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Summary

We investigate the behaviour of both European and American-style options on dividend paying
underlyings under the assumptions used in the Black-Scholes-Merton model [17, 84]. For Eu-
ropean options we show explicitly how the small-time, large-time and small-volatility limiting
behaviour may be derived in the context of matched asymptotic expansions. In particular,
exponentially small terms are obtained for the small-time and small-volatility problems using
WKBJ expansions. This work is consistent with that of Addison et al. [2] in relation to the
Stefan problem and the terms carry over into the American option problem. The large-time
work results in a similarity solution which has not previously been mentioned in the context of
the European option problem and which is accurate for surprisingly small times. In extending
the asymptotic analysis to the standard American option and American barrier option prob-
lems we demonstrate that reverse barriers give rise to different small-time asymptotic behaviour
versus the standard problem. The large-time behaviour for both American-style problems has
not previously been derived explicitly, but is identified in the course of this work.

In an attempt to bridge the gap between the small- and large-time asymptotic work for stan-
dard American options, we extend the popular uniformly valid approximation due to MacMillan
[79] and Barone-Adesi & Whaley [10] (the MBAW approximation). By posing the approxima-
tion as the leading order term in a homotopic series, following an approach adopted recently
by Zhu [106], we are able to derive three-term analytic expressions for the optimal exercise
boundary and price of the standard American option. The resulting expression for the optimal
exercise boundary improves greatly on the accuracy of the leading order term, but maintains
the advantage of being fast and easy to determine, requiring only an accurate method for the
calculation of the cumulative normal distribution function. The approach generalises attempts
by previous authors such as Ju & Zhong [69] to find correction terms to the MBAW approxima-
tion. We demonstrate the potential to extend this approach to other American-style options by
deriving a two-term analytical approximation for the American up-and-out put option, where
the leading order term has previously been identified by AitSahlia & Lai [3], with similarly

promising results.
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Chapter 1

Introduction

1.1 Financial Derivatives and Option Pricing

A derivative financial instrument is one whose value is dependent on, or derived from, the price
of an underlying asset S. Examples of typical types of underlying are equities, interest rate
products such as bonds, currency rates, commodities (precious metals, energy products etc.)
and even other derivatives since these can also be classed as assets.

An option is a particular instance of a derivative, which conveys upon the purchaser (the holder)
the right, but not the obligation, to buy (a call option) or sell (a put option) the underlying at
a future time T (the expiry) and at a pre-specified price K (the strike). This optionality comes
at a price which the option holder pays to the seller of the option (the writer) at time ¢, which
we denote V.(S,t). At expiry a rational holder will take up this right (ezercise the option) if

there is a profit to be made, which leads to the payoff functions at expiry

Call option payoff: Ce(S,T) = max (S — K,0), (1.1a)

Put option payoft: P.(S,T) = max (K — S,0). (1.1b)

The max notation represents the holder’s choice to exercise the option at expiry if it is profitable
to do so, or leave it to expire unexercised if not. For the holder, the maximum loss is the cost
of the option, while the potential profit is unlimited for a call and capped at K for a put. The
position of the option writer is therefore inherently more risky as his best outcome is that the
option remains unexercised, whereas his worst-case losses are potentially unlimited if he has

written a call option.
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The option described above, where the holder may only exercise at expiry, is known as a
FEuropean style option. Such options are often given the name wvanilla as they were among
the earliest exchange-traded options, with the Chicago Board Options Exchange (CBOE) first
trading call options in 1973 and put options in 1977 [62].

In the intervening years many non-vanilla, or ezxotic, option contracts have been conceived with
increasingly more complex payoffs, such as options on extreme and average values of the price
of the underlying, path dependent options with barriers which affect the state of the option and
options which allow the holder to exercise prior to expiry at a time of their choosing. Options
exhibiting the latter early-exercise feature are known as American style options.

Though the increasing complexity of derivative products allows the mitigation of increasingly
more complex risks, the valuation of the instruments involved, together with the quantification
of the risks around the positions they create, leads to ever more challenging mathematical

problems.

1.2 European Options and the Black-Scholes-Merton Equa-
tion

Black & Scholes [17] showed that, under a certain set of assumptions, the European option
problem has a unique solution for a given set of parameters. The assumptions of the classical

Black-Scholes model are:

e The risk-free interest rate, r, is deterministic and constant;

Instantaneous price returns for the underlying, defined as %, are normally distributed;

The underlying pays no dividends;

There are no transaction costs; and

The underlying is infinitely divisible and short selling, or holding a negative position in

the stock, is permitted.

The second assumption is equivalent to the existence of a non-negative price process for the

underlying which evolves according to the stochastic differential equation

dS = pSdt + o Sdw, (1.2)
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where £ is the mean (or drift), o is the standard deviation (or volatility) of the price returns
and dW is the increment of a Brownian motion which is normally distributed with zero mean
and variance dt. An underlying which follows such a price process is said to exhibit geometric
Brownian motion (or GBM) and was first proposed as a model for stock prices by Samuelson
[95].
The solution derived in [17] uses a combination of the available assets (or portfolio) composed
of a positive (or long) position in the stock and a fractional negative (or short) position in the
option. It is shown, through continuously adjusting the short position (or hedging), that the
risky stochastic component of the portfolio return can be eliminated, resulting in a deterministic
payoff for the portfolio at expiry.
The central concept of no-arbitrage, which prohibits the existence of riskless profits, forces such
a deterministic portfolio to have a return equal to the risk-free interest rate. The construction
of a riskless hedging portfolio and no-arbitrage lead to the Black-Scholes PDE

vV, o25% 9%V,

LIV | gOVe
ot 2 0952 '8

S € (0,00),t € (0,T) —rV. =0, (1.3a)

which has the following properties:

e Linear,

First-order in time,

Second-order in space (except at S = 0),

e Homogeneous in 5,

Backwards parabolic and
e Degenerate at S = 0.

The approach of Black & Scholes relies on the option being a continuously tradeable asset in
order to perfectly hedge the risky stock price movements. However, this can be circumvented
as long as there exists a bank account which pays or charges the risk-free rate on long or short
cash positions. In this case a continuously adjusted portfolio can be formed which perfectly
reproduces (or replicates) the option payoff at expiry. A further consequence of no-arbitrage
is that a portfolio which does not require a net flow of funds from an external source, called a
self financing portfolio, and which replicates the option payoff at expiry must have the same
cost to construct at all earlier times. A more detailed discussion of replication, no-arbitrage

and hedging can be found in Bjork [16].
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We note that the form of the Black-Scholes PDE is independent of the type of option which is
defined through the payoff function and the boundary conditions. For a European put option

these consist of

as S — oo P.(S,t) = 0, (1.3b)
as S =0 P.(S,t) = e TTVE, (1.3¢)
att =T P.(S,T) = max (K — S,0). (1.3d)

The large S condition (1.3b) specifies that the price of a put option on an underlying which
is far above the strike (S > K, or deeply out-of-the-money) approaches zero. The economic
intuition for this is that as S becomes very large, there is a vanishingly small probability of
the option having a positive payoff (S < K, or being in-the-money) at expiry, and is therefore
likely to expire unexercised without generating a cash flow.

The small S condition (1.3c) specifies the value of a put option on an underlying with zero
value. To motivate this condition, we can see from the form of GBM (1.2) that an underlying
which has reached zero is deterministically zero at all subsequent times. Thus our option has a
known payoff K at expiry and no-arbitrage enforces the price to be the discounted value of the
payoff, or Ke (T under a deterministic interest rate. The final condition (1.3d) provides
the final condition at expiry which is simply the put option payoff (1.1b).

This initial boundary value problem can be solved using a number of methods, for example
by transformation to the heat equation and solving using a Green’s function [103], to give the

Black-Scholes equation for a put option on a non-dividend paying underlying

P.(5,1) = % [Ker(Tt)erfc (j‘%) — Serfc (%)] , (1.4)

where erfc(¢) is the complementary error function

erfc(¢) = % /COO e~ ds (1.5)

and

dy = (%) . (1.6b)
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Although this thesis centres around the PDE approach to option pricing, any introduction to
the subject would not be complete without reference to the risk neutral valuation approach,
which is a body of work initiated and formalised in the papers of Cox & Ross [33], Cox, Ross
& Rubinstein [34], Harrison & Kreps [52] and Harrison & Pliska [53]. This approach leads
to the concept of pricing options as the expected value of the final payoff under a particular
probability measure Q (the risk-neutral measure) discounted at the risk free rate. Under Q,

the expected return of all assets is the risk-free rate, with the dynamics of S given by
dS =rSdt + oSdW (1.7)
and the value of the option written as
Ve(Si,t) = e "I DEq [£(ST)|S:] (1.8)

where Sy and St represent the price of the underlying at times ¢ and T respectively and f(St)
represents the payoff at expiry. It transpires that results which hold in the risk-neutral world
are valid using the real world (or objective) measure P. We mention that the formulation of
the problem as the expectation (1.8) can be shown to be equivalent to the PDE formulation
(1.3a) the using the Feynman-Kac theorem, a discussion of which can be found in Joshi [67].
The book by Baxter & Rennie [11] contains an informal but illuminating description of this

approach to derivative pricing, while a more rigorous discussion can be found in Karatzas and

Shreve [71].

1.2.1 The Inclusion of Dividends

The limitations of the Black-Scholes assumptions when applied to real-world situations are
widely discussed in the literature, with broad discussions of the issues involved and possible
extensions found in Hull [62] and Wilmott [103].

For the purpose of our work, the most relevant extension is the generalisation of the price
process (1.2) to include underlyings which pay continuous dividends, which was introduced by
Merton [84]. The risk-neutral price process for an underlying yielding a continuous dividend

D, defined as a percentage of the prevailing price of the underlying, is
dS = (r — D) Sdt + o SdW, (1.9)

where the quantity 7 — D is sometimes referred to as the cost-of-carry and represents the cost



CHAPTER 1. INTRODUCTION 10

of financing the purchase of a long position in the underlying, with the cost of borrowing offset
by any dividends received through holding the underlying. This leads to the problem for a put

option on a dividend paying underlying

OP, 0%S?0%P, 0P,
T —_— -D —rP, = 1.1
S e (0,00),t€(0,T) 5 + 5 552 +(r )Sas rP, =0, (1.10a)
subject to

as S — 0 P.(S,t) = e TTVE, (1.10b)
as S — oo P.(S,t) =0, (1.10¢)
att =T P.(S,T) = max (K — S,0). (1.10d)

The solution of this initial boundary value problem is

1 d d

P.(5,t) = = |Ke " T Derfe (2> — Se PTYerfe <1>} , 1.11
s0=3| - e (111)

where

dy = , (1.122)
o/ (T —1t)
) () + (r-D)-5)@-1) i
2 o /(T — 1) ' '

In what follows, we shall work under the Black-Scholes-Merton model assumptions for a divi-

dend paying underlying which follows GBM, unless otherwise specified.

1.2.2 Put-Call Parity for European Options

Although the relevant results presented in this thesis relate specifically to European put options,
the equivalent results for a European call option may be obtained through the put-call parity

relationship
P.(S,t) +e PTVs = (S,t) +e " T-VEK, (1.13)

This result can be obtained simply by demonstrating that the European put option plus a
stock position, with any dividends received reinvested in the stock, is a self-financing replicating

portfolio for the European call option plus a position in the bank account. The reader is directed
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towards Hull [62] for the details.

1.3 Early Exercise and American Options

American options differ from European style options in that the holder is able to exercise at
any time prior to expiry. The American option remains an important problem in finance as a
significant proportion of options transacted today have early exercise features. In the discrete
case, where early exercise is only permitted at one or more specified times before expiry, the
option is said to be Bermudan.

The extra optionality afforded to the holder through early exercise translates into a higher
option value (or premium) compared to the European option price. The European option price
therefore forms a trivial lower bound on the American option price.

From an economic viewpoint, the holder’s decision over whether or not to exercise is influenced

by three competing factors:

1. Interest income foregone (call) or gained (put) from a change in cash position from early

exercise,
2. Dividend income gained (call) or foregone (put) from holding or giving up the underlying,
3. Insurance value from holding an unexercised option.

Allowing the holder of a put option the right to exercise at any point in time, receiving the
intrinsic value, gives rise to the formulation of an optimal stopping problem [13, 70, 100] where
the value of the option at time ¢ is given by the maximum value taken by considering all possible

stopping times t*, or

Vo(Sy,t) = sup (e—“T—t*)]E@ [f(Se-) St}) , (1.14)
u

where f(Si) represents the payoff achieved by exercising the option at t*.

McKean [83] showed that the optimal stopping problem for an American call could be posed as
a free boundary problem with two conditions applied at an unknown optimal ezercise boundary
S*(t). These conditions separate the problem into a region in which the option is active and
a region in which the option is exercised. The properties of S*(¢) were investigated by van
Moerbeke [100], who derived an integral equation for the optimal exercise boundary. Proof of

the existence and uniqueness of the optimal exercise boundary is provided by Peskir [89)].
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A summary of this body of work, together with proofs for the American put option in the
absence of dividends, is contained in the review paper by Myneni [86] who derives the following

conditions for the American put option

as S — oo P,(S,t) = 0, (1.15a)
att=T P,(S,T) =max (K — S,0), (1.15b)
at S = S*(¢) P,(58*(t),t) = K — S§*(t), (1.15¢)
P,
-1 (1.15d)
95 |5=g=(t)

Conditions (1.15a) and (1.15b) are the same as for the European option, with the former
representing the vanishingly small chance of the option finishing in-the-money as S becomes
very large, while the latter is simply the final payoff. Condition (1.15¢) is termed the value
matching condition and represents the continuity of the option price on the optimal exercise
boundary. Condition (1.15d) is termed the high contact condition, and together with (1.15a-
1.15¢) provides sufficient conditions to specify the location of S*(t). We term the value matching
and high contact conditions together, the early ezercise conditions. One further condition on

the option price is the requirement
P,(S,t) > max (K — S,0), (1.16)

which states that the intrinsic value forms a lower bound on the American option price.
Somewhat heuristic motivations of the high contact condition are contained in Dewynne et al.
[38] and also in Joshi [67]. The approach contained in the latter is illustrated in Figures 1.1(a)
& 1.1(b). Consider first the case illustrated in Figure 1.1(a) where the unexercised price meets
the intrinsic value line such that g—g < —1. We can find 0 < e « 1 such that g—g <—-1—-¢§on
the interval (S*,5* 4 ¢), for some 0 < § < 1. The option price at S = S* + € is then
P(S* +e,t) = P(S*,t) + eg—]g . + O(€%)
= (K —S*)+e(-1-0)+0(e?)
= (K —(S*+¢) —ed +0(e?), (1.17)

which is less than the intrinsic value of the option and is a violation of no-arbitrage. This leads

—1.

g opP
us to conclude g 5+ (r) >

Next, consider the case illustrated in Figure 1.1(b) where the unexercised price meets the
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P,(S, T P,(S, T
(A ) (S5, 7)

S* g

oP oP
(a) ﬁ|s*(‘r) < -1 (b) E > —1

S*(7)

Figure 1-1: Motivation by Joshi [67] of the high contact condition at the optimal exercise
boundary (%isa

S () = —1). If the gradient were less than —1 (Figure 1.1(a)) then an option

price below the intrinsic value would exist in a region local to the boundary. If the gradient
were greater than —1 (Figure 1.1(a)) then a different boundary would exist for which the option
price is higher, and therefore the assumed boundary is suboptimal.

t 9B

55 > —1. We perturb the position of the optimal exercise

intrinsic value line such tha

8*(7)
boundary according to S} = S* — ¢ for 0 < e < 1 such that g—g > —1 on the interval (S¥,S*).

Thus we can find some 0 < § < 1 such that g—g

S5 (r) > —14 4. The option price at S =S¥ is

then

€

P
P;(S*,t):P;(S:,t)+ea“ + O(€?)
98 | g.

> (K — S +e(—=1+0) +O0(e%)
> (K — (S +€) + e+ O(e?)

> (K — S*) +ed + O(e?), (1.18)

which is greater than the value attainable by exercising at S* and therefore S* is a suboptimal
exercise strategy. Therefore, combined with the previous scenario, we conclude that the option

S (1) = -1

price at the optimal exercise boundary must satisfy the condition g—g

1.3.1 The Inclusion of Dividends

Since the American option obeys the same dynamics as the European option in the active
region, we should expect the inclusion of dividends to produce the same governing equation as

in the European case. There is an additional impact however regarding the initial position of
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the optimal exercise boundary S*(0) which is illustrated using an approach due to Dewynne et

al. [38]. Using the transformation
P,(S,t) = (K — 8) 4+ e "T=Yp(S, 1), (1.19)

gives the governing equation

* ap 0252 82]? ap _ T(T—t)
S e (8*(t),0),t € (0,T) N 5 @—F(T—D)S@—e (rK — DS),
(1.20a)
subject to
as S — 00 p(S,t) ~e"TD(S — K), (1.20b)
att=1T p(S,T) = max (S — K, 0), (1.20¢)
at S = S*(t) p(S*(¢),t) =0, (1.20d)
dp
o =0. (1.20e)
oS S=S*(t)

The source term in (1.20a) is negative for S < % and positive for S > %. Since the constraint
P,(S,t) > 0 also implies p(S,t) > 0, this forbids S*(T') < ZK for r < D as it would give rise
to p(S,t) < 0 instantaneously for S € [S*(T), X) with S < K. The positive source term for
S > % indicates that p(S,t) > 0 instantaneously on the interval S € (%,K], which does
not satisfy condition (1.20d). Considering the case r < D, this indicates the optimal exercise
boundary starts at S*(T) = %. For r > D the source term is instantaneously negative for
S < K and therefore S*(T) = K. We therefore conclude that the initial condition of the

optimal exercise boundary for a put option on a dividend paying underlying is
K
$*(0) = min <TD K). (1.21)

1.3.2 Formulation of the American Put Option Problem

The results above lead us to the free boundary problem for the American put option in the

presence of dividends

oP, 02S?9°P, opP,
+(r—D)S 55

a2 s

S e (8*(t),),t € (0,T) —rP, =0, (1.22a)
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subject to

as S — oo P,(S,t) =0, (1.22b)

att=T P,(S,T) = max (K — S,0), (1.22¢)
S*(T) = min (rK/D, K), (1.22d)

at S = S*(¢) P,(58*(t),t) = K — S*(t), (1.22¢)
OF, =-1 (1.22f)
0S8 g—g+(1)

Unlike the European option problem, the presence of the optimal exercise boundary makes the
American option problem nonlinear. We note that the Landau transformation X = In (S/5*(¢))
transforms the problem onto a fixed semi-infinite domain, and would reveal the nonlinearity in
the governing equation via the time dependence of the optimal exercise boundary.

Existence and uniqueness results for the problem (1.22a-1.22f) in the absence of dividends
(8 = «) are shown by Chen et al. [30], with reference to the texts by Friedman [43, 44]. The
optimal exercise boundary is shown to be convex by Ekstrom [40], a result also obtained in
[31]. Similar results in the presence of dividends have not been found to date. Regularity
of the optimal exercise boundary for both American calls and puts on non-dividend paying
underlyings is demonstrated by Blanchet [18].

In the strictest sense, no general analytic closed-form solution to the American option problem
has been found to date, though closed-form solutions have been derived in particular cases
discussed later.

Although the standard American problem can be solved via a range of numerical schemes, much
effort has been placed in finding analytical approximations which are accurate in certain limits,
while easy to implement uniform approximations continue to be popular among practitioners
though their accuracy tends to be reduced for intermediate times to expiry. Any improvement in
the accuracy of such approximations would be valuable to practitioners as a basis for valuation,
while such approximations are also used as seed inputs for other numerical routines and therefore

a more accurate starting point would improve their efficiency.
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1.3.3 Put Call Parity for American Options

An equivalent American put-call parity result to that found for European options was derived

by Bjerksund & Stensland [14] and MacDonald & Schroder [82]
P,(S.t;r,D,0,K) = Co(K,t;D,r,0,8), (1.23)

while the optimal exercise boundary of a put option S; and the corresponding American call

option S} are related via
* (1. * (1. — K2
Sy(t;m, D, 0, K)S:(t; D,r,0,K) = K*. (1.24)

From (1.23) & (1.24), results obtained for American put options within this document can be

applied to the corresponding American call option.

1.3.4 Relationship to Other Free Boundary Problems

As discussed by Dewynne et al [38] in relation to the American call option, the introduction of

the non-dimensional interest rate «, cost-of-carry § and time 7

a=2, =220 r= 228 (1.25)
together with
n=tm () +@6-0r )= (Z0) 61
Pu(8,8) = (1 = ==07) 4 e=u(n,7), (1.26)

transforms the problem (1.22a-1.22f) into

ou  0%u
n * T —_— = T — —(B=D7en _ 1.2
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subject to

as 1 — 0o u(n, ) ~ e*7 [ef(ﬂfl)Te" —1], (1.27b)

atT7=0 u(n,0) = max (e — 1,0), (1.27¢)
1" (0) = min (In (a/(a — 5)), 0), (1.27d)

at n=n"(1) u(n*,7) =0, (1.27¢)
ou
o =0. 1.27f
.. (1.271)

which is analogous to the problem for oxygen diffusion in an absorbing medium developed by
Crank and Gupta [35], but with a time and space-varying oxygen source.

Ockendon et al. [87] show the oxygen consumption problem can be related to the most widely
studied parabolic free boundary problem, the Stefan problem for melting or solidification of a
material by heat conduction, by defining it as the time derivative of the oxygen consumption
problem v(n, ) = 2%. Howison [59] discusses the move from the Stefan problem to the oxygen
consumption problem using the Baiocchi transformed Stefan problem u(n, 7) = fnT**l(n) v(n, s)
where n*~1(n) is the inverse of n*(7).

The classification of the Stefan problem within a class of free boundary problems satisfying the
heat equation with the boundary condition v (n*,7) = 0, but with a general dynamic interface
equation can be found in the book by Galaktionov [45]. This class of equations contains the

Florin equation which has the first spatial derivative condition %Z

_— 1 but, like the Stefan
problem, the derivative is not smooth at the interface which is a requirement of the American

option problem. References for both the Stefan and Florin problems can be found in [45].

1.4 Summary of Previous Relevant Work

We classify previous work relevant to this thesis into five broad categories: closed form solu-
tions available in specific cases, uniformly valid approximations, work based around an integral
formulation, asymptotic analysis, the identification of bounds on the option price or boundary

and schemes developed for the numerical solution of the problem.

1.4.1 Closed-Form Solutions

To date, no closed-form analytical solution has been found to the general problem. However,

solutions have been proposed which are valid in certain situations.
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Merton [84] demonstrated that early exercise is never optimal for an American call option in the
absence of dividends and hence the price must be the same as for the corresponding European
call option. In the same paper, a closed-form solution for the value of a perpetual American
put was derived on the basis that the problem is the steady state solution to (1.22a-1.22f).
Closed-form solutions have also been derived in the case of an underlying which pays discrete
dividends prior to expiry. This work is usually known as the Roll-Geske-Whaley model. The
origin of the work is the observation by Roll [93] that the holder of an American call option
on an underlying paying a single discrete dividend faces a choice at an instant before the stock
goes ex-dividend; exercise, in which case we receive the underlying and the dividend at the
expense of the strike; hold, in which case we effectively have the equivalent European option
since it is never optimal to exercise a call in the absence of dividends [84].

The important observation by Roll is that the outcomes of this decision can be replicated via
the use of vanilla European options and a European compound option which is an option on an
underlying, which is itself an option. By the usual no arbitrage arguments, this portfolio then
prices the American option. Since the compound option was priced in closed-form by Geske
[48], a price for the American option on an underlying paying a single dividend may be derived.
In a subsequent note, Geske [47] observes that a simpler replicating portfolio exists by consid-
ering only the ex-dividend portfolios at ¢ with the critical value of the stock price separating
the two regions. Essentially the holder then has a chooser option with expiry at ¢ with one
payoff consisting of the stock plus a cash amount, and the other is an option itself (hence the
compound characteristic). The same approach employed in [48] is used to form, then evalu-
ate, the resulting risk neutral expectation. Geske shows how this approach may be extended
to underlyings with more than one dividend at the expense of calculating high dimensional
multivariate normal distributions.

Whaley [101] identifies discrepancies in the arguments of both the previous authors and provides
corrected formulae. He points out that the options Roll uses in his replicating portfolio are not
a unique solution and in fact, the strike price for one of the options is misspecified leading to
incorrect cash flows at the ex-dividend date. He further identifies that Geske has an incorrect
correlation coefficient in his formula. Correction of both these errors leads to an equivalent

valuation formula.

1.4.2 Uniformly Valid Approximations

Analyic approximations to the PDE have been investigated by a number of authors [79, 10, 9, 4,

69], who have produced approximations for the price and the optimal exercise boundary which
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are quick to determine, but which are only typically accurate in certain limits. A summary of
this work is included in the review paper by Barone-Adesi [8].

MacMillan [79] was the first to approach this problem for American put options on non-dividend
paying assets. The option price is decomposed into a European option plus a premium, rep-
resenting the optimal exercise feature, both of which satisfy the Black-Scholes PDE subject
to different boundary conditions. Through an appropriate time transformation, MacMillan’s
formulation contains a term which is small at either small or large times to expiry. Neglecting
this term leads to simple free boundary ODE with a closed-form solution. The free boundary is
obtained as the solution to a transcendental equation which can be simply solved via bisection.
Barone-Adesi & Whaley [10] use the same approach and extend the model to cover both puts
and calls on dividend paying underlyings.

Barone-Adesi & Elliot [9] and later Allegretto et al. [4] assume the premium has the form
derived in [10, 79] and attempt to solve the PDE exactly by choice of the parameters and
through the transcendental equation for the optimal exercise boundary. In similarity with the
approach of MacMillan, finding a tractable solution requires neglecting a term which is small
near the boundary and/or far from expiry. The resulting expression for the boundary is more
accurate than in [79], but the expression for the price deteriorates rapidly in regions away from
the boundary. Allegretto et al. also note that the form for the boundary is not monotone far
from expiry which violates no-arbitrage and introduce an ad-hoc relaxation constant to adjust
for this behaviour.

Ju & Zhong [69] extend the approach in [10, 79] by adding a correction term into the form
for the exercise premium which leads to more accurate prices, particularly for intermediate
times to expiry. However the approach does not include a corresponding correction term in
the calculation of the boundary and requires some apparently ad-hoc assumptions to produce
a tractable form for the correction term.

Aitsahlia & Lai [3] apply the same approach adopted in [10, 79] to the American barrier option
problem, and the resulting approximation is used as a seed input for another numerical routine.
Other expressions have been derived which represent solutions to the full problem if an infinite
number of terms can be determined, but in practice require the numerical computation of a
truncated series.

Geske & Johnson [49] consider the American put option problem in the absence of dividends as
a discrete series of exercise decisions, or a Bermudan option, which converges to the continuous
solution as the time between decisions goes to zero and the series becomes infinite. Geske’s

technique [48] is used to evaluate the series of decisions working back from expiry using the
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discounted expected value under the risk-neutral measure. The convergence of the series is
improved using Richardson extrapolation on a sequence of Bermudan options with an increasing
number of exercise dates. An approach to allow for a dividend paying underlying is suggested
based on interpolating between the price in the absence of dividends and the price at the critical
dividend value above which exercise is not optimal. A more efficient scheme for evaluating the
series is proposed by Bunch & Johnson [27] while the model is extended to include stochastic
interest rates by Ho et al. [58].

More recently, Zhu [106] derives a series solution to the American put option problem in the
absence of dividends based on homotopy analysis. As with the Geske & Johnson approach,
exact evaluation of the resulting expression requires the sum of an infinite series. Zhu claims
that the series is convergent after 30 terms if the European option price is taken as a starting
point but it is not clear to us why Zhu’s solution is any more closed-form than Geske and

Johnson’s.

1.4.3 Integral Formulation

In a further thread of work, Kim [72] formulates the American option problem as the limiting
case of a series of Bermudan options in the same vein as Geske & Johnson [49]. Rather than
the approach taken in [49], Kim forms an integral equation by taking the expected value and
working backwards recursively. The resulting expression decomposes the American put option

price into the equivalent European option plus the American put option premium

P,(S,t) = P.(S,t) + % /tT {rKe_T(T_s)erfc(W)a

— DSe_D(T_s)erfc(Wﬂ ds, (1.28a)

where

dl(S,S*(S),S) = R (128b)

dQ(Sa S*(S),S) = (1280)
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and the boundary S*(s) is the solution to

O B e
— DSe PT=Oerfe (W)} d§. (1.28d)

Uniqueness and regularity results for the optimal exercise boundary S*(¢) given in Kim'’s integral
equation (1.28d) are derived by Peskir [89].

The same integral formulation is also derived by Jacka [65] using an optimal stopping problem,
and Carr et al. [28] in the absence of dividends by forming an integral expression for the
discounted price process for an American option and taking expectations under the risk-neutral
measure. The inclusion of dividends is trivial and results in identical expressions to (1.28a) and
(1.28d). Carr et al. also show that the option price can be decomposed into its intrinsic value
plus a time value component.

An advantage of the integral formulation is that, with a known boundary form or approximation,
evaluation of the option price becomes a simple quadrature exercise. If the boundary is not
known, it can be determined at discrete points by solving (1.28d) which is a nonlinear Volterra
equation of the second kind and can be solved recursively. However, as Kim mentions, this
procedure is not necessarily more efficient than finite difference methods.

A number of attempts have been made to optimise the solution of the integral decomposition.
Huang et al. [105] use Richardson extrapolation in the same vein as [49] to approximate
the price in terms of the equivalent Bermudan options. The advantage computationally is
that the boundary only needs to be determined at a discrete set of points determined by the
exercise dates of the composite Bermudan options. Further, the scheme avoids the use of time-
intensive multivariate normal integrals which hamper the approach of Geske & Johnson. The
disadvantage of this approach is the underlying assumption that boundary is piecewise linear on
each interval. Ju [68] assumes a multipiece exponential form for the optimal exercise boundary
which allows the integral equations for both the boundary and the option price to be solved in
closed-form. The resulting unknown coefficients specifying the boundary on each subinterval
are determined by application of the value matching and high contact conditions and the use of
multidimensional Newton-Raphson routine. Richardson extrapolation is used to approximate
the American option price based on options with different numbers of sub-intervals. Ibanez
[64] summarises the work in this area, highlighting the strengths and weaknesses of the various
approaches. The non-monotonicity of the approximate option value with increasing terms in

the Richardson extrapolation is demonstrated for typical parameters which impacts negatively
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on the work of Huang et al. [105]. By discounting the optimal exercise premium, Ibdnez forms a
monotonic series which is more amenable to Richardson extrapolation and allows more efficient

determination of the option price and the boundary.

1.4.4 Asymptotic Analysis

The asymptotic behaviour of the optimal exercise boundary near expiry has been investigated
using a variety of methods and incorporating both the PDE and integral equation formulations,
with the type of behaviour dependent on the relationship between the interest rate and the
dividend yield.

Dewynne et al. [38] identify that the boundary for a call option on a dividend paying underlying
with r > D exhibits a jump as we move away from expiry and has parabolic leading order
behaviour thereafter. Alobaidi & Mallier [5] use the same approach as in [38] but include
higher order terms in their asymptotic expansion. Knessl [74] derives an integral equation
for the optimal exercise boundary, using a Laplace transform, and investigates its small-time
asymptotic properties for both » > D, where the behaviour is parabolic, and » < D, where the
behaviour is parabolic-logarithmic.

Barles at al [7] construct super- and sub-solutions for the boundary of an American put option
on a non-dividend paying underlying and show that the two bounds tend to the same asymptotic
limit near expiry. A number of approaches are used to derive an integral equation for the optimal
exercise boundary of the American put option. Kuske & Keller [75], Goodman & Ostrov [51]
and Chen et al. [29] use Green’s functions, Stamicar et al. [97] use a Fourier transform, and
Knessl [73] uses a Laplace transform. All of these approaches produce the same parabolic-
logarithmic small-time behaviour as in [7] up to a constant term. Kuske & Keller’s initial
paper contains an error which is corrected in a later paper [41] and brings their result into line
with other authors. Chen et al. derive higher order terms in the expansion, but these are only
accurate for very small times. As in his paper on call options [74], Knessl also looks at the
behaviour in a range of parameter limits.

Evans et al. [41] are the first to derive the small-time asymptotic behaviour of the American
put option for both » > D and r < D, using integral equations and via the use of matched
asymptotic expansions. Lamberton & Villeneuve [76] independently derive the same behaviour
for r = D and, up to a multiplicative constant, for » > D. Alobaidi & Maillier [6] assume a
logarithmic series expansion to derive higher order behaviour for » > D. The expression for
r > D shows the same parabolic-logarithmic behaviour as in [41], while the behaviour for r = D

is expressed in terms of the Lambert W function.
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In a separate paper, Mallier [80] prices American options using Monte Carlo simulation with
an exercise strategy given by the boundary approximations discussed above. This provides a

measure of the sensitivity of the price to errors in the boundary.

1.4.5 Option Price Bounds

An alternative approach to that of finding an approximation for either the option price or the
exercise boundary, is to look for bounds on the price. The first attempt to price an American
option through the use of option bounds was performed for a put option, in the absence of
dividends, by Johnson [66]. Johnson uses a result from Margrabe’s [81] work on exchange
options, which suggests an American option with a strike replaced by the underlying process
will never be exercised before expiry. This leads to an equivalence between the price of an
American option with a strike which grows at the risk-free rate and the corresponding European
option with the same strike. A weighted average price is formed based on these bounds, with
the form for the weighting function determined by regression analysis on option price data
from Parkinson [88]. Blomeyer [19] modifies Johnson’s work to include underlyings which pay
a single discrete and known dividend before expiry.

Broadie & Detemple [24] use a constant exercise boundary strategy to derive bounds on both the
price and on the optimal exercise boundary of American options on dividend paying underlyings.
A lower price bound is determined by optimising the option price for all constant exercise
boundary strategies; since constant exercise boundary strategies are suboptimal, the true price
must be greater than any price obtained using such a strategy. The lower bound on the optimal
exercise boundary is found as the limiting case of a scheme formed by iterating the lower price
bound routine. The latter is used in conjunction with the integral formulation developed by
Kim [72] and Carr et al. [28] to form an upper bound on the option price.

Although the work in [24] refers to previous work on capped calls [23, 20], the constant exercise
boundary is more easily understood in the framework of barrier options: since the cap provides
the maximum payoff, exercise is always optimal at the cap and the option behaves like an
up-and-out barrier option with a rebate equal to the payoff at the cap. The valuation of barrier
options due to Rubenstein & Renier [94] and is correctly identified as the solution to the low
dividend problem for capped calls in [23].

Bjerksund & Stensland [15] independently consider the same constant exercise boundary ap-
proach to the lower bound as Broadie and Detemple, though without reference to capped
options. The result can be shown to be identical to those given in [94] and [24]. In setting the

level of the constant boundary, two approaches are adopted. The first considers an approximate
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form based on the closed forms for the perpetual boundary and the boundary at expiry. The
second considers the same optimisation problem as in [24].

In a subsequent paper [15], the same authors consider an extension to this approach in the form
of a stepped boundary over two time intervals. The boundary levels are based on a modified
form from the earlier paper while the time intervals are chosen based on a ”golden rule”. The

method is shown to increase the accuracy of the lower bound.

1.4.6 Numerical Schemes

Many numerical schemes have been proposed for the American option problem. Some of these
schemes, such as the formulation of analytical approximations and the methods for solution of
the integral formulation of the American option problem, have been discussed in the relevant
sections. What we discuss here are the most popular remaining schemes which we broadly

classify into (i) binomial methods, (ii) finite difference methods and (iii) Monte Carlo simulation.

Binomial Methods

The use of binomial models in option pricing is attributable to Cox, Ross & Rubenstein [34]
(or the CRR model) who model GBM as a discrete random walk with the parameters chosen
such that its distributional properties converge to that of the continuous model as the step size
tends to zero. When applied to the American option and its early exercise feature, the CRR
model becomes a dynamic programming problem with the price at each step determined as
the greater of the backward induced value and the intrinsic value. Many extensions have been
proposed to the CRR model, particularly in relation to the use of different lattices, and the
reader is directed towards [25] for a discussion.

The ease of implementation means tree-based numerical routines are often developed as an
initial numerical approach to new valuation problems. The intuitive feel of the CRR model
also means it is prevalent as a teaching aid throughout the literature, with almost every op-
tion pricing text containing a sizeable reference to the material [67, 62, 63, 103]. Relevant to
American options however, a weakness arises when attempting to pin down the location of the

optimal exercise boundary, which typically occurs between lattice points.

Finite Difference Methods

Finite difference methods have been similarly popular among practitioners and academics due
to the wide range of literature available from numerical studies of other physical problems. The

earliest use of finite difference methods in solving the American option problem is attributed to
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Brennan & Schwartz [21, 22], who use an implicit time-stepping scheme to solve the variational
inequality formulation of the American option problem, with the intrinsic value condition (1.16)
imposed at each grid point in the solution and the optimal exercise boundary identified as the
first point at which the solution meets this lower bound.

Dewynne at al. [38] pose the American call option as a linear complementarity problem and
solve the system iteratively using a projected successive over relaxation (or PSOR) algorithm.
This approach, typically employing a Crank-Nicolson [36] stepping scheme, has become highly
popular as a first approach to modelling the American option problem using finite differences.
For a discussion of this approach, the reader is directed to the book by Duffy [39].

To avoid the iterative overhead required by the PSOR method, Wu & Kwok [104] use a front-

fixing transformation due to Landau [77]

X=In (Ss(t)> (1.29)

for the American put option problem in the absence of dividends, which places the problem on
a fixed domain at the expense of a nonlinear term, derived from the rate of movement of the

boundary, appearing in the governing equation

N oP, o¢20%P, o2 1 dS*| 0P,
X € (0,00),t € (0,7) o T T T @ (’TX_TP“_O’ (1.30a)
subject to
as X — o0 P, (X,t) =0 (1.30Db)
att="T P, (X,T)=0, (1.30c)
S*(T) = K, (1.30d)
at X =0 P,(0,t) = K — S*(t), (1.30e)
0 - = —S*(t). (1.30f)
0X |x=0

As an aside, we note that the Landau transformation is used by authors in other areas of work
on the American option problem [69, 106].

A numerical scheme seemingly less popular in the available literature is the method of lines (or
MOL) approach due to Meyer et al. [85]. This is a well tested technique which has been applied
to a number of problems and has the advantage of only employing temporal discretisation of

the PDE, resulting in an ODE at each time-step which can be solved using a range of available
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numerical routines such as those contained in [92].

Monte Carlo Simulation

Though we do not consider the numerical issues relating to the expectation pricing of American
options, which has traditionally been viewed as a less suitable way of tackling the problem than
grid-based methods, we mention the popular least-squares approach of Longstaff and Schwartz
[78] and refer the reader to the comprehensive text by Glasserman [50] for a detailed discussion

and further references.

1.5 Parameter Considerations

Before selection of a numerical scheme, we first present a brief discussion of the considerations
used in selecting the parameters used in this thesis. This is intended to ensure the work is
relevant to the prevailing market conditions, but takes into account some historic variations
around this position to produce a reasonable parameter set. Since we have restricted ourselves
to the Black-Scholes-Merton model, under which the underlying follows GBM, we use data
from global stock market indices for the underlying parameters. GBM is typically seen as a
reasonable model in the case of indices and is often assumed in broad texts on the subject such
as Hull [62].

For the estimation of the volatility and risk-free rate we have looked at historical data since the
start of 1995. This takes in a short period prior to the dot-com boom through to the current
global financial crisis. For the estimation of the dividend yield we have used data going back
to the turn of the last century as yields have remained below the long-run average since 1995,

though they have risen sharply with the recent collapse in asset prices.

Volatility

In selecting a volatility parameter, we have looked at a 250-day moving average of annualised
daily stock market returns for the major US, European and Asian indices. Figure 1-2 shows
that the volatility of Asian index returns are typically higher than that of Continental Europe
which are in turn, typically higher than those of the UK and US. The moving average volatility
has broadly ranged from 10-50% over the period, though this is weighted towards the lower end
of the range with a simple average of the volatility of returns over the period giving figures in
the range 20-25%. Against this, the volatility has been rising since the end of 2007, with the

moving average currently in the range 40-50%.



CHAPTER 1. INTRODUCTION 27

As we do not wish to make a prediction as to how long the current global financial crisis
may last, and therefore whether the current level of market volatility will persist, we feel it is
prudent to take a value slightly above the average observed since 1995, and we will therefore

use a volatility of 30%.
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Figure 1-2: Evolution of the volatility of major global stock indices since 1995.

Risk-Free Rate

When considering which of the wide range of available interest rates is the most relevant as a
proxy for the risk-free rate in the Black-Scholes-Merton model, we remind ourselves that the
derivation of the pricing equation assumes the formation of a risk-free portfolio via continuous
hedging, and therefore a continuously changing cash position. We therefore require the risk-free
rate to be a short-term rate of borrowing and have a high degree of liquidity.

On this basis, we have selected the 3-Month LIBOR rate as the risk-free proxy as this is typically
considered a short-term maturity, while it offers more liquidity than alternative short-term rates
such as the 3-Month US T-Bill. We highlight that this may not be the most applicable rate for
all writers and holders of options, particularly where access to cheaper collateralised short-term
lending via overnight repo rates are available.

Figure 1-3 shows 3-Month LIBOR to be at its lowest level over our period of interest, which
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is a result of the attempt by central banks to stimulate interbank and retail lending which
collapsed as the credit crunch worsened through the third quarter of 2008. The simple average
over the period provides a figure of 5.5%, but as with the choice of volatility parameter we take
a steer from the prevailing level and therefore choose a risk-free rate slightly below the average

at 5.0%.

Dividend Yield

Quarterly dividend yield for US stocks going back to before the start of the 1900s has been
aggregated by Schiller [96]. The evolution of the dividend yield is shown in Figure 1-4 and,
as with other financial metrics, shows a wide degree of variation over time. Typically high
dividend yields are associated with times of economic difficulty such as the great depression
of the 1930s. This occurs due to declining asset prices, while companies will typically seek to
maintain their divided policy where possible.

Since the early 1990s, dividend yields have been at historically low levels with the dot-com
bubble driving yields well below 2% as investors increasingly looked to share price appreciation
as a source of capital growth rather than income received via dividends. The existing global
financial crisis has seen a dramatic deflation in asset prices resulting in a return of yields to the
level seen at the start of the 1990s, though dividend yield is a forward looking measure and the
impact of the crisis on dividend policy is likely to have some influence as we move forward.
Based on the period studied in Figure 1-4, we consider a reasonable range for the dividend yield

parameter to be 2-8%.
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1.6 Numerical Scheme Considerations

From the approaches investigated, our preferred scheme for determining benchmark numerics
is the MOL [85]. This approach satisfies the requirements of providing a smooth boundary with
the capability to run out to very large times to expiry (T = 200) in reasonable computation time.
Finally we are mindful of the requirement to be able to easily extend the scheme to model barrier
options if required. In comparison, we found the finite difference approach employing PSOR [38]
did not provide a smooth enough boundary unless the time discretisation was reduced to the
point where large expiry runs took a prohibitively large amount of time. Though interpolation
schemes were investigated, none were reliably able to provide a suitably smooth boundary.
Our MOL scheme is implemented in Microsoft Visual C++.NET 2003 using a second-order
backward time approximation and the solution to the ODE at each step is performed using a
fourth order Runge-Kutta routine [92] with a variable spatial mesh.

The extension to allow investigation of the American barrier option problem simply involves
the replacement of the condition at the truncated boundary in the standard problem, with the

barrier condition and any assumed rebate as discussed in Chapter 4.

1.6.1 Asymptotic Behaviour of Benchmark Numerics

A comparison of the asymptotic behaviour of our MOL boundary with the small-time asymp-
totics of the optimal exercise boundary derived by Evans et al. [41], together with the large-time
approach to the perpetual boundary, is shown in Figure 1-5. We note that the boundary in these
numerics has been normalised by the strike, while the time transformation h(t) = 1 — e~ "(T—%)
has also been used.

The small-time behaviour of the optimal exercise boundary is observed to be consistent with
the relevant asymptotic results, while for large times, the boundary approaches the steady-
state solution, though we mention that a large number of time-steps is required to avoid the
propagation of errors from small times significantly affecting the large-time behaviour.
All of the numerics in this thesis were performed on a laptop with a 1.66GHz Intel® Core2™

CPU and 1GB of RAM. The generation of the small-time boundary in Figures (1.5(a),1.5(c),1.5(e))
took 200 minutes each, while the generation of the large-time boundary in Figures (1.5(b),1.5(d),1.5(f))

took 18 hours each. Corresponding results for the American option MOL scheme adapted for

the inclusion of a barrier are provided in Chapter 4.
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Figure 1-3: Evolution of the 3-Month LIBOR rate since 1995.
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Figure 1-5: A comparison of the benchmark MOL boundary with the asymptotic results from
Evans et al. [41] for the small-time plots, and with the steady state boundary for the large-time
plots. For the small-time numerics 20000 time-steps and 25000 spatial points were used with
15000 space-steps on the interval [S%_,1], and 10000 on the interval [1,5]. For the large-time
numerics 200000 time-steps and 25000 spatial points were used with 15000 space-steps on the

interval [S°°, 1], and 10000 on the interval [1,50]



Chapter 2

The European Option Problem

In preparation for the investigation of the asymptotic properties of the American option prob-
lem, we first consider the case of the European put option problem under the Black-Scholes-
Merton model (1.10a-1.10d). This will illustrate the main principles of the technique of matched
asymptotic expansions [12, 57] on a well-known problem with a closed-form solution. We look
first at the small-time asymptotics of the European put option problem and subsequently at
the problem when the volatility is small relative to the risk-free rate and the cost-of-carry. The
Furopean option problem has recently attracted interest in terms of the application of asymp-
totic techniques, with Howison [60] looking at the small-time behaviour of the European call
option in the absence of dividends, while Firth et al. [42] and Widdicks et al. [102] look at the
small-volatility behaviour of the European call option with and without dividends respectively.

Non-dimensionalisation of the problem (1.10a-1.10d) through the introduction of the scalings

2r 2(r — D) o2 (T —t)
o = ?, 5 = 02 ) T = 2 ’ (21)
S=KS, P.(S,t) = P.(S,7),
gives
- 0P, 0P, __0P.  _
S € (0,00),7€(0,T) 5, = S 552 + S 55 aP,, (2.2a)

33



CHAPTER 2. THE EUROPEAN OPTION PROBLEM 34

subject to the boundary conditions

as S — 0 (S, 7) = e, (2.2b)
as S — oo P.(S,7) = 0, (2.2¢)
at 7=0 P.(S,0) = max (1 —5,0). (2.2d)

The problem (2.2a-2.2d) has solution

PSm) = [erfc(f%) _ eﬂfgerfc(j%ﬂ , (2.3)

where
\% :;[m(f) +<5+1>T%}, (2.4a)
(Zg 1 IH(S) %
st (240

We note that we may also choose to transform the governing equation (2.2a) into one with

constant coefficients through the use of the transformation X = In (S).

2.1 Small-Time Behaviour

The small-time European put option problem presents a simple situation with which to begin
our asymptotic analysis. We introduce the time scaling 7 = 2T into (2.2a-2.2d), where € is a

small artificial parameter (0 < e < 1) and 7' = O(1). This gives the small-time problem

: i 1 0P, _,0°P. 0P
S € (0,00),T € (0,00) E—Qﬁ—S 552 + 35S 55 —aP,, (2.5a)
subject to
as S —0 P.(S,T) — e=<’ol (2.5b)
as S — oo P.(S,T) — 0, (2.5¢)
at T =0 P.(S,0) = (1-8)". (2.5d)

The presence of the small scaling factor leads to a global problem with reduced, easier to solve
sub-problems in certain regions. For instance, we can observe immediately that for S = O(1)

the dominant term is the time derivative but that for some small region about some judiciously
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chosen point in S, we can recover the diffusion term. Intuition tells us that this is the behaviour
we expect for the small-time European option: for small times the majority of the change will
occur in a small region about the discontinuity in the option payoff, while we expect little
change far from this region. All of this points towards a three-region structure with two outer
regions for $ < 1 and S > 1 and an inner region for § = 1+ §(¢)S, where (¢) is a scaling
factor to be determined, and § = O(1).

Outer Regions

For § < 1 we write P.(S,T) = PO“1(5,T) and we have the outer 1 problem

_ R 1 apOutl _ 82 POutl _ apOutl _
S€(0,1),T€(0 S =5"—= S—t— —apPuit 2.6
€(0,1),T € (0,00) 2 oF ooz THAS—pg— —afc, (26a)
subject to
as S — 0 POUY(S T) — el (2.6b)
at T =0 POUL(§ 0)=1-5. (2.6¢)
Posing a regular expansion in even powers of €
POUY(S T e) = PO(S,T) + PP (S, T) + ' PP (S, T) + O(e%) ase— 0, (2.7)
gives the following subproblems: for PO (S, T)
_ N apOutl
S e (0,1),7 € (0,00 v —, 2.8a
(0.1).7 € (0.00) L (2:50)
subject to
as § = 0 POUY(S T) =1, (2.8b)
atT =0 PO¥L(§,0) =1 - S; (2.8¢)
for PO“1(S,T)
. apOutl _ 82P0ut1 _ apOutl _
S5€(0,1),T€(0 L =50 S§—2— —aPP", 2.9
(0.1),7 € (0, ) 1 L+ p5T Ll — R (292)
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subject to

as S — 0 PO (S T) ~ —aT, (2.9b)

at T =0 PP2(§ 0) = 0; (2.9¢)

and for PO (5. T)

_ 81510ut1

_ R 8P0ut1 _ 82P0ut1 _
S € (0,1),T € (0,00) 32T =5 352 + B~ a POt (2.10a)
subject to
_ _ _ . 1 ~
as S — 0 POUY(S T) ~ §a2T2, (2.10b)
at T =0 pOut2(G, ) = 0. (2.10c)

The outer 1 expansion up to algebraic terms is therefore

PO"H(S,Tye) ~ (1= 8) + T (a0 — B)S — a) + 5T (0 = (a = B)2S) + O(*)  ase—0,

(2.11)

though we note that we could construct a simple inductive proof which would demonstrate that

the remaining terms of the algebraic expansion generate the solution
POUY(S T:e) ~ el _ G (=BT g ¢ 0, (2.12)

which can be shown to be the trivial lower bound on the European put option price ensured
by no-arbitrage.
For S > 1 we write P.(S,T) = P9“2(5,T) and we have the outer 2 problem

_ . 1 POth _ 2POut2 _ POth _
S e (1,00),T € (0,00) gagf :,5’28 3%‘2 4—658 55 —aPPu2  (2.13a)
subject to
as S — 00 POU2(5 T) — 0, (2.13b)

atT =0 PO"“2(5.0) = 0. (2.13c)
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Posing a regular expansion in even powers of €
POU2(S T:¢) = POU2(5, T) 4+ 2 PO"2(5,T) 4+ O(*) as € — 0, (2.14)

gives the following subproblems: for PO*2(S,T)

_ R apOut2
S e (1,00),T € (0,00) -2 =0, (2.15a)
oT
subject to
as S — oo POU2(5 . T) — 0, (2.15b)
at T =0 POU2(5.0) = 0; (2.15¢)
and for PO“2(5 T)
B . 31510ut2 - aQPOOmQ _ apé?uﬂ — Outd
S e (1,00),T € (0,00) 07 =S 557 +BS 55 —aPy ", (2.16a)
subject to
as S — oo POU2(§ T) 0, (2.16b)
at T =0 PPU2(5 0) = 0. (2.16¢)

These problems have the trivial solutions PO*2(S,T) = PP2(§,T) = 0 with the same true

for all algebraic terms giving the outer 2 expansion
POU2(5 T:e) =0 as € — 0, (2.17)

to all powers of e. We highlight that the algebraic expansions only capture the trivial lower
option price bound in both outer regions. To find the non-trivial perturbative terms to the
lower option price bound in the outer 2 region, we use an approach adopted by Addison et al.
[2] in relation to the Stefan problem and pose a WKBJ-type expansion [12] of the form

a(8,7)

PO“(8,Tse) = e?AG"*(S,T) (1+62A?“t2<5,f)+0<e4>) e ase—0, (2.18)

where the scaling in the exponential follows from the governing equation and the index ¢ will
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be determined via matching. This leads to the following subproblems: for a(S, T)

_ . da o [0a)\’
S e (1,00),T € (0, -+ 5% (=) =0, 2.19
(1,00), 7 € (0, 0) 5 (55) (2.199)
subject to
as § — o0 a(8,T) = oo, (2.19b)
as T — 0 a(S,0) — oo; (2.19¢)
for AQu12(5.T)
~ . OAG 2 da OAS™? ~0a 0%a
S e (1,00),T € (0, = =-25% — S—=+82_— ) A9,
(1,00}, T € (0, c0) aF 95 05 (6 TS
(2.20a)
subject to
as S — 0o AQu2(5.T) — 0, (2.20b)
at T =0 AQU2(5,0) = 0; (2.20¢)

and for A9%2(§ T

~ . OAPut2 da OAQ? da d%*a -
Se(1,00),T € (0 =L =25 — —+ 5 APt
E( 500)7 E( 700) 6T aS 85 (ﬁ aS+ asz) 1
_ 82A0ut2 _ 6A0ut2 _
290 AQur 2.21
+95 552 +BS 55 o (2.21a)
subject to

as S — 0o AQu2(5 T) — 0, (2.21b)
at T =0 AP¥2(S ) = 0. (2.21c)

The problem for a(S, T) is a first order nonlinear PDE with complete integral
a(8,T)=CyInS — C¥T + Cy, (2.22)

which can be derived using Charpit’s method [99, 87] or identified directly in a reference such

as [91] where C; and Cy are arbitrary constants. The complete integral (2.22) however fails to
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satisfy the boundary conditions (2.19b,2.19¢). A further solution exists which is not captured
by the references above and which is singular in T with no arbitrary constants. The form of
this solution can be determined by considering the value of a for which the discriminant of the
quadratic formed by the arbitrary constant C is zero. Details of singular solutions and their

identification can be found in Piaggio [90]. The solution in this case is given by

=7\ 2
o (n(5))
a(S,T) = ——— 2.23
(5,7) o (2.23)
and we observe that this solution satisfies both conditions (2.19b) and (2.19¢). We mention in
passing that we could have reasoned the form of (2.23) from the scaling of the controlling factor.
T

2 suggests we look for a solution a(S,T) =

The scaling e~ which, upon substitution into
— 3\)2
(2.19a) yields a(S) = (IH(TS)) after matching with the leading order Inner expression derived
later and it is reassuring that we can obtain the same solution using both arguments.
g 8 g
Having obtained the solution for a, we can now find A$“?(S, T) as the solution to the linear

first order PDE

_ R HAOut2 S _ HAQut2 1 _ _
Se(1,00),T € (0,00 0 — (92— - — —1)In(S) + 1) A9™2
(Loo)Te(Oo0)  Zm = —2(8) e — = (5= 1)In(5) + 1) A

(2.24a)

subject to
as S — oo AQU2(5.T) = 0, (2.24b)
at T =0 A9%2(5,0) = 0, (2.24c)

which is amenable to the method of characteristics [87], or the solution may be found by direct

reference [91] as

: (2.25)

for some arbitrary function (I>( T ) From (2.23) and (2.25) the asymptotic behaviour of the

outer 2 expansion is therefore

_ . [ 52 (1n (5))* _ .
POU2(8,T;€) ~ <I>0< = ) ( 5 e 4T (1 + 2 A9U2(S T + 0(64)) as € — 0,

(2.26)
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where we have written e¢® (ﬁ) = P (%) without loss of generality and satisfying the
correct scaling of the problem.
We can use the same approach to identify the non-trivial asymptotic behaviour of outer 1

problem with a WKBJ-type expansion of the form

PeOutl(Sf’T;e) —e—a’T _ Go—(a=p)’T

FATPET) (14 SAPMET) + OE) HF s e,
(2.27)
which leads to the following subproblems: for a(S,T)
S e (1,00),T € (0,00) Oa , 5 (0a)*_ g (2.282)
) ) ) 6T ag - ) M
subject to
as S — 0 a(S,T) — oo, (2.28b)
at T =0 a(8,0) = oo; (2.28¢)

_ ~ aAOutl __da 8Aout1 _da 92a
Se(1,00),T € (0, 0 _ 952210 90 5274 fount
(1,00} T € (0, 0) o7 R R G T T
(2.29a)
subject to
as S — oo AQU(S. T) — 0, (2.29b)
at T =0 AQU(5,0) = 0; (2.29¢)

and for AQ“1(S,T)

5 ; gAY c2 Oa QAP 9%a\ ;
Se(0,1), T e (0 1 _9G2 221 57 G2 AOutl
€ (0,1),7 € (0,00) s S (s 4505 ) A&

82/_100““ _ 6A(())ut1
a5z TP g

+ 52 —aAJ" (2.30a)
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subject to

as S — 0 A9W(S T) — 0, (2.30b)

atT =0 AQ¥L(S.0) = 0. (2.30¢)

The solutions to these problems are the same as those for the corresponding outer 2 problems

and lead to the outer 1 expansion

PEUH(S,T; 6) :efaeQT _ Svef(a*ﬁ)eQT

27 S (n () o
+ <1>0< ‘ > 5 T (1 + A9 (S T) + 0(64)) as € — 0,
In (
(2.31)

where the unknown function ®y will again be determined during matching.

Inner Region

In order to smooth the discontinuity in the derivative of the final payoff at the strike for small
times, we look in a small inner region about S = 1, where intuition tells us that most of the
price change will occur. We introduce the length scaling S = 1+ ¢ (E)S , where the required
scaling 6(€) = e is motivated by the dominant balance in the governing equation and S = O(1).
Writing the outer 1 expansion in terms of the inner variable S suggests an inner expansion with

the scaling P.(S,T;€) = ePI"(S,T;€), which gives the inner problem

. R 1 9P 21 82P1” 1op!" AIn
S € (—00,00),T € (0,00) Z o7 _(1+eS) +5( +eS)E 55 —aP",
(2.32a)
subject to
~ ~ ~ N\ T
at 7' =0 PI"(3,0) = (—s) . (2.32b)

Posing a regular expansion in powers of €

PINS,T5e) = P8, 1)+ eP{"(5,T) + R[S, T) +O()  ase—0,  (233)
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gives the following subproblems: for P™(S,T)

S € (—00,00),T € (0,00) — =

subject to

. . apln 82P1n AaQPIn
S € (—o0,00), T € (0,00 1 — L 49620 4
( ) ( ) oT 052 052 g
subject to
at T =0 PI™(S,0) = 0;
and for PJ"(S,T)
R R pln QPIn R 2p1n
S € (—00,00),T € (0,00) 0 2 9 2 +2Sa 1 4
oT 052 052
I:)In . QPIn R f)[n
/36 1" g9 +556Q
oS 052 oS
subject to
at T =0 PI"(S,0)=0.

The problem (2.34a-2.34b) has the similarity solution P{™(S,T) = ﬁho (¢) where ¢ =

and where hg(¢) is the solution to

subject to

as ( =

as ( — —o0

hy + 2Chg — 2ho = 0,

T5ho(¢) — 0,

ho(¢) ~ —2¢.

42

(2.34a)

(2.34b)

(2.35a)

(2.35D)

(2.36a)

(2.36b)
5
/T
(2.372)

(2.37b)

(2.37¢)
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The ODE (2.37a) has the general solution
ho(C) = 2001C + CogierfC(C), (238)
for arbitrary constants Cy; and Cye, where the expression

L o= _ cerfe(c) (2.39)

ierfc(¢) = 7

is the first repeated integral of the complementary error function which can be determined via

the recurrence relation [1] for n > 1

m _ C~n—1 1 n—2
i"erfc(¢) = 1 erfc(¢) + 5y erfc(¢), (2.40)
where
i%erfe(¢) = erfe(¢), (2.41)
2
i~terfe(¢) = ﬁe—@. (2.42)
For the purpose of determining Cy; and Cya, we need the asymptotic behaviours
¢’ 1 3 -6
1—55+ = +0( as ( — oo,
exfe(¢) ~ § V< <<2 e+ e +06) (2.43)
2+ = (1—%+%+0(<—6)) as ( — —oo,
e (1 3 -6
= — 521 + O(C as ¢ — 0o,
terfe(C) ~ { 2V <<2 B zce + Ol )) (2.44)
—-2¢ + ‘;ﬁ (C% — % + O((—G)) as ( — —oo,
from which we can write
2Cn¢+ O CiQe’Cz as ( — oo,
ho(¢) ~ ( ) (2.45)

2(Co1 — Cp2)¢ + O (C_26_C2) as ( = —oo0.

The asymptotic behaviour (2.45) together with conditions (2.37b) and (2.37¢) requires

Co1 =0, Coz =1 (2.46)
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and therefore

ho(¢) = %6742 — Cerfe(Q). (2.47)

The problem (2.35a-2.35b) has the similarity solution PI"($,T") = Thy(¢) where hi(¢) is the

solution to

hy 4 2Ch} — 4hy = —4Chy — 28hy, (2.48a)

subject to
as ¢ — oo Thi(¢) =0, (2.48b)
as ¢ = —00 Thy(¢) — 0. (2.48¢)

This has the general solution [1]

¢ ¢? B

hi(¢) = C11(2¢% 4 1) + 2C zi%erfe(C) + ﬁe* — Eerfc(g), (2.49)

for arbitrary constants Cy; and Ciy, where (2.40) determines

iZerfe(¢) = i [(242 + 1)erfe(¢) — 57?(642] : (2.50)

which has the asymptotic behaviour

1e=¢ 3 —4
== (1-5+0( as ¢ — oo,
Zerfe(¢) ~ { * V™ ( iz ( )) (2.51)
C2+%+i%(1—%+0(é’4)) as ( — —oo.
To specify C1; and Cio we use (2.49) and (2.51) to write
Cxn (2(2 + 1) +0 Ce‘CZ as ( — 00,
o)~ (&) a5

(Ch1+ Ch2) (22 +1) =B+ 0 (ge*@) as ¢ — —o0,

which along with conditions (2.48b) and (2.48¢) leads to

Ci1=C12=0 (2.53)
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and therefore

ha(¢) = L€ _ gerfc(o. (2.54)

N

The problem (2.36a-2.36b) has the similarity solution P{™(S,T) = T'2 hy(¢) where hy(() is the

solution to

hy + 2Chy — 6hy = —4Ch) — 28h) — AC%hy — 4BChy + 4ahy, (2.55a)

subject to
as ( = 00 T2 hy(¢) — 0, (2.55b)
as ( = —oo T%hg(C) — 0, (2.55¢)

which has the general solution [1]
Q) =Cag (¢4 3¢ ) + Canbrte(€) + = (¢4 = g 30)¢ 4 (35 -1) - 5))
— (a = p)ierfe((), (2.56)

for arbitrary constants Co; and Cage and where, from (2.40),

. 1] 1 2 3¢
3 N 2y, —¢> _ (95 | 3
i’erfc(C) 5 [ﬁ(l + (e ( 5 +¢ )erfC(C)} , (2.57)
which has the asymptotic behaviour
e (3 4 —6
7= 1 — 5 T O(C as ¢ — o0,
Berfe(¢) ~ { V™ (4< “ c‘z( ) ) (2.58)
-3 (C?’ + %) + 57 (% - %O(C_(")) as ( — —oo.
To specify Cy1 and Cyy we use (2.56) and (2.58) to write
Con§ (¢ +3¢) +O(¢te @ as ¢ — oo,
ha(¢)~ ¢ 7 ’ ( ) (2.59)

(Co1 — 022)% (C3 + %C) +2(a—B)C+0O (C4€_<2) as ( — —o0,
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which along with the conditions (2.55b) and (2.55¢) leads to

Cop = Chs =0 (2.60)

and therefore
2

Nz

1

(1= ja+a0c+ 1 (B0 -1~ 3)) - (- Bee(c). (261

hz(C) = 3

Hence we can write the Inner expansion in terms of the Inner spatial variable S as

PI™(8,T;e) = eV/Thy () +Th <> + T2 hy () +0(e) ase—0,
2V T 2V/T 2V/T

(2.62)
where
1 _.2
ho(¢) = ﬁe ¢ — Cerfe(¢), (2.63a)
hi(C) = \57?@_42 - gerfc(g), (2.63b)
e‘C2
ha(C) = N (C4 - é(l +3B)¢ + % (5(5 —1)— ;)) — (a — B)ierfe(Q). (2.63c)

Matching Region

For a discussion of the possible approaches to matching inner and outer expansions the reader
is directed to Hinch [57]. In this piece of work we define a matching region where ¢ < S — 1 =
S <1 through the introduction of an intermediate variable S which is related to the outer
spatial variable through S — 1 = ¢S and the inner spatial variable through S = €18 where
0 <n < 1. In the matching region we take the limit ¢ — 0 with S fixed which requires S — 1~
and § — —oo in the outer 1 region, and § — 1t and S — oo for the outer 2 region. By
looking at the asymptotic behaviour of the outer (2.26,2.31) and inner (2.62) expressions in the
appropriate limits, together with the unknown function in the outer expansion, we will seek to
form a matching expression by forcing the expressions to be the same in the relevant matching
region. A suitable matching expression allows the formation of a uniform expansion, valid for
all S, by the summation of the outer and inner expansion and the subtraction of the matching
expression. For a discussion of the formation of uniform expansions the reader is directed to

Bender & Orszag [12].
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In the matching region we define the contribution of the inner expansion in terms of the in-
termediate variable through P!"(S,T;¢) = PI"(S,T;€) and the contribution of the terms of
the i ion in the matchi ion as ho(C) = ho | —S=;¢ ), hi(¢) = h1 [ S=;¢) and
e inner expansion in the matching region as ho(¢) 0 2\/%,6), 1(¢) 1 (2\/%,6) an
h —ho [ —5_.¢).
() = (51¢)
Using (2.63a-2.63c) together with (2.43) and (2.44), the asymptotic behaviours of the terms of

the inner expansion are

e ¢ 1 3 o(¢—6
ho(¢) 2V (Cz o 2 O a6 = oo, (2.64a)
2+ 50 (& +0(C9) as ¢ o0,
=<2 9 B ig o4 ,
m (o) zﬁ(ifz SR e (2.64b)
_5+62ﬁ<2g“—2’%+%+0(g—4)) as ( = —o0,
< (204 — 2(1+38)2¢C2 + 01 :
ha(C) ~ v (2675 j AP +o) WO (2.64¢)
20— B)C+ 5= (201 = 2(1438)2C2+ 0(1)) as ( — —o0

and therefore the contribution of the terms of the inner expansion in the matching region have

the following forms: for P[™(S,T)

~ 1 762(71—1)S7% ~ ~ A -
- S —=€ aT 4o (S, T €) as e — 0,5 >0,
e\ﬁho < — ;e) ~ . &2 - ) (2.65a)
2ﬁ —e"S 4+ Le € aTy(S,T;¢e) ase— 0,5 <0,

where

o (S, T;€) =€ T Z o +0 (€75 (2.65b)
for PI™(S,T)
~ 1 _62('”71)5_‘7% ~ o~ A -
.- S —=e a7 1)1(S, Ts€) ase — 0,5 >0,
EThy ( Vs e) ~ovT N ) (2.66a)
2vT *B€2T+ﬁ676 ath1 (5, T;¢) ase—0,5<0,
where

+ 65*3”@ -0 (e7°); (2.66D)
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and for P{™(S,T)

e G L e EiE S, T;e ase— 0,5 >0,
EST%hQ ( SA;€> ~ VT 2 )2( PR I -

2V/T (a — B)en 28T + Le¢ 1T 1)9(S,T;€) ase— 0,5 <0,

(2.67a)
where
- G4
VoS, Tie) = " —+ + O (1) (2.67b)
1672

We note from the asymptotic expressions (2.65b,2.66b,2.67b) that the ordering of terms in the
2

expansion (2.62) breaks down for n < £ and we therefore look for a matching region such
that n > % However, leaving n unrestricted on the interval n € (%, 1) does not allow us to
determine where the first term of (2.66b) at O(¢"™1) contributes to the matching expression.
Indeed for n = 1, all orders of the expansion (2.65b) are dominant.

We also observe that the matching expression formed by the inner is singular at S=0 (S=1).
This is to be expected as the WKBJ terms in the outer expansions are singular at S = 1. We
would like the singular terms of the matching and outer expressions to cancel in the limit as
S — 0 (S — 1) otherwise our uniform expansion will also be singular in this limit. To this
end we note that the O(e3~") term from (2.66b), which contains S~', can only dominate the
O(e°=*") term from (2.65b), which contains S—4, for n < 2. In fact for some general integer
kE > 0, terms of O(e*~ (=D from (2.66b), which contain S~*) can only dominate terms
of O(eh=2)=(:-=0n) from (2.65b), which contain S*=*) for n < 2. Therefore, the restriction
n > % prohibits the formation of a truncated matching expression containing all negative
integral powers of S up to some finite integer.

We now look for the contribution of the outer expansions (2.26) and (2.31) to the matching
regions which we previously related to the intermediate variable through S — 1 = "S. Writing

the terms of the outer expansion in terms of the intermediate variable S and function ® as a

Taylor series

2T T . T
Do ——————— | =P "= | = (T +...) 0| "= 5 € — 0, 2.68
0<ln(1+6”5)> o<€ S> (6 ) 0(6 S) as € ( )

produces the leading order contribution of the outer 2 expansion in the matching region for
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S>0
POU2(S T:e) ~ @Q)O <62":>e € ate ¢ a7 as € — 0 (2.69)
and the outer 1 expansion in the matching region for S<0
POUY(S T e) ~eS — BET + (a — B)e"2ST + O(e?)

1
+ ——P[ ™
(€35)3 <

Matching the forms of (2.69) and (2.70) with the relevant leading order term of the inner terms

Wl

_2n-232 _ 3n-233
>e € ate ¢ a7 as € — 0. (2.70)

in the matching region for § > 0 and S < 0 from (2.65b) identifies that matching of the
exponential terms is only possible for n > %, which is consistent with our observation from the
ordering of terms in the inner expansion in the matching region, and further that the unknown

function ®q has the form

2T 2 T :
0N <ln(5')> = 7 (ln(S’)) ase— 0 (2.71)

and therefore we can rewrite (2.25) as

AGUR(S, Ty e) = AT (S, T e) ~

2373 S
cL” - as € = 0. (2.72)
n

VT (n(8))°
Defining the contribution of the leading order terms of the outer expansion to the matching
region, for n € (2,1), through A§"*2(S, T) = A9%2(S,T;¢) and A9 (S, T) = AG“1(S,T;€)

gives

A9v2(5 T e) = A9 (S, T e) ~ + O(é’))) ase— 0

(2.73)

and therefore for S > 0

POU2(G T ¢) e

s i1 -
Nl _g(n—l)% 3_9, 212 ni1 128
VT

+é

BCES)

0)1‘ 'j‘;

+ O(e2”+1)) as € — 0, (2.74)
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while for S < 0

POUL(S Ti€) ~e™S — BT + (a — B)e" 28T + O(e*)

1 _ew-ns2/l ., 273 11 T8 a1 S* 5_ T3
+ —e af [ 27" —— + " +e"T ——+ "3 = 6)—

VT ( 52 2 1672 8-5) S
+ 0(62"“)) as € — 0. (2.75)

Comparison of (2.74) and (2.75) with the inner matching conditions from (2.65b) reveals a term
of O (65_4”) missing from the outer expressions which dominates the O (63_") term for n > %,
but it is dominated by the O (64”*1) term for n < %. We could form the three-term matching

expression

—_ + € ’
52 2 1673

n— 52 P P3G 4 ~
Lo (gl an IS an SUY L osse @)
N

which is valid for n € (2,2), but does not cancel with the singular terms at O(e3~") in (2.74)
and (2.75) and therefore the corresponding uniform expansion will be singular as S — 1. We
also observe that the coefficient (3 — 8) at O(e3™") in (2.74,2.75) does not match with the
corresponding coefficient 3 from (2.66b). We therefore look to the contribution in the matching
region of the next order term in the outer expansions, AQ“2(S, 7)) and AQut1(S,T).

Using the behaviour of ® (2.71) determined during matching at leading order, we can rewrite

the problem for A?“2(S, T (2.21a-2.21¢) which becomes

AOut2 qQ AOut2 _1)\2
(2.77a)
subject to
as S — oo A9"2(5 T) — 0, (2.77b)
at T =0 AQU2(S0) = 0. (2.77¢)

As in the case of the Ay problem, (2.77a-2.77c) is a linear first order PDE which is amenable
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to method of characteristics, giving the solution

COut2 (m (S) /T) 2
w6 i (8-1)
14Out2(S7 T) —_T — + _ + + o , (278)
' (In(5)) In (S) 4
for some arbitrary function CO%2 <ln (9)/ T)
The problem for AQ#1(S,T) (2.30a-2.30c) becomes
: . QAP S, 5 0AP [(5-1)° 6
5€(0,1),T€(0,00) = =—=Mm(5) - ta-—|,
oT T 09 4 (n(5))”
(2.79a)
subject to
as S — 0 A9 (S T — 0, (2.79h)
at T =0 AQU (S 0) = 0. (2.79¢)
which has the same solution as the outer 2 problem
COutt (1n (S) /T) 2
T i (8-1)
1401;1&1(37 T) —_T — + _ + + o , (280)
' (In(5))> In (S) 4

for some arbitrary function C'O%1 (111 (9)/ T)
We can now use (2.71) together with (2.78) and (2.80) to write the outer 2 expansion (2.26) as

a3 = ,
_ . 2 (In (5))?
PEOY2(8 T €) ~ fzf 2)26 22T X
6 OOth (/371)2 4
1—é€T _ 2.81
< € 5'))2+1n(5)+ 1 al+0()| ase—0 (2.81)

and the outer 1 expansion (2.31) as

7t
Peoutl(gz,f;€) ~ e_aezf _ ge—(a—ﬁ)e2:ﬁ 28 (12525%)2 X
f (In(3))° <>)
N 6 COutl ( _ )
1— T L O(e* 0. 2.82
( TlmEr tnEt a to|to) s (252

In terms of the intermediate variable, the contributions of A9 (S, T) and A9“2(5, T') to the
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matching region expressions (2.74) and (2.75) are

- ~5 ~5
A?Utl(g, T, E) _ A?ut2 (S, T, 6) ~ 1 _2(n-1)52 (654n 1272 _ 637,,7( 372

? 5—3n
\/7?6 4T 54 5' + 0(6 )) ase — 0

(2.83)

and we observe that this contributes both the terms required to match with the inner match-
ing expressions at O(e>~4") and O(e*~"). However, in order to match these terms we have

introduced a L__ term into the outer expression which will contribute a term of the form

In (S
S73. As discu(sse(d )I)Jreviously, we are unable to form a matching expression which contains the
relevant term without going to further orders in the outer series. This process prevents the
cancellation of singular terms as S — 1 and therefore the creation of a non-singular uniform
expression is not possible using a finite number of terms. Finally, we note that determination of
the arbitrary functions CP%*2 CO% in (2.78) and (2.80) requires matching at O(e>~3") in the
intermediate variable. This term is dominated by the O(¢’~5") term from the Inner matching
expression (2.65b) which contains the term S~6 suggesting we need to go to additional terms

in the outer to match to this order. We observe however that the inner matching expression

(2.66b) suggests we should find CPut = CP“2 = 23,

We therefore define an outer 2 matching expression for § > 0 which is valid for n € (%7 2) as
. - 1 1) 82 ~ - a
PMatch2(g T ¢) ~ ﬁe*z( 1><%"’(/J(S, T;e) ase—0 (2.84a)
and the corresponding outer 1 matching expression for S < 0 as
. .. L A 1 ne1) 82 - ~
PMateh(§ i) memo€T _ Gem(0=MET | —_ =" VRS Tre)  ase— 0,  (2.84b)
NS
where
S 27’3 1z8 G4 1273 1%
S Tie)=e2n_ pentl_Z pein-l —__ _S-an T Sngl 2.84c
i ) 52 2 1672 54 75 (2:84c)

with the relative magnitude of the O(e*"~1) and O(e’"~*) terms depending on whether n is

3

greater than or less than 7.

For consistency, we define our final outer 1 and outer 2 expansions as

_ . 263 7383 _(m(5)° .6
POU2(5 Ty ¢) ~ € %e—w 1—e2T—— | ase—0 (2.85)
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and

3 s gisl 0 (5))2 .
2¢ 73573 (o) <1€2T 6

which contain the terms successfully matched with the inner expansion.

Comparison with the Closed-Form Solution

We can verify that the WKBJ expansion has captured the correct behaviour by looking at the
small-time asymptotic behaviour of the European option price in the inner and outer regions.
We can represent the non-dimensional small-time European put option price in terms of the

complementary error function as

P.(S,T;e) = % (e‘“zTerfc (j%) — Sem (AT oppe (j%)) , (2.87)

where

4 _ @) B+ /7

VRV, A : (2.884)
W) B-1
Vol i VT. (2.88b)

In the outer regions, %,% — —oo as € — 0, for § > 1 and %,% — o0 as € — 0, for
S < 1. Using (2.43) together with (2.87) we derive the small-time behaviour in the outer 2

region (S > 1) as

peOutZ(Sr’T; 6) ~ = B—1 X

(1—62T[a+(ﬁ_1)2+ 2 6))2}+O(e4)) as € — 0,

(2.89)
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and in the outer 1 region (S < 1) as

BOutl (& 2 & —(a_p)2t  2€° T3 e aEr o
POUL(S Tie) ~e T — Gem(ah)e +T =

(1 — T [a - (ﬁ—41)2 - 1n2(ﬁ§) + (m(S‘))Z} +0 (64)) as € — 0,

(2.90)

which we observe are consistent with the outer expansions, and further confirms that we expect
C1 =28.

For the inner region, defined by S =1 + €S, as € = 0 we have

i S e Lo\ es
— o~ — = +1)7T2 — — | + ——=5 +0(¢’), 2.91a
s 2<<,8 ) m) S 2+ 0() (291a)
i § e LN es
—~— 4 = -T2 — —= | + == + O(€’), 2.91b
V2 2T 2<(ﬂ ) 2T2> 675 o) (2.91b)

and we use the Taylor expansions

Czl S € ~1 SQ
erfc (ﬂ) ~ erfc <2T5> + <2 ((64— N7z — 2T§> +
(22 S’ € A1 SZ
erfc (\/§> ~ erfc <2T5> + <2 ((ﬁ )72 — 2T$> +
to derive the inner behaviour

A~ —_ A Al 52 G G g Al 52 A G
PI™(S, T €) e (7\/’2,@—% _ gerfc <2;1 )) L (*;T/ie—ff _ BTerfc < 5 )) +O() (2.93)
s 3 s

and the results

which can be shown to be equivalent to (2.62) using the substitution ¢ =

(2.63a) and (2.63b).

~ 1
272

The three region structure for the small-time problem is illustrated in Figure 2-1, while a
numerical comparison of our inner (2.63a-2.63c), outer (2.81-2.82) and matching (2.84a-2.84c)
expansions with the closed-form solution (2.87) is shown in Figure 2-2. Although graphically it
appears that the outer and inner expressions are indistinguishable for S > 1, the error graphs
show that the inner expression goes to zero much faster than the closed-form solution, whereas
the outer expression captures the correct asymptotic behaviour in this limit. This demonstrates

that the validity of the inner series as an approximation for the outer behaviour of the European



CHAPTER 2. THE EUROPEAN OPTION PROBLEM 55

option, as suggested by previous authors [42, 60, 102] is valid only up to algebraic terms in the
out-of-the-money outer region. The same effect would be observed for the exponentially small
terms for S < 1, but the effect is not leading order and is dominated by the size of the intrinsic
value for small times. The put-call parity result (1.13) ensures the behaviour in (2.89) will be
observed in the small-time European call option problem for S <« 1, whereas the use of the
first term of the inner expansion of the corresponding call option, as provided in [60], can be
shown to give to the small-time asymptotic behaviour as S — 0
-3 -

COUL(S, T €) N;E;Ti)ze_(i;: as € — 0, (2.94)
which does not capture the leading order exponentially small behaviour (2.89) as S — 0 and
which contains a residual non-zero term at S = 0.

Finally, the breakdown of the outer expansion near S = 1 is clear. This is caused by the
presence of logarithmic terms in the outer expansion which require an increasing number of

terms in order to match in the inner region.

P(S,1)

N|=

A . O|(T

~ Outer 1 . Inner Outer 2

Figure 2-1: A schematic showing the small-time asymptotic structure of the European put
option. The structure uses an O(,/7) inner layer about S = 1 in which the price is O(,/7). For
S < 1 an outer region exists in which the price can be represented by an algebraic series in
powers of 7. For S > 1 an second outer region exists in which the price is exponentially sma2ll
2e 7 ngl%ﬂ (n(8)*

and can be shown to have the leading order asymptotic behaviour P, ~ V= (in(3))° e
n
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Figure 2-2: Comparison of the small-time behaviour of the Black-Scholes-Merton price for the
European put option with the derived inner (2.62), outer (2.85-2.86) and matching (2.84a-2.84b)
expressions for a range of values of 7 and with « = % and 8 = % The prices in Figures 2.2(a),

2.2(c) & 2.2(e) are scaled by the exponential factor exp ((ln (5‘))2 /47') and a change in the

asymptotic behaviour of the Black-Scholes-Merton price from the inner expression to the outer
expression for large S can be observed. The error plotted in Figures 2.2(b), 2.2(d) & 2.2(f) is
defined as the difference between the value of the relevant expression and the Black-Scholes-
Merton price, expressed as a percentage of the Black-Scholes-Merton price.
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2.2 Small-Volatility Behaviour

The scenario in which the variance of returns is small compared to the risk-free interest rate and
the cost-of-carry is investigated by Widdicks et al [102], though in the absence of dividends and
without the investigation of outer terms beyond the trivial lower bound. We can represent this
case through the scalings of our non-dimensional variables (2.1) 7 = T, o = 6% and g = g,
where € is a small artificial parameter (0 < € < 1) and &, 3 = O(1). Much of the approach
used in this section is similar to that used in the previous section and we therefore omit some
of the detail and refer to the previous section where relevant.

The non-dimensional European put option problem (2.2a-2.2d) under our small volatility scal-

ings is

_ . 10P, P B 0P @

T 54085 °_ P, 2.
S € (0,00),T € (0,00) 2 o7 S 552 T2 ag ~ ale (2.95a)
subject to
as § — 0 P.(S,T) — e 97T (2.95b)
as S — 0o P.(S,T) — 0, (2.95¢)
at T =0 P.(5,0) = (1—8)". (2.95d)

This problem has a three-region structure with two outer regions for TS < 1 and TS > 1

and an inner region for TS =1+ €9, where § = O(1).

Outer Regions

For efTS < 1 we write P, (8,T) = PO (S, T) and we have the outer 1 problem

B . 1 81560ut1 o aZpeOutl B _8p60ut1 & —oun
S e (0,1),T € (0,00) ) oF =5 092 —‘1-67 o3 EQPEU ,

(2.96a)

subject to

as S — 0 POUL(S ) — 0T, (2.96b)

atT =0 PO“L(§.0)=1-5. (2.96¢)
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Posing a regular expansion in even powers of € yields the outer 1 expansion
PO (S T e) = e~ _ Ge—(a=A)T as € — 0. (2.97)
For /T8 > 1 we write P, (8,T) = PO%2(S,T) and we have the outer 2 problem

_ R lapeOth @ aneOth é 78p(307ut2 B EPOuQ

1 T — = = 2.
S e (l,00),T € (0,00) 2 o7 S 557 + 2 35 2l (2.98a)
subject to
as § — 0o POU2(5 T) — 0, (2.98b)
atT =0 PO"2(5.0) = 0. (2.98c¢)

Posing a regular expansion in even powers of € yields the trivial the trivial outer 2 expansion
POU2(5 T:e) =0 as € — 0, (2.99)

to all orders of e. The results (2.97) and (2.99) are given by Widdicks et al [102] as the asymp-
totic behaviour of the small-volatility European put option price in the outer regions. This is a
trivial result which can be obtained as a trivial lower bound from no-arbitrage arguments. Our
small-time work suggests we can do better, and we look to obtain the non-trivial leading order

behaviour in the outer 2 region using a WKBJ type expansion of the form

B.(5, T ¢) = 1 A0%2(3, T) (1 + 2 A0S T + 0(64)) e NF ase—0,  (2.100)
which gives the following subproblems: for a(S, T)
da da\? da
Se(1,00),T€(0 -+ 52 ( =) —-B8S-==0 2.101
€ (1,00), T € (0, 0) & (65> ps2e o, (2.101a)
subject to
as S — oo a — 0o, (2.101b)

at T =0 a = oo; (2.101c¢)
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for AQ“2(5,T)

_ R HAQut2 R _0a HAOut2 _. 0% -
Se(l Te(0 0 —S§|3-25—=| =2 — — |a+852_— | AQu®?
6( ,OO), E( 700) 8T |:B aS:| aS |:Ot+ 852:| 0 )
(2.102a)
subject to
as S — 0o AQU2(S,T) — 0, (2.102b)
at T =0 AS2(S,0) = 0; (2.102c)
and for AQ%2(§ T)
_ . HAOut2 R _9a] HACut2 S2 92 AQut2
S e (1,00),T € (0, L =—§|3-25— - — 0 2.103
( 700) ( OO) oT |:ﬂ 8S:| oS + Agth 052 ’ ( a)
subject to
as S — oo A9"2(S T) — 0, (2.103b)
at T =0 AQU(S,0) = 0. (2.103c)

We can again use Charpit’s method or look for the relevant first order nonlinear PDE solution

in [91] to show that (2.101a) has the complete integral
a(S,T) = Cy In (eP1S) — C2T + Cs, (2.104)

where C; and Cy are arbitrary constants. Again, the complete integral (2.104) fails to satisfy
the boundary conditions and we find a singular solution with no arbitrary constants which has

the form

m&fy:@%i:ﬂ) (2.105)

and we observe that this satisfies the boundary conditions. A§**2(S, T) is then the solution to

B ) HAOut2 .. g P
S e (1,00),T € (0, 0_ :<S—A1 WS)
(1,00) (0,00) o7 B Tn@ )

aA(?th
S

1 L B
A BT Out2
&+ o7 (1 In (e S))) A7, (2.106a)
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subject to

as S — oo AQU2(S,T) — 0, (2.106b)

at T =0 A§H2(S,0) =0, (2.106¢)

which is a first order linear PDE with general solution found via the method of characteristics

to be

W=

) A75)?
A92(8, 1) = @y (MLSJ T(IE(;;) (2,107

for some arbitrary function (IDO( ) The asymptotic behaviour of the outer 2 solution is

T
In (eATS)
therefore of the form

[N

o —at (BTG 1 (A75))?
PEOMZ(S7 T; 6) N '1)0( € T 7 > e (6 )1 6_%# (1 + ezAlomz(S7 T) + 0(64)> as e — 0,
() (n(e575))?

(2.108)

where the problem for the second term in the WKBJ expansion again depends on an unknown

function ®@g.
Though we omit the details here, the same approach can be used to identify the asymptotic

behaviour to the outer 1 problem as

PEOuﬂ(S7 T; 6 Nefai" _ Se*(‘i*é)f+

N[=

(n(c573))°

2 efé‘TA eBTS
<I>0< ¢ :]Ti, > ( >1 e 42T (1 + EAPYN(S, T + 0(64)) as € — 0,
In (eT'S) (ln (eBTS)) 2

(2.109)

where the governing equation for AQ“1(S,T) will be the same as for A9%2(S,T") but subject

to the relevant boundary conditions in the outer 1 region.

Inner Region

For the small volatility problem, we define an inner region through the scaling PTG =1+eS ,

S = 0O(1). Letting P,(S,T;€) = ePI"(8,T¢)
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gives the inner problem

. R apln N2 H2 pIn A g
S € (—00,00),T € (0,00 —2 = (1+€S £ — a4P" 2.110a
(~00,00), T € (0,0) o= (1468) S~ aP (2.1100)
subject to
. N N\ T
at T =0 PIn(5,0)= (=8) . (2.110b)
Posing a regular expansion in powers of ¢
ﬁf%&fx):eﬂfO%%&fj+d¥%§jﬂ+eﬁ¥%§j§+0&%) as € — 0,
(2.111)
gives the following subproblems: for POI "(§ , T)
. R opPIn 92 pin
S € (—00,00),T € (0,00) 0 - -0 (2.112a)
oT 052
subject to
. L NG
at 7' =0 PI"(S,0) = (—S) : (2.112b)
for PI"($,T)
R . Pln 2fpln . 2ﬁ)In
S € (—00,00),T € (0,00) 0 1 = 0 . 25‘9 90 (2.113a)
oT 052 052
subject to
at T =0 PI™($5,0) =0; (2.113b)
and for P{™(S,T)
. R p]n 2pln . 2p[n R ZPIn
S € (—00,00),T € (0,00) 0h" _O0°h +2Sa L +528 g (2.114a)

orT 052 052 052

subject to

atT =0 PI"(S,0)=0. (2.114b)
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As in the small-time case, though subject to a different spatial scaling, the problem (2.34a-
2.34b) has the similarity solution P{™(S,T) = \/?ho(g) where ( = —S_ and where ho(¢) is

/T
the solution to
ho + 2Chy — 2ho = 0, (2.115a)
subject to
as ( = 00 T2 ho(¢) — 0, (2.115b)
as ( = —oo ho(¢) ~ —2C. (2.115¢)
This has the general solution
ho(€) = 2Cp1¢ + Cosierfe((), (2.116)

where ierfc(¢) is given by (2.39) and Cy; and Cjg are arbitrary constants determined using the

asymptotic behaviour

2Cy1C+ O C_26_C2 as ( — oo,
ho(C) ~ ( ) . (2.117)
2(001 — COQ)C +0 (C_2€_< ) as ( — —o9,
which along with conditions (2.115b) and (2.115¢) leads to
Co1 =0, Coz =1 (2.118)

and therefore

ho(¢) = ——e=* — Cerfe(C) (2.119)

0 - ﬁ N :

The problem (2.113a-2.113b) has the similarity solution P{™(S,T") = Th1(¢) where hy(¢) is the

solution to

B, +2Ch, — 4hy = —4Chy, (2.120a)
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subject to

as ¢ — oo Thi(¢) =0, (2.120b)

as ¢ = —00 Thy(¢) — 0. (2.120c)
This has the general solution [1]

h1(¢) = C11(2¢ + 1) + 2Chai’erfe(C) + \fEeCQ, (2.121)

where i%erfc(¢) is given by (2.50) and Cj; and Cjo are arbitrary constants determined using

the asymptotic behaviour

Co1 (2§2 + 1) + O Ce_cz as ( — o0,
hn() ~ (<) 2 (2.122)
(011 + 012) (2(2 + 1) + O (Ceic ) as C — —00,
which, along with conditions (2.120b) and (2.120c), leads to
Ci1=C12=0 (2.123)

and therefore

ha(C) = e (2.124)

NG

The problem (2.114a-2.114b) has the similarity solution P{™(S,T") = T'2 hy(¢) where hy(() is

the solution to

hy 4 2Chy — 6hy = —4Ch, — 4¢%hy, (2.125a)

subject to
as ¢ — 0o T2 hy(C) — 0, (2.125b)
as ¢ — —00 T2 hy(¢) — 0. (2.125¢)
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This has the general solution [1]
2

1/ 3 3 e [,
ha(C) :C21§ (C + 24) + Caai”erfe(¢) + T (C -5t 12) (2.126)

where i®erfc(¢) is given by (2.57) and Cy; and Cyy are arbitrary constants which are determined

using the asymptotic behaviour

()~ ] O3 (E 3 +O (¢te=) as  — oo, o0
(Co1 — 022)% ((3 + %C) +0 (C4e_<2) as ( — —oo,
which, along with the conditions (2.125b) and (2.125¢), leads to
Cop = Cay =0 (2.128)
and therefore
ha(C) = 6\/;: <<4 - %2 + 112) : (2.129)

Hence we can write the small volatility inner series in terms of the inner variable S as

]31" S’ T = e\/7h0 <2\f> +2Thy (2\/>> —|—e3T2h2 <25%> —|—O(e4) as e — 0,

(2.130)
where
ho(¢) = %e—@ — Cerfe(0), (2.131a)
hi(¢) = %6‘427 (2.131b)
ha(¢) = 6\/: (C“ - %2 + 112) : (2.131c)

We note here that our choice of inner scaling (eBTS’ =1+ 65') differs from the equivalent
expression of Widdicks et al. [102] if dividends were included (S = e=PT 4+ ¢S). This results
in a series of problems which have simple similarity solutions which do not require numerical

schemes such as the Crank-Nicolson scheme used therein.
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Matching Region

For the purpose of matching, we define a matching region through the introduction of an
intermediate variable S such that ¢#7S = 1+ €S and S = €"~1S where 0 < n < 1. We define
the contribution of the inner series in the matching region as P!"(S,T;¢) = PI"(S,T;e).
Using (2.43) we can write the first three terms of the inner series in terms of the intermediate

variable S as

— g2
_2n-1) 82

_ n—13 1 e 7o (S, T ase— 0,58 >0,
eV'Thy <65> AV N (71) 52)~ ) ’ (2.132a)
2\/% _6715’4_%@_5 1T 1hy(S,T) ase— 0,5 <0,
where
< aen2TF o 12TF o 12073 o_s
(S, T) = 7" T " T T " T O(e"™°"), (2.132b)
and
N n—1g 1 2(n—1) §2 S’T%
Thy NG = Te_e i [ entt 5 as € — 0,
2vT &
(2.133)
n—1¢a & 4 s rs
ST 3 hy S = Le—e”"’”% gAn—1 5” o191 +€3Ti as € — 0
o0/T NG 1672 12 1
(2.134)

As with the small-time problem, the series order breaks down for n < 2 and is singular as

3
S—=0(S—1).
To find the outer expressions in terms of the intermediate variable we expand the terms of

(2.108) and we write the unknown function @ as a Taylor series

T T . T
Op| —————— | 2P "= | — (T +...) D, "= 5 € — 0, 2.135
O(ln(1+en5)> °<6 S) (¢ ) 0<6 5 " e (2.135)

which produces the leading order behaviour in the matching region for S>0

_ . 1 T n—2 g2 3n—2 53
POU(§ Ty m =B[22 e Te " T ase— 0 (2.136)
(e5)2
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and for S < 0

- ~ A s _ P 1 T 2n—2 52 3n—2 33
POUL(S T) me 0T — Ge=(@=AT {1~ _ | < |e Te W ase— 0.
‘ (eS)2 S

(2.137)

Matching the form of (2.136) and (2.137) with the leading order inner matching condition
from (2.132a-2.132b) identifies that matching of the exponential terms is only possible for

n > %, which is consistent with our observation from the inner series, and suggests the unknown
function ® has the form

2T 2 2T :
()2 (o) v

We can therefore rewrite (2.107) as

s (PT5)?

- N _ N 2632 (6 S)

AQu2(§ . T) = AQUN(S,T) = e &7 /. 2.139
o5 T) o (5. T) VT (In(ePT§))2 ( )

with the behaviour of A9%*2(S,T) and A9“!(S,T) for n € (2,1) given by

A9u2(§ Ty = A9u(G, T) ~ & (62”252 +63*“3§ +0(63)> as e — 0. (2.140)

- <1 _emeng 273 728 S 373
POut2(S T) e € 27 | 320 i 6'rL—i-l + 64n—1 S 63—71 _
‘ ’ VT 52 2 1672 S
+ 0(62”“)) ase—0 (2.141)
and for S < 0
- - A e _ A 1 2(n—1) 52 273 1728 S
POutl S,T ~ 0T _ S —(a—p)T - € a7 [ 32022 n+1 4n—1 _
OuL (G, 1) ~ e e e (eI e TSy e B

+ e Z + 0(62”+1)> as € — 0,

with the relative magnitude of the O(e*"~1) and O(e3~") terms dependent whether n is greater
or less than %.

A comparison of the outer (2.141-2.142) and inner (2.132a-2.132b,2.133-2.134) matching con-
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ditions reveals a term of O (6574’”) missing from the outer expressions. For n > % this term
dominates the O (63*”) term and therefore these singular terms cannot be matched without
finding the next term in the outer expansions, AQ41(S, T') and A9%2(§ T).

Using the behaviour of ® determined during matching at leading order (2.138), we can rewrite

problem for AP*2(S, T (2.103a-2.103c) as

_ . JAQu2 T _0a] OAQu2 6 1
Se( Te( —L_=-5(g-25—=|—% —
 (1,00), 7 € (0,00) =5 |5- 2552 | Llnws»z 4],
(2.143a)
subject to
as S — oo AQu2(5 T) — 0, (2.143b)
at T =0 APUL(S 0) = 0. (2.143c)

The problem (2.143a-2.143c) is a linear first order PDE which is amenable to the method of
characteristics, giving the solution
) 6 COut? (m (P 3) /T)

_ _ . 1
AQU2(S T = —T —— + - + -1, 2.144
rs ) (In (e#78))2 In (AT §) 4 (2.144)

for some arbitrary function CO%2 (eBT In(S)/ T) We note that the problem for AQut1(S, T')
yields the same solution as (2.144) up to an arbitrary function CP%*! (eBT In (5‘)/T>
We use (2.138) and (2.144) and the fact that AQ“(S,T) = AQ“2(5 T) to write the outer

expressions for S > 1 as

pOu(§ Fy v ZC 1

+ 0(64)> ase—0  (2.145)

and for S < 1 as

A o 3 _aT3 In (AT 5))
POUL(S, ) ~ e0T _ G (a=AT | E%ef(%% "
VT (In (AT §))2
6 ClOutl 1

+ 0(64)> ase— 0. (2.146)

<1 — T

(In (AT 5))2 T (AT S) "1
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In terms of the intermediate variable, the contribution in the matching region of AQ*(S, T)

and AQ“2(S,T), is

AlOutl — AlOth ~ e =

A5 ~3
1 _e2(n—1) 82 <_€54n 1272 n 3_n 372
™

+0(573m, eQ"H)) as € — 0.
(2.147)

We observe that this contributes the term required to match with the inner matching expression

Out2
1

(2.132b) while determination of the arbitrary functions C' and CP*! requires matching at

O(e573") in the intermediate variable which is dominated by the O(¢"~5") term in (2.132b)
which requires additional terms in the outer expansion to match and restricts the validity of
our matching expression to n € (%, %) As with the small-time case, the inability to match
the singular terms using a truncated series prohibits the formation of a non-singular uniform
expression.

We therefore define matching expressions for S > 0 as

. - 1 T
PpMateh2(§ iy o ="V SR8, 1) as € — 0 (2.148)
N3
and for S < 0 as
pMatchl (& —af _ g —(a—pF , 1 —20-DE o a4
P; (S,T)~e¢ Se + \/>e a7 (S, T) as € — 0, (2.149)
™
where
O(S,T) ~ 3720 21 - e”“T%S + 64"—1i — 1265—4”T% ase—0 (2.150)
| 5 2 1671 5 S

with the relative magnitude of the O(e**~!) and O(e’"~*) terms depending on whether n is

greater than or less than %. We note that the transformation used for the small volatility

problem has removed the term at O(e3~™) seen in the small-time problem.
For consistency, we define our final outer 1 and outer 2 expressions as
2¢3 e

o ety (mefto)’ .6
POUtZ(S, T) ~N——— 42T 1-— €2T%_ as e — 0 (2151)
¢ 7 (In (eATS))2 (In (eBT5))2
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and for S < 1 as

POUtL(S, T ~ e—6T _ Go—(a=B)T
263 e~oTT3 (ln(eéfé))Q 6

+ WWB_T (1 —€ T(ln(eﬁTS')P) ase— 0, (2.152)

which contain the terms successfully matched with the inner region.

Comparison with the Closed-Form Solution

We can verify that the WKBJ expansion has captured the correct behaviour by looking at the
asymptotic behaviour of the European option price in the inner and outer regions. We can

represent European put option price under our small-volatility scalings as

P.(S,7) = ef (erfc (\‘%) — (P S)erfe (%)) , (2.153)

where

di In (eBTS') VT

Fm T (2.154a)
j% _ lnz(ejg) _ “f. (2.154b)

In the outer regions, 71 f_> —ocoas €— 0, for §>1, and <4 f f—>ooase—>0 for S < 1.
Using (2.43) together with (2.153) we derive the small-time behaviour in the outer regions for
S>1as

2 -6 33 (meTs)

peOth(S_f7 T) e—T
VT (In (ePT5))2

(1_6

and for S < 1 as

_aT 33 I (BT 5))°
peOuﬂ(Sv’T) Se*(a [3)T+ 2 ﬁe_%x
V7 (1n (cT3))?
6 1 1

4
(ln(eBTg))Q + ln(eBTS) + 1 + O(e )> ase—0, (2.156)

(1 — T
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which we observe are consistent with the outer expansions, and further suggests that we expect
C{)utl — C{)th =1.

For the inner region, defined by ATS =1+ €S, we have

d1 5 € S’Q ~ 1 62 S

A [ E T+ =0, 2.157

NG 2T§+2(2T§+ >+6Té as € ( a)
do S el 82 .. e S

— ~ — — =12 —— —0 2.157b
V2 2Té+2<2T% >+6T% e ( )

and we use the Taylor expansions

i S\ (e a).es 5
erfc <\/1§> ~ erfc <2TA§> + (2 (2T; +T2> + 671 +) erfc’ <2T5> as e — 0, (2.158)
erfc 2 ~ erfc — 5

V2 27

to derive the inner behaviour

ase— 0, (2.159)

(I)>
ol
~_—
+
~/
N
~/
)

(I)>
e
|

q)
[N
~_—
+
o Mo
’ﬂ>
[V
+
S~
@
=
&
TN
)
| v
=

~ A1 PN §
Sin A Tz _32 e STz _s2
PI™(8,7) ~ (—Serfc < ) - —e 4T> - = e it 4+ O(eh) ase—0 (2.160)
) 2 \/> 2 ﬁ )

s

— and the results
272

which can be shown to be equivalent to (2.130) using the substitution ¢ =
(2.131a) and (2.131b).

The three term structure for the small-volatility problem is illustrated in Figure 2-3 and a
numerical comparison of the outer (2.145-2.146), inner (2.130) and matching (2.148-2.149) ex-
pressions with the closed-form solution (2.153) are given in Figure 2-4. As with the small-time
case, the Error graphs show that the inner expression goes to zero much faster than the closed-
form solution, whereas the outer expression captures the asymptotic behaviour in this limit.
We could also demonstrate that the assumption made by Widdicks et al. [102] and Firth et
al. [42] that the inner expansion for the European call option captures the correct outer region
behavior, does not hold in the out-of-the-money outer region TS < 1. The breakdown of the

outer expansion near S = e~ 7 is also seen.



CHAPTER 2. THE EUROPEAN OPTION PROBLEM 71
P(S,7)

Nl=

L O(T

— QT

., Outer 1 Inner Outer 2

Figure 2-3: A schematic showing the small-volatility asymptotic structure of the European
put option. The structure uses an O(+/7) inner region about €S = 1 in which the price
is O(y/7). For €7S < 1 an outer region exists in which the price can be represented by an
algebraic series in powers of 7. For ¢%7S > 1 an second outer region exists in which the
price is exponentially small and can be shown to have the leading order asymptotic behaviour
_ car 3oprad (m(eP79))?

P, ~ 2 LS)Z@*T_

VT (In(ef7S))

2.3 Large-Time Behaviour

The large-time behaviour for the European put option is non-trivial with the condition P.(S,7) —

— QT

e as S — 0, together with the convexity of the option price, indicating we should expect
exponentially small terms throughout the space domain. Further, in the perpetual limit the
European put option has zero value. This is obvious if we consider that maximum payoff of the
FEuropean put option is the strike, the discounted value of which is zero if it occurs at perpetuity.
Nonetheless, for large but finite times, the option will have a positive value and we may use

the approach of the previous section to identify the large-time asymptotic structure.

Introducing the artificial small parameter e into the non-dimensional European put option

problem (2.2a-2.2d) through the time scaling 7 = 522 where T' = O(1) gives the large-time
problem

- . 0P, _,0°P, ~OP, _

S € (0,00),T € (0,00) < =352 +BS—= —aP,, (2.161a)
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Figure 2-4: Comparison of the small-volatility behaviour of the Black-Scholes-Merton price for
the European put option, with the derived inner (2.130), outer (2.151-2.152) and matching
(2.148-2.149) expressions for a range of values of «, § and 7. The prices in Figures 2.4(a),2.4(c)

& 2.4(e) are scaled by the exponential factor exp ((ln (6575'))2 /47) and a change in the asymp-
totic behaviour of the Black-Scholes-Merton price from the inner expression to the outer expres-
sion for large S can be observed. The error plotted in Figures 2.4(b),2.4(d) & 2.4(f) is defined
as the difference between the value of the relevant expression and the Black-Scholes-Merton
price, expressed as a percentage of the Black-Scholes-Merton price.
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subject to

as S 0 (5, T) = e, (2.161b)

as S — 0o P.(5,T) — 0. (2.161c¢)

In comparison to the small-time problem, there seems little intuition over any regions involved
in the large-time solution. We know the solution approaches an exponentially small value in
the limiting case as the stock price approaches zero. We also require the problem to support
decaying solutions to satisfy the boundary condition as S — co. A transformation of the form

P.(5,T) = e_ae%fDe (X,T) where X =1In (e(ﬁ_l)e%g), gives the large-time problem

_ . oP, 9P,
Xe(- T € (0, Etall AL 2.162
€ (—00,00),T € (0,00) CoF T oxe ( a)
subject to
as X — —oco P.(X,T) =1, (2.162b)
as X — 0o P.(X,T) — 0. (2.162c)

We further define the variable ( = i?, and let IE’E(X , T) = h((, T ), which gives the problem
2/ T

. - Oh  O%h oh

¢ € (—00,0),T € (0,00) 4Tﬁ = acz + 2(8—4, (2.163a)

subject to
as ¢ = —00 h(¢,T) — 1, (2.163b)
as ¢ = oo h(¢, T) = 0. (2.163c)

We note that, to this point, no approximations have been made. The steady state solution to

(2.163a-2.163¢) is the similarity solution h(¢,T) = hs(¢) where

- 0%h, Ohs
¢ € (—00,00),T € (0,00) e +2¢ o =

0, (2.164a)
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subject to

as ( = —o0 hs(¢) — 1, (2.164b)

as ( — oo hs(¢) — 0, (2.164c¢)
which has the solution

ha(C) = %erfc((). (2.165)

We can therefore write the large-time behaviour of European option price in terms ( as

P.(5,T) = P.(¢,T;€) where
PG, T50) = 3¢ " Fenfe(() (2.166)

Comparison with the Closed-Form Solution

We again have reference to the closed-form solution to the European put option to validate our
expression. In non-dimensional variables, the large-time European put option price in terms of

the complementary error function is

P.(5,T;e) = %e_ % [erfc (j%) _ SeF erfc (%)} ) (2.167a)
where
ﬂ_l eln(g) 1A§)
53 ( S (BT, (2.167h)
JQ _1 611’1(7) 71A%

Making the substitution X = In (6(5_1)5%5'> and rearranging (2.88a,2.88b) gives

622 be 12 Cil
lerfc (\/§> —e“eZerfe (\/§>1 , (2.1684a)

2
3

P.(X,T;e) =

DN | =
a
a
[V
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where

72 = QTﬁ + Eilffé, (2168b)
2
A2 GX
Finally we let ¢ = ;T)i to give
2
5 ~ 1 _ar 2 1iE L —1l
P.(¢,Tse) = ¢ < |erfc (¢) —e e<Zerfc (C+ € T2) . (2.169)

Using the asymptotic behaviour of the complementary error function given in (2.43), we can
see for —oo < ¢ < —O(e™!) that erfe(¢) and erfc (C + e_lfé) are both O(1), but the term

—14
eQCe T

o

2o s exponentially small and therefore the first term dominates. For 0 < ( <
Cial 7 N

O(e™1) erfe(¢) remains O(1) and the product e2¢¢ T2 ¢ erfe <C+ eilT%> is exponentially

small, so again the first term dominates. For ¢ = O(e™!), both erfc(¢) and erfc (C + e’lfé)

are exponentially small, giving the leading order behaviour

B¢, Tse) Lere® (1 1 for e = 0,¢> 0 (2.170)
JT5€) ~ —e « -, or € , . .
¢ 2 \/771' C C + G*IT%

As¢(— O (6_1) it is clear that we can no longer ignore the second term and the rate at which
the expression approaches infinity is modified in this far-field region. We therefore have the

leading order behaviour of the large-time European put option as € — 0

%e_aegerfc (©), for ¢ < O(e™1),
B¢ Tre) v 1e-F e thd — 0O (! 2.171
(C) ’6) 26 Nz C(C‘l’ﬁ*lf%)? fOI‘ g O (6 )a ( )
1~ & e l7d for ¢ > O(e™!)
2¢ T E T :

Comparison with (2.165) indicates that our large-time asymptotic expression breaks down when
¢ = O(e 1) and that a modification is required in the far-field which changes the rate at which
the solution approaches zero. Furthermore, we may no longer expect the solution to be self-
similar in this region.

In the far field, h(¢) has the asymptotic behaviour

e (1
hs(¢) ~ N <<+...>, as ¢ — oo (2.172)
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we therefore look for the far-field behaviour h(¢,T) = h(¢,T) to have the form

e 1) = = (a0(0) — s (¢.1)) (2173)
where ag is the solution to
@ - QC@ —2ap =0, (2.174)
d¢? d¢
which yields
1 1
aowzfﬁ+... as ¢ — 00 (2.175)
and a; is the solution to
%1‘_121 - 2(%‘21 — a1 = 4Tg‘;j. (2.176)

We expect the location of the far-field to occur for increasingly large S as we approach perpetuity.

We therefore look for a transition region, in which the leading order is modified, through the

scaling I' = ¢ + J;((I:)) where §(e) < 1 and f(7') is a function to be determined which provides

the location of the transition region. Letting a1(¢,T) = a1 (") gives the expression

32a1 8@1 . 2 ~ 6f aal

which has non-trivial solutions for

L or_ 1 (2.178)
f(TyoT 2T
or
f(T)=CT3, (2.179)

for some arbitrary constant C, with the scaling of f(T") allowing us to specify §(e) = e. The
governing equation for a1 (I') is now the same as for ag(¢) and we therefore expect it to have

the solution

1 1

S 2.180
T ors ' ( )

ay ~
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and therefore in the transition region

B(C,T)\/2%642(<222:,)+...)G2;+...)>, (2.181)

or to leading order, in terms of ¢

e e (11
e~ 2 (- ) (2:152)

and therefore the leading order expression has the behaviour

%e_&%, for ¢ < e,
i?, ,T ~ 16742 76671’1%% —, for ¢ = O(e ! , 2.183
()~ § Fee® L for (= O ) (2.18)
s i1
%6_42 Ce ClQT2 , for ¢ > €71,

which gives the large-time asymptotic structure of the European put option problem in terms

of our non-dimensional time variable 7 and similarity variable

g€ Terfe (), for ¢ < O(V/7),

p ~ —QaT 6742 CyT _

PeGm) ~ { jemom e s, for (= 0(V7), (2.184)
lemome ST, for ¢ > O(\/7).

We note that this expression captures the required behaviour in the far-field seen in (2.171)
providing C' = 1.

A natural question is whether we could have predicted the existence of this far-field behaviour
without recourse to the closed-form expression. A clue to the answer lies in the form of the
solution in the far-field for ¢ > O(+/7), which we observe has the same form as the asymptotic
behaviour of the solution to the leading order small-time inner problem (2.63a). The far-field
behaviour in the large-time problem is the remnant effect of the smoothing of the option payoff
near expiry and this is the only way in which information from the small-time solution enters
the large-time problem.

A comparison of the large-time approximation with the Black-Scholes-Merton price is shown
in Figure 2-5. We observe that the approximation is indistinguishable from the closed-form
solution for surprisingly small values of 7 and even for 7 = 5 the approximation is reasonably
accurate. The existence of the transition region for large ¢ is shown in Figure 2-6. We observe

that the transition expression in (2.183) captures the correct asymptotic behaviour of the closed-
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form solution (2.169) for large (.
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Figure 2-5: Comparison of the large-time behaviour of the Black-Scholes-Merton price for the
European put option (2.167a) with the similarity solution (2.165) for a range of values of 7 and

— 10
for o = 9 -
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l —
European Option Price
Similarity Solution
0.9r- Transition Expression

Scaled Price

Figure 2-6: Comparison of the large-time behaviour of the Black-Scholes-Merton price for
the European put option (2.167a) with the similarity solution (2.165) and transition region
expression (2.182) for large values of the similarity variable ¢ (= In(e”75)/2y/7) and for the
parameters 7 = 25, o = %. Due to the exponentially small magnitude of the terms involved,
prices have been scaled by the exponential factor \/77642. We observe a change in the asymptotic
behaviour of the Black-Scholes-Merton price from the similarity solution to the transition region
expression, beginning at ¢ = O(72).



Chapter 3

The American Option Problem

Using the framework developed in Chapter 2, we now investigate the asymptotic behaviour of
the American put option problem for small and large times to expiry. Several authors have
investigated the small-time behaviour of the optimal exercise boundary of the American put
option [6, 7, 30, 51, 73, 75, 76, 97], using a variety of techniques, but only Evans et al. [41] look
at all possible configurations of the risk-free rate and dividend yield. The large-time behaviour
has been discussed by Knessl [73], but not derived explicitly.

We move on to extend an analytic approximation developed to MacMillan [79] and Barone-
Adesi & Whaley [10] by posing the problem as a leading order term in a homotopic series, an
approach used recently by Zhu [106] in relation to the full American option problem. This
generalises the work of other authors such as Ju & Zhong [69] in looking for correction terms
to the MBAW approximation.

Non-dimensionalising the problem (1.22a-1.22f) using the same scalings used in Chapter 2 (2.1),
but with the addition of a non-dimensional American option price P, (S, 7) and optimal exercise

boundary S*(7) defined through the scalings
S*(t) = KS*(1), P,(S,t) = KP,(S,1), (3.1)

gives the non-dimensional American put option problem

_ oP,

.
§ € (§%(r),00),7 € (0,T) _ 529

or 052 S

08

+ BS aP,, (3.2a)

80
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subject to

as S — o0 (S, 7) — 0, (3.2b)
at =0 P.(5,0) = max (1 - S,0), (3.2¢)
5*(0) = min (a/ (o — ), 1), (3.2d)
at S = S*(7) P, (5%, 7)=(1-5%), (3.2¢)
oP,
55 |, = ! (3.2f)

We note that we may also choose to transform the problem into one with constant coefficients
through the use of the transformation X = In (9), or alternatively transform the problem on a

fixed semi-infinite domain using a Landau transformation of the form X = In (5/8*(7)).

3.1 Small-Time Behaviour

The small-time asymptotic behaviour of the American option has been studied by a number
of authors, in particular Evans et al. [41] who derive the behaviour in the cases 8 < 0, 8 =0
and 8 > 0 in the presence of dividends using both matched asymptotic expansions and via the
use of integral equations. Also of interest is the work of Knessl who looks at the behaviour in
various parameter limits of the American put in the absence of dividends [73] and the American
call in the presence of dividends [74]. Here we pose the small-time American option problem as
an extension to our work on the European put option in Chapter 2 which allows us to capture
the WKBJ terms in the relevant region. As much of this work is covered in previous papers,
though using different formulations of the problem, we omit some of the detail in the small-time
work.

Using the non-dimensional parameters given in (3.1) and introducing an artificially small pa-
rameter e through the time scaling 7 = €27, where T = O(1), gives the small-time problem

5 e 1OP, _ 0P | 5P,

S e (5*(T),0),T € (0,T) +BS—2 - aP,, (3.3a)
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subject to

as S — oo P,(8,T) = 0, (3.3b)
atT =0 P,(8,0) = max (1 - S,0), (3.3¢)
5*(0) = min (a/(a — ), 1), (3.3d)
at S = 5*(7) P, (ST) = (1-5, (3.3¢)
0P,
5 .. = -1 (3.3f)

The addition of the optimal exercise boundary does not affect the inner (2.32a-2.32b) or outer
2 (2.13a-2.13c) problems derived for the European put option and therefore, for all values of
B, an outer 2 region exists for S > 1 in which the American put option has the leading order

small-time behaviour

Pfut2(517 ) ~ e 42T as € — 0. (3.4)

This has potential relevance in relation to numerical routines for American-style options, which
are typically performed on a truncated domain and required the specification of some behaviour
at the truncated boundary.

Also in common with the small-time European put option problem, an inner region exists for

S —1 = O(e) in terms of a similarity variable ¢ = (23;1%) - which can be written as an expansion
of the form
PG T) = eT3ho (Q) +€Thi () + ET5ha (O + O(e")  ase—0,  (35)
where
hol) = =" = Certe(0). (3.64)
() = %e‘@ ~ gerfc@), (3.6b)
ha(¢) = o ¢t - 1(1 +308)¢% + ! BB—-1) - ) - (a — B)ierfe(() (3.6¢)
SN 3 4 3 ' ‘

The region structure for S < 1 depends on the value of the non-dimensional cost of carry 3,

which determines the initial position of the optimal exercise boundary as shown in Chapter 1.
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Additional Regions (5 > 0)

Other authors have observed that the optimal exercise boundary for the case § > 0 is outside
the inner region for small times. In order to apply the boundary conditions, we look in a small

region about the boundary, which we call the boundary inner region, through the scaling

S = 5*(T) +61(e)S (3.7)
and we pose the boundary expansion in the boundary inner region
S*(T) =1+ 80(€)S*(T) + 0 (8o (€)), (3.8)

where 8, d; < 1 are to be determined and S, $*(T) = O(1). We note that knowledge that the
boundary lies outside of the inner region requires dg > .
The boundary inner problem, P,(S,T) = PB™"(S,T) becomes

. A 1 [oBP™ 6, dS* OPP™

1 QPBIn
S € (0,00),T € (0,7) 2 1 O°F,

=(1+ 605 (1) + 0,.8)

e gr 6 dl 08 02 082
. R . 16PBIn
+ B+ 005*(T) 4+ 615) — ——
B+ 005"(T) + 61 )51 Y
— aPBn, (3.9a)
subject to
at § =0 pBIn (OT) — 5,87, (3.9b)
PBIn
9 2 = —51. (390)
95 ls=o

The leading order balance in the governing equation (3.9a) determines §od; = € and, along with
8o > €, gives the restriction €2 < §; < e. Combined with the boundary conditions (3.9b-3.9¢),
this suggests a boundary inner expansion of the form

62

51 (6)

PBIN(G Te) = BB (S T) + 6,(e) PPI™(8,T) 4 05(e) PPI™ (S, T) + 0(63) (3.10)

where d9 < 01, which gives a series of subproblems with the first two solutions

PPI™(S,T) = =5, (3.11)

PPI™(S,T) = =8, (3.12)
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while the next non-zero problem for 3 > 0 occurs when §; = §7 < €2 and the solution to the

subproblem is

PPI(S.T) =B (%‘?)1 (s - (%ST )1 (1 _ e 5F S)) . (3.13)

From our work on the small-time European problem in Chapter 2, the asymptotic behaviour

of the inner expression as € — 0 for S < 1 is

PI(S,T) ~1 =8 — BT + (o — B)T(S — 1) + O(eh)

1 ST: -2
+ ﬁme 4e2T as € — 0. (314)

Writing (3.14) in terms of the boundary inner variable S and the scaled optimal exercise bound-

ary correction term S* gives

2 4
B8, T) ~ — ;—S — 618 — BT + ;—T(a — B)S* + 0(6:¢%)
1 1

~ 2 5 =\ 2
9 62 7% _(55+9)
— -2 72267 T as € — 0. (3.15)

+ =1
Vi e (5°)
The first two terms in (3.18) match with the first two terms in the boundary inner series (3.11-
3.12), however we have identified that there are no further terms in the boundary inner larger
than O(6%), where we have previously determined that €2 < §; < e. We therefore require
terms in (3.18) larger than O(e*) to cancel, which determines that
2 52 7% _(8stns)

e AT =BT as € = 0, (3.16)

V€ (5%)

=L — 00 as € — 0 we find the dominant behaviour

and by taking logs and using

505™(T) ~ —\/—462T1n (2y/7BeT'2) as € — 0. (3.17)

For B = 0 the third term in the boundary inner series occurs at O(d1€?) while the inner series
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in the boundary inner variables is

2 4
PI"(§,T) ~ — 2—15 — 58+ ;TTQS* +O(5,e%)

2 52 7t _(§5ras)
+ =L e wrr as € — 0. (3.18)
\/77- € (S*)2

Comparison of terms in this case requires

- 2 4 =) 2
2 52 7% (55 0) i
NG L @ 2)26_ T = —;—TaS* ase—0 (3.19)
T € * 1

and again taking logs and using 1T

— 00 as € — 0 gives the dominant behaviour

505 (T) ~ f\/ —4€2T In (4/7e?T) as € — 0. (3.20)
The structure of the problems for § > 0 is shown in Figure 3-1.

Additional Regions (5 < 0)

For 8 < 0 the starting point of the optimal exercise boundary is S*(0) = Oéafﬁ and we expect
an outer 1 region which bridges from the inner region to a region near the boundary. Posing

an expansion in powers of €2
PO, Ty e) = POUL(S, T) + 2POL(S, T) + ¢ PO1(S, T) + O(c), (3.21)
gives a series of problems with solutions

POUYS TY=1-5, (3.22)
PP(S,T) = [(a«— B)S — a] T, (3.23)
T2

PP(S,T) = [0® — (a = 8)*S] 5

(3.24)
We note that }500 utl(g, T) is the intrinsic value of the American option in the outer 1 region
obtainable via early exercise, while the first correction term PPu*!(S, T) is positive for the case
B < 0 provided S > %_/8 which is consistent with the definition of the outer 1 region.

Though we could investigate the existence of WKBJ terms in a similar vein to our work on the

European problem, these would be dominated by the algebraic terms in the outer 1 region and
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P,(S,7)
- A
P,=1 .
O(72)
-
Inneré Outer
Boundary

Inner

or})

Figure 3-1: A schematic showing the small-time asymptotic structure of the American put
option for B > 0. The asymptotic structure uses an O(,/7) inner layer about S = 1 in which
the price is O(1/7). The optimal exercise boundary lies at O(y/7In (7)) from the initial starting
point, S*(0) = 1, which is outside of the inner region. For S > 1 a second outer region exists in
which the price is exponentially small 2and can be shown to have the leading order asymptotic
2e T 7%5'1;7[1 _(n(s)”

behaviour P, ~ NG (n (g))Q e

are not required for the determination of the leading order behaviour of the optimal exercise
boundary. Since we do not perform the same matching exercise as in Chapter 2, we omit the
WKBJ terms in this region.

To apply the boundary conditions, we consider a boundary inner region local to the initial
location of the optimal exercise boundary S*(0), via the introduction of a boundary inner

variable $ such that PB"(S 1) = P(S,T) with the scalings

§=5%0) (1+€S), (3.25)

5*(1) = §*(0) (1 + eS*(T)) : (3.26)
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which leads to the problem

. . R . apB[n . 82VBIn .
S e (8*(T),00),T € (0,T) ;T =(1+€S)? ag +eB(1 +€S)

2

subject to
at § = $* pBIn (ST) =1 5°(0) — e5*(0)5™,
pBIn
e i
4SS | g
as S — 00 PBIn (S’,T) ~1—5%0) — eS*(0)S + €alT,

pBIn

87

_ 2o pBIn

(3.27a)

(3.27D)
(3.27¢)

(3.27d)

where the matching condition (3.27d) is derived by writing the terms outer 1 expressions (3.22-

3.24) in terms of the boundary inner variable S.

Posing an expansion in powers of €

PBIN(S, Tie) = BPI™(S,T) + ePPI™(S,T) + PP (8,T) + & PPI"(S,T) + O(h),

gives a series of subproblems with trivial solutions for the first three terms

while PPT"($,T) is the solution to

PBIn 2 pBIn
§ e (§(1),00), T € (0,T) oy " _ 9

or 082
subject to
at § = $* pBIn (S‘*, T) —0,
pBIn
8P3V ~0,
a8

as § — 0o pBm (s T) ~ aST.

+ a8

)

(3.28)

(3.29)
(3.30)

(3.31)

(3.32a)

(3.32b)

(3.32¢)

(3.32d)
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The problem (3.32a-3.32d) has the similarity solution

¢

Bl .3
PPI™ = T2 1hy(¢), ¢= 7T (3.33)
where
5 1[5 3¢ 5 .3
hs(C) = C3O§ ¢+ 5 )t Cai’erfe(¢) + 2a¢ (3.34)
and conditions (3.32b) and (3.32d) require
. - 2a(*
Cs0 =0, Cy1 = —5—"—, 3.35
30 31 PBerfo(C?) ( )
where (* = ;, and condition (3.32¢) leads to the transcendental expression for ¢*
20 — 1 = 2/ (¢*)?el< ) erfe(¢*), (3.36)

which has the numerical solution (* = —0.45172.

The small-time asymptotic behaviour of the optimal exercise boundary for 8 < 0 is therefore

(1 - 0.903446T%) as € — 0. (3.37)

The structure of the problem for § < 0 is shown in Figure 3-2.

Summary of Results

The small-time asymptotics of the American option problem are derived in scaled variables in
(3.17), (3.20) & (3.37) and are summarised below using the non-dimensional variables (3.1) as

7T—0

1-— \/747' In (2/7B7%) for 8 >0,
S*(1) ~ 91— /=47 In (4y/7(a — B)T) for =0, (3.38)

e (1 - 0.9034475) for 8 < 0,

which are consistent with the work of previous authors.
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=

57(0)

Figure 3-2: A schematic showing the small-time asymptotic structure of the American put
option for B < 0. The asymptotic structure uses an O(,/7) inner layer about S = 1 in which
the price is O(y/7). The optimal exercise boundary lies at O(y/7) from the initial starting
point, S*(0) = =25 For S < 1 an outer region exists which bridges from the inner region to a
region O(4/7) about the boundary, in which the price can be represented as an algebraic series

in powers of 7. For § > 1 a second outer region exists in which the price is exponentially small
. . . = —ar 35158 (n(8)?

and can be shown to have the leading order asymptotic behaviour P, ~ 2e\f T25 2 e ur

T (In(9))

3.2 Large-Time Behaviour

Unlike the European option problem, the steady-state solution to the American option is non-
trivial, and is identified by Merton [84] as one of the situations in which American options
have a closed-form solution. To our knowledge, the asymptotic behaviour of the American put
option problem in the approach to perpetuity is not derived in the literature, though Knessl
[73] does show that the difference between the large-time optimal exercise boundary and the

perpetual boundary is at least exponentially small.
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3.2.1 The Perpetual American Put Option

The perpetual American put option problem is the steady-state solution to the problem (3.2a-
3.2f), or

Q2P 9P

Q Q* Q2 a DO __

S e (S%,00) S 552 +8S 55 aP* =0, (3.39a)
subject to
as S — oo P>(S) — 0, (3.39Db)
at S =S, P (S*)=(1-5%), (3.39¢)
opP>

a =—1. 3.39d
0S8 |g- ( )

The large S condition (3.39b) requires the decaying solution to the ODE (3.39a)
P>(8) = AFSM (3.40)

where
~(8-1) - /(B-1’ T4a

A% =
— 2 )

(3.41)

while the early exercise conditions (3.39¢) and (3.39d) can be used to find the expressions for

A and the perpetual optimal exercise boundary S*,

- 1-S%
_ A
St = 5% (3.43)

which leads to the non-dimensional price for a perpetual American option

P(8) = (1-52) ( Si )Am. (3.44)

No-arbitrage requires that P, (S) forms an upper bound on P, (3, T), while 5%, forms a lower

bound on S*(7).
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3.2.2 Perturbative Behaviour to the Perpetual Problem

To investigate the perturbative behaviour to the steady-state solution, we introduce the small

parameter 0 < €2 < 1 through the time scaling
(3.45)

where T = O(1). Using the spatial transformation X = In(S) and defining P,(S,7) =
P, (X, T), leads to the large-time problem

\ ,0P, 0%P, op,

X € (In(S*(T)),00),T € (0,00) € 07 oxe +(B-1) 3% aP,, (3.46a)
subject to
as X — 0o B, (XT) 0, (3.46b)
at X = In (5*(T)) P, (m (S*(T)), T) =1-5%(D), (3.46c¢)
oP, o
9a — —5*(T). (3.46d)
0X In (5*(T))

Under X, the perpetual option solution (3.44-3.43) is P>°(S,T) = P>°(X,T) where
PR(X) = (1-52) = (X-mn(52), (3.47)

Outer Region

In the outer region, which we define by X —1In(5*) = O(1) and B,(X,T) = PO“(X,T;e), a
regular expansion in powers of ¢ fails to capture the perturbative behaviour to the perpetual
problem, which is consistent with the findings of Knessl [73]. Instead we consider a WKBJ

expansion of the form

PO(X Tie) = Poo(X) + P(?“t()_()efg +o (67 AQT) as € — 0, (3.48a)
S*(T) = 5% + 56‘6_% +o0 (e_ AQT) as € — 0, (3.48b)

with the form of the controlling factor obvious from (3.46a). Expanding the boundary conditions

about the perpetual option price and optimal exercise boundary gives the problem for the
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correction terms (Po, Sy )

2 pOut
. 0 P9

_ - _ _ _ pOut _
X € (In(S%),00),T € (0,00) axz T+ (B-1) 0% (a—\) P§ 0, (3.49a)
subject to
as X — 00 Bout (X) =0, (3.49b)
at X = In (S%) PP (In(S%)) = 0, (3.49¢)
opg™ .
_ = (\® —1)5;. (3.494)
0X In (5’;0) 0

The form of the solution to the ODE (3.49a) depends on the magnitude of A, which determines
the nature of the roots of the characteristic equation. The boundary conditions, together with
the restriction that the correction term should be strictly negative, suggest we look for the

repeated root solution given by

(B-1)

A=
4

+a, (3.50)
which leads to

PO™(X) = (A® — 1)§ge~ 7 (X (S2) (X —1n(5%)). (3.51)
Thus we have the large-time behaviour in the outer region

paom,()ajﬂ) ~ (1 - S;o) e/\‘i"()’(—ln(é;))

2T B—1

+ (A —1)Sge T T (XMED) (X —In(52)) ase—0,  (3.52)

where the value of Sj is determined by matching back to the optimal exercise boundary at
earlier times, with the constraint S§ > 0 required as the steady-state boundary forms a lower
bound on the finite time boundary. This implies (A> — 1)Sg < 0, which is consistent with the
requirement that the perpetual option price is an upper bound on the finite time price.

We highlight two areas of concern in relation to the expression derived in (3.52). The first is
that it only satisfies the large-X condition (3.49b) for 3 > 1. Secondly, the restriction that
the option price must be strictly positive indicates our expansion breaks down if the correction
term is of comparable magnitude to the perpetual option prices. We therefore look to see if

a region containing such behaviour exists, and whether a modification of the problem in this
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region leads to a solution which satisfies (3.49b).

Transition Region

To identify whether the correction term can become of similar magnitude to the perpetual
option price we look for some value Z (T) = X — In(S%) which satisfies the transcendental

expression
M Z(T) _ _kﬁoe_%ﬁZ(T) as e — 0, (3.53)

with k£ as yet undetermined, but restricted to k£ > 1 in order that 15,10“’5 (Z(T),T) is positive,

and where

B—1
2 k)

Sg= (> —1)25;. (3.55)

Ao = AT + (3.54)

Noting that Ao < 0, the location of Z(T') has the asymptotic behaviour
_ o AT 1 Vi €2 T 1\\2
2T ~— S+ —In|kSj—— | - ——=In kS5 | +O0 ' (In| 5 0.
( ) /\062+/\0 D( 0)\062> AT n( 0)\062>+ <6 <n<62>> ) we
(3.56)

Locally to Z(T') the expansions (3.48a) and (3.48b) break down and we look for a transition
region by introducing the small parameter 0 < §(¢) < 1 and transition region variable Y

through the scaling
X —In(S%)=Z(T)+6(e)Y, (3.57)

where Y = O(1).

In terms of the transition region variable, the outer expression is

N B-1
- AT ~\ T 2xo 2 2~
Sout ;o o\ 5% S (e AT 0 B M\ e e AT
POY(Y [ Te) “30= D¢ (kSO/\OGZ k=D (%)= k-0 kSO—)\()eQ

+A (k)\io + %) YT (g) +0 <e2 <1n (;)>2> ] as € — 0, (3.58)

where the constraint k > 1 ensures that the price is positive in the transition region. We note
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that the first two terms in the series for Z (T), together with the restriction on k, are required
to produce a positive price in the transition region. This suggests a transition region expression

with the form

g AN T )\T T 2Xo
D (Y T 0 - * pTran (N,
P.(X,T) _)\o()\‘io — 1)6 Xo<2 <kSO )\0€2> P, "™(Y,T;e) ase—0, (3.59)
which, noting that
0z A 1 1 € o AT
e~ — 4+ ———In[kS; = | +O(?) ase—0, 3.60
oT M€ NT Ao NT? ( 0 /\062> (<) (3.60)

gives the transition region problem

B R PTran 1 QPTran 1 -1 pTran
Y € (—00,00),T € (0,00) 628 o _19Fh ((62 )—/\OO+O(€2)>8 =

of 02 ov? 3 5%
-1 2 y
_b-1 (AOO - €A> pTran, (3.61a)
2 XoT
subject to
Y = —o00 pTran  pOut, (3.61b)
Expression (3.58) suggests PT7%"(Y T';€) has the form
pTran (N, T 1 pTran (N, T Qo )‘T pTran (N, g pTrans (N
PTran(y Tie) =— BIran(V, ) + In | k8x 2o | PTren(y, 7y + ( 2 ) BI7ens (v, 1)
€2 Ao€2 €2

+0 <e2 <ln <€12>>2> as € — 0, (3.62)

which leads to subproblems with solutions

BITan(y T) = (k — 1)AT, (3.63a)
PIran(y T) = —(k — 1)A°, (3.63D)
. N —1\ - ~

Plran(y T) =\ (k)\” + ﬁ2> YT, (3.63c)

where the solution to the problem for PQT Tans requires § < €.
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Far-Field

To complete the structure, we look for a far-field region beyond the transition region, defined
through the scaling X — X* = Z(T') + Ya, where Y5 = O(1), in which the price approaches zero
as Yo — 0o. Motivated by the transition region expression, we write the far-field expression in
the form

B—1

__ S B A ¥/ A WU .
Py(X,T) =0 %0 <k5*) PFar(Yy, Tie)  ase— 0, (3.64)
for some general series in €, which gives the far-field problem

Y, € (O,oo),Te (0, 0)

pFar QF)F(LT‘ -1 If)Far
200" O, ((52 )—A°°+O(62)) oF,

T Y3 - Y,
-1 2 .
_b-1 ()\OO - ﬂ) prar, (3.65a)
2 XoT
subject to
s — oo prar (YQ,T) 0. (3.65b)

The leading-order terms in the transition region expression suggest posing the series

L 1 omp o DV A W 1
PFor(Yy, Tye) = Py (Y2,T) + In (kS{)“Q)Pf“’(YQ,T)—&-O(ten <2>) as € — 0,
€ o€ €

(3.66)
which leads to the following subproblems: for PF" (Y,,T)
B . 62]5Far (,B _ 1) 8P~)Far B—1 B
Y2 € (0 Te( 2 AT ) =L - AP =0
26(,00), 6(,00) avaQ +< 2 —) 81/2 2 —10 )
(3.67a)

subject to

¥ — 00 BFar (YQ,T) -0 (3.67b)
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and for PFor (Yy,T)

- . 32]51FM (B-1) 8151FM g—1 ~
Y. T B _\o© L _ T \ocopFar _
5 € (0,00),T € (0,00) o2 + < 5 )\_) oY, 5 AP 0,
(3.68a)
subject to
V3 = 00 prar (YQ,T) 0. (3.68b)
These problems have the general solutions
p{ar(z’ T) _ CFar( ) ——Yg + (CFar( ) CFaT(T)) e)\‘fffz’ (3693)
plFar(f/Z’T) _ CFar( ) ——Yg + (CFar( ) C«Far( )) e)\iCYQ’ (369b)

for undetermined coefficients C&*", Cher, Clor CHer. The large Ya conditions (3.67b), (3.68b)

do not specify any constraint on the coefficients for 8 > 1, however for 8 < 1 we have
Cliar (1) = CFem(T) = 0. (3.70)

The remaining coefficients are determined by matching back to the transition region, which we
do by writing Y5 = §Y in the far-field expression, that is PFo"(Y,,T) = PFo (Y, T) where for
g>1

PP (Y Te) = (cf ar (chFW CFW) Y+ )
+1n (k:SO ;T2> (Gl +6 (A=Chm =X Clm) ¥ +..) +0 (612 In (62))
(3.71)
and for § < 1

PFar(y 1) = (CF‘“" L oARCEay 4 )

AT — 1
+In <k53>\>:)62> (Chem +ox=Clery +..) +0 <e2 In (€2>) . (372
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Matching (3.71) with (3.58) for 8 > 1 occurs for any 0 < § < € with

CEar(T) = (k — 1)AT, (3.73a)
Clar(T) = —\T, (3.73b)
CEam(T) = —(k — 1)A>, (3.73¢)

while the matching of CF (T ) requires additional terms in the transition region expansions,

but can be shown to be CTe" (1) = A,

Matching (3.72) with (3.58) for 5 < 1 only occurs for exponentially small § with

CEar(T) = (k — 1)AT, (3.74a)
clam (1) =0, (3.74b)
Chom(T) = —(k — )X, (3.74c)

while the matching of Cf¢"(T') requires additional terms in the transition region expansions,
but can be shown to be Cf#"(T) = 0.

Specification of the parameter k, which translates the location of the transition region, is
determined by the behaviour of the option price as it approaches from an earlier time.

The large-time asymptotic structure of the American put option problem is shown in Figure 3-3,
while a comparison of the large-time asymptotic expressions for the optimal exercise boundary

with the benchmark MOL numerics are shown in Figure 3-4.

3.3 An Analytic Approximation for the American Put Op-
tion

Having derived the small- and large-time asymptotic behaviour of the American put option we
now look to bridge the gap to include intermediate cases. Our starting point is the uniformly
valid approximation to the full American option problem derived by MacMillan [79] in the
absence of dividends, which was extended to include a general cost-of-carry by Barone-Adesi
& Whaley [10]. We shall call this approach the MBAW approximation, with the associated
boundary and price approximations termed the MBAW boundary and MBAW price.

Attempts have previously been made to extend this work by looking for correction terms to the
MBAW boundary or price, notably Ju & Zhong [69]. As yet no attempt has been made to look
for series solutions to both the price and the boundary using the MBAW boundary and price as
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Py(X,7)
A
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In (S%,) In (S*) ln(S;o)JI;Z('r)

Figure 3-3: A schematic showing the large-time asymptotic structure of the American put
option. The asymptotic structure has an outer expression which is valid up to X —In (S%)) =
O(7), where a transition region is required to match into a decaying solution in the far-field. In
order to match with the far-field expression, the width of the transition region is determined to
be o(y/7) for 8 > 1 and is at least exponentially small in the case 3 < 1. The perturbative terms
to the perpetual option price and optimal exercise boundary are both exponentially small.

a basis, and this is the aim of the work in this section. To derive the subproblems for the terms
in our series, we utilise an approach used by Zhu [106] in developing what he terms a closed-
form solution to the American put option problem, but in practice is an infinite series which
requires truncation to be determined numerically. We first decompose the American put option
price into the equivalent European option price plus a premium which reflects the value of the
holder’s right to exercise early, as discussed in Chapter 1. Using the same time transformation
and assuming the same form for the premium as that used in the MBAW approximation, we
pose the premium as a homotopic series in an artificial parameter p, with the MBAW problem
corresponding to the case p — 0, and the full American option premium problem corresponding

to the case p — 1.

3.3.1 The American Option Premium

The difference between the European and American put option price can be thought of as a

premium a holder is prepared to pay for the right to exercise early and receive the intrinsic value.
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Figure 3-4: The large-time asymptotic behavior of the optimal exercise boundary of the Amer-
ican put option obtained from (3.48b). The constant S§ is determined by matching back into
the optimal exercise boundary at 7 = O(1).

Since the European option forms a lower bound on the American option price, the premium is
always positive for 7 > 0. Mathematically, because both the European and American option
prices satisfy the Black-Scholes-Merton PDE in the unexercised region, the American option
premium must also satisfy the same PDE, though subject to different boundary conditions.
This result is adopted in the body of work looking at approximations to the PDE [10, 69, 79]
and also in the integral formulation of this decomposition developed by Kim [72], Jacka [65]
and Carr et al. [28].

We define the non-dimensional American put option premium p, (S, 7) through

P,(S,7) = P.(S,7) + pa(S,7), (3.75)
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where the premium solves

& o O 20%Pa | ,qOPa
T - = = as
S e (S*(1),00),7 € (0,T) o S 332 + S 95 P
subject to
as S — oo Pa(S,7) =0,
atT=0 pa(’,o):()’
S*(0) = min (a/(a — B), 1),
atgzg*(T) ﬁa (S’*,T :(1—5*)—p€ (5*77')7
9P 0P,
(95’ G 85’ S*

100

(3.76a)

(3.76b
76d

)
(3.76¢)
(3.76d)

)

(3.76e

(3.76f)

3.3.2 The Approximation of MacMillan and Barone-Adesi & Whaley

To obtain a uniformly valid approximation, MacMillan [79] proposed decomposing the American

option price into the European option price plus an early exercise premium (3.75). A time

transformation h(7) is introduced, where
h(r)=1—¢e797,

while the premium is assumed to have the form

which transforms the problem described in (3.76a-3.76d) into

2_
S e (8*(h), 00), h € (0,1) 5299

o

- (§+h(1 - h)Zi)

~Jg
952 T 7%%5 ~

(3.77)

(3.78)



CHAPTER 3. THE AMERICAN OPTION PROBLEM 101

subject to

as S — 00 g(S,h) — 0, (3.79b)
ath=0 hg(S,0) =0, (3.79¢)
S*(0) = min (a/(a — B), 1), (3.79d)
at § = 5*(h) hg (5%,k) = (1 §%) — B.(5°,h), (3.79)

07 oP,
h—=| =-1-—= 3.79f
08 | g« 08 |- ( )
The key assumption made by MacMillan is that the term § < h(1 — h)‘r)—z7 which is motivated

by h being small near expiry, 1 — h being small far from expiry and the product h(1 —h) having
a maximum value of i. Neglecting this term, and denoting the price approximation under this

assumption as go(S, h) and the boundary approximation as Sg(h), results in the problem

& - (T 2990 | ,09%0 o
* 2 s
S e (S5(h),00),h €(0,1) S 552 + Sﬁ — 590 = 0, (3.80a)
subject to
as S — 0o Go(S,h) — 0, (3.80b)
ath=0 hgo(S,0) =0, (3.80c)
S5(0) = min (o/ (o — B), 1), (3.80d)
at S = S5 (h) hgo(Sg,h) = (1= S5) — P.(S5, h), (3.80¢)
dgo oP,

50 e .80f
has s 95 s (3.801)

The assumption used to generate this approximation has the following implications:

e the governing equation is transformed from a PDE into a second order ODE, with the
time variable h entering the approximation as a parameter in the ODE and via the early

exercise conditions;

e together with the optimal exercise boundary this admits three conditions to be imposed to
fully specify the problem, and therefore the problem for the approximation is overspecified;

and

e the large S (3.80b) and early exercise conditions (3.80e) & (3.80f) may therefore be

imposed upon the solution, but the asymptotic behaviour of the solution will need to be
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checked to confirm whether or not it satisfies the conditions (3.80c) & (3.80d).

The problem (3.80a-3.80f) has solution

= Aowo(h) (;)A , (3.81)

where

A= , (3.82)

Ago(h) = ~— (3.83)

and where the MBAW boundary S (h) is the solution to the transcendental expression

o o o OP,

A_(h) (1 =85 — P.(S§,h) = =S5 — S5 —=| - (3.84)
oS S:

To investigate whether the asymptotic properties of the boundary approximation are consistent

with those of the full problem (3.38) we look at the corresponding behaviour of (3.84) but, for

ease of comparison, we perform this analysis in the time variable 7.

Small-Time Asymptotics of the MBAW Boundary

To look at the small-time asymptotic behaviour of the MBAW boundary, we again introduce
a small parameter e < 1 via the time scaling 7 = 21" where T = O(1), under which the

small-time behaviour of A_ (T is simply

A_(T) ~ 1 st s <(B_21)2 - a) +0 (€) as e — 0, (3.85)

and the European put option evaluated at Sg, which we define as P,(Sg, T; €)= Pr,is

_ ]_ 2 d_* - 2 d_*
P == (e Terfc 2) — Siem (@B Tarfe (1)> , 3.86a
©2 < (x/i ’ V2 (3562
where

di _In(S5)  (B+1) a1
= — + Tz, 3.86b
V2 2eT3 2 ¢ ( )

dy _In(Sg) , (B-1)
= — + Tz 3.86¢
V2 2T 2 ¢ (3.86¢)
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and from our work on the small-time asymptotics of the European option problem (2.90), if

%, % — —o00 as € — 0 then (3.86a) has the behaviour

472

P ~(1-55)+ T ((a - B)Ss — a) + ¢
_ (m(5))?

e 4e2T

- (1+0(e?)) ase—0 (3.87)

(a2 —(a— 5)253) + O(€%)

42
1= 85— Pl o= T (0= B)S; — ) = 5= (o” = (a = /)°S;) — O(")
2 313 e_(11‘4(§2(§T))2
- (14 0(é?)) ase— 0. (3.88)
FmEe g= tTo)
We define the European put option evaluated at S; as %% 5 = 86155_5, SO
oOP; 1 i d;
85’6 = —56_(0‘_5)62T6rf0 (\/1§> (3.89a)
and therefore
O* ape* Q* T 4 Q
~Sy 1+ 55 ~—(a—B)S5el — O () as € — 0, In(Sg) < 0. (3.89b)

From (3.85), (3.88) and (3.89b), the most obvious leading order behaviour comes at O(e) on
the LHS of (3.84) which requires

(3.90)

To find the perturbative behaviour we look for a new solution of the form Sj = a5t h (€)S7,
where 1 (€) < ;%5 and S = O(1), giving
opP

-5 (1 * 85 > ~—ac’T+ 0 (', 6,€%) ase— 0 (3.91)

and

1— 85 — P ~(a— B)518;T + O(h) as e — 0, (3.92)
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from which we identify that the dominant balance occurs at O(e?) provided §; = € and

ax _ o ~
Si=— 51" (3.93)

=

We can therefore identify a small-time asymptotic solution to (3.84) for In (Sg) < 0 as

,*7 « _ ,\%
Si=003 (1 eI ) as € — 0, (3.94)

which holds providing S < 0, which we note is consistent with the corresponding asymptotic

behaviour of the full problem.

As B — 0, ao‘fﬁ — 1 and for 8 > 0 we therefore look for an asymptotic expression of the form

Si = 1+ 61(€)Sy, where 6;(¢) < 1 and S; = O(1). We note that, although In (55) — 0 as
(55)

€ — 0, our work on the full problem suggests we should expect the ratio 1162 & — —ooase— 0.
The components of our transcendental expression now become

o - A 2 T3 _(nsp)?

1—-8; — P~ BET + O(e,€%5)) — —=——=——e a7 -0 3.95

;s >~ Be’T + O(e*,€°81) \/%(515;)26 12T as € (3.95)

and
G oP; 2.7 4 2
=Sy |1+ 95 ~—(a—B)eT + O(e*,€°01) as € = 0. (3.96)

For 8 > 0, the dominant balance for S} comes at O(e) from (3.95) and (3.85), requiring

e At (3.97)

or

6,57 = —\/ —4¢2T' In (Qﬁﬁei“%) (3.98)

and therefore the small-time asymptotic behaviour of the MBAW boundary is

Sg~1— \/ —4e2T'1In (2\/7?567“%) as € — 0, (3.99)

which we observe is the same as the asymptotic behaviour of the full problem (3.38).

For 8 = 0, the dominant balance for S7 comes at O(¢) from (3.96) with the algebraic terms all
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zero. We therefore require

. 2 T (6157)*
ae’l = ——— ¢ a2t as e — 0, 3.100
NAGERE (3:100)
or
5,15 = \/4E2T1n (Qﬁﬁef%) (3.101)

and therefore the small-time asymptotic behaviour of the MBAW boundary is

Si~1— \/462T1n (2\/7?ae2T) as € — 0, (3.102)

which we observe is consistent with the asymptotic behaviour of the full problem (3.38) up to
a constant in the logarithmic term. A comparison of the small-time asymptotic behaviour of
the MBAW boundary with that of the full problem is shown in Figure 3-5.

We have determined that the MBAW boundary has the same asymptotic form as that of the full
problem in the small-time limit, and therefore satisfies the condition (3.80d). For the condition
at expiry (3.80c), we observe from the solution (3.81) that hg(S,h) — 0 as h — 0, provided
hAgo(h) — 0. We observe from the form of Agy(h) (3.83) that this is satisfied by the condition
(3.88).

Large-Time Asymptotics of the MBAW Boundary

To investigate the large-time asymptotic behaviour of (3.84), we introduce the small parameter

H = e~ %7 under which \_(H) is
AH) ~ Ao — M H + O (H?) as H — 0, (3.103)

where

.«
/O[ + (B_41)2

and the European put option evaluated at S is

P = g [erfe (j%) — H_gggerfc (j%)] , (3.105a)

A = (3.104)
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Figure 3-5: Small-time behaviour of the MBAW Boundary S;(7). The relevant full problem
asymptotics (3.38) are included together with the small-time asymptotics of S§(7) derived in

(3.94),(3.99) & (3.102).

where

and the European put option delta evaluated at S is

op* 1 e
85? :—§H aﬁerfc(

(m (é)) , (3.105b)
(m (;)) (3.105¢)
jg) : (3.106)
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Collecting terms in H, the large-time expression for (3.84) becomes

(Mo — (e — 1)) + (Al(l _ 5 - %”erfc (\‘%)) H

—(Aoo — 1)%61"&3 (\‘%) H 40 (HQHHJ) =0 as H — 0. (3.107)

We note that, since 8 € (—o0,q], H*" dominates H for B > 0 and is O(1) when 8 = «.
Conversely, H dominates H =2 for B < 0. In looking for the dominant balance however, one
must consider the effect of 5 on the coefficient at the relevant order. For example, although
on initial inspection it appears that the term at O (H ¥) contributes at O(1) for 8 = a,

erfc (%) is exponentially small and therefore the leading order behaviour is

as H — 0, (3.108)

for all values of 3, which we observe, as expected, to be the perpetual boundary SZ, (3.43).

Posing S§ = S%, + S7(H) and expanding the complementary error functions as

erfc (j%) — erfec (”l\l/;) +0 m , (3.109)
erfc (j%) — erfe (%) +0 (ln(g)) , (3.110)

where
(S )
Sl e ) e

gives

—(Aoo — 1S + ()\:1_ = %"erfc <{3/%°>) H
Moo

J* a— a— — — a—
~erfe ( \1/05) HS" +0 (H2,HHTB,S;‘H, S;‘HTB> =0 asH—0. (3.113)
As discussed previously, it would appear that dominant balance occurs at O(H) for 5 < 0 or

(0] (HQT%> for 8 > 0. However, we observe from (3.105b) that % — oo for § > —1 and
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therefore erfc (\%) is exponentially small for 3 > 0. Thus the first correction term to S* V3

is

a1 A1 Aoo d3 o
Sl)\oo_l()\oo_l 2erfc<\/§>)H as H—0 (3.114)

and therefore to one correction term, the large-time asymptotic behaviour of S is

- 1 A Aco d3
SONSOO)\OO_1<)\OO_1QerfC<\2/§>)H as H — 0. (3.115)

We observe from Figure (3-6) that the correction term is negative as we approach the perpet-
ual limit which is a violation of no-arbitrage for a put option as it drives the optimal exercise
boundary below the perpetual boundary. Also included in this figure is the asymptotic approx-
imation formed by including the term of O (H %ﬂ) in (3.113) which we observe captures the

asymptotic behaviour more accurately as we move away from perpetuity.

3.3.3 Ju & Zhong’s Extension

In deriving the MBAW approximation, an assumption is made that a term in the governing
equation is small and can be ignored at leading order. This results in a second order ODE with
a simple closed-form solution. A natural extension seems to be to pose a series in an appropriate
parameter and to look for higher order terms based around the MBAW approximation.

An attempt towards this end was made by Ju & Zhong [69] although they only look for a single
correction term to the MBAW price, with no attempt made to look for a correction to the
MBAW boundary. The mis-specification of the problem is hidden in the boundary conditions,
which are not provided in the paper, and the resulting solution fails to satisfy the high contact
condition of the American option problem. Although the price approximation is typically more
accurate than the MBAW price, particularly for intermediate maturities, it exhibits singular
behaviour at small times as shown in Figure 3-7.

In the following section, we use a homotopic series approach adopted by Zhu [106], to correctly

formulate the correction terms to the MBAW approximation.

3.3.4 An Analytic Approximation for the American Put Option

To extend the MBAW approximation, we look for a suitable expansion of both option price
and optimal exercise boundary, with the MBAW price and MBAW boundary as the leading

order term in the series. One possible method of generating terms in the series is adopted by



CHAPTER 3. THE AMERICAN OPTION PROBLEM

054

o
@
5

——— MBAW Approximation
Perpetual Boundary

~ — — Asympotics - 1 Term
Asymptotics - 2 Term

05

o
=
3

——— MBAW Approximation
Perpetual Boundary

~ — — Asymptotics - 1 Term
Asymptotics - 2 Term

109

Early Exercise Boundary
o
@

Early Exercise Boundary

o

=

3
1
=

0.46

0 1 2 3 4 5 6 7 8 9 o 1 2 3 4 5 6 7 8 9
Time (1) Time (1)

(a)a:%,ﬁ:% (b)a:%aﬂ:()

MBAW Approximation
Perpetual Boundary

— — — Asymptotics - 1 Term
Asymptotics - 2 Term

Early Exercise Boundary
°
=

o
@
&

0.3

Figure 3-6: Large-time asymptotic behaviour of the MBAW Boundary Sg. The 1 and 2-Term
asymptotic results are obtained in (3.115) while the perpetual boundary is derived in (3.43).
We observe that the MBAW Boundary is not monotonic and crosses the perpetual boundary
which is a violation of no-arbitrage.

Zhu [106] who poses the full American option problem as a homotopic series in an artificial
parameter p, which corresponds to the full American option problem when p = 1. Successive
terms in the homotopic series are generated by differentiating the problem the requisite number
of times with respect to p. Zhu claims this leads to a closed-form solution to the American
option problem, though since the exact solution requires the computation of an infinite number
of terms, it is not clear to us that the solution is any more a closed-form than the work of Geske
& Johnson [49].

We are aware of some criticism by practitioners of the ease of numerical implementation of
Zhu’s solution and the time taken to achieve a convergent solution, which Zhu demonstrates

numerically in his paper. However the technique does provide a framework for generating a
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Figure 3-7: Singular behaviour occuring in Ju & Zhong’s extension to the MBAW price approx-
imation (r = 0.05, D = 0.02,0 = 0.3).

series of terms based around the MBAW approximation, and we adopt that approach here.

Starting with the problem (3.80a-3.80f) we use a Landau transformation of the form

X=In (S**?h)>, (3.116)

under which the decomposition of the American option price is
Pa(X,h) = P.(S,h) + hg(X, h), (3.117)

where the European option price is written in terms of the spatial variable S as it will afford
some convenience in determining the European option Greeks in our numerical work. Using
Zhu’s approach, we introduce an artificial parameter p into the forcing term of the governing

equation, such that we have the premium corresponding to the full American option problem
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for p = 1. The problem becomes

~ 825 i a. 85 1 dS* 93
X h 1 = —1)—=——g= 1—h) | = — =— —
coclhe 1) SLe(-nL %5 pa(-n)|E - TS
(3.118a)
subject to
as X — oo G(X, h;p) = 0, (3.118b)
ath=0 hj(X,0;p) = 0, (3.118c¢)
§*(0;p) = min (/(a — ), 1), (3.118d)
at X =0 hg(X, h;p) = (1= 5%(h;p)) — Pe(S*(h; p), h), (3.118e)
§(X, h; . P,
hM’ — 5 (hp) (14 2 . (3.118f)
0X X=0 oS 5* (h;p)
We propose the analytic expansions for §(X, h;p) and S*(h;p)
A& mp) =Y g, (X, n), (3.119a)
n=0
Q* - pn Qr*
S*(hip) = ZO —Sn(h), (3.119b)

which allows us to derive a sequence for the pairs of problems (g, (X, h), S*(h)) where

~ 8"§
gn(X,h)=——1| | (3.120a)
op p=0
_ o™ S*
Sr(hy=22| | (3.120D)
op™ p=0
We also introduce a function F'(X, h;p) given by
o 05 1 dS* 93
F(X, hip) =20 — = 7 (3.121)

T Oh  S* dh 90X

so that pa(l — hF(X, h;p) is the forcing term for the base problem.

As with the assumption which gave rise to the MBAW approximation, the problem changes
nature when p = 0, with the time dependence of the solution no longer contained as a variable
with the governing equation, but entering the problem as a parameter in the ODE and the

boundary conditions. After using the conditions (3.118b), (3.118e) & (3.118f) to fully specify
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the leading order problem, we are unable to impose the conditions (3.118¢) & (3.118d). We are
limited therefore to verifying that the solution satisfies these conditions after determination,
either analytically or numerically. In the following problems we omit these conditions and

mention them where relevant.

The (§,,S’) Problem

The problem for the general n'” term in the series can be found by differentiating the problem

(3.118a-3.118f) n times and evaluating at p = 0 to give

Te@oo)he©1)  LIng oy Cn by E (X h0), (3.122a)
’ ) ) 8X2 85( hgn - n—1 s 1oy Y )y .
subject to
as X — 00 Gn(X,h) =0, (3.122b)
5 R - onpr
at X =0 hgn(X,h) = (1= Si(h)) — , (3.122¢)
8pn p=0
R (7)5‘;;_i o (8136 ) :
0X |%—o 95 | g —\i op* \ 95 |5/ | =0
(3.122d)

where for convenience of notation, P* represents the European option price evaluated at S*(h)
and the subscript in F,_ represents the number of times the derivative of this term is taken
with respect to p before evaluation at p = 0.

Ideally we would like to be able to solve the general expression for the n!” term and iterate
between successive terms in our series and investigate the convergence of the series, either
analytically or numerically. The difficulty in this respect is that the number of terms generated
by differentiation of the forcing term and boundary conditions with respect to p increases
exponentially and we have not found a general iterative scheme to cope with this. The steps
we have made so far are included in the Discussion, but this remains further work to be done.
Nonetheless, we can derive the first three terms in our series explicitly and investigate the
performance of the resulting uniform approximation.

For convenience, a summary of the formulae required to calculate each term is included in Table

3.1 at the end of this Chapter, while the relevant Greeks are derived in Appendix A.
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The (go, S§) Problem
Setting p = 0 in (3.118a-3.118f) gives the problem

9%go djo «

X € (0,00),h € (0,1) %2 +(ﬂ_1)87_5§°:0’ (3.123a)
subject to
as X — oo Go(X,h) =0, (3.123D)
at X =0 hgo(0,h) = (1 — S3) — P.(S5, h), (3.123c)
hg:‘; T S — Sg% " (3.123d)

This problem is identical to that leading to the MBAW approximation and has the solution

Go = Ago(h)e*==X, (3.124)

where A_(h) and Agg(h) are given by (3.82) and (3.83) respectively and where the leading order
boundary approximation is the solution to the transcendental equation (3.84). Our previous
work in this Chapter has demonstrated that the leading order boundary satisfies the condition
(3.118d) and also exhibits the same small-time asymptotic behaviour of the full problem, though
it is not monotonic and breaches the perpetual option boundary for large times. The leading

order price approximation meanwhile satisfies the condition (3.118c).

The (g1, 57) Problem

The problem for the first correction term is

o 82§1 (9§1 o ~ ~
X € (0,00),h € (0,1 4 (B-1)== — —g1 = a(l — h)Fy(X, h), 3.125a
(0,00) (0,1) %2 (B )8X 1= al )JFo(X, h) ( )

subject to
as X — oo 31(X,h) =0, (3.125b)
. _ p*
at X =0 hg1(0,h) = —SF — OF , (3.125¢)
dp =0
. ) 9P,
599 _ g9 <S*a K > (3.125d)
%0 op 95 |5/ =0
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The function Fo(X,h) in the forcing term of (3.125a) is given by

gy 990 195050 _ % %
B m =2 - = (Bon(0)X + Boo(h) ) (3.126)

and using (3.124) and (3.126) gives the forms for the coefficients of the forcing term

Bo1 = a(l — h)%Ao, (3.127a)
Boo = a(l1—h) {88120 — %a;;f; )\_AO] . (3.127b)
The solution to (3.125a-3.125d) is given by
2
G1(X, h) =M NN Ay(h) X, (3.128)
=0

where the coefficients A;;(h) for j # 0 can be found by substitution into (3.125a), giving

_ By,
Aio 2+ (A1) (3.129)
1

The coefficient A;9 and boundary correction term S; are found through application of the

boundary conditions (3.125¢) and (3.125d)

hAp,
(A= 1)(1+ A*) — SgT*’
—St — StA*
— 5

Sy = (3.131)

Aqp = (3.132)

where the non-dimensional European Greeks A* and I'* are derived in Appendix A.

The (g2, S5) Problem

The problem for the second correction term is

~ 2~ a
X € (0,00),h € (0,1) §§§+<5—1>Zi§

- %G =20(1 - WE(X,R),  (3.133)
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subject to
as X — o0 Go(X,h) — 0,
- o O?Pr
at X =0 hgi(0,h) = =S5 — ——~| .
2 apg b0
dGa L O* 5 oP,
0X | %0 top? 95 |5 ) lp=o0

The function Fy (X, h) in the forcing term of (3.125a) is given by

%50 _ 1 0} 0

oX S; oh X

Fl(X’ h) Sl 850)

_on (105 5 o5
(S5)? oh

~oh  \S: on
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(3.133b)

(3.133c¢)

(3.133d)

i3 .
XN "By (X7 (3.134)
j=0

and using (3.124), (3.126) and (3.128) gives the forms for the coefficients of the forcing term

[OA_
Blg = Oé(l — h) ahA12:| 3
[OA_ Ay, 1 9S;
Blg = a(l — h) 71411 + — - = )\A12:| 5
D oh  S; Oh
[OA_ A 1 08
Bll = Ot(]. - h) 71410 + ~ ar (/\—All + 2A12):| )
| oh oh  S; oh
[0A1, 1 05 105 Sy 05}
Bio=a(l-h - = A_A A) — | = I
w=all=h) | 757 = g gp MMt A = F 5 ~ G

The solution to (3.133a-3.133d) is given by

4
Ga(X,h) = e XN Ay;(h) X,
=0

(3.135)
(3.136)

(3.137)

) )\_AO] . (3.138)

(3.139)

where the coefficients As;(h) for j # 0 can be found by substitution into (3.133a), giving

_ Bis
Az =7 2\ +(B-1))
1
Azs =3 G 1 (B-1) [Bi2 — 12A24]
1
Ago 22(2/\_ TG-1) [Bi1 — 6A423],
Ao ! [Bio — 2A2)] .

TI1@RA+(B—-1)

The coefficient Ay and boundary correction term S are found through

(3.140)
(3.141)
(3.142)

(3.143)

application of the
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boundary conditions (3.133¢) and (3.133d)

g _ hAn — [(A= —2)0* — S§T4] (S7)?
2 (A_ —1)(1+ A¥)
— S5 — S3A" — (Sp)°I”
h )

(3.144)

|
O x
]

*

Agg = (3.145)

where the non-dimensional European Greeks A*, T'* and '}y are derived in Appendix A.

Numerical Results

A comparison of the terms of our analytic approximation for the optimal exercise boundary with
the MOL numerics are shown in Figure 3-8. We observe from the relative error Figures 3.8(b),
3.8(d) & 3.8(f) that the two- and three-term boundary approximations provide a significant
improvement over the MBAW boundary with the three-term series better than 1% accurate at
all times.

The improvement in the large- and small-time asymptotic behaviour can be observed in Fig-
ures 3.9(a) & 3.9(f). For the approach to expiry, our MOL numerics were performed on a
truncated domain using X,nee = 5 and with 25,000 space-steps and 20,000 time-steps. For
the approach to perpetuity, we ran the MOL numerics out to T' — ¢t = 200, with 200,000 time-
steps. We mention the existence of small differences between the convergence of the large-time
MOL benchmark and the perpetual boundary, which result from discretisation errors in the
calculation of the boundary at small times propagating into the large-time numerics. A sig-
nificant improvement over the MBAW boundary is observed. For the approach to expiry, the
MOL boundary is almost indistinguishable from our three-term expression. For the approach
to perpetuity we note that the boundary remains non-monotonic and breaches the perpetual
boundary, but the effect reduces with successive terms.

The performance of the price approximation in Figures 3-10, 3-11 & 3-12 is less impressive,
typically doing well near the boundary, but with increasingly large percentage errors appearing
as we move deeply out-of-the-money. This is not an unexpected result given the structure of the
additional terms in the series which add increasingly high order powers of X, though these are
dominated by an exponentially small term which makes the errors small in absolute terms. We
make the additional observation, that in X it is not clear that the Ju & Zhong approximation
performs much better than even the MBAW approximation.

In summary, our three-term series provides an accurate approximation to the location of the

American option boundary. The procedure is easy to implement, requiring only a single spread-
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sheet and access to an accurate approximation to the cumulative normal distribution function
such as that due to Marsaglia, a routine for which can be found in [50]. As an indication of the
speed of the routine, generating a curve for h € (0,1) using 1,000 time-steps takes 14 seconds
in Matlab using the built-in normal distribution approximation. The price approximation is
typically only accurate near the boundary, and therefore use of the boundary approximation
together with, for example, the integral formulation of the problem due to Kim [72] and an ap-

propriate quadrature routine may be preferred if more consistently accurate prices are desired.
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Figure 3-8: Comparison of the benchmark MOL boundary with our analytic approximation.
For the MOL Boundary, 200000 time-steps and 25000 spatial points were used with 15000 on
the interval [S>°, 1], and 10000 on the interval [1,50]. The improvement of the 2-term (Sg + 57)
and 3-term (Sg + S; +0.55%) boundary approximations versus the MBAW approximation (S)
is most clearly shown in the error Figures 3.8(b), 3.8(d) & 3.8(f) where the error is defined as
the difference between the relevant boundary approximation and the MOL Boundary, divided
by the MOL boundary and expressed as a percentage.
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Figure 3-9: Asymptotic comparison of the benchmark MOL boundary with the homotopic
series. For the approach to expiry, 20000 time-steps and 25000 spatial points were used with
15000 on the interval [S*°, 1], and 10000 on the interval [1,5]. For the approach to perpetuity,
200000 time steps and 25000 spatial points were used with 15000 on the interval [S>°, 1], and

10000 on the interval [1, 50].
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Figure 3-10: A comparison of the MBAW (1-term) and Ju & Zhong price approximations with
the 2-term and 3-term price approximations from the homotopic series for h = 0.005. The errors
are defined as the difference between the relevant approximation and the MOL benchmark price
and expressed as both the actual difference (3.10(b),3.10(d),3.11(f)) or as a percentage of the
MOL benchmark price (3.10(a),3.10(c),3.11(e)). The benchmark was determined using 20000
time-steps and 25000 spatial points with 15000 on the interval [S>°, 1], and 10000 on the interval
[1,5], and transformed onto the fixed domain X = In (S/S*(h)) using the corresponding MOL
boundary at h = 0.005.
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Figure 3-11: A comparison of the MBAW (1-term) and Ju & Zhong price approximations with
the 2-term and 3-term price approximations from the homotopic series for h = 0.1. The errors
are defined as the difference between the relevant approximation and the MOL benchmark price
and expressed as both the actual difference (3.10(b),3.10(d),3.11(f)) or as a percentage of the
MOL benchmark price (3.10(a),3.10(c),3.11(e)). The benchmark was determined using 20000
time-steps and 25000 spatial points with 15000 on the interval [S>°, 1], and 10000 on the interval
[1,10], and transformed onto the fixed domain X = In (S/S*(h)) using the corresponding MOL

boundary at h = 0.1.
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Figure 3-12: A comparison of the MBAW (1-term) and Ju & Zhong price approximations with
the 2-term and 3-term price approximations from the homotopic series for h = 0.5. The errors
are defined as the difference between the relevant approximation and the MOL benchmark price
and expressed as both the actual difference (3.10(b),3.10(d),3.11(f)) or as a percentage of the
MOL benchmark price (3.10(a),3.10(c),3.11(e)). The benchmark was determined using 50000
time-steps and 25000 spatial points with 15000 on the interval [S>°, 1], and 10000 on the interval

[1,25], and transformed onto the fixed domain X = In (S/S*(h)) using the corresponding MOL
boundary at h = 0.5.
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Chapter 4

The American Barrier Option

Problem

Barrier options are path dependent options with a payoff dependent on whether the price of
the underlying reaches a defined level B (the barrier) before expiry. They are among the
most commonly traded non-standard, or exotic, options. A barrier option which is inactive at
inception, but becomes active if the barrier is reached is termed a knock-in option. Conversely,
a barrier option which is active at inception, but becomes inactive if the barrier is reached is
termed a knock-out option. A further level of classification specifies whether the price of the
underlying at inception is above (a down option) or below (an up option) the barrier. Finally,
a specific classification is given to options where the barrier is in-the-money (B > K for a call
option or B < K for a put option) with respect to the strike, in which case we have a reverse
barrier option. As an example, a put option which is active at inception, with a barrier which
is above the strike is termed an up-and-out put option. If the barrier were below the strike, it
would be termed a reverse up-and-out put option.

In theory we therefore have 16 distinct mathematical problems, though in the absence of rebates
two of these problems lead to zero payoff everywhere (the up-and-out call and the down-and-out
put) and two other pairs of problems are the same whether B > K or B < K (the down-and-in
call and the up-and-in put), all of which results in 12 barrier option problems of mathematical
interest. The contracts, along with their payoff functions at expiry are given in Table 4.1.
Barrier options are potentially attractive from an investor’s point of view because they are
cheaper than the corresponding vanilla option. This is true because the existence of the barrier

restricts the optionality of the holder who may find their option knocked-out or never knocked-in

125



CHAPTER 4. THE AMERICAN BARRIER OPTION PROBLEM 126

Option Payoff at Expiry Value at
B <K \ B>K Barrier
Up-and-Out Call 0 L(s,.0.<B) (ST — K)o
Up-and-In Call (Sp — K)* I(s,..>5) (ST — K)" || Ce(B,1t)
Down-and-Out Call || Lg,,,.>5) (ST — K)* ]l(gmm>3) (Sr—K) || 0
Down-and-In Call || I(s,,..<p) (St — K)" | 1(s,.,.<p) (ST — K)* | Ce(B,1)
Up-and-Out Put L(s,0.<B) (K — ST) (Span<B) (I — ST o
Up-and-In Put 1(8p0nsn) (K = S1)7 | I(s,..58 (K = Sr)* || Pu(B,t)
Down-and-Out Put || L(s,,..>p) (K — Sr)" 0 0
Down-and-In Put Lis,.>B) (K — Sp)t (K — Sp)* P.(B,t)

Table 4.1: Payoff functions for European barrier options.

while a vanilla option would continue to exist and potentially provide a non-zero payoff. Thus
an investor with a firm belief over the directionality of the underlying can participate fully in
price movements if they are correct, without paying for the part of the price distribution they
believe will not outturn.

The use of barrier options for risk management is typically restricted to the hedging of exotic
options as they present a more complicated hedging problem than standard options, particularly
in the case of reverse options. Though we do not discuss the reality of hedging of barrier options,
for which the reader is directed to Taleb [98], we do mention the difficulty of identifying the point
at which the underlying reaches the barrier in the presence of discontinuous price movements.
Mathematically, the presence of a barrier separates the pricing problem into two regions, or
more in the case of options with multiple barriers. At inception, one of these regions is active
with the option price obeying the usual Black-Scholes-Merton governing equation whilst the
other is inactive. Thus the PDE formulation of the problem for an European up-and-out put

option with B > K is

oPY° 1, ,0*PUO oPVO vo
56 (0,B)7t€ (O,T) 6t 50‘ S 652 +(T_D)SW _TPe —0, (413.)
subject to
as S — 0 PYO(S 1) —» Ke "I, (4.1Db)
at S =B PY9(B,t) =0, (4.1c)
att="T PYO(S T)= (K —S)". (4.1d)

Solving the European barrier option problem in closed-form is performed using several tech-
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niques in the literature: by transformation of the PDE into the heat equation and solving
the resulting semi-infinite problem using the method of images, or directly with the relevant
Green’s function; by expectation pricing [67]; and by use of certain symmetric properties of the
solutions to the Black-Scholes-Merton PDE [26].

Summaries of the solutions to these equations are presented in the literature using either a
consolidated approach based on indicator variables [54] or explicitly in terms of the relevant
cumulative normal distributions [94]. Our preferred representation however is adopted by How-
ison & Steinberg [61] where the barrier option price is represented as the sum of a European
option price less a term which is a function of the barrier. This provides a more intuitive feel to
the sources of value and has the added advantage that the barrier option Greeks can be written
in terms of the equivalent vanilla European Greeks plus a correction term.

Defining the non-dimensional barrier as B = K B gives the non-dimensional form for the up-

and-out put option

J&ﬂ*(%;)wpe %—Z,T) for B > 1,
P (57)] (4.2)

) <%>2 - (2,7)] for B <1,

where 2a = —(8 — 1) and P,(S,7) is a non-dimensional European digital put option, which

pays unity if S < 1 at expiry and zero otherwise and has value

_ e

Pu(S,7) = S et (j%) . (4.3)

Although more thinly traded, some barrier option contracts contain a rebate which is paid if
the option is knocked-out or fails to be knocked-in. Since the Black-Scholes-Merton PDE is
linear, the rebate valuation problem can be formulated and solved separately. In substance, a
rebate is simply a pre-agreed value R = K R which is paid if the price of the underlying reaches
the barrier B. The valuation problem is a scaling by R of an American digital option which
pays unity if the exercise condition is met. If the barrier is above the underlying at inception,
the contract is an American digital call C’l‘i“m (S,t; B) and if the barrier is below the underlying
at inception, the contract is an American digital put PdAm(S,t; B). Such options are often
termed one-touch digital options as they would be immediately exercised through no-arbitrage.
The timing of the rebate’s payment has an effect on the valuation problem and for the work

described here we assume the rebate is paid immediately at the time the barrier is reached.
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The non-dimensional American digital option prices are then

C4™(S,7;B) = % l(g)Aa erfc <—fl_/+§> + (g = erfc <—ii/_§)] , (4.4a)

(5) (%) (5) e ()] aw

where

_ —(B-1):/B-1"+4a

A= 5 , (4.4c)
In(2)+£ 0L - Ax)T
Tt = (B) \(/; =) . (4.4d)

Table 4.2 contains digital American option contract corresponding to the relevant barrier option

which leads to the non-dimensional rebate valuation for an up-and-out put option

— )\+ — — AT —

S\ dr S\ d-

— erffcl —— |+ | = erffc | ——= )| . 4.5
<B> ( V2 ) <B> < V2 )] %9

’ Option \ Rebate Value ‘
Up-and-Out RC™(S,t; B)
Up-and-In RC4™(S,t; B)
Down-and-Out | RP™(S,t; B)
Down-and-In RP}™(S,t; B)

RYO(S8,7:B,R) =R

Table 4.2: Rebate payoffs for European barrier options. Payment of the rebate is assumed to
occurs at the instant the barrier is reached.

The Greeks for the European up-and-out barrier option (4.2) together with the relevant rebate

term (4.5), which will be required in subsequent numerical work, are derived in Appendix A.

4.1 The American Up-and-Out Put Option Problem

In the following work, we consider an American up-and-out put option PU (S, 7) which knocks
out and pays a rebate R = KR if the stock price reaches the barrier B = KB. The impact on
the non-dimensional American option problem discussed in Chapter 3 (3.2a-3.2f) is to change

the domain from semi-infinite to one that is finite, though not fixed. This PDE formulation of
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the American up-and-out put option problem is

o QPO ,0*PUC 0PV o
S e (8*(r),B), 7€ (0,T) 5 = S 552 + S 55 aP;%, (4.6a)
subject to
at =0 PY9(S,0) = max (1 - 5,0), (4.6b)
$*(0) = min (a/ (e — B), 1), (4.6¢)
at S = 5*(7) PYO(S5*,71)=(1-8%), (4.6d)
8PUO
a _— 4.6
o5 |o. = (4.6¢)
at S =B PY9(B,0) = R. (4.6f)

4.2 Small-Time Behaviour

As in previous chapters, to investigate the small-time behaviour we introduce the time scaling

7=€T (0 <e< 1, T =0(1)) into the non-dimensional American up-and-out put problem to

give
_ A — A 1 §pvo _.92pUo _9pvo N
“(T),B),T € (0,T S =52t “— — P 4.
Se(S*(T),B),Te(0,T) 2 of S 557 + BS 55 aP;%, (4.7a)
subject to
atT =0 PY9(S,0) = max (1 - 5,0), (4.7b)
S*(0) = min (a/(a — B), 1), (4.7¢)
at § = §(T) PIO(8°,1) = (1- 8, (4.7d)
8PUO
a =-1 4.7
95 |s. ; (4.7¢)
at S =B PY9(B,0) = R. (4.7f)

Out-of-the-Money Barrier (B > 1)

For out-of-the-money barriers, the small-time behaviour of the American up-and-out put option
in the region of the boundary is indistinguishable from the regular American option problem.

The only additional feature is a barrier inner region near S = B which matches into the outer
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2 region seen in the regular American option problem.
We look in a small region S = B(1+€S) about the barrier where PV (S, T) = RPBa1n(§ T,

which gives to the barrier inner problem

R R 1 6PBar.In R 1 82pBar.In .1 6PBG.T‘.I'IL
S € (—0,0), T €(0,T - ——=(1 R 14+eS)————
€ (—0,0),T € (0,T) 2 o7 ( —|—6)62 Y + B( -i—e)6 Y

— qpBorin, (4.8a)

subject to
at T =0 PpBarIn(§ o) =0, (4.8b)
at $ =0 PBarIn Ty =1, (4.8¢)

Posing a barrier inner expansion of the form
PpBarIn(§ 7. ¢) = pPorIn(S T) + ePB1"(S,T) + O(€?) as e — 0, (4.9)

gives the following subproblems: for PPor-1n

pBar.In 2 pBar.In
. A AR ¢

S € (—00,0), T € (0,T - ~ , 4.10a
(~00.0),7 € (0,7T) - o (4.10)
subject to
at T =0 BBarIn(§ 0) =0, (4.10Db)
at S =0 pBarIn Ty = 1; (4.10c)
and for ]313‘“"'1 "
R R aPBar.In aQPBarIn R anBar.In apBar.In
S € (—00,0),T € (0,T) L L S0 +/8——— (4.11a)
oT 052 052 oS
subject to
at T =0 pParIn(g 0) =0, (4.11b)

at § =0 ppPar-In, T = 0. (4.11c)
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The problem (4.10a-4.10c) has the similarity solution

PP™ = ho(Q), (= 25@’ (4.12)
where ho(¢) solves
hy + 2Chy = 0. (4.13)
This has general solution
ho(¢) = 2Coo + Corerfe(¢) (4.14)
and conditions (4.10b,4.10c) require
Coo = 1, Co1 = —1, (4.15)
giving
ho(¢) = 2 — erfe((). (4.16)
The problem (4.11a-4.11c) becomes
S e (~00,0),7 € (0,T) BPIS;'M :82]22?[” T 2§82§2§M T ﬁap(g;m, (4.17a)
subject to
at T =0 PpBardn(§ o) =0, (4.17b)
at $ =0 PBarIng Ty =0, (4.17¢)
which has the similarity solution
PP = T3 1y (0), (4.18)

where

by +2Ch} — 2hy = —AChy — 2Bhy. (4.19)
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This has general solution

. . -¢?
h1(¢) = 2C10¢ + Chaierfe(C) — 237? <C2 + %(ﬂ + 1)> (4.20)
and conditions (4.17b,4.17¢) require
Cio=C=B+1, (4.21)
giving
, 20 ¢ [, 1
mO) = (5 +1) (26 +iete(6) - 2 (¢ 4+ 55 +1) (1.22)

Apart from the barrier region, the remainder of this problem, including the transcendental
expression for free boundary, is identical to the standard American option problem. For small
times, the boundary does not feel the effect of the out-of-the-money barrier. The small-time
asymptotic structure of the barrier option problem for out-of-the-money barriers is given in

Figure 4-1.

Reverse Barrier (B < 1)

As the barrier moves near-the-money (B — 1), the outer 2 region disappears and we may
investigate the possibility that the local presence of the barrier affects the small-time asymptotic
behaviour of the optimal exercise boundary.

We consider a reverse barrier (B < 1) by looking in a small region S = B(1 + €S) about the

barrier where PYO(S, T) = ]35”'1"(5', T), which gives to the barrier inner problem

R . aPBar.I'n ~ . O2PpBarIn . opBarIn
S € (—00,0),T € (0,00 4 —(14e8) % 4+ Be(1+eS)—2——
(~52.0).7 € (0.0) (14 SR+ (1 - e8)
— 2aqpBarin (4.23a)
subject to
at T =0 pBarIn(§ 0) =1 — B —eBS, (4.23D)

at § =0 pBardn Ty = R, (4.23¢)



CHAPTER 4. THE AMERICAN BARRIER OPTION PROBLEM 133

PUO(S,7)
- A
PVO =1
Barrier
Inner Inner
PUO S > 2 R NG
Boundaryé
Inner
O(T%)
<>
O(T%(IHT)%):
e EEE—— . —» S
S*(T) S=1 B
(a) Small-time structure (8 > 0)
PUO(S,T)
- A
PUO =1
Barrier
Inner Inner
] e S S S
X 1.
Outer 2 :0(7'2) : Outer 1
Boundary ' '
«—p
Inner : :
O(r4)
S —— . —» S
S*(r) S*(0) S=1 B

(b) Small-time structure (8 < 0)

Figure 4-1: A schematic showing the small-time structure for the American up-and-out put
with out-of-the-money barrier (B > 1). The structure differs from the standard American
option problem (Figures 3-1 & 3-2) only via an O(,/T) region near the barrier.
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Posing a barrier inner expansion of the form
PpBarIn(§ 7 ¢) = pPorIn(S, T) + ePBI"(S,T) + O(?) as € — 0, (4.24)
gives the following subproblems: for ]5({9‘““'[ "
R R 6pBar.In 62pBar.In
S € (—00,0),T € (0,00) 0 _—~"0 , (4.25a)
oT 052
subject to
at T =0 pBarIn(§ 0)=1- B, (4.25b)
at § =0 pBardn T) = R; (4.25¢)
for I:’lBM'I"
R R 8PBar.In 82pBar.In R anB(LT‘.ITL apBar.In
Se (—O0,0),T € (Oa OO) ! ~ = IA + OA +ﬁ - A ) (4263‘)
oT 052 052 08
subject to
at T =0 ppParIn(g 0) = —BS, (4.26h)
at § = PBarIno Ty =0, (4.26¢)
and for PPer-In
R R apBar.In a?ﬁBarln R anBar.In 6PBaT.In
S € (—00,0),T € (0,00) 2 =22 496~ "1 p— L
oT 052 052 oS
. 62pBar.In R 8PB(LT‘.ITL R
2 0 0 Bar.In
~ + 58S ~ — aP, , (4.27a
952 a8 0 (4.272)
subject to
at T =0 PBarIn(§ 0) =0, (4.27D)
at $ =0 PBerIno T) = 0. (4.27¢)
As in previous work, we define the similarity variable ¢ = . 7*? + and let
2
BPerIm = hy(¢), (4.28)
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which transforms the problem (4.25a-4.25c¢) into
hg + 2Chy = 0,
subject to

as ( = —o0 ho ~1—B,

at ¢ =0 ho =

=

which has the solution

ho(Q) = (1- B) + (R~ (1 - B)) (2 — erle(¢).
The problem (4.26a-4.26¢) has the similarity solution
PPt = T30y (Q),
where
hy 4 2Ch} — 2hy = —4Chy — 28hy,
subject to

as ( = —o0 hy ~ —2B(,

at ¢ =0 hy =0,

which has the solution

hi(¢) = =2B¢ — (8~ 1) (R~ (1= B)) ¢ (2 — erfe(¢)) — (R (1 - B)) ¢*

The problem (4.27a-4.27c) has the similarity solution

jf)QBar.In — ThQ(C),

135

(4.29)

(4.29D)

(4.29¢)

(4.30)

(4.31)

(4.32a)

(4.32D)

(4.32¢)

(4.33)

(4.34)
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where
hy + 2Chy — 2hy = —ACh) — 2B8h) — AC2hy — ABChy + 4ahy, (4.35a)
subject to
as ( =& —o0 ha ~ 0, (4.35b)
at (=0 hs =0, (4.35¢)

which has the solution

_ _ _ _ S
ha(¢) = —2B¢ — (8~ 1) (R~ (1= B)) ¢ (2 —erfe(¢)) — (R~ (1 - B)) ¢* I (4.36)
The asymptotic behaviours of the barrier inner terms (4.30,4.33,4.36) as { — —oc are
_ _ _ e _3
WO ~ (1= B) = (R- (1= B) = (£ +0(™), (437)
_ _ _ ¢
hi(¢) ~ —2B¢ — (R— (1 - B)) T (2¢+0(1), (4.38)
_ _ ¢
ho(¢) ~ ((a = B)B—a) — (R— (1= B)) —= (2¢° + O(¢?)) . (4.39)

N

Following the method used in the American option case for 8 > 0, we look for a small boundary
inner region about the optimal exercise boundary through the scaling 5 = §*(1') + 1 (¢)S and
expand the boundary about the initial starting point using 5*(T") = B+ do(€)S*(T) + 0(d). In

the boundary inner region, the price has the expansion

BEINS, Tie) = 1 - B~ 605"(T) — 615 + o(e?) as e =0, (4.40)

where the scalings are restricted to §p6; = €2 and €2 < §; < ¢, while writing the inner variable
in terms of the boundary inner variable, { = %, leads to the asymptotic behaviour of
2

€
the terms of the inner series

PPIM(S,Tie) =1 = B = 605"(T) = 6,5 + €T (a — (a — §) B)

_ (508*+615)2 _
T ( 2¢BTs

(-0 B)

. _ 4+ ... | +o( — 0.
N 305" + 0,9 ) o) ase

(4.41)
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Comparison of the boundary inner expression (4.40) and the asymptotic behaviour of the inner

expression in the boundary inner variable (4.41) requires

(595*+615)2 — g
_ _ . e = 42B2T 2¢BT2 N _
R-(1-B . _ =T (a— (a— B)B —0. 4.42
(R—( ) N 5.5 1.5 T (a—(a—pB)B) ase (4.42)

6OS*+51§
— ~ 1

— —o0 as € — 0 gives
2eBT2

Taking logs and remembering

60S*(T) ~ B — \/ 4e2T B2 In (ezfﬁm> (4.43)

and therefore the small-time asymptotic behaviour of the reverse American up-and-out option

boundary for § > 0 is

S _ A . a—pB)B -«

S*(T) ~ B — \/4€2T32 In (GQT\/%(((l—ﬁB))—R)) (4.44)
We note that for 5 € (0,a), @« — 8 > 0 and therefore (a — (a— 6)3) > 0 since B < 1, which
ensures the RHS is positive for the purpose of taking logarithms. Further, (4.44) is only valid
when the rebate is greater than the intrinsic value of the option at the barrier (R > 1 — B).
We note that the problem for 8 < 0 will only feel the effect of the barrier when it is local to
LB when the problem becomes identical to the problem for § > 0. Transition regions will

P
exist for both the 8 > 0 problem as B — 11 and the 3 < 0 problem as B — %_54' but these
are not derived in this thesis.

The small-time asymptotic structure of the barrier option problem for out-of-the-money barriers
is given in Figure 4-2, while a comparison of the small-time asymptotic expression for the

optimal exercise boundary of reverse American up-and-out put options (4.44) with the barrier

MOL numerics is shown in Figure 4-3.

4.3 Large-Time Behaviour

To our knowledge the large-time asymptotic behaviour of the American barrier option problem
has not been discussed in the literature. The behaviour may be obtained by posing a suitable

perturbation problem. Introducing the small parameter 0 < € < 1 through the time scaling

: (4.45)
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PUO(S,T)
~ A
PO =1
Barrier
Inner
PUO — Rl Ny
Boundary:
Inner
o(r?)!
s
O(r# (In7)¥) ie—ti—
S*(7) B
(a) Small-time structure (8 > 0)
PUO(S, )
~ A
PUO =1
Boundary Barrier
Inner Inner

[ws]]

51 50)

(b) Small-time structure (8 < 0)

Figure 4-2: A schematic showing the small-time structure of the American up-and-out put with
a reverse barrier (B < 1). For 8 > 0, the asymptotic structure uses an O(,/7) layer near the
barrier while the optimal exercise boundary lies at O(1/71n (7)) from the barrier, though with
different constant terms to the standard American option problem. For g > 0 the presence of
the barrier does not affect the behaviour of the boundary unless B < §*(0) in which case we

expect the same structure as for the g > 0 problem.
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Figure 4-3: A comparison of the benchmark barrier MOL boundary with the full problem

asymptotics (4.44). Figure 4.3(a) shows a comparison for fixed barrier (B = 0.9) and a range
of rebates. Figure 4.3(b) shows a comparison for fixed rebate (R = 0.8) and a range of barriers.
The equivalent MOL boundary and asymptotics for the standard American option are also
shown. The MOL scheme uses 20000 time steps and 40000 spatial points on the interval

S5, Bl
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where T' = O(1), leads to the large-time problem for the up-and-out put option which pays a
rebate R at the barrier

_ o apUO _ 32PUO ,6PUO -~
“(T),B), T 2 =52 m—_ry 4.4
S e (8%(T),B),T € (0,00) e §* g + 88— —aP"C,  (446a)
subject to
at S =B pvo (B,T) =R, (4.46b)
at S = §*(T) pvo (s T) = (1- 5, (4.46¢)
815UO

_ = 1. 4.46d
S |s. ( )

The Perpetual American Barrier Option

As in the case of the standard American option, the American barrier option problem can be
solved in closed form in the perpetual limit as ¢ — 0. In the non-dimensional setting, the

perpetual up-and-out put price and boundary are the solutions to

B o __92pUo _9pUo B

Se(S:,B 5222 S§—=__aPi%=0 4.47
€ (8%, B) 55 TS5 —aPx ) (4.47a)

subject to
at S =B pPL° (B) =R, (4.47b)
at S = 5%, PUO(55)=(1-5%), (4.47¢)
8PUO

== =—1. 4.47d
35S s (4.47d)

This second order ODE problem has the solution

svocay a4t (SN - (SN
PLO(S) = AL (4 +4% (4 : (4.48a)
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where

—(B=1) /(B —-1)+4a

AP = 5 , (4.48D)
St 4+ A (1-8%)
AL === = 4.4
S: AP (1- S
Al === AT ) (4.48d)
AP — A

and SZ is the solution to the transcendental expression

oA oA
At (5) + A2 (55) = R. (4.48¢)

No-arbitrage requires that PY°(S) forms an upper bound on PYVC(S,T), while 5% forms a
lower bound on S* (T ) and that the option price is strictly positive.

We note that in the large barrier limit B — oo the transcendental expression is dominated by

N Vit _
the term A% ( L ) " which therefore requires AL — 0as B — oo, or from (4.48c)

S5
_ A% 1 _
o~ A~ —— B — 4.49
o0 A(io . 17 o0 1 _ )\gio’ as oo ( )
and the limiting perpetual barrier option price is
5, AZ
PYO(S) ~ Ag (S) as B — oo, (4.50)

all of which is consistent with the standard perpetual American put option. The approach of
the perpetual boundary of the American up-and-out put option to the corresponding boundary

of the standard problem is shown in Figure 4-4.

Perturbative Terms

To capture the perturbative behaviour to the perpetual barrier problem we consider a WKBJ

expansion of the form

PYO(5,T) = PU°(S5) + POUO(S’)e_% +o <€_§> as € — 0, (4.51a)

S*(T) = 8%, —1—536_%’? +o (e_

2T
2

as € — 0. (4.51b)
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Figure 4-4: The perpetual American up-and-out put boundary S*_ obtained from (4.48e). Both
standard (B > 1) and reverse (B < 1) barriers are considered together with a range of rebates
(R =0,0.25,0.5,0.75,1.0). Convergence towards the standard American perpetual boundary
is observed for B > 1, with convergence strongest for 3 < 0. Roots of (4.48¢) only exist for
B > 1 — R which is consistent with our small-time asymptotic findings.

Expanding the boundary conditions about the perpetual solution gives the problem for (POU O Sk

Se(SB

subject to

&2 BYO
952

_815UO
5=
05755

),TE(0,00) 5?2

_(a_)‘)pOUO:Oa

at S =B pYO (BT) —0,
at § = 55 pUo (S;O,T) —0,
OPYO|  _ g .0°PYO
95 |s. LS

(4.52a)

(4.52b)

(4.52¢)

(4.52d)

Conditions (4.52b) and (4.52¢) are satisfied by the solution corresponding to complex roots of
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the characteristic equation. After application of the boundary conditions (4.52¢c) & (4.52d),
this is

_ _B—1 _
L) (@) e

_ 581 0*PLO
k 052

where

b= y/0-ay - O (454)

and A is constrained by

2> @ +a. (4.55)

Application of the barrier condition (4.52b) specifies
kln (B/S%) = nm, (4.56)

but the no-arbitrage condition which requires PY° to be an upper bound on PU€, restricts

PUO to be strictly negative which is only true if n = 1. This pins A to be
2
(B—1)? i
A= +a+ = 4.57
4 In (B/S%,) (4.57)
and we therefore have the large-time asymptotic behaviour of the American up-and-out put
option
—1

_ o _B-1 _
eft% (S ) sin (kln (S>) as € — 0,
S 5% S5

(4.58)

555z, 92 PUO
k057

PYO(S,T) ~ PUO(S) —

o0

with the optimal exercise boundary S*(7T)
S*(T) ~ §% + Stem as e — 0. (4.59)

We note that the value of Sj is determined by matching back to the solution in 7 = O(1)
and that we expect Sg > 0 in order to satisfy the no-arbitrage requirement that S* forms a

lower bound on $*(7'). Further, we mention that in the limiting case of an American barrier
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option with a barrier approaching infinity, we expect to recover the standard American option
behaviour. We observe that, in this limit, the controlling factor A approaches that value which

gives rise to the coincident root solution which is consistent with our findings in Chapter 3.

0.61
—— MOL Boundary —— MOL Boundary
- — — Large Time Asymptotics - — — Large Time Asymptotics
0.55)
0.5F
E 0.45
n
0.4f
0.35F
0.3 . . . . , 0.4 . . . . ,
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time (1) Time (1)
(a) a=L,8=2,B=15R=10 (b)a=4,8=0,B=10,R=025

——— MOL Boundary
- — —Large Time Asymptotics

s

0 0.2 0.4 0.6 0.8 1
Time (1)

(c)a=%8=-2B=08R=03

Figure 4-5: Comparison of the large-time asymptotic behaviour of the optimal exercise bound-
ary of the American up-and-out put option obtained from (4.51b) with the benchmark barrier
MOL numerics. The constant Sg is determined by matching back into the optimal exercise
boundary at 7 = O(1).

4.4 An Analytic Approximation for the American Up-
and-Out Put Option

Following the methodology used in Chapter 3, we look for a decomposition of the American

up-and-out put option of the form

PYC(S,h) = PYO(S,h) + hg"? (X, h), (4.60)
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where PV (S, h) is the equivalent European up-and-out put option and hg¥® (X, h) represents

the American barrier option premium. This leads to the problem

~ _ 2~UO ~UO

X €(0,In(B/S*)), h € (0,1) aaX + (8- )a;X - %gUo

— pa(l — h) ag}flo 51 dj; a;’;](o (4.61a)
subject to the boundary conditions

at X =1In <§> hgv® (X, h;p) = R — PY9(B,h) =0, (4.61b)
at h =0 hgv%(X,0;p) =0, (4.61c)
5*(0;p) = min (o/ (o — ), 1, B), (4.61d)
at X =0 hgU? (X, hip) = (1= §*(h;p)) — PYO(5"(h;p), h), (4.61e)

Uo

0970 (X, hip) ’
0X

- P!
=-S"(lyp) | 1+
X=0 ( 08

) . (4.61f)
5= (h;p)
We propose the analytical expansions for gV° (X, h; p) and S*(h; p)
o "
~UO %
X h;p) = — 4.62
i) Z " (4.62a)

Z r (4.62D)

which allows us to derive a sequence for the pairs of problems (GV° (X, h), S*(h)) where

~ 3n§UO
vo
350X, h) = —— , (4.63a)
2] N -
- oS
Sy(h) = (4.63b)
n apn o
We also introduce a function FUC (X, h;p) given by
R ~ ~UO 1 dS* Uo
FUO(X, hip) = % 5 9 (4.64)

oh  S* dh 9x

so that pa(l — h)F(X, h; p) is the forcing term for the base problem.
Note that unlike the vanilla American option problem, the use of the Landau transformation
does not result in a fixed domain problem due to the finite domain imposed by the barrier.

Although we could choose to normalise the stock price by the barrier it would make taking
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the limiting case of the infinite barrier, which allows us to recover the behaviour of the vanilla

American option, more onerous.

The (g5°,S;) Problem
Setting p = 0 in (4.61a-4.61f) gives the problem

9?g0¢ 996° o _yo _

X B/S;: 1 ¢ N L N —— 4.

X €(0,In(B/S5)), h € (0,1) oxr TN~ 3800 =0,  (465)
subject to the boundary conditions
at X =1In (B/S) hg¥°(X,n) = R— PUC(R,h), (4.65b)
ath=0 hg¥°(X,0) =0, (4.65¢)
55(0) = min (a/(a — 8),1, B), (4.65d)
at X =0 hgs @ (X, h) = (1 - S (h)) — PYO(S;. h), (4.65¢)
dgYC (X, h . dPVO
hg()()‘ =S 1+ 2= . (4.65¢)
0X X=0 95 s,

This problem has been posed by Aitsahlia & Lai [3] as an extension to the MBAW price for

the standard American option problem, with solution

IO (X, h) = ALy ()M~ + Agy (e~ (4.662)

where

—(B-1E\(B-1)2+ %

) : | (4.66b)
A (185 PYO(Ssm) + 55 (14 252,
Ay(h) = = o)
h(A= = As)
~ ~ - _ B5UO
A (h A+ (=85 = PIO(S5, b)) + 55 (1+ %55-1s;) 4.66d
ao(h) = h(Ay — X)) , (054

— — pUO
where PV© (S, h) and 6};% are the non-dimensional European up-and-out put option price
Sg

and its delta, evaluated at the leading order boundary, Sj, which is given by the solution to
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the transcendental expression

h (Ago(h) <B*>A+ + Az (h) (B>A> — R— PUO(B, ). (4.67)

_ _ A
We observe that in the limit B — oo, with R — 0, the dominant term is the Ajy(h) (5) "
0

term on the LHS. Thus in the limit we require Ad,(h) = 0 which, from (4.66c), leads to

8PUO
as

A (185 - PEO(sm) = -5 (14

S:;) : (4.68)

which we note is the equation for the MBAW approximation to the standard American option

boundary as expected.

The (gV°, S;) Problem
The problem for the first correction term is

9?57 ° 937° o _yo

X € (0,In (B/Sg)), h € (0,1 1 4 (B-1) — 2§V = a(1 = W) EYO (X, h),
O (B/S;)1he©1)  SH 4 (3o )T - S0 — (- nEO(£.0)
(4.69a)
subject to the boundary conditions
N o _ N Sv* agUO
at X =In (B/S; VO(X h) ==L, 4.69b
n( /0) g1 ( ) S: ox ( )
~ _ pUO*
at X =0 hgv?(0,h) = —St — oF, , (4.69¢)
o =0
~UO ~ _ 9puo
n 991 g9 (S*a e > (4.69d)
0X |x=o Ip 95 g/ lp=o

The function FC(X,h) in the forcing term of (4.69a) is given by

o oh S5 0h 09X

=M (B X + B ()

+ X (B (n)X + B (h)) (4.70)
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and using (4.66a) and (4.70) gives the forms for the coefficients of the forcing term

A
B = a(1 - h)aa—f:ng, (4.71a)
DAL 1 85;
Bf, = a(1 —h) [ 0 — 0)\+A+] , (4.71b)
00 oh  Sg on 0
A
By, = a1 — h)%—hAg, (4.71c¢)
0Ay 1 95}
Byy = a1 — h) [ 0 — OA_A—} : (4.71d)
00 oh Sz oh 0
The solution to (4.69a-4.69d) is given by
~ oyl 2 ~ . oy 2 ~ .
GO (X, h) =M XY AL()XT + XX AL ()X, (4.72)
=0 =0

where the coefficients AE (h),A7;(h) for j # 0 can be found by substitution into (4.69a), giving

A2 =30y, T(B —h) (473
Af :m [Bgy — 24%,], (4.74)
A2 =550 ljo_(lﬂ BN (4.75)
AL :m [Bgo — 2A%,] . (4.76)

The coefficients A7,,Af, are found through application of the boundary conditions (4.69¢c) and
(4.69d)

Ay = DA+ ATOY) = STYO Al + Ay

At = §* 4.
0= 51 h(A— — A\y) Ao — Ay (417)
_ O =D+ AVO*) — SETUOx AT + AT

AT = - 4.
10 Sl h(A_A,_ _ )\_) >\+ _ A_ ( 78)

and the boundary correction term S is found using (4.69b)

9]
[=F"
[=]

(B)“ (A{Q (m (SB)Q) +Afm (£ ) + (E)A‘ <A2 <ln (53)2> + A7, In (SB)>

(4.79)

Sy =255

where the European Greeks AV9* and TVO* are derived in Appendix A. A summary of the

formulae required to determine the analytic approximation is provided in Table 4.3.
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Numerical Results

The behaviour of the leading order term of the analytic approximation SY°* due to AitSahlia

and Lai [3] is shown in Figure 4-6 for a range of rebates and barriers. We observe that SJ* —
S as B — oo as expected.

A comparison of the two-term analytic approximation for the optimal exercise boundary of
the American up-and-out put option with the barrier MOL numerics is shown in Figure 4-7.
We observe from the relative error Figures 4.7(b), 4.7(d) & 4.7(f) that the two-term boundary
approximations provide a significant improvement over the AitSahlia & Lai boundary. An
improvement in the large- and small-time asymptotic behaviour can be observed in Figure 4-8.
Moreover, unlike our standard American option approximation, the performance of our two-
term price approximation for the up-and-out barrier improves greatly on the leading order term,
as can be seen in Figure 4-9. It appears that the presence of barriers which are near-the-money
minimises the impact of higher order terms in In (S/S}) and therefore we may expect the barrier
option approximation to perform less well in cases where the barrier is deeply out-of-the-money.
In summary, our two-term series provides an accurate approximation to the location of the
American option boundary. The procedure benefits from the same ease to determine as the
standard American option approximation, however the increased complexity of the calculation
of European up-and-out put option together with the rebate and the corresponding Greeks
leads to an additional computational overhead with a curve for h € [0, 1] using 1000 time-steps

taking 48 seconds in Matlab using the built-in normal distribution approximation.



CHAPTER 4.

THE AMERICAN BARRIER OPTION PROBLEM

150

—— 5y R=00)
0o oo —— ;7 R=025)
- - -8y R=05)

08 08l 4% R=0.75)
= = 0" g
2 2 - - s¥ (R=10)
& oil & o7 -8
e e o
§ &
g oep g of
g —— sy (R=0.0) S
g osp | . g os
< \ —— Y R=0.25) <
g ! vor g
2 oaf o -8 (05 € oaf \
32 00" e 5
2 U9 (R=0.75) E

o3 5 - - 5% R=10) 03}

---s
02 02
01 . 01
0 05 2 25 0 05 2 25

1 15 1 15
Barrier (B) Barrier (B)

_10 p_2 _ 10 g _
(@) a=73.0=3 (b) a=3,8=0
osp
—— s 00
0.55 Uo"
ost
2 oss
5 |
5 or l
] \
g 035 *
g
03[
§
3 o025
H
oot
01
01 .
s o 3 2

T 15
Barrier (B)

(C) a:%75:_%

Figure 4-6: The leading order term in the American up-and-out put boundary approximation
due to AitSahlia & Lai [3] (4.67) for h = 0.05. Both standard (B > 1) and reverse (B < 1)
barriers are considered together with a range of rebates (R = 0,0.25,0.5,0.75,1.0,2.0). Con-
vergence towards the MBAW approximation Sj is observed for B > 1. Consistent with work

in the previous sections, the location of S¥ O is only defined when B > 1 — R.
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Figure 4-7: A comparison of the benchmark barrier MOL boundary with the two-term analytic
approximation. For the MOL Boundary, 200000 time-steps and 50000 spatial points. The
improvement over the leading order (S; + S}) approximation due to AitSahlia & Lai [3] (Sf)
is most clearly shown in the error Figures 4.7(b), 4.7(d) & 4.7(f) where the error is defined as
the difference between the relevant boundary approximation and the barrier MOL boundary,
divided by the barrier MOL boundary and expressed as a percentage.
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Figure 4-8: A comparison of asymptotic behaviour of the benchmark barrier MOL boundary
with the two-term analytic approximation. For the approach to expiry, 20000 time-steps and

25000 spatial points were used. For the approach to perpetuity, 200000 time-steps and 50000
spatial points were used.
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Figure 4-9: A comparison of the leading order approximation due to Aitsahlia & Lai [3] the
two-term analytic approximations for a selection of parameters and times to expiry. The error
is defined as the difference between the relevant approximation and the MOL benchmark price
and expressed as both the actual difference (4.9(a), 4.9(c) & 4.9(e)) or as a percentage of the
MOL benchmark price (4.9(b), 4.9(d) & 4.9(f)). The benchmark was determined using 20000

time-steps and 25000 spatial points, and transformed onto the fixed domain X = In (5 /S* (h))
using the corresponding MOL boundary.
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Chapter 5

Discussion

The main aims of this thesis were twofold. The first was to add to the body of work looking at the
asymptotic behaviour of option pricing problems under the Black-Scholes-Merton assumptions.
The second was to develop an analytic approximation to the American option problem based
around the popular work of MacMillan [79] and Barone-Adesi & Whaley [10], in order to bridge
the gap between the small- and large-time asymptotic limits. This work is of relevance in cases
where there is no known closed-form solution to a particular option pricing problem, such as the
American option problem. In this case, analytic expressions which are asymptotically correct
in certain limits, or provide accurate and easy to determine approximations, are of use as a
basis for valuation or to validate more computationally intensive numerical approaches. The
extent to which these aims have been achieved and where further work may be focussed, are

discussed in the following sections.

5.1 Conclusions and Further Work

5.1.1 Asymptotic Analysis

In our asymptotic analysis of the small-time European put option problem we have derived
exponentially small leading order behaviour in the out-of-the-money outer region. Despite these
terms having been identified by Addison et al. [2] in relation to the Stefan problem, authors
have attributed the behaviour in this region to the inner series; however, this only captures
the behaviour seen in the closed form up to algebraic terms. This result is also applicable
in the corresponding region of the American put option problem. The solution is derived

using a WKBJ-type expansion with the resulting leading order problem requiring knowledge of

155
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singular solutions to differential equations. Despite displaying the correct asymptotic behaviour
as S — 00, the outer expression is singular at S = 1 and we have be unable to perform matching
with the inner expansion using an intermediate variable approach and a finite number of terms.
This prevents the formation of a uniform expression and this remains an open issue to be
resolved.

To complete the temporal asymptotic analysis of the European put option problem, we derive
the large-time asymptotic behaviour not previously discussed in the literature. This results in
a similarity solution which is accurate surprisingly far from perpetuity, while a far-field region
is also identified where we observe the remnant effect of smoothing the payoff function near
expiry.

The standard American put option and American up-and-out put option problems are posed
as an extension to the European option framework and the small and large-time asymptotic
behaviour of the price and optimal exercise boundary are derived. Notwithstanding our identi-
fication of the additional out-of-the-money outer region behaviour, the small-time work of the
standard American option is shown to be consistent with that of previous authors. Knowledge
of the correct asymptotic form as S — oo may be of interest in the implementation of grid-based
numerical routines, where an assumption has to be made over how to specify the problem at
the edge of the truncated domain. The extension to include the small-time behaviour of the
American barrier option is new and of particular interest in the case of reverse barriers, where
the presence of the barrier changes the small-time asymptotic behaviour of the optimal exercise
boundary. Though transition region behaviour will exist as the normalised barrier approaches
unity for 8 > 0 and as the barrier approaches the initial position of the boundary for 5 < 0, this
has not been derived in this thesis. The large-time perturbative behaviour to the well-known
perpetual solutions of both of these American-style problems are also derived. Knowledge of
this behaviour may be of value as numerical routines require a large amount of time to accu-
rately determine the large-time behaviour, with errors resulting from earlier times propagating

into the large-time problem.

5.1.2 Analytic Approximations

The application of the homotopic series approach adopted by Zhu [106] has allowed us to
extend the popular analytic approximation of MacMillan [79] and Barone-Adesi & Whaley [10]
to derive a three-term analytic approximation to the price and optimal exercise boundary of the
American put option problem. The terms in the series can be determined in a single spreadsheet

if desired, requiring only access to an accurate method for the calculation of the cumulative
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normal distribution. The results for a single point in time are almost instantaneous and the
resulting boundary is better than 1% accurate across the whole time domain for our parameters
when compared to our benchmark MOL scheme, representing a significant improvement on the
equivalent MBAW boundary with negligible additional overhead. The price approximation
improves upon the corresponding MBAW approximation near the boundary, but breaks down
as the underlying moves out-of-the-money due to the introduction of increasingly large powers
of In (5/S5*) by higher order terms in the series. This effect is of reduced importance if one
considers that the expression is dominated by an exponentially small multiplicative term as S
becomes large, and that the solution tends to zero in the limit S — co. Nevertheless, we expect
the boundary approximation is more likely to be of practical use in driving a numerical scheme,
such as a quadrature scheme based around the integral equation due to Kim [72], however the
accuracy of such an approach has not been investigated here.

The approach adopted lends itself to extension to other American-style option problems. The

approach uses the following general steps:

1. Decomposition of the American-style option into an equivalent European option plus an

expression capturing the premium attributable to the right to exercise early;

2. Use of MacMillan’s time transformation and identification of a term in the governing
equation which can be assumed to be negligible to give a closed-form leading order ap-

proximation;

3. Formation of a homotopic series in a parameter p, with the leading order approximation
corresponding to p = 0 and the full solution corresponding to p = 1. The problems for
successive terms in the series are derived via repeated differentiation of the problem with

respect to p; and

4. The solution of the resulting problems, which depend upon previously derived terms along

with the Greeks of the equivalent European-style option.

The ease to which the final step may be implemented for successive problems depends upon the
complexity of the leading order term and its derivatives, along with the existence of a closed-
form solution for the European-style option and the capability to determine the corresponding
Greeks. This limitation is demonstrated by application of the approach to the American up-
and-out put option problem, for which a fully analytical approximation beyond two terms is
onerous due to the increased complexity of the leading order approximation, originally derived
by AitSahlia & Lai [3]. However, the significant improvement in accuracy of the two-term series

versus the leading order term highlights the potential gain to be made.
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Further potential complexity issues are highlighted through the formulation of the American
option problem under the CEV model for the underlying, where the determination of the leading
order term requires the availability of a routine to determine the confluent hypergeometric
function, while determination of additional terms will almost surely require a numerical scheme.
We furnish some of the details of this possible direction of work in subsection 5.2.2.

As a further limitation on our analysis, we have not found a suitable way of iterating between
successive terms in the series, either analytically or numerically, and therefore we have been
unable to investigate the convergence properties of this series, even in the standard American

option case. Our work towards this end is included in subsection 5.2.1.

5.2 Further Work

Here we add further detail to two of the possible directions in which we would propose to take

the work contained in this thesis, but which remain unfinished as of the time of writing.

5.2.1 Towards a General Analytic Expression

Finding a general analytic solution to the problem for the general n + 1" term in the series
(3.122a-3.122d) requires the derivation of a general expression for the forcing term, the solu-
tion of the resulting governing equation and the specification and application of the boundary
conditions.

The forcing term for the n + 1" problem, is found via differentiation with respect to p of the
term (3.121) n times, with evaluation at p = 0. This yields the expression for the forcing term

of the problem (Gn1, g:“)

) = (et D [ By~ (M) P (LOST | D
(n+Da(l = W) Fy(X,h) = (n+ Da(l - h) | +mZ=0(m)apn-m <S* 8h> p:OaX]'
(5.1)

In order to determine a general form for the forcing term, we need an expression for the general
derivative with respect to p of the boundary term, which entered the governing equation by

virtue of the Landau transformation, or

oo (108
Opn—m \ S* Oh

p=0 j=
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where Y;(h) = % (4-) |p:0. This can be written recursively as

Y;(h) = =0 (5.3)

-XRS O (S (i) S i =1,2m,

OGn agm”‘m n—m asnmj
oh Yi oh ’
m=0 =0

and therefore the forcing term becomes

(n+ D)a(l = h)Fui1(X,h) = (n+1)a(l - h)

(5.4)
Further, we can show that if g, has the form
R _j=®(n) o
gn(X,h) =% N Ap(h) X, (5.5)
§=0

for some integer ®(n), then the forcing term for the (§n+17§;+1) problem has the form
A-X Z?ig’(")ﬂ an(h)f(j. Given this form for the forcing term, we can show that general

solution to the governing equation for g,y; has the form

~ _j:<I>(n)+2 ~
Gnir(X,h) =X 3" A ()XY (5.6)

We know that the leading order expression has the form §o(X,h) = Ago(h)e*~* and therefore
®(0) = 0 which requires ,41(X,h) to have the general form

2n+2
Gni1 (X, h) = e Z Appi1y;(h) X7 (5.7)

The development of an analytical expression therefore reduces to finding a recurrence relation
between the coefficients A,,); and A, 11); which will determine A, 1)(2n+2) - - - » A(n+1)1, While
the boundary conditions will determine A, 1) and S},

Determination of the coefficients B,,;(h) can be achieved through the relationships

G XA if m =0,
99m _ 0 (5.8)

0X  |er-% [Z?f&l ((G+ D Amgr1) + A= Apng) X7 + /\—Ammm)ﬁm} if m >0
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and

agn 6)\_)2' [33}(30 + %AO()X} ifn= O’

- (5.9)

Oh ¢ [oa, [ Or_ 9An; ) w5 | A~ von :
er X [ e+ 2050 (WAH(J'—D + on )X] + i Angen X H} ifn>0

and these can be related to the coefficients A, 11); for j # 0 by substituting the general form
(5.7) in the governing equation (3.122a) and comparing powers of X.
Expressions for A(,11) and Sx 41 are found through application of the boundary conditions

(3.122¢-3.122d) which yield

_ g+l px
hA, =-S5, ——"= , 5.10
(n+1)0 +1 oprtl o ( )
where
n G n+l1—k 615:
hA(mi1)1 + D ko Skaapnﬁ (ﬁ)
Q* p=0
= - . 5.11)
n+1 oP. (
(A-—1)— aS 15y

Though the expressions relating successive terms in the series look relatively benign, there are
some difficulties moving along the series in practice. The h-derivatives in forcing term (5.4)
together with the p-derivatives of the put option price and its delta (5.10-5.11) produce ever
larger numbers of terms which are onerous to determine analytically and we have not found an
iterative method for their determination. The development of a numerical routine which may
facilitate the investigation of convergence of the optimal exercise boundary approximation is

therefore an area of further work.

5.2.2 An Analytical Approximation Under the CEV Model

One possible extension of our anaytical approximation for American-style options is application
to option pricing under a general constant elasticity of variance or CEV, process which was
first proposed by Cox [32]. This model aims to reproduce the observation that implied option
volatility varies with the strike price, in an effect typically referred to as the wvolatility smile.

Under the CEV model, a dividend paying underlying satisfies the SDE
dS = (r — D)Sdt + oS" T dW, (5.12)

under the risk neutral measure, where n represents the sensitivity of the variance to the value
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of the underlying.

For n = 1, we have geometric Brownian motion and return to the Black-Scholes-Merton model
and the results derived therein. For n < 1 the volatility decreases/increases relative to GBM
as the value of the underlying increases/decreases. This shifts the weight of probability distri-
bution to the left, and makes large positive returns less easily attainable than large negative
returns. This behaviour is typically seen in the equity market. For n > 1 the volatility in-
creases/decreases relative to GBM as the value of the underlying increases/decreases. This
shifts the weight of probability distribution to the right, and makes higher returns more easily
attainable. This behaviour is typically seen in the market for options on futures. It is worth
mentioning that none of these cases represent a symmetrical smile as observed in the foreign
exchange market.

The American put option problem under the CEV model is given by

aPCEV 1 82PCEV aPCEV
*(¢ t T a - 2 2 qQ2n a - D a . PCEV _
S e (S*(t),00),t € (0,T) T +2 S5°S o5z +(r )S 35 r 0,
(5.13a)
subject to
as S — oo PEEV(S,t) =0, (5.13b)
att=T POV — (K - 8)T, (5.13c)
at S = S5*(t) POEV(S*(t),t) =1 — S*(t), (5.13d)
8PCEV
= =—1. 1
95 (5.13e)
Introducing the scalings
S =KS, PYPY = KPPV, 5 = Ko, a= %
~  2(r—D) _ 5T —1t)
B= —%7 T=—a (5.14)

together with the MacMillan transformation 2 (7) = 1—e~%7, the decomposition PCFV (S, 7) =

PEEV(S,7) 4+ hg(S, h) and the analytic expansions in a parameter p € [0, 1]

_\v

g PV (S, hyp Z ), (5.15)

i P 's* (5.16)
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gives the problem
_ . ~ o anCEV ~ 78§CEV & 3§CEV
S e (S*(h he (0,1 §26%n = 2 S =g PV =pa(l — h) ==
€ (57(h),00),h € (0,1) 55 P53 pa(l —h) o
(5.17a)
subject to
as S — 00 g“FV(5,h) — 0, (5.17b)
ath =0 hg¢EV(S,0) =0, (5.17¢)
at S = 5*(h) hgC¢EV (5§*(h),h) =1 — §*(h) — PV (S§*(h), h), (5.17d)
N 8gCEV OPCEV
h _ =1 =c_ 5.17
a3 05 g (5.17¢)

where the parameter p € [0, 1] is also introduced into the forcing term of the governing equation.
Following the same approach as in Chapters 3 & 4, we differentiate the problem (5.17a-5.17e)

wrt p and evaluate at p = 0 to give the following problems for the first two terms in the series:

for (g§'FV, S5)

S e (5z(h),00),h e (0,1) 52g%n 82@?” + BSagOCfW - ggCEV =0 (5.18a)
O ’ 0852 a8 R0 ’
subject to
as S — 0o g§EV(S,h) — 0, (5.18b)
at h =0 hgSEV(S,0) =0, (5.18¢)
at S = Sp hgSEV =1 — 85 — PEPV (82 (h), h), (5.18d)
- aggEV 8]5CEV
= — 1 - —&_ 1
a5 a5 (5-18¢)
and for (g¢'FV, Sy)
_ _ - - o anCEV 7achV o - 8gCEV
S e (S;(h he (0,1 §2g2n — 7L L GOV —a(1— h)
G( 0( )700)7 E( ) ) 852 +ﬂ 65 1 a( ) a )
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subject to
as S — oo
at h =
at S = Sg(h)

—CEV (Sv il)

hg®V (S,0) =0,

hgCEV
~ 8 gCEV
oS

:0)

1

anCEV

+h

62 =CEV

082

852
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(5.19b)
(5.19¢)

(5.19d)

(5.19¢)

Davydov and Linetsky [37] give the following general solutions to the ODE (5.18a), where in

each case Cg (h) is the unknown coefficient of an increasing function in S and Cj (h) is the

unknown coefficient of a decreasing function in S.

For n >0

and for n < 0

g—2n

g5 (S.h) = § 57 desn S (O (Wi,

[C& (ﬁ)W—k,frn

~35—n

—V2a=

for =0,

(5.20)

_2”)], for5>0
forB<0

for B =0.

(5.21)

where Wy, ., (x) and My, , (z) are the Whittaker functions and K, () and I, () are the modified

Bessel functions, which can all be written in terms of the confluent hypergeometric functions

U(a,b;z) and M(a,b;x) [1]

o 1
Wim(x) = e~ SamtIly (2 +m—k, 1+ 2m;x> ,

z 1
Mim(x) = e~ Samti N (2 +m—k,1+2m; a:) ,

K, (z)=

—x

&) o

v+1

1
)M(2+l/,1—|—2u;2x>,

I(z) =72 (22)" e IU( +v,1+ 2u; Qx),

(5.22)
(5.23)
(5.24)

(5.25)
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where U(a, b;z) and M (a,b;x) have the integral representations

Ul(a,b;z) = % /100 e b= (1 — ) at, (5.26)
M(a,b;z) = F(br((f))I‘(a)/O et (1 — )Lt (5.27)

Writing them in this form has the advantage that derivatives with respect to the independent

variable « have well known forms [1]

z—g(a,b; xz)=—aU(a+ 1,0+ 1;2), (5.28)
oM a

—_— sx)=-M 1 1; 2
M (o bra) = St 1,6+ 152, (5.29)

which makes the representation of derivatives of gy more compact.
For the American put option problem, we need decreasing solutions in order to satisfy the large
S constraint and therefore we require C’g‘ =0 in (5.20,5.21), leading to the form for gOC EV for

n>0

C (h) (g)%(”ﬁ)M(iJ i igny, for f > 0,

+
_CEV,& § - 5\3 (1) B 5-2n - 1 oo ~
307" (S,h) = S oy (k) (-£) e S TM (14 & = 551+ A 257, fer B <,

o Z5-n = 5 5
Co (h) (MZ5) ™ e 355 "M (4 1+ 1, 2038577, for = 0,
(5.30)
and for n < 0
~ 11— _ B oa—2n 5 = ~
Cy (h) (_g) 20-40) g fsy (1 — i1 —gs*") , for § > 0,
_CEV (g i (a2 ) o s 5 5—2n
iSPV(S,h) ={ (h)(g) SU(QB”fi,lfﬁ,SS 2 ) for § <0,
— a g—n & O )
Cy (s (—228) *" 8eX57 "y (L= b1 - L-2285) | for f=0.
(5.31)
Determination of S} (h)
From conditions (5.18d-5.18e), S solves the transcendental expression
_ - H9aCEV | 1 _ §x _ pCEVx
ggEV(S, h) — 90 0 € (532)

95 g L1+ACEV:

where PEPV* and ACFV* respectively represent the European put option price and its Delta
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— —~CEV
under the CEV model evaluated at S;. To solve this expression we need the form for 8g§§
which is for n > 0
acg ()2 F2m) oions a 1.8g-2n for B
a (2) S M (14 5524 5 257 or 5> 0,
L .
o (L8 g
& 1 & 1 B g—2n
- [(1 a<2n+1>)M(2+%2én’2+%_25 )
o _ ~ o - (5.33)
05 _M(1+ﬁ—zgn,1+ﬁ,—25‘2n)] for <0,
1 —— _
5aC— ( 21&)271 G-n—1,—¥255 {M (% n ﬁ,l—ﬁ- %’ 2 nQQS—n)
S0 (3+ 2+ 125 | for =0
and for n < 0
o l(1_1 5 aom _ .
Cy (—%) B(-) ¢S {(1 — 53’72") U (1 - 2§n>1 o §372n>
+(2-28) 570 (2 2 -5 | for >0,
“\L(1—-L 5 ~
ag6 " Co (%) e {U 25 = 21n’ - ﬁ’ gsi%)
05 o+ (a-B) U (14 55 - A2 A B for >0,
1 — _ _
Cmt () B[ (1-vaaS ™) U (3 - o1 - - 2B 5 )
- 2&(1—%)5”@(%—ﬁ,Q—%v—Nnﬁgwﬂa for § =0,
(5.34)
while the European put option under the CEV model [33] is given by
~ ~ e~ (1= x2(c,b,a)) — Se=FT\2(a,b+2,¢)  forn <0,
PCEV(§ 1) = ( ) ) (5.35)
e % (1—x2%(a,2 —b,¢c)) — Se #"x%(¢,—b,a) for n >0,
where
( ,é~ —2n
e T) 1 S—2n 1 57
, b=——, =", m=———e 271 (5.36a)
n n*m 26n

and x?(z, k,w) is the cumulative distribution function of the non-central chi-squared distribu-
tion with k& degrees of freedom and non-centrality parameter w. We note that only ¢ depends

on the underlying and therefore will be the only contribution to the delta from the chi-squared
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distribution.
ACEV (5 7 —eié%x2(a7b +2,¢) — a—g [675‘%%X2(c7 b,a) + Sefa;aixz(a,b—l— 270)] for n <0,
e yT) = .
—e P2 (c, —b,a) — 2¢ 87&%%)(2(@, 2—"b,c)+ SefﬁT%XQ(c, —b, a)] for n > 0.
(5.37)

The numerical solution to the transcendental expression for S for the general CEV model thus
requires evaluation of the non-centralised chi-squared distribution together with its derivatives
with respect to its argument and the non-centrality parameter. A further requirement is a
robust routine for the evaluation of the confluent hypergeometric functions. This remains work
to be completed.

An analytical solution to the problem for (¢f'FV,St) (5.19a-5.19¢) requires an expression for

the forcing term in the ODE, which depends on the term ng and in turn on the term ab;f.

Deriving analytical forms for these terms will probably be onerous and one may therefore prefer
to use a numerical approximation for the forcing term and seek to solve the ODE problem for g;
numerically, though naturally at the likely expense of computational time versus an analytical

expression.



Appendix A

Greeks

In order to calculate the analytical approximations derived for the standard American put
option and American up-and-out put option in Chapter’s 3 & 4, we require derivatives of the
equivalent European-style options with respect to model variables. In finance these sensitivities
are termed Greeks.

Discussions regarding some of the lower order vanilla European Greeks can be found in most
financial mathematics texts (eg. Hull [62]) while some higher order vanilla European Greeks
are discussed by Garman [46]. Good technical discussions of the role of Greeks in finance from
the point of view of practitioners can be found in Haug [55, 56] and Taleb [98].

We shall derive the European Greeks for the non-dimensional prices P, (S, 7) (2.3) and PV (S, 1)
(4.2) based on the non-dimensional parameters a & S (2.1), with the Greeks for vanilla Eu-
ropean options notated using a bar (ie A,I',0,...) and a similar notation used for European
barrier option Greeks but with a superscript denoting the type of barrier (ie AV I'VO QU0 ).
The Greeks evaluated at the leading or order boundary term in the analytic approximations,
are notated by a superscript star (ie A*, I'*,0%,... or AUO* TUOx gUOx

Since we use MacMillan’s time-transformation in deriving our series approximations, we derive

— QT

the time related Greeks under h = 1 —e~%7, which can be recovered for the 7-derivatives using

0 19
oh ~ a(l-h)or (A1)

167
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A.1 European Put Option Greeks

The non-dimensional Black-Scholes-Merton equation for a European put option on a dividend

paying asset was given in (2.3) as

where

\lei _ % [mT(f) +(ﬂ+1)75}7
j% % [lnT(f) (5_1)75}

and erfc(¢) is the complementary error function

erfc(¢) = % /Coo e~ ds. (A.2)

In deriving the Greeks, we use the relationships

erfe(—() = 2 — erfc((), (A.3)
erfc’ (¢) = d(erdfz(g)) = _%8_@7 (A.4)

the derivatives of (2.4a) and (2.4b) with respect to S and 7

7 () ~ma—m o012 (45
5 (5) 7w T e

and the relation

erfc'(j%) —eﬁTSerfc'<\/1§> =0. (A.6)
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Delta

The Delta of the European put option is the first derivative with respect to the option price

e e <f>z<d;> e ({)s () ()
() - ()

e—(a— B)T
2

using (A.6) and (A.5a).
Gamma

The Gamma of the European put option is the second derivative with respect to the option

price

F—_52F_e_ (1—h)a‘: /( 1)8 <d2>_ _es2e s A
052 2 erfe 2) 08 V2 (1=h) V2 S(Ca—gz). (4.8)

The third derivative of the option price with respect to the underlying is given the term Speed
by Garman [46] and we notate it as ['a. Differentiating (A.8) with respect to S gives

2= =75

(A.9)

93P, [ d
= 1].
[dl —d2 - }

Theta

The Theta of an option is its first derivative with respect time, or for the purpose of analytic
approximation the transformed time variable h. We use the Black-Scholes PDE to write Theta

in terms of Delta (A.7), Gamma (A.8) and the European put option price (2.3)

_ 1 o __ _
0= o h [S°T + BSA — aP,] . (A.10)
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Charm/Delta Bleed

The decay in Delta with time is given the term Charm by Garman and Delta Bleed by Taleb
and we shall notate it as Ag. Differentiating (A.10) with respect to S gives

1

Ag “a(l—h) [S?Ta + (8+2)ST — (o — B)A]. (A.11)

Colour/Gamma Bleed

The decay in Gamma with time is given the term Colour by Garman and Gamma Bleed by
Taleb and we notate it as ['g. Differentiating (A.11) with respect to S gives
Tg=

=7 [S°Tr + (B+4)STA — (a — 28 —2)T]. (A.12)

Higher Order Greeks

The Greeks of higher order than previously derived are not typically discussed in the litera-
ture. We derive the results needed for the purpose of determining the terms in our analytic
approximation here.

Differentiating (A.9) with respect to S gives

. _ - _
R Rl | R et A
Differentiating (A.11) with respect to h gives
)=
66 = 21k - T ?h) + a(ll_ 75 5T + 358 - a6
= @y [°Te +858e] . (A.14)
Differentiating (A.14) with respect to S gives
x &P, 1 st | @2 A -
90 = 50T = a(l ) [2STe + 5°Tae + BAe + BSTe] . (A.15)

Differentiating (A.9) with respect to h gives

- O'P,

e Jl
F = ——
A9 5330h

Cd —dy]

(8+1)

|
=-To [dl + S} B a(l— h)(dy — da) (A.16)
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A.2 European Up-and-Out Put Option Greeks

Choosing to represent the European barrier option price in terms of vanilla European option
greatly simplifies the calculation of the equivalent Greeks. From (4.2) the price of a European

up-and-out put option is given by

- — =\2a _ =0 _
_ _ _ Pe(S)_ 2 e £ for B > 1,
PUO(SvT;B): R 7(3) = 2aS,) — _ _ = =\2a _ - _
5[2(5)-(5)" 2. (9)] 0= R (5)-(5)"A(8)] we<y
(A.17)
where 2a = — (8 — 1) and the time dependence of the European put option terms is omitted for
clarity. P, is a European digital put option given by
o e—aT J2
PyS,7)= fe| —= ). A.18
1 (S, T) 5 erfe (\/§> ( )

For an up-and-out put option, the rebate is given by an American digital call option struck at

the barrier and scaled by the rebate, or

() () () ()]

RC{™(S,m;B) =

where

w_ —(B=1)*(B-1)+4a

+ = 5 ) (A.20)
Lo m(5) 0y a7

+ B
&t = v . (A.21)

We will therefore also require the Greeks of Furopean and American digital options for our
analytical approximation for the American barrier option. These are derives in subsections

(A.2.3) and (A.2.4) respectively.

A.2.1 Greeks for Regular Barrier Options (B > 1)

Using (4.2) the following Greeks can be derived for the regular European up-an-out put option,

with the European digital put option Greeks derived in subsection (A.2.3)
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Delta
-5 5 2 (5)+ ()5 (3)
AUO = A(S) S(B> P(Z )+ (3 A=) (A.22)
Gamma
0o e 2a—4d® (SN 5 (B*\  4a—2 (5\*° . (B S\ /B
e-rte g (3) A (5) 1 (5) A(5)-(5) (%)
(A.23)
Theta
o= o (11_ jy (S0 + BSALO — aPl?). (A.24)
Delta Bleed
vo —_2£ 520,7 E 520,727 E
AUO = Ag(S) S<B> 9(3 +( 3 Ro (=) (A.25)

A.2.2 Greeks for Reverse Barrier Options (B < 1)
Using (4.2) the following Greeks can be derived for the regular European up-an-out put option,

with the European digital put option Greeks derived in subsection (A.2.3).

Delta
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Gamma

e (5) e (5 (e (3) 52
)] ) e ()

Theta

§2FUOR 4 GEAUOR _ o pUOR) (A.28)

Delta Bleed

AUOR __
A@e -

s (5) ()0 (2)- ()
58 (3 (5)” 0 (8)+ ) s

- (A.29)
A.2.3 European Digital Put Option Greeks

W T

)

For the purpose of determining the European digital put option Greeks, we can rewrite (A.18)

using (2.3) and (A.7) as

Py(S,7) = P.(S,7) — SA.(S,7), (A.30)

Ay = —ST, (A.31)
[y=-T— ST, (A.32)
_ 1 o _ _

®d = m (S2Fd + ﬁSAd - O[Pd) , (A33)

Aos = —5Te. (A.34)
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A.2.4 American Digital Call Option Greeks

To determine the Greeks of the rebate term (A.19), we need the Greeks of the American digital

call option, struck at the barrier.

Delta
AAm_l & 5 & f _ﬂ +£ 5 . { _;
" =315 |\ 5 erfc 7 |\ 5 erfe 7
1 S\ = 1 S\ a2
+ - (_) e T 4 — <_) 62]. (A.35)
ﬁSTz B ﬁSTQ B
Gamma
A = A 7
o  IALOE —1) (9= dt\ AL(\-1) (8 d
Iy =3 =2 5 erfc | — 7 + o2 — erfc 7
1 S\ a2 dr
+ — | = e 2 205 — 1+ T )
N R (B> < Vorz
_ AT -
1 SN\ e @2 d-
+— (= - 2)\00_14_1)], A.36
V782132 (B> ‘ ( V2rs (430
Theta
04 = s (ST + 8551 — aPf™). (A.37)

Delta Bleed

st (9 () (- 55) - )
©d 204(1—]1) ﬁg B 213 e ﬁ’]’ T3 273

>Aw e <(CTZ%_A°°> (\%T N Af;%Aio) B 2: )] )

(MY
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