constant Ag as it varies with n. The profile for the solution, its first

and second derivative and the far field behaviour are shown in Figures(4.1.19/and[4.1.20

and the numerical values are recorded in Table [4.1. However for values of n above 1.5
it is increasingly difficult to obtain an estimate for Y and so it is better to consider

solving the free boundary problem for n > 1 separately.
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n }/0 A q Y* chstlmatcd
0.1 | -0.30109 0.37188 0.22222 - -
0.2 | -0.45963 0.36744 0.50000 - -
0.3 | -0.54714 0.37662 0.85714 - -
0.4 | -0.59573 0.38904 1.33333 - -
0.5 | -0.62265 0.38907 2.00000 - -
0.6 | -0.63729 0.34493 3.00000 - -
0.7 | -0.64479 0.21157 4.66667 - -
0.8 | -0.64807 0.03574 8.00000 - -
0.9 | -0.64878 | 4.29678E-6 | 18.00000 - -

1.0 | -0.64790 - - - -
1.1 | -0.64603 - - - -
1.2 | -0.64353 - - - -
1.3 | -0.64066 - - - -
1.4 | -0.63757 - - - -
1.5 | -0.63437 - - 2.72925 | -0.52299
1.6 - - - 2.42048 | -0.51455
1.7 - - - 2.20711 | -0.50665
1.8 - - - 2.05286 | -0.49927
1.9 - - - 1.93647 | -0.49234

Table 4.1. This table shows the values of the constant Y obtained by solving the
boundary layer problem (4.1.17)—(4.1.19) for 0 < n < 1.5 when Re — —oo. The values
of the exponent ¢ and the coefficient A of the decaying term in the far field behaviour
for 0 < n < 1 are found by substitution in (4.1.24) and (4.1.24) .The values of Y*
are calculated from the solution to the free boundary problem (4.1.34)—(4.1.36) and
the value of Ygstimated g calculated using (4.1.32). The values given from the free
boundary problem calculations used the value § = le — 3 for the lower end of the z
domain and dsq = le — 4 for the numerical regularisation parameter. Changing the
small z position from le — 3 to le — 4 changes the Y* results in the first or second
decimal place and the Ystimated pegylts in the fifth decimal place, and changing the
regularisation parameter from le —4 to le — 5 changes the Y* and Ygstimated yegults in
the fifth decimal place. Results for 1.1 < n < 1.5 were not successfully obtained.
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f(y)

f'y)

fy)-mtyld

Figure 4.1.19. Profiles and asymptotic behaviour for lower wall region for 0 < n < 1.5.
The data for n = 1 is highlighted in red for comparison with the remainder of the plots.

A plot of Yy versus n for the Re — —oo problem.

0.5 1 15

Figure 4.1.20. A plot of the constant Yy against n for values 0 < n < 1.5 as estimated
from the numerical solution of the system (4.1.17)-(4.1.19). The data for n = 1 is

highlighted in red for comparison with the remainder of the values obtained for the

constant Yj.
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In order to solve the free boundary value problem for n > 1 numerically it is
simpler to transform the problem to a fixed domain and then use a shooting method.

The scalings
Y*-Y

Y*
place the problem on the fixed domain Z € [0, 1], but now the domain is traversed from
Z=0(YY=Y")toZ=1(Y =0), giving

F(Y)=Y*G(Z), Z= (4.1.33)

n =1\ 147 "2 1" T\ 2
(¢" e 1) == (") ((G) -6 - (%) ) (4.1.34)
onZ=0 G = —%, G’ =0, (4.1.35)

onZ=1: G=0, G =0. (4.1.36)

We use the local behaviour near Y = Y* to form an equivalent behaviour for suitably

small Z = ¢ < 1, (0=1e-3 has been used for numerical calculations)

A PR
G(2)~ 0= T2+ By (Y71 20,

~ 4.1.
= (4.1.37)

and then solve the G(Z) problem on the fixed domain Z € [, 1], shooting to obtain
values for Y* and Ag for each 1 < n < 2.

4.1.4 Type [ stability problem

The eigenproblem for spatial stability is given by the following system,

. N . R R A N N

(" [F"") = mb (F"H — F'H") + R (FA" - F'H') (4.1.38)
ony=+1: H =0, H=0, (4.1.39)
ony=-1: H =0, H=0. (4.1.40)

where R = Re/(n(2 — n)) is the rescaled Reynolds number, F(y) is the unperturbed
flow function, H (y) is the spatial perturbation and m is the eigenvalue corresponding
to the spatial perturbation.

This system is coupled with the base flow system for F(y) and so an extended
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system is to be solved numerically,

A S\

R(FF" = F'F") = (F"|P"["1), (4.1.41)
A N N « R N . N

mi (F"H - FA")+ R(FIr" = F'') = (i [P/ (4.1.42)

ony=+1: F =0, F=1, H=0, H' =0, (4.1.43)

ony=-1: F/'=0, F=0, H=0, H =0, (4.1.44)

together with the normalisation condition H”(—1) = 1. We regularise the modulus

)(n—l)/2

terms by replacing them with (F "2 452 and then, performing the differentia-

tions, the final system to be solved is

R (FF/// _ F/F//) — (i) (nF//Q + 52) A3

+(n— 1" (F")? (nF”2 + 352) A, (4.1.45)
m (FH — P+ R (PR~ PR = 600 4 200 — DA A0
+(n—1)H" (F”’2 + F”F(“’)> A" 4 (0 —1)(n— 3)H"F"*F"? A™5 (4.1.46)
A= (P74 52)5

ony=+1: F'=0, F=1, H=0, H =0, (4.1.47)
ony=-1: F/'=0, F=0, H=0, H =0, H'=1. (4.1.48)

In the limit 6 — 0 this system reduces to the equivalent system involving modulus

signs.

Spatial stability system for small Re

Starting from the base stability eigenproblem (4.1.38)-(4.1.40) we can pose expansions
in powers of R for H (y) and the eigenvalue m,

H(y) = Ho(y) + RH1(y) + O (RQ) , m=R 1 m_y+mo+Rm +0O <R2> , (4.1.49)

where the inverse power of R in m is motivated by the need to retain the eigenvalue
in the limit of the eigenproblem as R — 0. Now for small Re/(2 — n) = nR we can

express F(y) as ;
F(y) = foly) + nRfi(y) + O <<n1%) ) . (4.1.50)
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The expressions previously derived for this small Re case for F'(y) in §[3.2.1 with £ =1
suggest that we will need to split the eigenfunction H (y) into two parts in a similar
manner, namely

HO Y) 0<y< 17
Ho(y) = 4 T1on¥) Y (4.1.51)
Hop(y), —1<y<0,
where the subscripts n, p correspond to the similarly denoted regions for fy(y).
Substituting into the governing equation we can write down the leading order eigen-

problem for the eigenfunction Hy(y) and eigenvalue m_;

H(();;’) — 9 (n— 1) yle(/)/?/l_ <(n— 1)(n_2)y72—|—

n n?
m+1\*" n 2 m+1\2"1 »
_ 1— n) H' —m_ —yn2H,
ml( on ) n+1( Y > on 1< omn Y Ons
(4.1.52)
v n — 1 _ n — 1 n — 2 _
) =2 (") g (U
m+1\*" n 2 m+1\2"1 2
_ 1—(— ﬁ) H! —m_ Z(—y)n2H,
m— ( om > n+1 ( ( y) ) op — M-1 ( m TL( y) Op>
(4.1.53)
ony=+1: Hy, =0, Hj, =0, (4.1.54)
ony=—1: Hy,=0, H(')p =0, (4.1.55)

together with continuity of Hy and H|, across y = 0. This may be used to provide
an initial guess for the eigenvalue and eigenfunction in order to facilitate numerical
eigenvalue calculations.

In the case n = 1 this reduces to

iv 3 1
HY = —m_13 <2 (1-4?) HY, + HOn) , (4.1.56)
Y~ S (a2 e +m 4.1.57
Op — *12 2( y) 0p+ Op | > ( )
ony=+1: Hy, =0, Hj,=0, (4.1.58)
ony=-1: Hyp=0, Hj =0, (4.1.59)

together with continuity of Hy and H), across y = 0. It appears that there is not a
closed form solution to this bvp and so a numerical approach is needed even for this

case.



Chapter 5

Nonisothermal temperature
dependent viscosity problem -

one porous walled channel

5.1 One porous walled nonisothermal problem summary

We wish to consider the steady nonisothermal one porous walled channel flow problem
for a fluid with a temperature dependent viscosity. Starting with the general unsteady
formulation of the temperature and stress dependent fluid problem in the two walled
geometry as described in §[1.3/by equations (1.3.13a)—(1.3.13e), we can discard the time

derivatives as we are interested in the steady state solutions of the problem and then

set £ =1 to obtain the one porous walled geometry. In order to simplify the problem
further we then take n = 1, and so are considering a Newtonian viscous fluid with a
temperature dependent modification to its viscosity. This gives the following nondi-
mensional system of equations to be solved for the unknown temperature distribution

0(x,y) and stream function ¥ (z,y)

(20 0y B

Oy dzdy? Oz oy® ) Oy? M8y2
2
o000 ov00y_ %0 5119
1= M), (5.1.1c)
ony = +1: g‘yﬁ —0, —gi’ —1, =0, (5.1.1d)
ony=—1: gz) =0, gi] =0, 6=1, (5.1.1e)
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and we recall that the nondimensional groups Re and Pe share the same sign.

We restrict the temperature-viscosity relation to an exponential form p = exp(—£60(y)).
This form is used by Ockendon and Ockendon [OO77] in the related problem of the
entry region Poiseuille flow in a channel with walls that are nonisothermal and a tem-
perature dependent viscosity. They are concerned with the flow behaviour in the high
[ limit. This chapter is concerned with § = O (1) behaviour. Appendix B! considers
the large 3 limit of the problem currently under consideration for both exponential and
algebraic viscosity functional forms in the regimes Re = O (1) with Pe > 1 and Re <« 1
with Pe > 1, and for the algebraic viscosity form in the regimes Re > 1 with Pe > 1,
where the three resulting cases Pr < 1, Pr = O (1) and Pr > 1 are considered.

If we now look for a similarity solution to the steady problem we find that it must

have the form

Y(x,y) = —xf(y), O(z,y)=9(y), (5.1.2)

and that we are now solving the coupled system

Re (f'f" = ff") = — (exp(—Bg(m)) )", (5.1.3a)

Pefg' = g", (5.1.3b)

ony=+1: f'=0, f=1, g¢g=0, (5.1.3¢)

ony=—-1: f'=0, f=0, g=1, (5.1.3d)
where / denotes (%.

5.1.1 Solutions in particular parameter cases

One observation is that we can integrate the temperature equation (5.1.3b), giving

Y exp (Pe [*, f(r)dr)ds
g(y)—f_1 p< S50 ) where y € [—1, 1], (5.1.4)

L exp (Pe [, f(r)ar) ds

and substituting this into (5.1.3a) gives an integro-differential equation for f(y).
We can also record some simple solutions for special choices of the nondimensional
parameters Re and Pe. In the case of Pe = 0, we can solve the equation for g(y) exactly,

giving g(y) = %(1 — ), and then we have the following problem for f(y),

Re (/1" — 1) = - (exp (—2(1 - y)) f> (5.1.5)

together with the remaining boundary conditions for f(y).
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If Re = 0 we find that

fy) = : 5.1.6
2 S5 =)t —a)exp (Bg(t)) dt 10

where the constant a is defined to be
L 21 sexp (Bg(s)) ds (5.1.7)

 [tiexp(Bg(s)ds
5.2 Asymptotic Analysis

We now wish to consider the behaviour of the fluid flow and temperature functions in
the case of fluid injection through the upper wall whilst the lower wall is heated. We
initially consider the case of rapid injection of fluid, Re < 0 large, with comparable
thermal convection and conduction length scales, where Pe < 0 is of order one, in
which case the viscous boundary layer adjacent to the lower wall is the dominant flow
feature. We then increase the size of Pe. The case where both of the nondimensional
groups are large can be split into three sub-cases, firstly where Pe is smaller than Re,
then where they are comparable and finally where Pe exceeds Re; these cases describe
the transition from the dominant boundary layer being initially viscous to eventually
thermal. The final case is where Pe is large and Re is of order one and the thermal
boundary layer is the main feature of the flow.

For the large Pe limits considered in this chapter we have assumed that 5 = O (1).
In the limit of large § the behaviour described here changes and the thermal boundary
layers for 5 = O (1) split into sublayers when the viscosity function is of exponential
form. This behaviour is described in Appendix B for the cases Pe > 1 with Re < 1
(section and Re = O (1) (section for the exponential viscosity model,
and for Pe > 1 with Re < 1 (sectionB.1.1), Re = O (1) (section B.1.2) and Re > 1
(sections B.1.3, B.1.3 and B.1.3) with an algebraic viscosity model.

5.2.1 Large injection Re — —oo with Pe = O (1)

Starting with the system (5.1.3a)—(5.1.3d) where Pe = O (1) and Re — —o0, we have

an outer region where we neglect the small perturbed term in the flow equation. In

this region we suppose that

F@) = foly) + (=Re) "2 fi(y) + O (—Re ™), (5.2.1)
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Figure 5.2.1. A graphical summary of the different behaviours associated with the

various limits considered for the one walled nonisothermal problem. The extent of the
viscous and thermal boundary layers are denoted by § and 6 respectively.
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where the scaling has been suggested by that of the boundary layer. We then wish to

solve the following reduced problem at leading order

0= fofo — fofd', (5.2.3)
1

pedo = fodo, (5.2.4)

ony=+1: fi=0, fo=1, go=0, (5.2.5)

ony=—-1: fy=1, go=1. (5.2.6)

As the order of the fy equation has been reduced by one it is only possible to satisfy
three of the four f boundary conditions from the full problem. The leading order outer

where

1 Ip(s)ds. (5.2.8)
1

Iy(y) = exp <—417? sin (%(1 — y))) , A= /

A boundary layer at the lower wall is needed and the appropriate scalings are
motivated by the desire to reinstate the highest derivative in the f equation and for
the far field behaviour leaving the boundary layer to match to that of the outer region.

These requirements yield
f=(-Re)Y2FR(Y), y=(-Re)”?Y, 4(y) =G(Y), (5.2.9)

with the boundary layer system

(W(BG)F"Y" = F'F" — FF", (5.2.10)
Pe

G" = -—F¢ 5.2.11
A ( )

onY =0 F=0, F =0, G=1, (5.2.12)

asY oo F %Y, G — 0. (5.2.13)

Now as O ((—Re)™!) < O ((~Re)~'/2) we expand the boundary layer functions as a
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series in powers of (—Re)™ /2,
F(Y)=Fo(Y) 4 (=Re) V2R (Y) + -, (5.2.14)
G(Y) =Go(Y) 4 (=Re)V2G (V) + - -, (5.2.15)

and so the leading order boundary layer problem is

(n(BGO)F)" = YR — FoFy).

1/

0— Y
onY =0 Fy=0, F}=0, Go=1,

as Y — oo: FON%Y’ Gy — 0.

In this region the temperature problem has already been satisfied and so we are only

interested in Fy problem,

(W(BG) )" = FyF) — FyFY, (5.2.20)
onY =0 Fy=0, Fj=0, (5.2.21)
asY — oo Fp~ %Y ~ Y. (5.2.22)

where po = p(8Gy) is a known constant and Yj is a constant that is to be found as
part of a numerical solution. The governing equation is fourth order and so requires
four boundary conditions. Two boundary conditions have been applied at the lower
wall and two boundary conditions are imposed by the linear behaviour in the far-field.
The constant solution can in principle be determined from a numerical solution to the

problem. It is possible to rescale the problem to remove the constant g via

4 1/2 1/2 1/2
O O T ) e
n

integrating once and using the far-field behaviour yields the Falkner-Skan equation
[Bat01, page 316]

P =0 o’ 1, (5.2.24)
onz=0 p=0 p =0, (5.2.25)
as z —o00: p ~ 1. (5.2.26)

The constant zy can be determined numerically by fitting a linear function to the far

field behaviour of p(z); zp is then the negative of the z-intercept of that function.
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A Matlab program was written to solve the Falkner-Skan problem as an initial-value
problem; it did this by minimising the square of the difference between the solution and
unity at the end of a truncated domain. This was run for increasing domain lengths

and the computed values for zp and p”(0) were found to be
2o = 0.647900, p"(0) = 1.232588 (to 6 d.p.). (5.2.27)

The first correction terms for the outer region are now found by solving

0= foft + fifg — fofl" = fifd', (5.2.28)
1
591 = fogr + frgo, (5.2.29)
ony=1 f1=0, fi=0, g5 =0. (5.2.30)
as y — —1:  f; matches to F', g3 — 0. (5.2.31)
The function fi(y) is found to be
_ . (T 1 e/
fily) = A(1 —y)sin (4 (1- y)) A= ( 1 ) 20, (5.2.32)

where the coefficient A is found by matching to the behaviour of the leading order

boundary layer solution. The solution for g;(y) can then be found, giving

niy) =ret (1) 2 (j; /y Io(s)ds - /y 1 IO(S)Il(S)dS> , (5.2.33)
Li(y) = 2(1 — y)cos (2(1 - y)) — sin (%(1 - y)) : (5.2.34)

where the constant A is defined to be

A1 = /11 Il(s)ds. (5.2.35)

5.2.2 Large injection Re — —oo with Pe — —o0
The regime 1 < —Pe < —Re

In this case we expect to have an outer region, a thermal boundary layer adjacent to the

lower wall and a viscous boundary layer contained within the thermal boundary layer.

Starting from the system (5.1.3a)-(5.1.3d), in the outer region we neglect the terms
multiplied by the small quantities 1/Re and 1/Pe and expand the unknown functions

fly) = foly) +o(1), g(y) =go(y) +0o(1), (5.2.36)
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giving the following system to be solved at leading order,

0= faft — fof. (5.2.37)
0= fogh, (5.2.38)
ony=1 fo=1, fl=0, go=0, (5.2.39)
ony=—1: fo=0. (5.2.40)

The equation for gy suggests that the correct solution is that gy = 0 in this region and
we then find that
T

ol = os 2

In order to consider the solution near the lower wall, we need the near-wall behaviour

(1- y)) . go(y) =0. (5.2.41)

of the leading order outer solution fy(y),
foly=—1+0Y) ~ %;y 6 <1,Y =0(1)). (5.2.42)

We next consider the thermal boundary layer near the lower wall. To recover the highest
derivative in the temperature equation, we rescale the independent and dependent

variables in the following manner,
y=—1+(=Pe) 2y, f=(-Pe)Y?F, ¢g=aG (5.2.43)

where we have used the small y behaviour of the outer solution for fy to achieve
matching behaviour as we move from the thermal boundary layer into the outer region.

The thermal boundary layer equations are

_ Pe
Re
G'=-F@',

onY =0 F=0, F =0 G=1,

(M(ﬂG)F”)” g 2 FF”’,

asY — oo FNZY, G — 0.
As % < 1 we choose to expand the thermal boundary layer solution as

F(Y) = Fy(Y) 4 (=Pe) 2R (Y) +-- -, (5.2.48)
G(Y) = Go(Y) + (=Pe) Y2G (V) + - -, (5.2.49)
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and then to lowest order we are solving

0= FJF] — RyFY',

b= —FGy,

onY =0 Fy=0, F/=0 Go=1,
asY — oo: FON%Y, Go — 0.

The far field behaviour for Fy is sufficient to satisfy the differential equation for Fj
but not all of the boundary conditions, but this can be corrected in a smaller viscous
boundary layer nearer to the wall. The leading order solutions in this thermal layer

are

Fo(v) ="y, (5.2.54)

Go(Y) = erfe <\/§Y) . (5.2.55)

We finally wish to consider an inner-inner region near the lower wall where the viscous

effects become significant. The rescalings used to examine this region are

Pe 1/2 . Pe 1/2 R R
Y = <Re> v, F= (Re> F, G=aG, (5.2.56)

which were motivated by the need to recover the viscous term in the F (Y) equation
and matching the far-field behaviour of F to that in the Y = O (1) region. We obtain

the viscous boundary layer system

A A " A, A A A
- <u(ﬁG)F”> = F'F" — FF", (5.2.57)
N Pe ~ .
G = —R—eFG’, (5.2.58)
€
omY =0 F=0 F=0 G=1, (5.2.59)

as Y —oo: F~ =Y, G(Y) matches to G(Y) when Y = O (1). (5.2.60)

T
4
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In this viscous boundary layer region G=1-o0 (1) and so the G equation is satisfied

and the viscosity term ,u(ﬁé) is constant. If we expand the functions in this region as

o 1/2 o

F(Y)=Fy(Y)+ @e) BY)+--, (5.2.61)
e /2

mm:cmm+<;) Gi(Y)+---, (5.2.62)

— WBE™ = FiFy — FoFy, (5.2.63)
onY =0: Fy=0, F,=0, (5.2.64)
as Y — oo Fy~ %Y — Yo, (5.2.65)

where again the constant term in the far field behaviour comes from analysing the
degrees of freedom of the existing far-field conditions (see Appendix (A).
We can rescale this problem to make the coefficient of the highest derivative unity

by the scalings

Y = (4“(@)1/22, Fo = <“(ﬁ)”>1/2 5, Vo= <W>1/2 20 (5.2.66)

™

giving the following system

ﬁ(iv) — ﬁ”/ﬁ— ﬁ,ﬁ”, (5.2.67)
onz=0 p=0, p =0, (5.2.68)
as z — 00: P~z — 2. (5.2.69)

Integrating the system up once produces

P =0"5- 0% +1, (5.2.70)
onz=0 p=0, =0, (5.2.71)
as z —oo: p o~ 1. (5.2.72)

This is not the same as the Falkner-Skan system (5.2.24)-(5.2.26); making the change
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of variables P(n) = p(—z) we find that P(n) satisfies

—P"=P'P-P?+1 & P"=P°-PP'-1 (5.2.73)
onn=0: P=0, P =0, (5.2.74)
as 1 — —oo: P~ —1, (5.2.75)

and further analysis is required to determine the solution properties in this case.

If we now return to the thermal boundary layer region we find that the far-field
constant Yy produces an extra term in the expression for F(Y), and we can find the
complete expansion for F(Y) in integer powers of Pe™! by matching to the outer

sinusoidal behaviour, giving

n=0
(5.2.76)

G(Y) =erfe <\/§Y> +0 ((E‘;)lﬂ) : (5.2.77)

The O ((%)1/ 2) term in F(Y) can be matched to the first order correction term in

the outer region; if the outer solutions are expanded as

1/2

fly) = foly) + <Rle> fily) +---, (5.2.78)
1/2

o) =)+ (g2) )+ (5:2.79

then the first order corrections terms satisfy

0= foft + fo fi' = fofi" = fufe, (5.2.80)
0= fog1 + 190, (5.2.81)
ony=1: fi=0, fi=0, g =0. (5.2.82)
We find that
. T
Ay =Cly-Dsin(F0-1), gl =0, (5.2.53)

where the constant C has the value

(W“(ﬁ))m 20, (5.2.84)



5.2. ASYMPTOTIC ANALYSIS 88

which has been determined by matching to the solution in the inner thermal region.

We then have that the outer solution is

Fw) = cos (0 -9) - (E)/zi (“‘im)l/z (1 —y)sin (50 -9)) +0 (-Re) ™).
(5.2.85)
9(y) = 0. (5.2.86)

The regime 1 < —Pe = O (—Re)

Starting with the system (5.1.3a)—(5.1.3d) we again have an outer region in which
the highest derivatives in both differential equations are neglected. In this region we

suppose that
f) = foly) +o(1), g(y)=g0(y) +o(1), (5.2.87)

and that we are solving the system

0= fofo — fofy's ( )
0= fogh, (5.2.89)
Ony:]-: f(]:]-a fézoa 90207 ( )

( )

ony=-—1: fo=0.
We may only impose three conditions upon the solution fy(y) and one upon go(y), and
we have the leading order outer solutions

™

foly) = cos (F1=9)) . qoly) =0. (5.2.92)

In the boundary layer region adjacent to the lower wall we wish to recover the
viscous and thermal effects that have been neglected in the outer region. As Pe =
O (Re) we will have to recover both of the highest derivatives simultaneously. The

required scalings are
y=—1+(—Re)"V2y, f=(-Re)"V2F, ¢=aG, (5.2.93)

motivated by recovering the highest derivatives and matching to the lower-wall be-
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haviour of the solution in the outer region, giving the boundary layer system

(W(BG)F"Y" = F'F" — FF", (5.2.94)
G'" = —kFG’, (5.2.95)
onY =0 F=0, F'=0G=1, (5.2.96)
asY — oo F o~ %Y, G — 0, (5.2.97)
where k = Pe/Re = O (1).
If we now expand the functions F(Y), G(Y) as

F(Y) = Fy(Y) 4 (=Re) V2R (Y) + - -+, (5.2.98)
G(Y) = Go(Y) + (—Re) 2@ (V) + - - (5.2.99)

and expand the viscosity function as
n(BG(Y)) = exp(=BGo)(1 — B(~Re)"/2G1 +---), (5.2.100)

we obtain the leading order boundary layer system,

(n(BGO)FY)" = FyFy — FoFy, (5.2.101)

0 = —kFyGy, (5.2.102)
onY =0 Fy=0, F/=0 Go=1, ( )
as Y — oo FONZY—YO, Go = 0. ( )

where, as already noted, Yp is not the same constant as in the —Re > 1, —Pe = O (1)
boundary layer case as the viscosity is still significant throughout this inner region. The
above coupled system encompasses the viscous and thermal effects that are encountered
within the boundary layer in this particular double limit of —Pe — 0o, —Re — o0, and

the solution for Go(Y) may be written as

[ exp (—k [3 Fo(r)dr) ds
Go(Y) = [ exp (= [} Fo(r)dr) ds’ (5.2.105)
, foy exp (—k; f(f Fo(r)dr) ds (5.2.106)

a IS exp (=k [y Fo(r)dr) ds’

AsY — oo, the far field behaviour of Go(Y) is

Go(Y) ~ ——— exp <—ng2> for some Ap € R, (5.2.107)
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and so G satisfies the asymptotic relationship

k
G} ~ —%YGO as Y — oo. (5.2.108)
Returning to the outer region away from the lower wall, we may expand the solutions
there in powers of (—Re)_1/2,
F) = foly) + (=Re) ™ fily) + -+, (5.2.109)
9(y) = 9o(y) + (—Re) " gi(y) + -+, (5.2.110)

and find that the first correction terms obey the following governing equations,

0= foft + fifo — foft" — fify's (5.2.111)
0= fogi + f190, (5.2.112)
ony=1 fi=0, fi=0, ¢g=0, (5.2.113)
ony=—-1: fi=0. (5.2.114)
The first order correction terms for the outer solutions are
LT
fily) = Cly=Dsin (F0-9)). a1=0, (5.2.115)

and the value of the constant C' is found by matching to the leading order inner solution,
giving

Yo
5
where the value of the constant Yj is not necessarily the same as that of the analogous
constant in the Falkner-Skan equations (5.2.24)—(5.2.26). The outer solution to first

order is

C=- (5.2.116)

f(y) = cos (2(1 - y)) — (—Re)_l/%yo(l —y)sin (%(1 - y)) +0 (~Re ™),
(5.2.117)
9(y) =0. (5.2.118)

The regime 1 < —Re <« —Pe

Starting with (5.1.3a)—(5.1.3d) we have an outer region in which the highest derivatives

multiplied by small terms are neglected. In this region we suppose that

f) = foly) +o(1), g(y) =go(y) +o(1), (5.2.119)
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and that we are solving the system

0= fofo — fofg's ( )
0 = fog0, (5.2.121)
ony=1: fo=1, f3=0, go=0, ( )
ony=—1: fo=0. ( )

We may only impose three conditions upon the solution fy(y) and one upon go(y), and

we have the leading order outer solutions

foly) = cos (%(1 - y)) , go(y) =0. (5.2.124)

We next consider the inner region near the lower wall in which the viscous effects
are significant, but the thermal effects are expected to still be negligible. Using the
scalings

y=—1+(—Re)" 2y, f=(-Re)V2F, g¢g=aG, (5.2.125)

motivated by recovering the viscous effects and matching to the behaviour of f(y) in

the outer region, we find that the appropriate inner region equations are

(W(BG)F"" = F'F" — FF", (5.2.126)
— PP%G” =FG'. (5.2.127)

However, as the ratio Re/Pe < 1, we obtain that G = 0 to leading order as we expect

F' to be nontrivial. If we expand the solution in this region as
FY)=F((Y)+o(l), GY)=Go(Y)+o(l), (5.2.128)

then to leading order we are solving the temperature independent system,

F™M = FiFY - RyFY, (5.2.129)
onY =0 Fy=0, F,=0, (5.2.130)
asY — oor Fy~ %Y ~ Y. (5.2.131)

This can be transformed into the Falkner-Skan problem (5.2.24)—(5.2.26) by integrating

once and using the scalings

Y = (D_mz, F= (DW 0, Yo = (D_I/Q 2. (5.2.132)
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In order to facilitate the matching of the subsequent thermal boundary layer solution

with the solution in the viscous boundary layer, we define the constant Ay by

T\ 3/2

Ao = F(0) = (Z> (0. (5.2.133)

We must now consider the temperature variation which occurs in a thermal bound-
ary layer which is contained within the viscous boundary layer and is situated closer to
the lower wall. In this case, as we have already solved the problem for F(Y) we must
use its small Y behaviour as the appropriate matching constraint; together with recov-

ering the highest derivative in the temperature equation we find that the appropriate

Re 1/3_ Re 2/3_ B
Y = == Y, F=|=—= F = .2.134
(BY"5, bo (V"5 aoe e

yielding the thermal boundary layer system

scalings are

5.2.135

5.2.136
5.2.137

onY =0 F=0, F'=0 G=1,

~—~~ o~
N~ ~— — ~—

_ -1 _
as Y — oo: F~§A0Y2, G —0. 5.2.138

To lowest order, if we expand the solutions as

(5.2.139)

_ & _ Re
Pe )’

F(V) = F(Y) + O <Pe> (V)= Go(Y) + O (
we obtain the leading order thermal boundary problem
((BGo)Fg)" =0, ( )
7o = —FoGy, (5.2.141)
onY =0 Fp=0, F,=0 Gop=1, ( )
( )

_ _ 1 _
as Y — oo: FO ~ §A0Y2, Gg — 0.
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The leading order solutions may be expressed as the coupled integrals

. _ Jy exp (= Jg Fo(r)dr) ds

Go = IS exp (= 5 Fo(r)dr) ds’ (5.2.144)
1 on exp (— fos Fo(r)dr) ds
=1 JoZ exp (= [ Fo(r)dr) ds’ (5.2.145)
_ Y Vv _s
= Ao/o H(BGo(s) (5.2.146)

where the coefficient Ag in the expression for Fy(Y) is found by matching to the small

Y behaviour in the viscous boundary layer.

5.2.3 Injection with —Re = O (1) and Pe — —c0

Again starting with the system (5.1.3a)—(5.1.3d) where Re = O (1) and Pe — —o0, we
have an outer region where we neglect the small perturbed term in the temperature
equation, and then an inner region where the temperature effects are significant.

In the outer region we suppose that

fly) = foly) +o(1), g(y) =go(y) +0o(1), (5.2.147)

and that we are solving the system

1

— 1z (1 (Bo0) f)" = Fofg = fofy', (5.2.148)
0 = fog0, (5.2.149)
ony=1: fo=1, fh=0, go=0, (5.2.150)
ony=—1: fo=0, fi=0. (5.2.151)

We may only impose one boundary condition upon gg as the highest derivative has
been lost. In this case it makes gg = 0 and so the viscosity term is now unity, and we
are thus solving a temperature independent flow problem in the outer region. As fo(y)

approaches the lower wall it has the approximate behaviour

foly) = % J(~1)(=14y)? asy— —1. (5.2.152)

In order to recover the highest derivative in the temperature equation we must

rescale the system and investigate the resulting thermal boundary layer. The correct
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scalings are found to be
y=—1+(—Pe)" 3y, f=(-Pe)"?°F, ¢=@G, (5.2.153)
and the thermal boundary layer system becomes
( /! _ Re /! "
u(BGYF")" = Pe (F'F" — FF"), (5.2.154)
G"=-FG', (5.2.155)
onY =0 F=0 F =0 G=1, (5.2.156)
1
as Y —oo: F o~ J(-1)Y? G —o. (5.2.157)
If we now expand the solution in the thermal layer as
FY)=F((Y)+o0(1), (5.2.158)
GY)=GoY)+o0(1), (5.2.159)
then the leading order thermal boundary layer problem is
(W(BG) )" =0, (5.2.160)
Gy = —FoGy, (5.2.161)
onY =0 Fy=0, F;=0, Gp=1, (5.2.162)
1
as ¥ — o0 Fy~ g J(-1)Y?, G — 0. (5.2.163)
The solution to this system may be expressed as the coupled integrals
Y
Y —s
F(Y) = f(-1 / ds, 5.2.164
R AT T EI (0210
> Fy(r)d
Go(v) = Iy &P (= Jo Fo T; r)ds (5.2.165)

N Jo~ exp (= fg Fo(r)dr) ds
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5.3 Stability analysis

5.3.1 Temporal stability problem

Starting with the unsteady governing equations in the form

af// 1 I

1= (ep(=80) ")+ (£~ 11", (53.1a)
dg L, /

el A 3.1
5 — pad — 19 (5.3.1b)
ony=+1: f'=0, f=1, ¢g=0, (5.3.1c)
ony=-1: f'=0, f=0, g=1, (5.3.1d)

we add a temporal perturbation to the functions f(y) and g(y) via
f=foly) +oexp(st)F(y), g=goly) +dexp(st)G(y), d<K1,seR, (53.2)

and substitute these perturbed forms into the unsteady equations. After expressing
the resulting exponential term involving the perturbation dG(y) via it’s power series
form, we can then consider the problems at each order. At O (1) we recover the steady

governing equations for fy(y) and go(y),

1
0= 5 (exp(=Ba0) fg)" + (fofy = fof') . (5.3.3a)
1
0= 590 = fogo, (5.3.3b)
ony=+1: f3=0, fo=1, go=0, (5.3.3¢)
ony=-1: fi=0, fo=0, go=1, (5.3.3d)

while at O (§) we obtain the ode system governing temporal stability,

1
SF' = o (exp(=Pg0)(F" = Bf{G))" + foF" + o F' = foF" = fg'F,  (5.3.4a)
1
sG = P—eG" — foG' — Fgj, (5.3.4b)
ony=+1: F/'=0, F=0, G=0, (5.3.4c)
ony=-1: F'=0, F=0, G=0. (5.3.4d)

We can estimate the values of the first few eigenvalues of the temporal stability
system in the 8 = 0 and small Re or Pe cases, with a view to using these as appropriate
initial guesses for the numerical solution of the § # 0 stability problems via continuation

in § from zero to an appropriate value.



5.3. STABILITY ANALYSIS 96

When § = 0, the stability equations are

1
SF" = o P+ JoF" + [§F' = foF"" = i F, (5.3.5)
1
SG = EG” — fOG/ — F96 (536)

If we now consider the case where Pe = 0 and Re is small, expanding the eigenfunctions

and eigenvalue as

F(y) = Fo(y) + ReFi(y) +---, G(y) = Go(y) + ReGi(y) + -+,
sRe = —s¢o+ Res; + -+, (5.3.7)

and collecting the lowest order terms from each equation gives

Fly): —soFl = F™, (5.3.8)
Gly): 0=Gy, (5.3.9)

and hence we obtain Gy = 0.

The eigenfunctions Fy(y) can be divided into two different sets, according to whether
the eigenfunctions are even or odd functions. In both cases the fourth order ode is
solved with four homogeneous conditions and a normalisation condition of F{/(—1) = 1.
Similar modes to the modes recorder below have previously been found in the context
of the isothermal E = 0 problem considered by Zaturska et.al. [ZDB88]. For the even

solutions, we find that

. 1 cos (1/85,.Y .
Fo(y) = FG.(y) = —— <1 - (0"3)> . so=s6, = (kn)?, keN,  (5.3.10)

S0k cos (\/ Sgk)

and the first three eigenvalues are —9.87, —39.48 and —88.83 approximately. For the

odd solutions,

Fo(y) = Fop(y) =

% sin (\/ Sgk)

where /s{, is a positive root of the equation tan(,/s5,) = /(. The first three such
values are —20.19, —59.68 and —118.9 approximately. We can see that the eigenvalues

1 (sin( sgky))

- y) , S0 =S50k, k€N, (5.3.11)

for the even and odd modes interlace in this case. It remains to be seen whether this
property is preserved as we move away from 3 = 0; for 8 = 0 the interlacing of the

eigenvalues remains until the real parts coalesce.
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For 8 =0 and F(y) = 0 it is only necessary to expand G(y) and s in terms of Pe,
G(y) = Go(y) + PeGi(y) +---, Pes=—so+Pesi+---, (5.3.12)

and at lowest order we obtain the ode eigenvalue problem
0+ 50Go =0, Go(=1)=Go(1) =0, Gy(-1)=1, (5.3.13)

with the latter condition being a normalisation condition. We can again split the
eigenfunctions into those that are even eigenfunctions and those that are odd, and we

find that the even eigenfunctions are

cos ( sgky) <(2k —-1) >2
Go(y) = Goi(y) = . , S=(—=—7) ,keN, 5.3.14
0( ) Ok( ) SSkSIH (\/%) 0k 9 ( )

and the odd eigenfunctions are

sin ( sgky)

50K, COS (\/ Sgk) 7

We can represent these eigenfunctions in a single form via

_sin( Sok(l—l-y)) _ (km 2
Gok(y) = N cose= |5 ) kEN (5.3.16)

where even values of k select the even eigenfunctions and odd values select the odd

Goly) = Ga(y) = sow = (km)?, k € N. (5.3.15)

eigenfunctions.

5.3.2 Spatial stability problem

The steady governing equations involving the stream function ¢ (z,y) and temperature

function T'(z,y) are

Re (Vythayy — hathyyy) = (exp(=BT)yy),, , (5.3.17a)
(WTs ~%aTy) = 5Ty (5.3.17D)
ony=+1: ¢, =0 —ty=1 T=0, (5.3.17¢)
ony=-1 v¢,=0, —¢,=0, T=1. (5.3.17d)

If we add spatial perturbations to both the stream and temperature functions of
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the form

(z,y) = —xf(y) +o1(z,y), T(r,y)=goly) +T1(z,y), <1, (5.3.18)

and substitute them into the governing equations, we obtain

Re ((—Z'f, + 5w1y)(_f” =+ 6¢1:pyy) - (_f + 6¢1m)(_$fm + 6w1yyy)) =

(exp(=B(g0 + 6T0)) (2 f" + dv1y,)) - (5.3.19a)
1
(= f"+ 61, (g0 + 6T1g) — (= f + 6¢1,) (g + 0T1y)) = Pe (9oyy +0T1yy) ,
(5.3.19D)
ony=+1: —zf 4o, =0, f—0, =1 go+T1 =0, (5.3.19¢)
ony=-1: —af +8p, =0, f—0,=0, go+0T1 =1 (5.3.19d)

We now approximate the exponential viscosity term by exp(—0B¢go)(1 — 6471) and

then consider the problems at each order in turn. At leading order we obtain the base

problems
Re (f'f" = f£") = (—exp(=Bgo) "), (5.3.200)
1
190 = p290 (5.3.20b)
ony = +1: f = 17 f/ = 07 go = 07 (53206)
ony=-1: f=0, f'=0 go=1, (5.3.20d)

and at O (§) we have the following pde system,
Re (_:Cf,wlxyy - f”wly + xfmwlx + f¢1yyy) = (GXP(—BQO)ley + ,Bl'f,/Tl))yy )
(5.3.21a)

1
—xf' Ty — 1,90+ [Ty, = ﬁley, (5.3.21b)

accompanied with homogeneous boundary conditions for 1y and Ty. This system ad-

mits separable solutions of the form
Y =2 H(y), Th=a"K(@),

and setting A = 1+ 7 permits the reduction to the following coupled odes for H(y) and
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K(y),

Re (fH" — f"H') + ARe (f"'H — f'H") = (exp(~Bgo)(H" + f"K))",  (5.3.22a)
FE' + f'K — A(Hgh + f'K) = %K”, (5.3.22b)
ony=+1: H=0, H =0, K=0, (5.3.22¢)
ony=-1: H=0, H =0, K=0. (5.3.22d)

5.4 Numerical results

In this section we present numerical solutions to the governing equations computed

using various codes written using Matlab and discuss the results.

5.4.1 Flow profiles

The base flow problem has been solved for appropriate combinations of parameters
|Pe| =0.1,1,5,10 and 8 = —3,—-2,—1,0,1,2,3,4,5, where positive values of Pe corre-
spond to positive Re indicating suction flows and negative Pe correspond to negative
Re indicating injection flows. It is necessary to increase the range of Reynolds numbers
for the suction cases as the Péclet number increases in order to capture the important

features that arise in the bifurcation diagrams.

Profiles of flow and temperature functions for one porous walled channel
with f=1 n=1 Pe=-0.1 and]l-?:o to -20

f(y)
o

5
0

f'(y)

H

o o
f'(y)
Lo

o O O

-10
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
y y
1 -0.45
=) S -
Sos 2 05 /
-0.55
-1 -0.5 0 0.5 1 - -0.5 0 0.5 1
y y

Figure 5.4.1. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = —0.1, # =1 and Re = —20.
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Flow field for one porous walled flow with Rhat=100
n=1 beta=-3 and Pe=0.1

2- .
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Figure 5.4.2. Flow field for the one porous walled nonisothermal channel flow with
Pe =0.1, § = —3 and Re = 100.

Profiles of flow and temperature functions for one porous walled channel
with f=-3 n=1 Pe=0.1 and R=0 to 100
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Figure 5.4.3. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = 0.1, 8 = —3 and Re = 100.
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Profiles of flow and temperature functions for one porous walled channel
with B=-1 n=1 Pe=0.1 and R=0 to 100
5

(y)
oy © ;o
f(y)

o

- -5
1 -05 0 0.5 1 =1 -05 0 0.5 1
y y
4
x 10
500 5
:b 0 j E\>) 0 w
-500 -5
-1 -05 0 0.5 1 -1 -05 0 0.5 1
y y
1 -0.4
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205 osp ]
0 0.6
-1 -05 0 0.5 1 -1 -05 0 0.5 1
y y

Figure 5.4.4. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = 0.1, 8 = —1 and Re = 100.

Profiles of flow and temperature functions for one porous walled channel
with B=1 n=1 Pe=0.1 and R=0 to 20
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Figure 5.4.5. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = 0.1, 8 =1 and Re = 20.
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Flow field for one porous walled flow with Rhat=20
n=1 beta=5 and Pe=0.1

Figure 5.4.6. Flow field for the one porous walled nonisothermal channel flow with
Pe =0.1, 6 =5 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with B=5 n=1 Pe=0.1 and R=0 to 20
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Figure 5.4.7. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = 0.1, 8 =5 and Re = 20.
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Flow field for one porous walled flow with Rhat=—20
n=1 beta=0 and Pe=-1

e i

Figure 5.4.8. Flow field for the one porous walled nonisothermal channel flow with
Pe = -1, 8 =0 and Re = —20.

Profiles of flow and temperature functions for one porous walled channel
with f=0 n=1 Pe=-1 and R=0 to -20
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Figure 5.4.9. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = —1, 6 = 0 and Re = —20.
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Profiles of flow and temperature functions for one porous walled channel
with =1 n=1 Pe=-1 and R=0 to -20
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Figure 5.4.10. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = —1, § =1 and Re = —20.

Profiles of flow and temperature functions for one porous walled channel
with f=-2 n=1 Pe=1 and R=0 to 20
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Figure 5.4.11. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =1, 8 = —2 and Re = 20.
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Flow field for one porous walled flow with Rhat=25
n=1 beta=-3 and Pe=1

2
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Figure 5.4.12. Flow field for the one porous walled nonsiothermal channel flow with
Pe=1, = —3 and Re = 25.

Profiles of flow and temperature functions for one porous walled channel
with B=-3 n=1 Pe=1 and R=0 to 25
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Figure 5.4.13. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =1, 8 = —3 and Re = 25.
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Flow field for one porous walled flow with Rhat=20
n=1 beta=-1 and Pe=1
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Figure 5.4.14. Flow field for the one porous walled nonisothermal channel flow with
Pe =1, = —1 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with f=-1 n=1 Pe=1 and R=0 to 20
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Figure 5.4.15. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =1, 8 = —1 and Re = 20.
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Flow field for one porous walled flow with Rhat=20
n=1 beta=0 and Pe=1
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Figure 5.4.16. Flow field for the one porous walled nonisothermal channel flow with
Pe =1, 3 =0 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with B=0 n=1 Pe=1 and R=0 to 20
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Figure 5.4.17. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =1, 8 =0 and Re = 20.
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Flow field for one porous walled flow with Rhat=20
n=1 beta=1 and Pe=1
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Figure 5.4.18. Flow field for the one porous walled nonisothermal channel flow with
Pe=1, 3 =1 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with f=1 n=1 Pe=1 and R=0 to 20
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Figure 5.4.19. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =1, 8 =1 and Re = 20.
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Profiles of flow and temperature functions for one porous walled channel
with =2 n=1 Pe=1 and R=0 to 20
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Figure 5.4.20. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =1, 8 = 2 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with 3=3 n=1 Pe=1 and R=0 to 20
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Figure 5.4.21. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =1, 8 = 3 and Re = 20.
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Profiles of flow and temperature functions for one porous walled channel
with =4 n=1 Pe=1 and R=0 to 20
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Figure 5.4.22. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = 1, 8 = 4 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with B=1 n=1 Pe=-5 and R=0 to -20
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Figure 5.4.23. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = =5, =1 and Re = —20.
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Flow field for one porous walled flow with Rhat=20
n=1 beta=5 and Pe=1

Figure 5.4.24. Flow field for the one porous walled nonisothermal channel flow with
Pe =1, =5 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with =5 n=1 Pe=1 and R=0 to 20
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Figure 5.4.25. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =1, 8 =5 and Re = 20.
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Flow field for one porous walled flow with Rhat=60
n=1 beta=-3 and Pe=5
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Figure 5.4.26. Flow field for the one porous walled nonisothermal channel flow with
Pe =5, = —3 and Re = 60.

Profiles of flow and temperature functions for one porous walled channel
with B=-3 n=1 Pe=5 and R=0 to 60
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Figure 5.4.27. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =5, 8 = —3 and Re = 60.
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Profiles of flow and temperature functions for one porous walled channel
with f=-1 n=1 Pe=5 and R=0 to 20
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Figure 5.4.28. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =5, 6 = —1 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with =1 n=1 Pe=5 and R=0 to 20
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Figure 5.4.29. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =5, 3 =1 and Re = 20.
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Flow field for one porous walled flow with Rhat=60
n=1 beta=-3 and Pe=5

Vi
279

W\
P . Nes\
7wt

(HEIYN MY

AR S 7/ o]

Figure 5.4.30. Flow field for the one porous walled nonisothermal channel flow with
Pe =5, 3 =5 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with =5 n=1 Pe=5 and R=0 to 20
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Figure 5.4.31. Solution profiles for the one porous walled nonisothermal channel flow
with Pe =5, 3 =5 and Re = 20.
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Profiles of flow and temperature functions for one porous walled channel
with =1 n=1 Pe=-10 and R=0 to —-20
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Figure 5.4.32. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = —10, § =1 and Re = —20.
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Flow field for one porous walled flow with Rhat=100
n=1 beta=-3 and Pe=10
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Figure 5.4.33. Flow field for the one porous walled nonisothermal channel flow with

Pe =10, 8 = —3 and Re = 100.

Profiles of flow and temperature functions for one porous walled channel

with B=-3 n=1 Pe=10 and R=0 to 100
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Figure 5.4.34. Solution profiles for the one porous walled nonisothermal channel flow

with Pe = 10, 6 = —3 and Re = 100.
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Profiles of flow and temperature functions for one porous walled channel
with B=-1 n=1 Pe=10 and R=0 to 100
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Figure 5.4.35. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = 10, 8 = —1 and Re = 100.

Profiles of flow and temperature functions for one porous walled channel
with B=1 n=1 Pe=10 and R=0 to 20
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Figure 5.4.36. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = 10, 6 = 1 and Re = 20.
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Flow field for one porous walled flow with Rhat=20
n=1 beta=5 and Pe=10
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Figure 5.4.37. Flow field for the one porous walled nonisothermal channel flow with
Pe =10, 8 =5 and Re = 20.

Profiles of flow and temperature functions for one porous walled channel
with =5 n=1 Pe=10 and R=0 to 20
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Figure 5.4.38. Solution profiles for the one porous walled nonisothermal channel flow
with Pe = 10, 6 = 5 and Re = 20.



5.4. NUMERICAL RESULTS 119

5.4.2 Discussion of solution profiles

The 6 = 0, Pe = —1, Re = —20 injection solution in Figure [5.4.9/is typical of the
injection flow solutions for the range of § and Pe considered. The main features of
the profiles are that the solution f(y) is increasing, f’(y) is single signed and splits
into two regions, a narrow region of increase away from zero at the lower wall and
then a shallower decreasing behaviour away from the local maximum down to zero
at the upper wall. The temperature distribution within the channel, g(y), is not far
from a linearly decreasing function, with a gradient slightly steeper than the Pe = 0
solution of —1/2 near the lower wall and decreasing to a slightly shallower gradient
than the Pe = 0 prediction at the upper wall. The injection solution profiles for the
case 0 = 1 shown in Figure show that the effect of changing [ upon the flow
solution is minimal. The flow field for 3 = 0, Figure [5.4.8 shows that the fluid that
enters the channel through the upper wall is smoothly transported out of the channel
ends and that the maximum horizontal fluid velocity occurs a short distance away from
the heated lower channel wall.

Moving on to the suction flow solutions, the 3 = 0, Pe = 1, Re = 20 solutions
in Figure 5.4.19 is one basis which comparisons with other suction solutions can be
made. The main features of this particular solution are that f(y) and f’(y) both take
positive and negative values over the channel width for this particular combination of
Pe and Re. This corresponds to regions of flow which are flowing in opposite directions
to other regions within the channel i.e. recirculation. Where f(y) < 0 and = > 0
there will be fluid moving in the direction of decreasing x and where f(y) > 0 there
will be fluid moving in the direction of increasing x; where f’(y) < 0 and x > 0 fluid
will be moving downwards and where f/(y) > 0 fluid will be moving upwards in the
positive z half of the channel. The temperature g(y) is decreasing throughout the
channel width, with a relatively steep gradient near the lower wall, then a region of
increasingly shallow gradient as the region of recirculating flow occurs and as the upper
wall is approached the gradient becomes increasingly negative. The flow field shown in
Figure[5.4.16 illustrates the large proportion of the channel width that is undergoing
recirculating flow and the correspondingly thin region adjacent to the upper wall where
fluid is successfully being removed from the channel.

As ( is increased to 1, Figure show that the regions of positive and negative
f(y) and f’(y) remain and so recirculating flow will again occur. The changes compared
to the = 0 in Figure [5.4.17 are that the gradients of f”(y) and f"'(y) are larger at
the wall than when 8 = 0 and that there is now a region of almost constant negative
gradient of ¢’(y) adjacent to the lower wall. The corresponding flow field is shown in
Figure5.4.18 and is similar to that for 8 = 0, shown in Figure [5.4.16.
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The suction solution profiles in Figures [5.4.20, [5.4.21] [5.4.22 and [5.4.25] for g =
2, 3,4 and 5 respectively, show that as 3 increases the behaviour of f(y) near the upper
wall changes from increasing to the wall value as the wall is approached to decreasing
from above the wall value as the wall is approached. The corresponding f’(y) profile
show steeper gradients at the lower wall as § increases and a change of behaviour at
the upper wall, from f’(y) being positive and decreasing for 3 = 2,3 to f’(y) having a
second internal zero and the position of this internal zero moving away from the upper
wall for 3 = 4,5. The gradients of f”(y) and f”’(y) become steeper at the walls as /3
increases. The gradient of ¢'(y) near the lower wall decreases as 3 increases while the
behaviour in the remainder of the channel does not vary with §. The temperature g(y)
is nonzero throughout the channel for all 5. The corresponding flow field for G = 5,
Figure shows a large region of recirculation in the lower half of the channel and
a region of reversing flow in the upper half of the channel, the streamlines of which
making a more acute angle with the upper wall as |z| increases.

As (8 decreases from zero, the main changes to the solution behaviour are that the
region where f(y) < 0 is moving away from the lower wall and the minimum of f(y)
is moving closer to the centre of the channel as [ decreases. The value of f”(—1)
is increasing as (3 decreases and the behaviour of f”(y) near the lower wall changes
from increasing then decreasing when § = —1 to slowly increasing then increasing then
decreasing when 3 = —3. The temperature g(y) does not change much with 3 for this
value of Pe. Figures|5.4.15,[5.4.11/ and [5.4.13/show the solution profiles for § = —1, —2
and —3 respectively and Figures [5.4.14] and [5.4.12/ show the flow fields for the cases

B =—1and § = —3, where it can be seen that the stagnation line (the horizontal line
through the flow field through which no fluid passes vertically) and the mid-line of the
recirculation region have been displaced towards the upper wall as 3 decreases from
B = —1 in Figure|5.4.14/to 8 = —3 in Figure5.4.12|

When |Pe| is increased to 5, in the case of injection Figure shows that the
main changes from |Pe| = 1 are that the gradients of f”(y) and f”/(y) near the lower
wall are steeper and that the temperature function ¢g(y) decreases to zero much more as
we move away from the lower wall, with almost all of the temperature drop occurring
before the mid-line of the channel is reached. When 8 = 1, Pe = 5 in the case of suction
flow, Figure[5.4.29/again shows that there will be a region of recirculating flow within
the channel as f(y), f'(y) are multisigned. The gradients of f”(y) and f”(y) are steep
near the channel walls and very shallow by comparison in the body of the channel;
the width of the boundary layer of f”(y) and f”/(y) at the upper wall is thinner than
that at the lower wall. The temperature function g(y) is such that all the significant

temperature changes occur in the lower half of the channel and the gradient ¢'(y) is
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always negative, being large initially and increasing to just below zero before the centre
of the channel.

When 3 = 5, Pe = 5 comparison with 8 = 1, Pe = 5 shows that, in Figure [5.4.31,
there is a much thinner and steeper boundary layer for f/(y) adjacent to the lower wall,
that the behaviour of f”(y) and f”'(y) near the walls is correspondingly steeper and
confined o thinner regions. The temperature function g(y) also changes and now the
region of small g(y) extends from the upper wall well into the lower half of the channel.
The flow field for the case § = 5, Pe = 5 is shown in Figure [5.4.30 and as compared to
0 =5, Pe =1 in Figure [5.4.24 there is now no region of reversing streamlines in the
upper portion of the channel and the recirculating region now extends to cover almost
3/4 of the channel width instead of the entire width for the g = 5, Pe = 1 case.

As (8 decreases below zero and Pe = 5, Figures|[5.4.28/ and [5.4.27 for 8 = —1 and —3

respectively show that the region of recirculation remains and the gradients in f”(y)

and f”'(y) near the walls increase in magnitude. The nonzero region of significant
change of g(y) is still confined to the lower half of the channel in both cases. The flow
field for § = —3, Pe = 5 in Figure shows that the recirculating region extends
to cover over 3/4 of the channel width and that the region of flow near the upper wall
must change direction in a very thin region in order to satisfy the no slip condition at
the upper wall, as compared to the flow field for 8 = —3, Pe = 1 in Figure [5.4.12.
When |Pe| is increased again to |Pe| = 10, the changes as seen going from |Pe| =1
to |Pe| = 5 are present and are increased. For the case of injection flow with Pe = —10,
Figure [5.4.32 shows almost the same behaviour as for Pe = —5 and Pe = —1. The
gradients of f”(y) and f"”(y) near the lower wall have increased and the temperature
changes are again confined to the lower half of the channel, in this case a little more

restricted than for the smaller negative values of Pe.

As [ increases above zero, Figures [5.4.36/ and [5.4.38| for 3 = 1 and 5 respectively
show that as 3 increases, the regions of rapid variation of f’(y), f”(y) and f”'(y) become
thinner and more pronounced. As [ increases, the gradient ¢’(y) near the lower wall
is steeper initially and now the region of significant temperature change is confined to
the lowest quarter of the channel width. Figure [5.4.37/show the flow field for Pe = 10,
[ = 5 and the stagnation line is located a quarter of the width of the channel away
from the upper wall with the remainder of the channel width being occupied by a

recirculating flow.

For 8 below zero, Figures 5.4.35 and [5.4.34] for 6 = —1 and —3 respectively show
that regions of recirculation will remain and that, in the cases illustrated for Re = 100,
the flow function and its derivative are very similar. The only difference between the

solutions can be seen in the temperature g(y) and its derivative, where for § = —3
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the gradient away from the lower wall is slightly less steep than that for g = —1.
Figure shows that the recirculation region takes up the majority of the channel
width and that the stagnation line has shifted further towards the upper wall than in
the case of Pe = 5, however the overall behaviour is similar to the Pe = 5 case for lower
Reynolds numbers, as shown in Figure [5.4.26.

Finally, when |Pe| is reduced to |Pe| = 0.1 the main feature of all the solutions is
that the entire channel width is needed for the temperature to drop from g = 1 at the
lower wall to g = 0 at the upper wall. For 8 = 1, Pe = —0.1 injection flow, Figure 5.4.1
shows that the flow solution f(y) is similar to that of the other injection flows, but the
temperature solution is almost linearly decreasing with a gradient that is initially just
steeper than the Pe = 0 solution of —1/2 and then becomes shallower as the upper
wall is approached, ending up with a gradient that is less than the Pe = 0 solution of
—1/2.

The suction solution 8 = 1, Pe = 0.1 shown in Figure [5.4.5 predicts recirculating
flow in the lower section of the channel and has relatively wide regions of high gradients
of f'(y), f"(y) and f"(y) near the walls. The temperature solution g(y) is again
almost linearly decreasing, the gradient of which varies by less than 10% of the Pe = 0
prediction of —1/2 over the channel width. However, when [ is increased to 5 = 5,
Pe = 0.1 the flow behaviour shown in Figure 5.4.7 changes from that seen for other
values of  and Pe. The solution f(y) now takes on an almost sinusoidal form and has
a large amplitude; the boundary layers in f’(y) near the walls are very thin (thinner at
the lower wall than at the upper wall) and the form of f/(y) is now that there are two
regions of flow directed away from the origin of the channel adjacent to the channel
walls and a central region directed towards the channel origin. The values of f”(y) and
1" (y) are very large in thin layers at he channel walls. The temperature solution g(y) is
still decreasing over the whole width of the channel but the gradient initially diminishes
and subsequently increases as the channel width is traversed. The corresponding flow
field, Figure[5.4.6] now shows two almost equally sized regions of reversed flow, one in
each half of the channel width; the boundary layers required at each wall in order to
satisfy the boundary conditions are not visible in this figure.

As (8 decrease below zero, Figures[5.4.4 for § = —1 and [5.4.3/for 3 = —3 show that
the magnitude of the solution f(y) decreases as (3 decreases and that the variation in
the higher derivatives of f(y), although similar in form, also decreases in magnitude
as (0 decreases. The temperature solution g(y) remains decreasing over the channel
width and the gradient varies more for § = —1 than for § = —3; indeed for § = —3
the gradient ¢’(y) remains constant for a short region next to the lower wall. The flow
field for 8 = —3, Pe = 0.1 shown in Figure [5.4.2 illustrates the recirculating region of
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flow taking up the majority of the channel width and it is similar in structure to that

for other values of Pe.
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5.4.3 Bifurcation diagrams

Bifurcation diagram for upper wall data from Bifurcation diagram for upper wall data from
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Figure 5.4.39. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe| = 0.1, § = 0,1,2,3,4,5 with injection and suction, the data

coming from the solution at the upper wall.
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Figure 5.4.40. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe| = 0.1, § = 0,1,2,3,4,5 with injection and suction, the data

coming from the solution at the lower wall.
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Figure 5.4.41. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe| =1, 5 =0,1,2,3,4,5 with injection and suction, the data coming

from the solution at the upper wall
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Figure 5.4.42. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe| =1, 5 =0,1,2,3,4,5 with injection and suction, the data coming

from the solution at the lower wall.
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Figure 5.4.43. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe| =5, 5 =0,1,2,3,4,5 with injection and suction, the data coming

from the solution at the upper wall.
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Figure 5.4.44. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe| =5, 5 =0,1,2,3,4,5 with injection and suction, the data coming

from the solution at the lower wall.
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Bifurcation diagram for upper wall data from Bifurcation diagram for upper wall data from
nonisothermal one porous walled channel flow nonisthermal one porous walled channel flow
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Figure 5.4.45. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe|] = 10, 8 = 0,1,2,3,4,5 with injection and suction, the data
coming from the solution at the upper wall.
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Figure 5.4.46. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |[Pe|] = 10, 8 = 0,1,2,3,4,5 with injection and suction, the data
coming from the solution at the lower wall.
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Bifurcation diagram for upper wall data from Bifurcation diagram for upper wall data from
one porous walled channel flow with Pe=-0.1 one porous walled channel flow with Pe=0.1
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Figure 5.4.47. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe|] = 0.1, § = —3,—2,—1,0 with injection and suction, the data
coming from the solution at the upper wall.
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Figure 5.4.48. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe| = 0.1, 8 = —3,—2,—1,0 with injection and suction, the data
coming from the solution at the lower wall.
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Figure 5.4.49. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe|] = 1, 8 = —3,—2,—1,0 with injection and suction, the data

coming from

the solution at the upper wall.
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Figure 5.4.50. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for [Pe|] = 1, § = —3,—2,—1,0 with injection and suction, the data

coming from the solution at the lower wall.
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Figure 5.4.51. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe|] = 5, 8 = —3,—2,—1,0 with injection and suction, the data
coming from the solution at the upper wall.
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Figure 5.4.52. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for [Pe|] = 5, f = —3,—2,—1,0 with injection and suction, the data
coming from the solution at the lower wall.
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Bifurcation diagram for upper wall data from
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Figure 5.4.53. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |Pe| = 10, 8 = —3,—2,—1,0 with injection and suction, the data
coming from the solution at the upper wall.
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Figure 5.4.54. A pair of bifurcation plots for the one porous walled nonisothermal
channel flow for |[Pe|] = 10, 8 = —3,—2,—1,0 with injection and suction, the data
coming from the solution at the lower wall.
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5.4.4 Discussion of bifurcation diagrams

We first consider the bifurcation plots in Figures[5.4.39-5.4.46 where Pe > 0 and 8 > 0.
For Figure (5.4.39 in the case of suction (Re, Pe > 0) as 3 increases from 0 the region
of hysteresis on the bifurcation curve disappears, and for 8 > 3 there is a value of
the Reynolds number at which the upper wall stress passes through zero. For § = 4,5
there are again regions of hysteresis and both of these curves are strongly decreasing for
small Reynolds numbers. At the lower wall, Figure [5.4.40 shows that each bifurcation
curve changes sign, at which point there is a reversal of flow near the lower wall, but
the Reynolds number at which this flow reversal takes place decreases as 3 increases.
For the simulations corresponding to 8 = 4,5 the lower wall stresses are an order
of magnitude larger than those of the other values of 8 and failure of the numerical
method to converge precluded calculations further than Re & 10.

For Pe =1 and 8 > 0 Figure shows that increasing (8 from zero eliminates
the region of hysteresis and the large Re behaviour of the bifurcation curves moves
downwards to lower values as ( increases. For 0 = 4,5 the bifurcation curves pass
through zero. The lower wall behaviour in Figure reflects the upper wall be-
haviour in that the bifurcation curves for 8 = 0,1,2,3 are all similar, only the § = 0
curve has a region of hysteresis and for 3 = 4,5 the large Re behaviour is much greater
in magnitude than that of the lower values of (.

For Pe = 5 and 8 > 0 Figure[5.4.43 shows that increasing 3 from 0 again eliminates
the hysteresis region and bunches the curves closer together. The curvature of the
bifurcation curves is also reduced as 3 increases. As Re increases the curves asymptote
to the same behaviour. The lower wall behaviour in Figurel5.4.44/shows that for 5 > 0
the hysteresis region has been eliminated and a region of oscillation remains on these
curves in the region of the turning point on the § = 0 curve.

For Pe = 10 and 3 > 0 Figure[5.4.45/shows that once 3 > 0 then there is no region
of hysteresis and the bifurcation curves are much closer together than in the Pe = 5
case. The curves all asymptote to the same behaviour for large Re. On the lower wall,
Figure[5.4.46/ shows that the behaviour is similar to that for Pe = 5; there is a region
of oscillation on the g > 1 curves near the turning point on the § = 0 curve and the
oscillation in this case is larger than that of the Pe = 5 case.

For all of the injection flows Re < 0, Pe < 0 with 8 > 0, shown in the left hand
plots of Figures|5.4.39H5.4.46| the large Re < 0 behaviours are similar and the curves
approach a constant value for each 3. This value does not appear to vary with Pe < 0
for each fixed value of 8 and the ordering of the curves is such that 8 = 0 has the highest
values and 3 = 5 has the smallest values throughout the Re < 0 range where simulations

were performed. As Re approaches zero the behaviour of the curves does vary. For
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Pe = —0.1 and when 3 = 3,4,5 the values of —f”(1) drop below their respective
Re — —oo values as Re — 0_, while the 8 = 0,1, 2 values of —f”(1) increase above
their Re — —oo values as Re — 0_. As Pe decreases the behaviour changes slightly so
that fewer of the small 3 curves dip below their large Re — —oco values as Re — 0—.
For Pe = —1, Figure [5.4.41] shows that only the § = 4,5 curves decrease markedly as
Re — 0_ while the § = 3 curve is almost constant. For Pe = —5 Figure shows
that all of the 3 curves reach values greater than their Re — —oo values as Re — 0_,
with the 8 = 5 curve showing a local maximum for small —Re. Finally for Pe = —10
Figure 5.4.45/shows that all the 3 curves are increasing as Re — 0_.

The overall effect of increasing values of 3 is to eliminate the regions of hysteresis
in the suction cases, and as Pe increases above Pe = 1 the variation in wall stresses at
the upper wall becomes smaller whereas the variation in wall-stress at the lower wall is
larger but still qualitatively the same as for Pe = 1. For the Pe = 0.1 simulations it is
found that larger values of 3 = 4,5 produce a large change in wall-stress at the upper
and lower walls; simulations could only be run for a limited range of Reynolds numbers
in comparison to the smaller values of 3 = 0,1, 2,3. The effect of a highly temperature
sensitive viscous fluid may not have been fully captured due to the numerical difficulties
involved.

Now we shall consider Figures [5.4.47H5.4.54] where Re > 0 and # < 0. For the
right half of Figure [5.4.47 where < 0 and Re > 0 as Re — oo the 8 = 0,—1, -2
curves all asymptote to the same behaviour whilst the § = —3 curve has reached an
almost constant value of wall stress about 3 times smaller than the other curves. As (8
decreases a region of “S-shaped” hysteresis on the 8§ = 0 curve changes into a “loop-
shaped” hysteresis region with the Re extent of the loop increasing as (3 decreases. On
the lower wall, shown in Figure[5.4.48 the “S-shaped” hysteresis region is still visible as
(8 decreases from 0, but it becomes more and more squashed perpendicular to the Re
axis and more elongated parallel to the Re axis as 3 becomes more and more negative,
with the point at which the wall stress vanishes moving to smaller values of Re as 3
decreases.

For Pe = 1 and 8 < 0, the upper wall bifurcation curves shown in Figure [5.4.49
display similar behaviour as § decreases. The “S-shaped” hysteresis region for § = 0
changes into a cusp for § = —1 and then into a “loop” as 3 decreases further. The
extent of the hysteresis region along the Re axis increases as [ decreases, the initial
Reynolds number of the hysteresis region increases as § decreases and the overall size
of the hysteresis loop also increases as 3 decreases. The lower wall behaviour shown
in Figure[5.4.50/is qualitatively similar to that for Pe = 0.1 and is a more pronounced

version of that figure where the curves have been further elongated in the Re direction
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and squashed in the perpendicular direction.

As the value of Pe increases to Pe = 5 and 8 < 0, Figure [5.4.51 shows similar
behaviours occurring for the bifurcation curves as for the case of Pe = 1. The 6 =0
“S-shaped” hysteresis region changes into a tight “loop” for § = —1 and into as (3
decreases further the bifurcation curves show that the “loop” changes into a more
“spiral-like” shape. The range of Re where hysteresis occurs increases as (3 decreases
and the vertical extent of the “loops” also increases. The “loops” seem to be aligning
in the same direction in the —f”(1)-Re plane. The lower wall bifurcation diagram
Figure [5.4.52] again shows that the “S-shaped” hysteresis region visible for § = 0
becomes more and more deformed as (3 decreases.

When Pe = 10 and 8 < 0 the same behaviour is shown in Figure [5.4.53; the “S-
shaped” hysteresis region for 3 = 0 changes into “loops” for § < 0 and the hysteresis
“loops” increase in size as J decreases. The extent of the hysteresis region has increased
so much that the numerical simulations must be run up to Re = 100 to ensure that
the region has been captured correctly for § = —3; by this point the other bifurcation
curves have all already approached their same behaviour as Re increases past Re = 20.
The lower wall behaviour shown in Figure |5.4.54/is a more squashed vertically and
stretched horizontally version of the previous lower-wall behaviours for Pe > 0 and
B <0.

For the injection flows with § < 0 as shown in Figures [5.4.48-5.4.54, the behaviour
for decreasing values of Pe is similar for each value of 3. As (8 decreases the upper
wall stresses are increased over that of the § = 0 values, and the lower wall stresses as
decreased in comparison to the 8 = 0 values. The upper wall stresses decrease from
a maximum at Re = 0_ in a manner broadly inversely proportional to —Re as Re
decreases. The lower wall stresses increase as Re decreases from 0 with the gradients
for each value of 3 for fixed Pe.

The effect of the negative values of § in the viscosity function, corresponding to
cooling of the lower channel wall, is that the regions of hysteresis are enlarged as (8
decreases and Pe increases in the suction cases. Both the wall-stresses at the lower and
upper walls changed quantitatively as § decreased from 0, even if they qualitatively

remained similar.

5.5 Temporal stability for an isothermal reference case

In order to numerically solve the temporal stability problem we must solve the steady
base flow problem and the unsteady perturbation problem in parallel. It is necessary

to split the perturbation term into its real and imaginary parts and, once a particular
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representation of the system has been chosen, a system of 21 first order ordinary dif-
ferential equations is to be solved in Matla. The complete system, before rewriting

as a system of first order ordinary differential equations, is

(1(B90)£3)" = Re (fofg" = £5.13) (5.5.1a)
g6 = Pefogi, (5.5.1b)
(1(Bg0)(Fg — BfyGr))" = Re (foFp + fo Fr — foFE — f3'Fr)
+ Re (aFp — bFY), (5.5.1c)
(14(Bgo)(Ff — BfG1))" = Re (foFf + fiF1 — foFy" — f5'Fr)
+ Re (bFg + aFY) , (5.5.1d)
" = Pe (foG'r — Frgy) + Pe (aGr — bG) , (5.5.1¢)
7 =Pe (foG] — Fig0) + Pe (bGr + aGy), (5.5.1f)

ony=+1: fo=0, fo=1, go=0,

Fp=0, Fr=0, Gr=0,

F; =0, F;=0, Gr=0, (5.5.1g)
ony=-1: fo=0, fo=0, go=1,

Fp=0, Fr=0, Gr=0,

Fj=0, F;=0, Gr=0,

Fr=1, F/=0, (5.5.1h)

where F(y) = Fr(y)+iFr(y), G(y) = Gr(y)+iG(y), s = a+ib and a normalisation
condition is given by F”(—1) = 1.

For comparison purposes it is necessary to solve the isothermal problem with no
temperature dependent viscosity first. Taking 8 = Pe = 0, p is now constant having the

value 1 and together with zero temperature boundary conditions the problem simplifies

1The 21st equation comes from forming the ode dRe/dy = 0 and adding an appropriate boundary
condition to facilitate numerical stepping along the bifurcation curves.
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to just the temporal stability problem for fy,

félv) — Re (f(]f(/]// . f(,) 6/) ’ (5.5.2a)
g =0, (5.5.2b)
Fy” =Re (foFf + J{Fp — oFf{ = f¢'Fr) + Re (aFf = Ff),  (55.2¢)
F =Re (fGF] + [ F] = foFy" = J§'Fy) + Re (b + aFY), (5.5.24)
G =0, (5.5.2f)

ony=+1: fo=0, fo=1, go=0,

Fp=0, Fr=0, Gr=0,

F;=0, F;=0, Gr=0, (5.5.2g)
ony=-1: fo=0, fo=0, go=0,

Fp=0, Fr=0, Gr=0,

Fi =0, F;=0G;=0,

Fp=1, F/=0. (5.5.2h)

The first three pairs of eigenvalues for the suction and injection cases are shown in
Figures|5.5.1 and |5.5.3, and Figure|5.5.2[shows the region of the suction flow eigenvalue

diagram that contains the critical points for the stability of the base flow.
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A plot of real parts of eigenvalues against Reynolds number for
the one porous walled isothermal channel flow with Pe=0 and =0

Real part of eigenvalue

12 14 16 18 20

Figure 5.5.1. A plot of the first three pairs of eigenvalues against Reynolds number for
the reference case of no temperature dependence of the viscosity and zero boundary

conditions for the temperature in the case of one porous walled suction flow.
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Figure 5.5.2. A plot of the first pair of eigenvalues against Reynolds number for the
reference case in Figure|5.5.1 showing labelled points Iy, 11, a1, as and Hy .

The eigenvalue branches ¢; and r1 in the suction case, as shown in Figure/5.5.1/and
in more detail in Figure are the determining factors for the temporal stability
of the base flow fy(y). For values of the Reynolds number up to the point as at
Re = 7.308 (3d.p.) the flow is steady and so is temporally stable as the dominant
eigenvalue is real and negative (depicted by a solid line), then the real part of ¢; first
becomes positive at this point. Following the ¢; branch around the loop until the point
a; at Re = 7.051 (3d.p.) the real part of ¢; then becomes negative again, and this
loop describes a region of hysteresis in the interval Re € (7.051,7.308) (3d.p.) which
can be seen on the bifurcation diagram of —f{/(1) against Re, Figure (=0
curve). In this region there are three steady solutions, the outer two are temporally
stable and the central one is temporally unstable. The branches ¢; and r1 merge at
Iy, at Re = 7.179 (3d.p.), where their real parts coincide, and from this point the
complex-conjugate solutions have a non-zero imaginary part (depicted by a dashed
line). The corresponding points upon the go, 79 and g3, r3 branches are at Re = 8.354
and Re = 9.862 (3d.p.) respectively. When the coalesced ¢i,71 branches reach Hy at
Re = 12.760 (3d.p.) their real part passes through zero and becomes positive, and this

point denotes the loss of temporal stability of the base flow.
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In the case of injection, the Reynolds number is negative and so is the time variable,
due to the dimensional scalings of time and fluid speed having the same sign. Thus, in
the case of injection, if the real part of the eigenvalue is positive then the eigenfunction
perturbation to the flow decays and the basic flow is temporally stable. This is what

is observed in the simulations, as shown in Figure[5.5.3.

A plot of real parts of eigenvalues against Reynolds number for the
one porous walled isothermal channel flow with Pe=0 and 3=0
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Figure 5.5.3. A plot of the first three pairs of eigenvalues against Reynolds number for
the reference case of no temperature dependence of the viscosity and zero boundary

conditions for the case of one porous walled injection flow.
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5.6 Numerical results for nonisothermal temporal stabil-

ity calculations

-12F
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Figure 5.6.1. A plot of eigenvalues against Reynolds number for the nonisothermal

Pe =1, B = —1 suction case in the one porous walled channel system.
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Figure 5.6.2. A plot of eigenvalues against Reynolds number for the nonisothermal

Pe = —1, 8 = —1 injection case for the one porous walled channel system.
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Figure 5.6.3. A plot of eigenvalues against the Reynolds number for the nonisothermal

Pe =1, 8 =1 suction case for the one porous walled channel system.
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Figure 5.6.4. A plot of eigenvalues against the Reynolds number for the nonisothermal

Pe = —1, 8 =1 injection case for the one porous walled channel system.
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5.6.1 Discussion of the numerical results for nonisothermal temporal
stability calculations

Comparing the eigenvalues of the nonisothermal simulations for Pe = 1, g = +1
(suction) with the corresponding isothermal reference case of Pe = 0, § = 0 we can
immediately see that an extra set of eigenvalues is introduced in the nonisothermal
cases. In the § = —1 case (cooled channel or viscosity increasing with temperature
increase) the looped region of the eigenvalue behaviour is retained, but the shape is
more elongated and this is reflected in the greater range of hysteresis: the points as
and a; now occur at Re = 10.961 (3d.p.) and Re = 8.823 respectively, as opposed
to Re = 7.308 and Re = 7.051 in the reference case. There is a region of coalesced
eigenvalues between the upper “initially s;” branch and the “initially ¢;” branch prior
to the hysteresis region. It also appear that the branch corresponding to r; in the
reference case does not meet the g; or r; branches in the range of Reynolds numbers
where calculations have been performed. The point at which the eigenvalues on the
two uppermost branches then coalesce, I, has not been successfully located using both
branches in the nonisothermal case, but the numerical evidence suggests that it is
located at Re = 8.717 as opposed to Re = 7.719 in the reference case; in both cases
this point is located at a higher Reynolds number than the lower end of the hysteresis
region. The location of the final critical point Hy, that of the Hopf bifurcation, where
a complex conjugate pair of eigenvalues cross the real axis, also shifts to Re = 14.467
in the nonisothermal case from Re = 12.760, and so the region of temporally stable
suction solutions is increased to Re € (0, 14.467)

In the § = 1 case (heated channel or viscosity decreasing with temperature increase)
the looped behaviour of the eigenvalues for suction values of the Reynolds number has
been lost. Indeed for 8 = 1 there is no region of hysteresis upon the main bifurcation
diagram (Figure [5.4.41). The coalescing eigenvalues are no longer the pair s; and ¢;
but ¢; and r1 and now the s; branch meets the ¢; branch at Iy where Re = 5.450
as opposed to Re = 7.179 in the reference case. The Hopf bifurcation Hy now occurs
at Re = 11.036 instead of Re = 12.760 in the reference case, and so the region of
temporally stable suction solutions has been reduced to Re € (0,11.036).

In the injection cases for 8 = £1 the qualitative results are similar in that in both
cases flows are still temporally stable, with the smallest real part of an eigenvalue being
the s1 eigenvalue in the range of Reynolds numbers calculated. All that differs in the
two cases is the relative positions of the crossings of the horizontal s branches with the

q and r branches that correspond to those in the isothermal reference case.



Chapter 6

Isothermal power law fluid
problem - two porous walled

channel

For the two porous walled problem with equal rates of suction or injection through the

walls, the parameter E = 0, and the base problem under consideration is

rRe (f/f// o ff///) _ <nf(iv) ’f//‘n—l +n(n— l)f” (f///)Q |f//‘n—3) ’ (6.0.1)
ony=+1: f'=0, f=1, (6.0.2)
ony=-1: f'=0 f=-1, (6.0.3)

6.1 Numerical results for Type I base flows

6.1.1 Type [ solution bifurcation results

In this section we produce a bifurcation diagram for the various power law flows of
Type I and a selection of associated flow profiles.

The bifurcation diagram Figure [6.1.1 shows that, as found in the E' = 1, there is a
change of behaviour for the flows of shear-thinning and and shear-thickening fluids in
the case of suction. The first observation is that there is a very large range of values for
log;o(—f"(1)) at the upper wall, ranging from 10~2—10~" for the shear-thickening fluids
up to 10* for the shear-thinning fluids over the range of Reynolds numbers computed.
The injection flows all show similar values for log,o(— /" (1)), where the shear-thinning
fluids have a higher value of wall-stress as Re — 0 than the shear-thickening fluids.

There appears to be a critical Reynolds number at which the shear-thickening fluids

143
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NUMERICAL RESULTS FOR BASE FLOWS

6.1.

T=uU
6°0=U
8'0=u

L'0=u
9'0=u

‘suorye)nduiod 9saY} 10 UISOYD SeM g — 9G = ¢ JO ON[eA dY ], "MO[ 9seq |
odAT, oY) 10] [ouueyD parrem-snorod-om) e ur mop pmy me[ omod oY} I0J U JO SONTRA SNOLIRA IOJ SOUDURIQ UOIIN[OS "T°T°9 9InSI]

9y

0S G¥ Ov G€ 0€ GZ 0Z ST OT §
. . . . ' . m.H.HC

i mﬂwmc/k,//rr

[ \ N.Hmc

G- 0T-ST-0¢

‘0=u
<50 « T'0=U

<—'0=U )
E <«—¢€'0=u /<«—C0=u

olreuads mojj | adA] |rem snosod omy ayl ul
spin|} me| 1amod snolea 1o} welbelp uoneain)g

N'

0T

((1) J-)b0

I



6.1. NUMERICAL RESULTS FOR BASE FLOWS 145

Profilels for power law fluid n=1.0 5=0e-+00 With2E:0.0 R=-20 and f (1)=-2.56229
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Figure 6.1.2. Typical profile behaviour for all two porous walled injection solution
branches with 0 < n < 2. Here n = 1.

have zero wall-stress, ranging from Re ~ 21 for n = 1.1 to Re = 7 for n = 1.5,
suggesting that this critical Reynolds number decreases with increasing n. Numerical
difficulties have precluded the reliable calculation of —f”(1) for values of n > 1.5 or
n < 0.2 for this problem.

Figures[6.1.3H6.1.8/show the suction flow profiles for power law fluids in a two-porous
walled channel with equal suction speeds through each wall. The n = 1 cases are shown
for comparison: under large injection the function f(y) has a sinusoidal profile and f'(y)
has a parabolic profile, proportional to the horizontal flow component. For the large
suction flow with n =1, f(y) is almost linear and only deviates from linearity in thin
boundary layers adjacent to the walls in order to satisfy the boundary conditions upon
the flow. These boundary layers are visible on the f/(y) profile and their influence can
be seen on the behaviour of the higher derivatives near the walls. As the value of n

is reduced and the fluid becomes shear-thinning, the constant feature across the three

representative figures (Figures[6.1.5[6.1.4 and [6.1.3) is that, although the qualitative
features are the same, the gradients of the higher derivatives become much steeper as
n decreases. Figure 6.1.5 with n = 0.8 has f”(£1) = O (10?) and f"”(£1) = O (10%);
when n = 0.5 Figure 6.1.4 shows that f”(+1) = O (10%) and f”(£1) = O (10°). For
n = 0.2 the results shown in Figure[6.1.3]are for the greatest value of Re that converged,
Re = 10.2, and for this value the corresponding derivatives are f”(£1) = O (10*) and
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Profiles for power law fluid n=0.2 5=5e-02 with E=0.0 R=10.8 and f (1)=-11433.9
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Figure 6.1.3. Profiles for two porous walled suction solution with n = 0.2, § = 5e —
2. Note the reduced value of the Reynolds number, Re = 10.8, at which point the

computations failed to converge.

Profiles for power law fluid n=0.5 d=5e-02 with E=0.0 R=50 and f”(1)=—1064.29
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Figure 6.1.4. Profiles for two porous walled suction solution with n = 0.5, § = 5e — 2.
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Profiles for power law fluid n=0.8 5=5e-02 with E=0.0 R=50 and f (1)=-102.468
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Figure 6.1.5. Profiles for two porous walled suction solution with n = 0.8, § = 5e — 2.

Profiles for power law fluid n=1.0 5=0e+00 with E=0.0 R=50 and f (1)=-48.8049
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Figure 6.1.6. Profiles for two porous walled suction solution with n = 1.
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Profiles for power law fluid n=1.1 5=5e-02 with E=0.0 R=20.6 and f (1)=-0.0118344
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Figure 6.1.7. Profiles for the two porous walled suction solution with n = 1.1, § = 5e—2.
There is now a maximum value at which the value of —f”(1) remains positive, at
approximately Re = 20.8.

Profiles for power law fluid n=1.5 3=5e-02 with E=0.0 R=7.4 and f (1)=-0.149719
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Figure 6.1.8. Profiles for the two porous walled suction solution with n = 1.5, § = 5e—2.
There is now a maximum value at which the value of —f”(1) remains positive, at
approximately Re = 7.4.
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[ (£1) = O (108).

For the shear-thickening suction flows the profiles shown in Figures[6.1.7 and [6.1.8
are for the highest values of Re for which f”(1) < 0 holds according to the numerical
simulations performed. For n = 1.1, the critical Reynolds number is Re = 20.8 and,
as shown in Figure 6.1.7, the function f(y) has a sinusoidal profile, f’(y) has a profile
that is almost parabolic at the channel centre and flatter than parabolic at the walls
and f”(y) is oscillatory with steep gradients at the walls. Looking at the behaviour
when n = 1.5 in Figure [6.1.8 where the critical Reynolds number has been reduced
to Re = 7.4, the main features as identified in Figure [6.1.7 for n = 1.1 remain and
are accentuated; the f’(y) profile now appears more pointed at the channel centre and
even flatter at the walls, the f”(y) profile has a correspondingly steeper gradient at the
channel centre (thought not at the walls where it appears flatter than in the n = 1.1
case, probably due to the reduced value of the Reynolds number) and the profile of
" (y) now has a sharp drop at the centre of the channel.



Chapter 7

Conclusions and Further Work

7.1 Conclusions

This thesis has been concerned with the flow of fluid through a channel with porous
walls. In particular it has aimed to extend the basic Newtonian flow problem consid-
ered by previous researchers. The two extensions considered are that of introducing a
temperature-dependent viscosity and a more general fluid of power-law form and the
interest has been in the effects of changing the viscosity. The main thrust of work has
been on the one-walled problem as it has received less attention in the literature. The
flow problems have been set up for the full two-porous walled problem and then spe-
cialisation to the one-porous walled problem has taken place where necessary. For the
case of the temperature-dependent viscosity fluid the aim has been to extend the one-
porous walled Newtonian fluid work as the two-porous walled case has been considered
by Ferro and Gnavi [FG02]. The power-law fluid work has focussed on the one-walled
case in the main and initial numerical results have been obtained in the two-walled

case.

Summary of power law viscosity fluid results:

Small Re asymptotics A small Reynolds number perturbation expansion for
the power-law fluid flowing in the two-porous walled geometry has been
produced. It encompasses the entire range of the problem selection parame-
ter £ € [0, 1] and can be used as a basis for producing initial conditions for
a numerical simulation of the flow over a larger range of Re and where the

power law exponent lies in the range 0 < n < 2.

Numerical simulations for base flows Numerical simulations of the £ = 0

two-porous walled channel power-law fluid flow have been performed and
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have shown that there is a critical Reynolds number at which the shear-
thickening subset of power-law fluids experience a loss of shear-stress at
the upper wall under the influence of suction at both walls. Numerical
simulations in the £ = 1 one-porous walled suction case also show this

phenomenon.

Large —Re > 1 injection asymptotics for £ =1 An asymptotic expansion for
the one-porous walled large injection flow of power-law fluid has been pro-
duced and is analogous to the Newtonian fluid equivalent expression. The
free boundary problem determining the width of the nonzero region of f”
within the boundary-layer at the lower wall in this situation has been posed
and has been reported to occur in a different geometry, that of the flow of
a power-law fluid over a flat plate as investigated by Denier and Dabrowski
in [DDO4].

Summary of temperature-dependent viscosity fluid results:

Numerical simulations for base flows Numerical simulations of the one-porous
walled temperature-dependent-viscosity fluid flows have been carried out for
a range of Reynolds numbers corresponding to suction and injection flows,
with varying values for the Péclet number and the sensitivity parameter [3.
In particular it was found that the bifurcation diagrams (Figures [5.4.39+
displayed differing behaviours of the wall stress depending upon the
values of Pe and ; hysteresis loops occurred for increasingly negative val-
ues of B corresponding to cooling the lower wall as compared to the upper
wall (or a fluid with viscosity that increases with increasing temperature)
whereas the regions of hysteresis were eliminated as the value of § > 0 in-
creased, corresponding to the heating of the lower wall of the channel relative
to the upper wall (or a fluid with viscosity that decreases with increasing

temperature).

Numerical simulations for temporal stability Numerical simulations of the
temporal stability of the one-porous walled temperature-dependent viscosity
were performed for |Pe| = 1, |3| = 1 and compared to the isothermal flow of
a Newtonian fluid. It is found that the range of temporally stable suction
solutions is Re € (0,12.760) for 8 = 0, increasing to Re € (0,14.467) for
B =1 and decreasing to Re = (0,11.036) for the 8 = —1 case.

Asymptotic expressions for Re < 0 Asymptotic descriptions of the injection
Re < 0 behaviour for the temperature-dependent viscosity fluid have been

produced. These have been derived from the starting point of the similarity
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solution derived for the general temperature dependent problem, and the
limits of various nondimensional parameters have subsequently been taken.
Five different regimes have been considered and cover the changes in be-
haviour starting from an order one Reynolds number injection flow with
a large Péclet number, where the thermal boundary layer is the dominant
feature of the flow, through to where the Reynolds and Péclet numbers are
comparable, where the thermal and viscous layers are of comparable sizes
and which subdivides into three cases according to the relative sizes of Re
and Pe, and ending with a large Reynolds number and an order one Péclet
number, where the main feature of the flow is the viscous boundary layer.
In all these cases the thermal sensitivity parameter § = O (1) and the ex-
ponential model has been used for the viscosity dependence. In the limit
of f — oo the analysis in Appendix Bl shows how the thermal boundary
layer will subdivide further according to the particular viscosity model in
question. Similar structures have been reported to occur in the related prob-
lem of steady laminar flow in a channel driven by a pressure gradient and
where the viscosity of the fluid is temperature dependent, where the walls of
the channel are suddenly heated after a fixed point along its length [OO77],
[Ock79]. The analysis in Appendix B has been derived starting from the
partial differential equation system governing the fluid and temperature be-
haviours and the limits of large —Re and large 8 have been taken of that
system, in contrast to starting with similarity solution reductions of the

system and then considering asymptotic limits.
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Figure 7.1.2. A graphical summary of the temperature dependent viscosity fluid re-
sults obtained in this work for the one porous walled channel. Region A corresponds
to the numerical simulations that have been run for # = O (1) under the exponential
viscosity model described in sections|5.445.4.4l The line B corresponds to the numerical
linear temporal stability stability simulations performed on a subset of the simulations
in Region A, and are described in sections 5.6.145.6.1l Region C corresponds to the
asymptotic analysis performed for the Re < 0, Pe < 0 cases with 8 = O (1) in sec-
tion [5.2l Region D corresponds to the large § > 0 limit of the solutions in Region
C and parts of these are discussed in Appendix B for the algebraic and exponential
viscosity models. Regions marked X are not valid in the problem under consideration
as the nondimensional groups Re and Pe must have the same sign. Region E has yet

to be considered and is an area for further work.
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7.2 Further work

Further work that could be considered would be to extend the range of temporal stabil-
ity simulations that have been performed for the temperature-dependent viscosity fluid
model, as only an initial set of computations were able to be performed, and to then
consider the spatial stability of the flow. The same stability questions could then be
asked of the power-law fluid model. In the case of the two-porous walled channel flows,
the existence of multiple solutions has been confirmed numerically for the temperature-
dependent viscosity model by [FG02] and their stability examined, but the power-law
fluid case does not appear to have been investigated. The asymptotic analysis of the
large Re > 0 suction flows in both the power-law and temperature-dependent viscosity
cases for both the one-porous and two-porous walled channel flows is an area for further
work.

The unsteady version of the governing system could also be considered. In this case
further numerical experiments would be required to see whether the work presented
here has captured the possible steady solutions correctly, and whether time-dependent
solutions to the full partial differential equations will tend to other solutions, such as
limit cycles. Such numerical simulations would be more challenging, as even in the
one porous walled Newtonian case [Cox91b| and [KCO01] have found that the periodic
solutions for the governing partial differential equation for larger suction Reynolds
numbers (Re > 100) are very difficult to compute accurately.

Another direction of work could be to increase the thickness of the walls so that
they are a porous layer through which flow may occur in addition to flow in the clear
portion of the channel. Factors of relative thicknesses of the clear and porous layers
and the porosity of the porous layer will now possibly influence the resulting flows; in
the Newtonian case work has been done by Deng et.al. [DM05] was motivated by a part
of the process involved in paper-making whereby water is drained from a suspension of
fibres settling over a porous layer.

Different fluids or fluid-like materials could also be considered by amending the
constitutive equation relating the stresses and shear-rates within the fluid elements,
hence amending the viscosity model. The next simplest modifications to the problem
would be to consider the Bingham body model and subsequently the Herschel-Bulkley
body model. An example of a Bingham material is toothpaste or tomato ketchup,
and an example of a Herschel-Bulkley material is minced fish paste [Ste96, 21]. In the
Bingham body there is no flow of the fluid if the shear stress is below a critical value
called the yield stress in shear T,; if it exceeds the yield stress then the fluid flows and

the deviatoric stress and shear-rate are proportional to each other, the proportionality
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function being the viscosity function. In one dimension, the Bingham model equations

are

y=0, if|T|<T,, (7.2.1)
T—T,=p5 ifT>T, (7.2.2)

where the Bingham model constants are T, the yield stress in shear, and p,, the plastic
viscosity. If the shear-rate v < 0 then the odd extension of T — T, is assumed to hold.

The one-dimensional Herschel-Bulkley model is given by

y=0, if|T|<T, (7.2.3)
T—Ty=mi"y,  HT>T, (7.2.4)

and again if the shear-rate 7 is negative then the odd extension of T — T, holds. In
the three dimensional case, only considering isotropic incompressible materials (and
so the Young’s modulus of the material is 0.5 in any elastic region of the material)
a few preliminary definitions must first be made. If we define the equivalent positive
shear rate 4, (adding the subscript -, to distinguish it from the shear rate previously

discussed) as

iy = 2¢/ Ty = \/2d;;d;;, (7.2.5)

(and so dependence upon “, can be replaced by dependence upon Il and vice versa),

and define the Von Mises’ criterion by which yield is judged to have occurred,

1
Mr=T,= §Y2 (7.2.6)

1 1
=5 TijTij = §Y2 in Cartesian coordinates, (7.2.7)

where T, is the yield stress in shear and Y is the yield stress measured in tension, then

Herschel-Bulkley material equations can be written as

dij =0,  ifllg<T,7 (7.2.8)
T —_ .

Tij =2 (7@’ + pp 1" 1) dij,  if T>T, (7.2.9)
p

If n = 1 then the Bingham model is recovered, if T, = 0 then the power-law fluid
model is recovered and if n = 1 and T, = 0 then the Newtonian viscous fluid model is
recovered.

A similar problem to the one presented here, that of fluid flow within a channel
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with accelerating walls, can be considered by simply changing the wall boundary con-
ditions, see [BA81] and [Cox91a] (Cox considers both the two-accelerating walls and
one stationary, one accelerating wall problem). The set of solutions for the accelerating
or decelerating walls problem is larger than that of the porous walled channel prob-
lem [BA81],[Cox91a]. In the purely accelerating walls problem the change of viscosity
model to that of a power-law or the inclusion of temperature-dependent viscosity could
also present an increased number of solutions as compared to the Newtonian fluid case.
There is also an exact solution of the Navier-Stokes system for the hybrid flow of suction
and accelerating walls [ZB03] and this is used to numerically investigate the separate
problems in order to find further branches of solutions and their stabilities.

Reintroducing the effects of viscous dissipation of heat would also be an interesting
problem as it could introduce another mechanism by which the flow could be affected.
The viscous dissipation of heat into the fluid would alter the viscosity locally and
then could cause unwanted changes in the characteristics of the fluid if they are not
controlled, e.g. the physical properties of molten plastics changing under cooling when
considered in an injection moulding process.

The related geometry of pipe flow could also be considered for the non-Newtonian
fluids and compared to the known Newtonian results. Extensions to the three dimen-
sional porous walled channel and two dimensional pipe or annular flows with porous
or accelerating walls could also be considered. Newtonian work has been done by
[TBZD91] for the three dimensional channel geometry and the pipe flow problem have
been considered by [SW78],[BA81],[DB84] and initially by Berman [Ber58| in the case

of an annulus.



Appendix A

Boundary conditions for the
Newtonian fluid large injection
one porous walled channel

problem

In this section we discuss the selection of appropriate boundary conditions for the
large Re injection Newtonian one-walled flow problem, which is a special case of that
described in section

The problem of appropriate boundary conditions is encountered in this situation

when we consider the flow problem in the boundary layer region y = O ((—Re)_l/ 2),

FF' — PR — F(iv), (T)
onY =0 F=F =0,
as Y — oo: F(Y)N%Y.

It is important to ensure that the correct number of boundary conditions are imposed;
here, we would expect four conditions as this is a fourth order ordinary differential
equation. We have to consider how many boundary conditions are actually being
applied by the matching condition, as well as how many are imposed at the lower wall
boundary.

The lower wall boundary appears to impose two conditions out of a possible four.

If we expand F(Y) in a truncated Taylor expansion,
1o 1o s o . A
FY)= iAY +6BY +0F =F,+6F, whered <1,
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and substitute this into the governing boundary layer equation, then retaining the

O (3) terms we obtain the ordinary differential equation

R 1 . A . A
FW)+iAyﬁWﬂ—AYF”—AFUkBF:O.

As this is a fourth order linear ordinary differential equation, we expect there to be

four linearly independent solutions, which are eigenmodes. If we now write
F=14aY+eaY?+eY3+aYt, ¢ eR

as one possible eigenmode, upon substitution into the O (5) equation we find the

following relation between the coefficients at leading order,
dleg — Ay + B =0.

If we take
F=Y +cY?2+ 3%+,

we find that
4ley —A=0, asY <« 1.

However, taking F~Y2or F ~ Y3 we find that 0 = 0 to lowest order, and so no
conditions have been imposed upon the coefficients in those cases. Thus in summary

we have that there are four potential eigenmodes

F~l, F~Y, FrY? FaYs

The boundary conditions F,(0) = 0, F’(0) = 0 eliminate the eigenmodes F' ~ 1, F ~ Y
and so only the third and fourth eigenmodes remain. There are now two degrees of
freedom remaining as long as A and B are not specified; exciting the third mode is the
same as making small changes to the value of A, and a similar statement holds for the
fourth mode and the value of B.

We can now analyse the far field behaviour to see how many boundary conditions

are being imposed by the matching condition. If we now substitute
F(Y)~F,(Y)+0F(Y)

with F,(Y) = 7Y/4, into the governing equation () and again consider the O (3)
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terms, we obtain the ordinary differential equation

%F// _ %YFW// — " a8 Y — oo,

If we now let F' ~ Y9 then we have that

%q(q — 1Y - ZQ(Q ~1D(q—-2)Y"? =qq—1)(¢—2)(¢—3)Y**

as Y — oco. We can now see that there are three possible algebraic behaviours, given
by ¢ = 0,1, 3, obtained by considering the coefficients of the three terms. However, we
still need to find the one remaining behaviour as we are still considering a fourth order
linear ordinary differential equation.

As we are seeking a solution to the boundary layer problem that should be matched
into the behaviour in the outer region, we should consider an exponentially decaying

eigenmode. Taking an eigenmode of the form
F~Y%exp(—CYP), p>0,
if we differentiate with respect to Y we get

F' = qY T lexp (—CYP) — CpY P~ Lexp (—CYP)
~ —CpY TP Lexp (=CYP), asY > 1,

and so substituting this into the differential equation gives, to leading order,
g(—Cp)QYq”(p_l) _ g(—C’p)3Y1+q+3(”_1) = (—Cp)lyatie-1),

The only balance is between the second and third terms, giving p = 2, C = «/8,
and leaving ¢ arbitrary to this order. If we then take the next most significant terms
obtained by substituting this behaviour into the governing equation, we find that ¢ =

—4. The fourth eigenmode has now been found to be

Froy™ exp (—%Y2) .

The four possible eigenmodes are

~ ~ ~

F~YS, FnrY, Fol, FNY_4eXp<—%Y2).

The first mode (cubic) is eliminated as the far field behaviour forces it to have a
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zero coefficient. The second mode (linear) is eliminated as the unperturbed far field
behaviour fixes its coefficient; changing the value of F' ~ AY where A € R corresponds
to changing the prescribed coefficient in the linear far field behaviour, which is not
permitted. Thus we have two remaining candidates. The third mode is permissible
and corresponds to a constant that is able to be determined by a numerical solution
of the boundary layer problem. The fourth mode is exponentially small and decays
into the outer region. We have shown that the linear far field behaviour imposes two
boundary conditions and so in total all four boundary conditions have been specified

and so we conclude that this problem has been well specified.



Appendix B

Nonisothermal temperature
dependent viscosity problem -
large —Pe asymptotics for the one

porous walled channel problem

The problem under consideration here is that of the temperature-dependent viscosity
flow of fluid through a channel with one porous wall, where the sensitivity of the fluid
viscosity to temperature is large. The geometry of the channel is shown in FigureB.0.1.
In this chapter we obtain approximate solutions directly from the asymptotic expan-
sions of the governing system and so the solutions obtained are not limited to those
of similarity solution type. This is in contrast to the work on the 8 = O (1) problems
in Chapter [5 which started with a similarity solution formulation of the problem and
then sought asymptotic expansions in different regimes. Another distinction from the
work in Chapter [5 is the consideration of an algebraic form for the viscosity function

in addition to an exponential form.
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Figure B.0.1. Channel geometry for the one porous walled case.

Starting with the Navier-Stokes equations and energy equation (1.2.14a)—(1.2.14e)

and the boundary conditions

onxe=h: ¢ =0, g=-WW, (B.0.1)
onzo=0: ¢1 =0, ¢=0, (B.0.2)

and noting that n = 1, allows the use of the following nondimensionalisations (in the
same manner as in §1.2),
VWoVuL _ h -
U, =WWo, t= t,
n a2 oVu VoV

p=pfi, p=pVgViPp, T =Ty + ArT,

x1 = L%, xo=hy, 1=

where Ap =Ty — T, and py = p(T = Ty). If we now define a stream function ¢ (x, y)

such that (u,v) = (¢, —t,) and the nondimensional groups

pVoVuh pcVoVih Pe _ cm Ve VgL
T k' Re k' kAphZ
VEVE| % a
- Na == h
Na = - TTU,5:§:ATd—T E=1T, (B.0.3)
H T=Ty

we then obtain the governing partial differential equation system after dropping the
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overbars
D oy 9 0Op 50 0?1 a9/ 0% 5 0 1 0%
ReDt oy Ree P8£C te ox <2H8y8x) + dy <,u 8y2) c dy (H (91’2)’ (B.0.4a)
Doy _ Op _ 30 (0 0 U\ 0, O
Ree o = Rl <5, (“ 6952) i (“ ay2) "oy (2“81181;)’
(B.0.4b)
DT ,9°T  0°T
PeDit =& @ + 87y2, (B04C)
ony=1: (8;5:0, _%:_1’ T =0, (B.0.4d)
ony = 0: (8;5:0, —?j:O, T=1. (B.0.4e)

We have assumed that Br < 1 uniformly across the channel and that L = Peh, so that
we are restricting the region of interest to the horizontal length scale where thermal

conduction and inertia are balanced. In this case € = 1/Pe.

B.1 Pex>1

We will consider the three cases of Re < 1,Re = O (1) and Re > 1 separately. In the
first two cases, the boundary layer structure is seen to be the same as that presented
in [OO77] for the problem of Poiseuille flow in a pipe with suddenly heated walls, and
so is an application of these boundary layer scalings to a new geometry, even though
the equations themselves are not new. In each case Re < 0 and thus we are considering

the injection of fluid into the channel through the upper wall.

B.1.1 Pe>» 1 Rex1

This regime corresponds to the channel height being much smaller than its length and
the inertial effects from the injection of the fluid being less important than the viscous
effects. Choosing P = PR—eez in (B.0.4a)—(B.0.4c) then yields the following system at

lowest order,

0 0% _dp

o (1)~ —
2

duar _ovar _ 1 0T s

Oy Ox Oz Oy  Pe 0y?
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together with the boundary conditions

_o. W _, W_ _
ony=0: o =0, 3y =0, T=1, (B.1.3)
_ % _, W _ _
ony=1: o =1, 3y =0, T=0, (B.1.4)
and the symmetry condition
62
at =0 ¥(0,y) =0, 8—;g(o,y) = 0. (B.1.5)

We may integrate the first equation once with respect to y and seek a similarity

solution of the form T'=T(y),v = xf(y). Assuming p = pox, c = copx we then obtain

d2f
'udin = poy + Co, (B.1.6)
1 d?7 4T
—_—— — =0 B.1.7
Pe dy? +fdy : (B.1.7)

subject to the boundary conditions

. T=1, (B.1.8)
, T =0. (B.1.9)

In an outer region away from the heated lower wall T' = o(1) and so p = 1. We
then find that

_Po 3 @2_(@ ) 1 Po , “o B.1.10
f=5v 5y — (5 Ta)ytito+ o, (B.1.10)
and satisfying the flow boundary conditions requires cg = 6,pg = —12. Thus, in the

core flow region, away from the lower heated wall,
Y~ xyi(3—2y) +o(1), T~o(l), p=—6z> (B.1.11)

We now require a thermal boundary layer as we have not been able to satisfy the
thermal boundary condition at the lower wall.

We introduce the scalings

y=aY, f[=}fF, (Y,F=0(1))
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and substituting these into (B.1.1) gives

3 2
_BpdT 1 &

e B.1.12
& dY  AaPedY?’ ( )
with the boundary conditions
dF
Y=0 F=—=0 T=1 B.1.13
on dY ) 9 ( )
asY —oo: T —0, (B.1.14)

and the solution F' must match f when y = O (1).

If we expand the outer solution f as a Taylor series about y = 0 we find that
f~ 3f"(0)y? = 3y? in this thermal boundary layer. Rewriting this in terms of the
boundary layer variables yields 42 = B The matching condition has given rise to the
differential equation

d’F
Favz
and so we require F' ~ 3Y?2 in Y = O (1), having used the fact that T — 0 as Y — oo.

Therefore the boundary layer scalings are

= f"(0) = 6, (B.1.15)

y=Pe 5Y, f=Pe sF, (B.1.16)

and the boundary layer equations become

d*F

- = B.1.1
NdYQ 6, ( 7)
d*T dT
— 4+ F— = B.1.1
dy?2 + dY 0, ( 8

subject to
dF
Y=0 F=—=0 T=1 B.1.19

on dY 9 ) ( )
asY —oo: T —0. (B.1.20)

In order to further elucidate the boundary layer structure we must consider the

algebraic and exponential functional forms of the viscosity separately.
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Algebraic viscosity

As we wish to consider the 8 — oo behaviour of the boundary layer, we must rescale
the system otherwise the F' equation will be inconsistent in this limit. Introducing the
scalings

Y =aY, F =bF, (Y,F=0(1))

into the boundary layer equations (B.1.17-B.1.18) gives

b d2F
Heg oo = 6, (B.1.21)
1 d2T b -dT
-4 P —o. B.1.22
a2dy? + a dY ( )

We need to retain both terms in the temperature equation and must introduce g in
the F' equation for it to remain consistent in the § — oo limit. In this case we obtain

the scalings

1_ 1
Y =plY, F=p°F (B.1.23)
and the equations become
u d2F
HEZ s, B.1.24
o dY2 ( )
d*r  _dT
S i — B.1.25
dy?2 + dy ’ ( )
subject to the boundary conditions
_ _dF
V=0 F=-—=0 T=1, B.1.26
on NG ( )
as Y — oo F matches to f when y = O (1), T — 0. (B.1.27)
As 8 — oo, the factor on the left hand side of (B.1.24)) tends to T~ ™.
Now, as Y — oo, T — 0 and so F” = 0, giving
F~alY asY — oo, (B.1.28)

where a1 is a integration constant. Substituting this into (B.1.25)) yields the asymptotic
behaviour 1
T ~ o7 &P {——}72} as Y — oo, (B.1.29)

™

and the value of A is determined from the wall boundary conditions to be /2%
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Thus T ~ o(1) as Y — oo but the F' behaviour does not agree with that in the outer
region. We need an intermediate layer in which F' can adjust to the outer behaviour.
If we consider (B.1.24) when T ~ o(1) then we obtain

F ~3uY? 4+ a1Y + ap. (B.1.30)

In the intermediate region we want to have both the quadratic and linear terms being

of the same order. If we introduce the scalings

F=mF, Y =nY, (F,Y =0(1))

into (B.1.24) and (B.1.30) and recall that 7' ~ o(1) then we obtain

mE ~ 3uon®Y? + a1nY + ao, (B.1.31)
1 md*F
— 2 . (B.1.32)
Ho 1= dY2

We must have n?uy = n and -5 = po i-e. in this intermediate region the scalings are

_ 1 — 1 -
F=—F Y=—Y (B.1.33)
Ho Mo
and then in this region
T~o(1), F~3Y2+aY+0 (). (B.1.34)

The value of the constant a; can be determined numerically. Figure B.1.1 summarises

the structure of the boundary layer in this first case.

Exponential viscosity

Starting from (B.1.174B.1.20) we must again rescale our variables. Using

F:llFl, T:1—m1T1, Y:nlYl, (Fl,Tl,Yl :O(l))
we obtain
l d’F
%e(—ﬂerlﬁTl) 7; =6, (B.1.35)
n1 dY;

mi d2T1 m1l1 dT1
—— + —F— = B.1.
n12 dY12 ny 1dY1 07 ( 36)
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y=1
y=0(1) f=32—-243T=0
__________ _2\ /o, A\
y:(’)(Pe 3u03>,f:(’)<Pe 3 pg ®
g FA3Y24a1Y,T ~o(1)

N S N
y:(’)(Pe3u5’>,f:O(Peap03>

FwalY,TN%exp{ ay?} 0
% Z

Figure B.1.1. Thermal boundary layer (TBL) structure for Pe > 1, Re < 1 in the

2a1

algebraic viscosity case, A = .
™

subject to the boundary conditions

dF;
Y1=0. FF,=——=0 T =0 B.1.37
on rp 1 dY1 ) 1 ; ( )
as Y] —oo: miTy — 1, (B.1.38)

and that F; matches to f when y = O(1). Now it is clear that m; = $~! but the

choice for the other scales is not yet obvious. So in this region we have

d?F
> =6e"11, (B.1.39)
dY;
d27y dTy
-1 I F—t = B.1.4
dY12 + n1ly 1dY1 0, ( O)

with the corresponding boundary conditions (B.1.37-B.1.38) and the relation

TL12

1 = —. B.1.41
! Ko ( )

Now, if we assume that nil; < 1 then
T =a1Y1 +ag (B142)

and then using (B.1.37) together with (B.1.39) gives

6 6 6
Fr=leamy Oy O p oy (B.1.43)
al ai ai
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in this near wall region.
Now when T7 = O (), T will experience O (1) changes and so we must perform a

rescaling. Letting
Fi=01F, Ti=mT5 Y =nY, (F, T2, Y2 = 0O (1))

we find that we must take mo = 3 because of the above argument. Substituting these
scalings into (B.1.43) yields lo = mo = ny = 3 and so in this second region

=0+0(B), B.1.44
ek ) (B.1.44)

e, dT,

lhinFr— = B.14
v, + 87l 21y, 0, ( 5)
with the boundary conditions

as Yo — 0: F5 matches to Fy, T5 — 0, (B.1.46)
as Yo — oo:  Fh matches to f, 15 — 1. (B.1.47)

Now, as Ty = O (1) we must have that 3%l1n; = 1 and together with (B.1.41) we can

now determine the scalings in these two regions to be

_1 4 1 2
h=p 673, mi=p"1 m=puip3, (B.1.48)
lg =MmMg9 = Ng = ﬁ (B149)

Therefore, in this second region, we have that

d2F,
=0, B.1.50
I ( )

4?7, dTy
- —= =0, B.1.51
dY,2 gy ( )

and solving the F5 equation subject to the matching condition (B.1.46) gives

6
S =a3Y, = —Ys.
ay

Substituting this into the the T equation then gives

Yo
Ty(Yz) :A/ exp{—isz}ds-i-B. (B.1.52)
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We now need to match the behaviour of T to that of 77 in the Yj region and to that

of the core flow.

as Yy w00, Th —1: B=1. (B.1.53)

%0 12
as Yy — 0, Ty — 0 1—A/ exp{—iSQ}dSZO:A: ~2 . (B.154)
0

al aym

However, we now need to determine the remaining constant a;. Let us introduce

the coordinate Y in the matching region in the following manner:
— BT, Yy =Y, (0 <a<1,V=0 (1)) .

Then we express 1) and Th in the intermediate variable Y and proceed to determine

the value of the constant that will permit asymptotic matching to occur.

T1(Y1) = T1(BYY) = a16°Y

ma(s) = o7 = {1 22 [ e _as }ds}
(VB otz
(L i)
—ﬂ{l—u[/ﬁm e (- t2)dt}
L[V o w

_ /7ﬁ0¢f/+ O (ﬂ3a—2) )
alm

For matching to occur we require

1
12 12\3
a; = —  .a1 = <> =>A=a (B.1.55)

alm s

We now need a third region to match the behaviour of £ to that of the outer flow.
In this third region we have that 7'~ o(1). Let

F=13F;, Y =n3Y3, (F3,Y3 =0(1))
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and then we may integrate (B.1.17) to obtain
F~3Y24a5Y +ag = 13F3 ~ 3n32Ys? + aznsYs + ag. (B.1.56)
In the second region
F=1lF, = ug%ﬁ—%FQ, Y =ningYs = uéﬁ%YQ, (B.1.57)

and we want to have both the linear and quadratic terms to be of the same order and
that F5 = O (1). Thus, as

l: 2 6
B2 ) v+ 2y, (B.1.58)
l1lo ning ai ning
and I3 = n3, (B.1.59)
we find that we must satisfy
g (B.1.60)
ning N lllz o
giving
_4 4 2 2
ls=py*073, n3=p,°p 5. (B.1.61)
The scalings in the third region are
B-—F V-V (B.1.62)
2 = ——1'3, 2 = ——13, 1.
ol ol
giving
6 2
F3=3Y3® + P (1oB3)3 Y3. (B.1.63)
1

Figure |B.1.2 summarises the structure of the boundary layer in this first case.

B.1.2 Pe>1,Re=0(1)

This combination of Pe and Re corresponds to the situation where the height of the

channel is much less than the length, and where the effects of inertia and viscosity are
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y=1
y=0(1) f=3y*-2°T=0
y=0<Pe‘3uo 6—s>,f=0(Pe wm—é),T:ou)
_2
Fy =3Y3" + 2 (10fB) 3 ¥3,T3 ~ o(1)
T Y 2 S N
B y—o(reiuist) =0 (Pt et ) T -0
3
B=23Y,Th=1-a [y e =1 ds
y=0<Pe suaﬂ—§>,f—0(Pe sum—3>,T—1—0(;)
F].:%e_alyl‘i_%}/l_%’TlNal}/l y:O
v 7
Figure B.1.2. Thermal boundary layer (TBL) structure for Pe > 1,Re < 1 in the

1
exponential viscosity case where a; = (177—2) 3.

comparable. Starting with (B.0.4a)-(B.0.4c) we choose P = Pe? and obtain

subject to

and the symmetry condition

oY 0% O 0% op 1 0 0%

— - — =t —— | p== |, (B.1.64)

Oy 0xdy Oz Oy? Oxr  Redy \" 0y?
Op

= — B.1.

0 By’ ( 65)

opor ooT 1 9°T

gwor _gvor _ - 2% B.1.66

Oy O0x  Ox Oy  Pe 0y’ ( )
0 721 H®_, W_

ony=0: T=1, ay 0, e 0, (B.1.67)
1 pog W_, 9_

ony=1 T=0, ay 0, e 1, (B.1.68)

02
at z=0: ¢(0,y)=0, —=—=(0,y)=0. (B.1.69)

0z?
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The same similarity solution form ¢ = zf(y),T = T'(y) is used to give

1 d? , d%f d [ /df\2 d?f

— = (uSL) = S (SL) - L B.1.70
Re dy?2 ('udyz) dy ((dy) fdy2 ’ ( )
1 4?7 dT

— — = B.1.71
Pedy2+fdy 0, (B.1.71)

subject to
ony=0 T=1, f= :11“; =0, (B.1.72)
df

ony=1: T=0, f=1, =0. (B.1.73)

dy

We may now consider an outer region in the flow domain where f ~ fo + O (Pefl).

In this region T'= 0 and so g = 1. Thus fj satisfies the Proudman-Johnson equation,

1d'fo  d [rdfo)2 d*fo
— =— (=) — fo—=— B.1.74
Re dy? dy((dy) fo dy? )’ ( )
with boundary conditions
d
ony=0: fy=0, dfyo =0, (B.1.75)
ony=1 fo=1, dfo _ 0. (B.1.76)

dy
To satisfy the temperature equation we require a thermal boundary layer near y = 0.

Using the scalings
y=aY, f=pF,  (Y,F=0(1)

we get that
1 1427 B _dT
= +F-—==0 B.1.77
a2 PedY? + a dy ( )
and therefore we require Bo} =Pe L
Substituting these scalings into the f equation and using the requirement upon dﬁ

gives, to lowest order in Pe™?,

B d2F
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and the boundary conditions have become

dF
dy
asY —oo: T —0, (B.1.80)

onY =0 F=0, =0, T=1, (B.1.79)

and the solution F' must match fo when y = O (1). If we rewrite the Taylor expansion
of fo about y = 0 in the boundary layer variables, we then find that we need B = &% if
we are to match solutions as Y — oc.

We then find that the boundary layer scalings are
y=Pe 5Y, f=Pe sF, (B.1.81)

and the boundary layer equations are, to leading order,

2F d’T dr
— = fJ(0 —— + F-— =0 B.1.82
Hayz = Jo(0); vz T ray =Y ( )
dF
atY =0 F=_2=0, T=1, (B.1.83)
asY —oo: F o~ % J0)Y? T —0. (B.1.84)

Algebraic viscosity

We must introduce pg into the F' equation in order to have a consistent problem as

(8 — oo. Using the scalings

Y=Y, F=b0F, T=c1, Y1, 1, Ty =0(1))

in (B.1.82) we find

by A’ ”
— £(0), B.1.85
bos qyz = H00) (B.1.85)
C1 d2T1 blcl dTl
— + 2 F—— =0, B.1.86
a? dY12 al ldyl ( )
b1 dFy
tY1 =0 F= — = T =1 B.1.
a 1 0 1 0, a1 le 0, C1l7 N ( 87)
1
as Y1 —oo: b F| ~ §a12f6’(0)Y12, T) — 0. (B.1.88)

We find that the required scalings are

1

1 _1
Y:,LLS’Yl, F:/,LOSFl, T:Tl, (B189)
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and so the system to be solved within this region of the boundary layer is

H d2Fl "
Ll — 0), B.1.90
= RO (190
d*Ty dTy
Sl psloy, B.1.91
av;2 Ay ( )
dF

Yi=0: F = —_— = Ty =1 B.1.92
at Y1 0 1 0, dY1 Oa 1 ) ( 9 )
as Y1 —oo: 17 — 0. (B.1.93)

Now, as Y1 — 00,71 — 0 and so p — 1. Thus

d2F

1
W ~ /Lofé’(()) = F1 ~ §u0f6/<0)Y12 -+ d1Y1 + dg (B.1.94)
1

and as 19 < 1 we have
as Y] —oo: By ~diYi. (B.1.95)

Substituting this into (B.1.91) gives the asymptotic behaviour for T; as Y7 — oo,

A dl 2
T~ — ——Y] B.1.
L~ o (<), (B.1.96)

and the value of A, determined from the wall boundary condition, is \/% .

The temperature behaviour matches up to that of the core region as Y7 — oo
but the flow behaviour does not and so we require an intermediate layer in which the
velocity correction may occur. In this intermediate layer 7= T; ~ o(1) and so p = 1.
Setting

Y1 =a0Ye, F| =aslh (Y, Fo = O (1))

we wish to have both the quadratic and linear terms coming from the solution of
(B.1.90) being of the same order and that

1 by d*°F
;angzg@. (B.1.97)
0 U2 2

Analogous to the Pe > 1, Re < 1 case, the required scalings are

1 1
Y1 =—Ys, Fy=—F,, (B.1.98)
Ho Ho
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y=1
y=0(1) f=/fy),T=0
N YYS——————_———|——

T y:O(Pe 3p03>,f—(9<Pe suo?’)

B Fy ~ Sf(0)Ys? + i Y5, T ~ o(1)
g EISCEA R T s
yzO(Pe sué”),f—O(Pe 3u03>

Fy ~/dyY1, T ~ Fexp { - 402 )
% 7 =0

Figure B.1.3. Thermal boundary layer (TBL) structure for Pe > 1, Re = O (1) in the

2d1

algebraic viscosity case, A = -

and in this intermediate region

1
Fy=3 V(0)Ye? +d3Ys, T =o(1), (B.1.99)

which matches to the core region if d3 = d; and d; can be determined numerically.

Figure |B.1.3 summarises the boundary layer structure in this case.

Exponential viscosity

Starting from (B.1.82HB.1.84) we must again rescale our variables. Using

F:llFl, Tzl—mlTl, Y—_ 7’L1Y1, (Fl,Tl,Yl :O(l))
we obtain
I (—ﬁ-l—mlBTl)dz 1 "
o R g , B.1.100
n12 dY12 0( ) ( )

ma d2T1 mlllF dT1

———+ —F— = B.1.101
2y o ay Y (B.1.101)
subject to the boundary conditions
dF
onY;=0: Fl=-—=0, T, =0, (B.1.102)
dY;

as Yy —oo: mTy — 1, (B.1.103)
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and that I} matches to f when y = O (1). Now it is clear that m; = 37! but the

choice for the other scales is not yet obvious. So in this region we have

d?Fy "

dle =Jo (O)G_Tl, (B1104)
d2T dT
Flé + "151F1d71 =0, (B.1.105)

with the corresponding boundary conditions (B.1.102-B.1.103) and the relation

2
=" (B.1.106)
Ko
Now, if we assume that nil; < 1 then
Tl = 61Y1 + ¢o (B1107)

and then using (B.1.102)) together with (B.1.104) gives

(0 (00 (0
Fl _ 0(2)e—a1Y1 + 0( )Yl _Jo (2)’ T1 — 01Y1 (B.1.108)
Cc1 C1 C1

in this near wall region.
Now when T} = O (), T will experience O (1) changes and so we must rescale.

Letting
Fy=0F,, Ti=mdIy Y| =nsYs, (F2, Ty, Yo = O(1))

we find that we need ms = [ so that To = O (1). Substituting these scalings into
(B.1.108) yields o = ms = nge = @ and so in this second region

d’Fy

=0+0(3), B.1.109
o (5) (5.1.109)

e, dT,
+ B Fys2 =0, B.1.110
AYy? Fhm By e ( )

with the boundary conditions

as Yo — 0: Fy matches to Fy, Ty — 0, (B.1.111)
as Yo — oo:  Fy matches to f, Ty — 1. (B.1.112)

Now, as Ty = O (1) we must have that 3%l3n; = 1 and together with (B.1.106) we can
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now determine the scalings in these two regions to be

_1 1
h=pgB73, my =81, ni=pips, (B.1.113)
lQ =TmM9 = N9 = ﬁ (B.1.114)

Hence we have that

d’F
2 =0, (B.1.115)

dYs

d*1, dT,
F—2=0. B.1.116
a2 T v ( )

Solving the Fy equation subject to the matching condition (B.1.111) gives

0(0)
F2 = C4Y2 = TYQ (B1117)

Substituting this into the the T5 equation then gives

1"

7(0)32}@ +en. (B.1.118)
1

Yo
7,12 =4 [ exp{ -7

We now need to match the behaviour of 75 to that of 77 in the Y7 region and to that
of the core flow.

as Yo — 00, Ty —1: = c7 =1, (B.1.119)

o0 1 O 2 " 0

asYy—0,Tp —0: 1— A/ exp{—ﬁﬁ}ds 0o A= 20O (51100
0 2cq 1T

However, we now need to determine the remaining constant c;. Let us introduce

the coordinate Y in the matching region in the following manner

Y = 80V, Y, =p°"Y, (o <a<1,Y=0 (1)) . (B.1.121)
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Expressing T and T in the intermediate variable Y gives

Tl(Yl) = T1 (ﬁa?) = Clﬁa?

- 1! 0
FT) = (5 V) =p 1= |50 e 2;)52}(15
. l25000) (= oY 50) ,
=p3{1-— . (/0 — /0 exp{— 2e; S }ds
g1y
=0 \/7 / / ' exp (ftz) dt
4 wﬁaflf/
=06<{1—-1+ \/;/ o exp (—t2) dt
0

1 f(’)/(o)ﬁa,l};

_ = 21 2 4

—ﬂ\/;/ (1-2+0 () ar
f ( )BQY+O(B304 2)

For matching to occur we require that

2060 . _ (2@;(0))3 S A=c (by (B1120)).  (B.1.122)

cm

We now need a third region to match the behaviour of F» to that of the outer flow.
In this third region we have that T' ~ o(1). Let

F:lgFg, Y:nng, (Fg,YEg:O(1>)
and then we may integrate (B.1.82)) to obtain
1 1" 2 1 " 2y 2
F~ 510 (O)Y 4+ cgY + ¢ = I3F5 ~ 2f0 (O)ng Y3* + cgn3Ys + cg. (B.1.123)

We want to have the quadratic and linear terms and that F3 = O (1) to lowest order.
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Thus, as
s s ~ 1 10) [ 2-) V2 4 cs—2 V5 + co, (B.1.124)
l1l2 2 ning 19
and I3 = n2, (B.1.125)
we find that we must satisfy
™ L% (B.1.126)
ning  hlo o
giving \ ,
= 4 —=£ 2
I3 =1g*B7 3, n3=p,*p 3. (B.1.127)
The scalings in the third region are
13 1 ns 1
Fh=—"F3=—F; Yy,= Ys = —Y;, B.1.128
2Tl T B 2T gt B’ ( )
with the constants "o
g = 0( )7 C9 = 07
1
and so we have ) " (0)
2
B = 80w + B i (B.1.129)

Figure [B.1.4 summarises the structure of the boundary layer in this case.

B.1.3 Pe>1,Re>1

This combination of nondimensional groups corresponds to the case where the channel
height is much less than its length, and that the inertial effects are more important than
the viscous effects. Beginning with the nondimensional governing equations (B.0.4a—
B.0.4c) we choose P = Pe? and, seeking the same form of similarity solution as in
§B.1.2, we obtain the system

1 a2, a2f\  d [gdf\e df
S (P A N T B.1.1
Re dy?2 (udy2> dy((dy) fdy2 ’ ( 30)
1 4?7 4T

Pe dy? + de; =0, (B.1.131)
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y=1
y=0() f=foly), T =0
y=0(Petng t5t) =0 (Peug b 3)
Fy =1 100)Y3% + B2 (408)3 Y3, Ty ~ o(1)
T Tt TITINT T T T Tyttt TN T T T Tt
B y—o(reiugst) r=o(re suoﬁﬁ—é>
= fO(O)Y J Ao = 1—clfY exp{ fgc(lo) 2}ds
y=0<Pe susﬁ—§>,f—0 Pe 51, * 8 )
Fl — 6() —01Y1 4 (O)Yl_ () Tl N01Y1
Cl y:(]

Figure B.1.4. Thermal boundary layer (TBL) structure for Pe > 1, Re = O (1) in the

1
exponential viscosity case where ¢; = (HOT()) ’

subject to
d
ony=0. T=1, f=0, d—f =0, (B.1.132)
Y
d
ony=1 T=0, f=1, d—f =0. (B.1.133)
Y

Let us first consider an outer region in which f = fo + O (i) In this region,
T =0, p =1 and we have that

d ((dfo dfo\ _ 1
& <<dy) — fo ) =0+0 <Re> , (B.1.134)

subject to
ony=1: fo=1, —=0. (B.1.135)

One solution of this is
LT
Jo(y) =sin (ﬂ/) : (B.1.136)
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We now require thermal and viscous boundary layers as we have not been able to
satisfy the boundary conditions at the lower wall. It is possible that the boundary
layer structures depend upon the size of the nondimensional Prandtl number, which is
defined by Pr = %. We must consider three cases (Pr < 1,Pr = O(1),Pr>> 1) and
within each of these both forms of viscosity function can be investigated separately.

Pr <« 1, Algebraic viscosity

Introducing the rescalings

f:aFa y =bY, (F,Y:O(l))

into (B.1.130-B.1.133) yields

a®> d (sdF\2 _d%F 1 a a2 [ &F
v \5) Fom ) T woaave | Bavs B.1.1
b Ay ((dY) dY2> Re b? 412 (“dy2> ) (B.1.137)

1 1d°T o, dT

L b B.1.1
Porzav? T play =0 (B.1.138)
dF
Y=0 T=1 F= - = B.1.1
on 0 , 0, v 0, ( 39)
asY —oo: T —0, aF ~ ng. (B.1.140)

We must have a = b for the asymptotic behaviour of F' to be satisfied. Now, as the
relative sizes of the nondimensional groups are 1 > ﬁ > i, we will have a thermal
boundary layer and in addition a viscous boundary layer that is contained within the
thermal boundary layer.

In the thermal boundary layer we will want to solve the full temperature equation.

This forces us to take @ = b = Pe~3 and so the scalings in this boundary layer are
f=Pe:F, y=Pe2Y (B.1.141)

and so we are solving the system

d dF'\2 d2F d2 d2F
% ((dY) - dY2> =Proys (“m) (B-1.142)
2T dT
=0, (B.1.143)
dF

onY=0 T=1 F=0, =0, (B.1.144)

dy
asY woo: T—0, Fn gy. (B.1.145)
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The F equation is such that the right-hand side is equal to zero to lowest order in Pr.
This ordinary differential equation is satisfied by F' = §Y and the boundary conditions
for F', except for the derivative condition, are satisfied. We will need a viscous boundary
layer to correct the behaviour accordingly.

As we are now taking F' = Y we only have to satisfy (B.1.143). The temperature
dependent viscosity no longer occurs in and so, to lowest order, (B.1.142)
is consistent in the limit 8 — oo without having to introduce pg. The solution of
(B.1.143-B.1.145) is thus given by

T = erfc (fY) (B.1.146)

We now want to satisfy the F' conditions at the wall and so must rescale to obtain the
correct viscous boundary layer equations. In particular we want to retain the O (Pr)

term. Using the scalings

F=aF, Y=0u0N (F1,Y1=0(1))

in (B.1.142-B.1.145) we obtain that

d dFi\2 d2Fy Pr d2 d?Fy
_F _ , B.1.147
av; ((dY1> Lav,2 arbr dv,2 \ M av;? ( )
1 d27 dT
RS =, B.1.148
atby dv;? Ay ( )
dF;
Yi=0: T=1 F = —_— = B.1.14
on rj 0 ) 1 07 d}/l 07 ( 9)
as Y] —oo:  T,F; match toT,F whenY = O (1). (B.1.150)

To recover the full F; equation we must take a1b; = Pr and if Fj is to match to F then

we need a; = b;. Therefore the viscous boundary layer scalings are

F=Pr2F, Y =PV (B.1.151)
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and the system to be solved is now

d dF1>2 2R d? d2F
— (=) -t ) = — =L, B.1.152
av; <<le Y2 )~ a2 \ M a2 ( )
1 4?7 dT
— e+ | — = B.1.1
Pr dv,? + G 0, ( 53)
dFy

Yi=0. T=1 F = —_— = B.1.154
onY; =0 , 1 =0, v 0, ( 54)
as Y] — oo: T, F; match to T, F when Y = O (1). (B.1.155)

As we are interested in the large 3 limit another rescaling must be performed so that
the behaviour of i is consistent. Using
Fi =aFy, Y1 =0bY, (F, Yo = 0(1))

1

in (B.1.152/B.1.155) we find that we need as = by = 2. The rescalings are now

1 1
F1 = /,LOQFQ, Y1 = /,LOQ)/Q (B1156)

and the system to be solved is

d dF2>2 d2F 2 [ d2F
— ([ (=2) -2 )= — 222, B.1.157
dYs, ((d}@ 2dY22> Avs2 \ po dva? ( )
1 1 d°T dT
L A Fy— =0, B.1.158
o Prdyy? | 2dYs ( )
onYy=0: T=1 FR=o0 2_, (B.1.159)
2 — U -4 2 — Y, dY2 — Y, oL
as Yo — oo: T, Fy match to T, F when Y = O (1). (B.1.160)

The temperature T is fixed by the condition that it must match to the value in the
thermal boundary layer and so in this region we have that 7 = 1. Thus (B.1.158)
is satisfied and so we are concerned with (B.1.157) and the conditions upon Fb in
(B.1.159) and (B.1.160) only.

We may integrate the differential equation once with respect to Ys; using the asymp-

totic behaviour to determine the integration constant and the fact that u = po it
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y=0(1) f=sin(3y),T=0
yz(’)(Pe_2>,f:(’)(Pe_2>
g F=3Y,T = erfc (@Y)
V _____________ l _______________ l_ ________________
]E) y:O<Pe 2Pr2,u02>,f—(9<Pe 2Pr2,u§>
F=R(Y),T=1
v 2 Y=

Figure B.1.5. Viscous (VBL) and thermal (TBL) boundary layer structure for Pe >
1,Re > 1,Pr <« 1 in the algebraic viscosity case. The TBL is of size O (Pefl/ 2) and

the smaller VBL is of size O <Pe71/2Pr1/2u(1)/2).

remains to find the solution of

2

BE,  [dF P2F 72
—(&2) —pt2_ T B.1.161
avy® (dY2 qy,2 4 ( )

dF,

Yo=0. Fy=0, —2=0 B.1.162
on Yo 2 ) dyv2 ) ( )
as Yy — 00:  Fh~ gYQ (B.1.163)

Figure B.1.5 illustrates the structure of the boundary layers in this regime.

Pr=0(1), Algebraic viscosity

We are considering the (B.1.130-B.1.133) and wish to find the appropriate boundary

layer equations in this case. Let

f=aF, y=0bY (F,Y =0(1))

giving
a? d dF\? _d?F a1 d2 [ &%F
() el e (S8 B.1.164
B Ay <<dY> dY2 ) ~ b Redy? <“dy2>’ (B.1.164)
1 1d*7 a _dT

L = B.1.1
Peb2dY2+b dy 0 ( 65)
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subject to the conditions

onY=0 T=1, F=0 F =0, (B.1.166)
asY —oo: T —0, aF~ ng. (B.1.167)

The matching condition for F' as Y — oo has been determined by considering the
Taylor expansion of the solution in the main region, sin (%y), for small y. This also
provides one condition upon the scalings, namely a = b. The second condition is that

we need abPe = 1. Therefore, the scalings for the boundary layer are
f=Pe:F, y=Pe 2y (B.1.168)

giving the boundary layer equations as

d dF\? d2F d2 d2F

— (=) = FP=— ) =Pr— [ u=— B.1.1
ay ((dY) dY2> fay? (“dw’) ! (B-1.169)
a2T dT

L F— = B.1.1
5zt Py =0 ( 70)

subject to the conditions

onY=0 T=1, F=0 F' =0, (B.1.171)
asY —oo: T —0, Fn~ gy. (B.1.172)

As F = 7Y/2 satisfies the F' equation, there is no need to introduce po at this time.
However, the behaviour of F' does not satisfy all of the wall boundary conditions; this

will be corrected in a region closer to the wall. In spite of this, this means that we

T = erfe <\/ZY> (B.1.173)

We now need a region near the wall where we can obtain the correct behaviour for

obtain the solution

in this region.
F'. Introduce the scalings
F:alFl, Y:blyl, TZClTl (Fl,Yl,le(’)(l))

In this region, 71 = 1 and so ¢; = 1. To retain both terms in the F; equation we need
to have a1b1 = pg and in order to be able to match the F; behaviour to that of the F

behaviour we require a1 = by.
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We have the following scalings in this near wall region

1 1

F=plF, Y=py:,, T=T, (B.1.174)
and we must solve
2
(jj;i) - Fl‘i;f; - (92 - Pr((if;, (B.1.175)
subject to the conditions
onY;=0: F =0 F =0, (B.1.176)
as Y —oor  Fy ~ ng (B.1.177)

It is possible to reduce this equation to one in which all the numbers are unity by

means of the following transformation

Y= (21)1“) : n, F= (Pr”)é G(n) (B.1.178)

™

and then solve this numerically, i.e.

&BG (dG\? &G

——— ] - G—5=1 B.1.179

dn? <dn> dp? ( )
subject to

onn=0 G=0, C(th; =0, (B.1.180)

asn—oo: G—n. (B.1.181)

Figure |B.1.6 illustrates the structure of the boundary layers in this regime.

Pr > 1, Algebraic viscosity

We introduce the rescalings

f=aF, y=0Y (F,Y =0(1))
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y=1
y=0(1) f=sin(3y),T=0
V T | oo P
B B y:O(Pe*a),f:o(Pe 5) FQZQYQ,T_erfc(TYQ)
Y N
yzO(Pe2,u§>,f—O<Pe2,u§> F~3Y,T=1
% 7 Y=

Figure B.1.6. Viscous (VBL) and thermal (TBL) boundary layer structure for Pe >
1,Re > 1,Pr = O (1) in the algebraic viscosity case. The layers are of comparable size
in this case.

into (B.1.130-B.1.133) to get

a® d dF\? d2F a 1 d2 d2F
il — ) P | === | y— B.1.182
b Ay ((dY) dy?2 b4 Re dY?2 <”dy2)’ ( 82)

— — =0 B.1.183
Peb?2dY? b dY ’ ( )
subject to the conditions
onY=0 T=1, F=0 F =0, (B.1.184)
asY —oo: T —0, aF ~ ng. (B.1.185)

In order to satisfy the asymptotic behaviour for F' we must take a = b. As 1> ﬁ >
i we expect to have a viscous boundary layer and then a thermal boundary layer
contained within the viscous layer.

Within the viscous boundary layer we wish to retain the viscous term in the F

equation and so this determines the viscous boundary layer scalings to be

f=Re 3F, y=Re 3Y. (B.1.186)
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The system to be solved so far is

d dr\? d2F d2 d2F

— (=) =-F — B.1.187
av <<dY> dY2> av? <”dy2) ’ ( )
1 d2T dT

subject to the conditions

dF

Y=0. T=1 F=0 -—=0 B.1.189
on , o = ( )
asY soo: T —0, Fn gY (B.1.190)

In order to prevent inconsistency in the § — oo limit, a rescaling must be introduced

into the F' equation. Let us introduce the scalings
F:alFl, Y:blyl (Fl,Yl :O(l))

and substituting them into the system of odes gives

2 2 2 2 2

2 d ((dF 2R\ a & [ PR
o d () _pdi)_a & [ ¢ B.1.191
b3 dv; <<dY1> ta? ) T ovravz Man? ) ( )

1 14T  ay dT

St Npdl B.1.192
Prb? dY? Tty Y ( )
subject to the conditions
dFy
Y1=0 T=1, F;=0 =0 B.1.193
on rj ; 1 le ; ( )
asY, —oor T —0, aiFy~ gblYl. (B.1.194)

Now if we wish to match the behaviour of F; as Y7 — oo then we must have T' = 0 in this
region (a thermal boundary layer will be required in order to satisfy the temperature

boundary condition) and so p = 1 here!. Thus we will not need a pq rescaling and so

F=F, Y=1 (B.1.195)

! Alternatively, as % < 1 we have that SQTTz = 0(1). Then FgTT, =0 and F' # 0 which implies T' = 0.
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and we are then solving the differential equation

d ((dR\® &R\ 4R
(L) o=t =2 B.1.196
av; <(dY1) Yavi2 | T an? ( )
with T"= 0 and subject to the conditions

dF

Vi=0. F =0 ~0 B.1.197
on rp 1 dY1 ; ( )
as Y — oo:  Fj o~ ng. (B.1.198)

The viscous boundary layer is complemented by a thermal boundary layer which is

contained within it. We wish to find the correct scalings for this region. Let

Fi=aF, Yi=00Y: (F,Ya=0(1))

and substitute this into (B.1.196+B.1.198) (with the reintroduction of x and T' # 0),

giving
2 2 2 2 2
a2 d [[dF 2R\ a d ( d Fg)
—Fh— == — (p— ], B.1.199
b3 dY; <(de) 2.2 ) T vdave? \Mav? ( )

1 1 d2T dT
GQF

— Iy ) N — | B.1.200
PriZdv? by tdYs ( )
subject to the conditions
dFy
Yo=0: T=1, F,=0 —f/ =0 B.1.201
on ro ) 2 dYQ ) ( )
as Yo — oo: T here matches to 7" when Y; = O (1), (B.1.202)

F5 matches to F; when Y7 = O (1).

If we perform a Taylor expansion of F; about Y7 = 0 and then express it in terms of
the new variables we obtain both a matching condition for Yo — oo and a condition
upon the boundary layer scales; namely that

1
agFQ = 56%}/

0), B.1.203
1l (B.1.203)

and so ag = b3.
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We therefore have the following system

d dFy\ 2 d2F, d2 ( d2F2)
B—1|[ (=) - F = , B.1.204
“d¥; <<de> ) Ty My ( )
1 1 d2T dT
e+ by = B.1.2
Prizay? 2y, = (B.1.205)

subject to the conditions

dFy

Yo=0: T=1, F,=0 —F=0 B.1.206
on ro ) 2 dYQ 3 ( )
as Yo — oo: T here matches to T when Y; = O (1), (B.1.207)
1 ,d*Fy
Fy ~ —Y#——(0).
27 dY12( )
To retain both terms in the 7' equation we must take b3 = %, and so the thermal

boundary layer scales are
Fy=Pr 3F,, Y;=Pr 3Y,. (B.1.208)

The thermal boundary layer system of differential equations is

1 d dFy\? d2F, d2 ( d2F2)
1 _F _ , B.1.209
PrdY; ((dYg> 2.2 ) T av? \Mav? ( )
2T dT

N B.1.210
Y52 + 2dY2 ( )

subject to the conditions

dF,
Yo=0: T=1 F=0 -——= B.1.211
on ro 0 s 2 0 dY2 0, ( )
1_,d?F
as Yy —o00: T —0, Fp~ -Yi——2(0). (B.1.212)
272 dy;

As the left hand side of (B.1.209) is small, we can replace it with zero to lowest order.
We can now integrate the differential equation twice with respect to Y5 and obtain the
following equation, which replaces (B.1.209),

d’F,  d2R

= 0). B.1.213
MdYQQ dY12( ) ( )

We must now introduce another rescaling to ensure consistency in the § — oo limit.
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Using the scalings
Fy =a3ls, Yo =0b3Y3, (F3,Y3=0(1))
the system (B.1.2104B.1.212), (B.1.213) becomes
as d2F3 d2F1
23 - 0), B.1.214
2 bg dY:gQ dY12 ( ) ( )
1 A>T az 4T
——= + —F3— =0, B.1.215
Bdvs? | by v ( )
subject to the conditions
dF3
Ys=0. T=1 F3=0, — =0 B.1.216
on rg ) 3 ) dY:g ) ( )
1 d’F
as ¥y —oo: T —0, azF3~ Sb3Y2-—2(0). (B.1.217)
2 dY;
We need to take
w_ 1 a1
b% /,Lo7 b3 bg
and this determines the scalings to be
1 1
F2 = Mo 3F3, }/2 = /LS’YE), (B1218)

The thermal boundary layer system of differential equations, consistent in the limit

B — o0, is
1% d2F3 _ d2F1 (0)
podys®  dyy?
d°T LT
avs? U tdy;
subject to the conditions
dF3
Ys=0. T=1 F3=0, — =0
on rs ) 3 ) dYEg )
_1 2 d2F
as Y- oo: T — 0, SFy ~ —pl YE——=(0).
3 - Mo~ L3 2#0 3 dY12( )

(B.1.219)

(B.1.220)

(B.1.221)

(B.1.222)

We now consider the large § limit. As Y3 — oo, T'— 0 and p — 1; then (B.1.219)
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gives the behaviour

d?F: d?F
dY; ~ [0 ;(0) S F3 ~diYs + O (pog) as Y3 — oo. (B.1.223)
3

Substituting this behaviour into (B.1.220) and using the conditions (B.1.221) and

(B.1.222) gives
2 [dy
T(Ys) = NG erfc ( 2Y3> (B.1.224)

which has the asymptotic behaviour

as Ys — oo. (B.1.225)

The temperature behaviour now matches with that in the viscous boundary layer,
but the flow behaviour fails to match with that in the viscous boundary layer. We

require an intermediate layer in which it can be corrected. Introduce the scales

Fs=a4Fy, Y3=104Y) (Fy, Yy =0O(1))

into (B.1.219-B.1.222). In this region, 7'~ o(1) and so pu ~ 1. The system becomes

agq d2F4 d2F1
Py o (0), (B.1.226)
4

1 27T a4 dT

——5 +—F1— =0, B.1.227

Zave htan ( )
subject to the conditions

as Yy — 0:  Fy matches to F3 when Y3 = O (1), (B.1.228)

T matches to T when Y3 = O (1),

)
as Yy — oco:  Fy matches to Fp when Yy = O (1), (B.1.229)
T matches to T when Y = O (1).

The requirements upon 7' in this region fix ' ~ o(1). Thus g ~ 1 and so the T

equation is satisfied. The F; matching conditions mean that
po d2Fy
2 dv;?
as Yy — oo: Iy matches to F} ~ ng when Y7 = O (1).

as Yy — 0:  Fy matches to F3 ~ d,Y§ + (0)Y when Y3 = O (1).
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v Tt ) Y A I T N
B y=0|Re 2Pe"3p,° ), f =0 (Re 2Pe 3, *
L
g Fy=3F"(0)Ya? + Zys, T ~ o(1)
_____________ P N A T T N
L y:(’)(ReéPegug ,f=0 Re*%Pe*§u03

N VA
F3 ~ %}/?nT ~ 7r7Y36 4Y3

Figure B.1.7. Viscous (VBL) and thermal (TBL) boundary layer structure for Pe >
1,Re > 1, Pr > 1 in the algebraic viscosity case. In this case the VBL is of size

0 (Re_l/z) and the thinner TBL is of size O (Re_1/2Pe_2/31u52/3>,

This means that we must take ay = pob7 and ay = by, yielding the scales
1 1
F3=—F, Ys=—Y, (B.1.230)
Ho Ho

In this transitory region, where T' ~ o(1), the differential equation to be solved is

d’Fy  d°F
> =——2(0), (B.1.231)
dY, dy;
subject to the conditions
as Yy — 0:  Fj matches to F3 when Y3 = O (1), (B.1.232)
as Yy — oo:  Fy matches to F; when Y7 = O (1). (B.1.233)
This yields
1d*F
Fi=>——5(0)Y? + dsYs + ds, (B.1.234)
2dy;

and matching to the prescribed behaviours determines the constants to be

™
ds=di =7, doy=0.

Figure B.1.7 illustrates the structure of the boundary layers in this regime.

% 7 y=20
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