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Summary

We consider the planar flow of Oldroyd-B fluids around sharp corners. T'wo distinct
cases arise for the corner geometry, where the corner angle is denoted by 7/«. For
1/2 < a < 1 we have a re-entrant corner, whilst for 1 < o < oo a so called salient
corner occurs. These two regimes have markedly different flow behaviour. The flow
situation assumes complete flow around the corner with the absence of a lip vortex.

For the re-entrant corner problem a class of self-similar solutions has been identified
with stress singularities of O(r~2(1=®) and stream function behaviour O(r(1t®)®) (r
being the radial distance from the corner). These behaviours arise in a core flow region
away from the walls and are shown to be solutions of the incompressible Euler equations.
This region is reconciled with elastic boundary layers at the upstream and downstream
walls using the method of matched asymptotic expansions. The analysis benefits from
the representation of the stress in both Cartesian and natural stress formulations, and
is performed when the Weissenberg number (the dimensionless relaxation time) is O(1).
These results hold for all values of the retardation parameter 5 € [0, 1), but breakdown
in the Newtonian limit § — 17. This later singular limit is considered along with the
other singular regimes of low and high Weissenberg number, in order to extend the
parameter dependence of the solution.

For the salient corner case the mathematically simpler Newtonian balance for the
flow and stress fields are shown to dominate away from the walls. This gives a stream

Ao=1) where \g is the Newto-

function behaviour of O(r1+20) and stress behaviour O(r
nian problem eigenvalue. This behaviour is again reconciled with boundary layers at
the walls which recover viscometric behaviour. These boundary layers are markedly

different from those of the re-entrant corner case.
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Chapter 1

Introduction

This thesis studies viscoelastic flows of Oldroyd-B type fluids in simple corner geome-
tries. To introduce the subject, this chapter discusses the rheology behind viscometric
materials, derivations of constitutive models leading up to Oldroyd-B type and a lit-
erature review of previous work undertaken in the field. To put this work into an
industrial context, some relevant applications of Oldroyd-B type fluids are discussed.
We begin with an introduction to basic rheological phenomena before going into detail

on rheological concepts.

1.1 Introduction

Conservation laws for fluids state that particular measurable properties of an isolated
physical system do not change as the system evolves. For example the Continuity Equa-
tion is a statement that mass is conserved within a system, whilst the Conservation
of Linear and Angular Momentum states that the total linear and angular momentum
respectively of a closed system of objects is constant. Similarly the Conservation of
Energy states that the total amount of energy, again in an closed system, remains con-
stant. However, there are generally more unknowns than equations requiring additional
relations to be found in order to solve the systems. These additional relations are called
constitutive equations and for fluids relate the motion of the fluid to the stresses present.
An important class of fluid flow is Newtonian flow in which the extra stress tensor is
proportional to the deformation tensor, with the proportionality being the viscosity of
the fluid in question. Examples of materials which can be well described by Newtonian
flow are water and air. Experimental data is well known to be modelled accurately by
Newtonian flow theory for fluids which exhibit Newtonian flow characteristics.

However, many fluids show additional properties which are not modelled by Newto-

11



nian flow, for example paints can exhibit the shear-thinning effect, where the viscosity
decreases with increasing shear rate. To explain this feature, imagine a polymer solu-
tion at rest with the molecules distributed at random. Any fluid trying to flow through
this polymer will have to expend a lot of effort in order to make progress. In a simple
shear flow, the molecules will align themselves with the fluid flow direction thus mak-
ing it easier for the surrounding fluid molecules to flow past each other. This heuristic
explanation of ’shear-thinning’ explains why such fluids are very viscous at rest but
flow easier when a stress is applied. Paint utilises this behaviour as one would like a
less viscous substance while painting, but for it to be more viscous at rest to prevent
dripping. A further example of Non-Newtonian behaviour would be the presence of a
yield stress. In this case, the stress upon a system has to pass a threshold before which
the fluid does not flow. Particularly viscous materials such as toothpaste and ketchup
are good examples where a yield-stress is present; fluids of this type are termed vis-
coplastic fluids. Fluids exhibiting this behaviour will not be discussed in this thesis but
these examples serve to illustrate the many fluids which have a viscosity rate depending
on shear rate. The need is clear for more complicated constitutive relations which can
incorporate differing rheological qualia.

The development of constitutive equations and investigations into varying fluid
behaviour is generally termed ’rheology’. A large difference between Newtonian and
non-Newtonian mechanics is that the latter has to take into account the microstructure
of the polymer in order to describe the observed effects. The varying size, shape
and density of molecules that make up different polymer solutions can all give rise to
differing rheolgical properties. Thus one can derive constitutive models by looking at

the microstructure.

1.2 Viscoelasticity

Continuum mechanics provides the physical laws that materials obey and imparts re-
quirements for the constitutive laws. There isn’t a distinction in a continuum mechani-
cal sense between solids and fluids though instinctively the difference is obvious: fluids
"Hlow” whereas solids do not. Alternatively, one can say that a solid is elastic, that is
if a force is applied upon it the solid deforms, with the work stored as elastic energy.
A fluid is viscous and transforms its work into heat. When the force is removed the
solid returns to its original state (if it is a purely elastic material) but the fluid ‘forgets’
it’s original configuration. Viscoelastic materials lie somewhere in between the purely
elastic and Newtonian flow characteristics. Some of the applied work done is stored as

elastic energy with the rest transformed into heat. At a characteristic time A say, the
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material forgets its initial form after unloading some of it’s elastic energy into kinetic
energy. For purely elastic materials A = oo, i.e. the material doesn’t forget its original
state and for purely viscous materials A = 0. For materials which show both viscous
and elastic properties, A lies within these ranges and is termed a ’viscoelastic’ material.

It should be said that just knowing the characteristic time isn’t generally that useful
unless it is compared against the timescale of the flow (if the history of deformation is
important). Having a characteristic time of a ratio between characteristic velocity and
length scales respectively introduces a dimensionless number called the ‘Deborah num-
ber’ De. This way of characterising materials by the time it remembers its deformation
history motivates calculating the total stress in a system over all past deformations,
thus taking into account the memory of the fluid when calculating stress. We can

formulate this by defining the total stress o(¢) at a time ¢ to be
o(t) = —pI + Fu== (C(t), (1.1)

where p is the pressure, o(t) is decomposed into an isotropic part and the extra-stress
tensor with C a suitable strain tensor. The functional F weights the past deformations
less than the most recent ones. As an initial attempt this is too general an approach to
model many viscoelastic fluids, a better way to do it is to represent the functional F as
an integral with a weighting function in it, the weighting function chosen to calibrate
with real data (such as the measured viscosity).

As mentioned later in this introduction, the continuum approach to modelling vis-
coelastic fluids is limited and one is better served looking at the microstructure of fluids
and building up constitutive models this way. The Oldroyd-B fluid is derived this way

later from the properties of polymer molecules in such a fluid type.

1.3 Development of Viscoelastic Theory

The development and application of viscoelastic theory has arisen from the wide de-
velopment of polymeric materials in industry. These materials display characteristics
that cannot be adequately explained by the classical theories of elasticity or viscosity.
Such studies lead to the need for a more general theory encompassing both fields. One
way to characterise such materials, is to measure their response to a uniform stress. A
standard elastic material when subject to such a stress, will respond instantaneously
with a constant rate of deformation. However, materials exist for which such a stress
will induce an instant deformation that is not constant, i.e. some flow process will
subsequently happen. This flow process may not be linear and may change with mag-

nitude or form as time evolves. Materials which exhibit this are said to show creep
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characteristics and cannot be fully described by either elasticity or viscosity theory.
Further complications arise when the materials show memory properties. Applica-
tion of a stress can produce an instantaneous deformation that in turn responds in a
time-dependant manner to the first applied stress. An elastic material does not show
this property: responses are governed at a particular time only by the total stress
levels at that given moment. This property of ‘memory’ is of fundamental impor-
tance to viscoelastic fluids. It should be noted, that memory in viscoelastic theory is
time-dependent, contrasting with other theories such as Plasticity theory %4]
Viscoelastic fluids retain many of the properties associated with Newtonian Fluids;
namely that stresses depends upon the current motion of the fluid, along with the prop-
erty that stresses are dependent upon the history of its motion. Viscoelastic properties
are usually measured as responses to an instantaneously applied /removed constant or
dynamic stress or strain. The fluid can therefore be thought of as having both a viscous
and an elastic element. The Oldroyd-B model includes both Newtonian and Maxwell
models, allowing it to model, for example, the case where an elastic fluid obeying the
Maxwell relation is mixed with a fluid governed by a Newtonian Law. Various fluid
models exhibit viscoelastic behaviour and the reader is referred to ﬁ%qg]gfor examples of

other constitutive models.

1.3.1 Balance Laws

Before deriving constitutive models, a more general discussion of the governing equa-
tions of many viscoelastic flows is useful. All fluid motion is governed by the balance
laws of conservation of mass and of linear and angular momentum. If considering
thermal effects, consideration of the energy balance is needed as well. For all models
discussed here, thermal effects are not considered along with the added restriction that
incompressible fluids are considered. These fluids are generally liquid at the temper-
atures used, hence this assumption has physical relevance. For incompressible fluids,

the conservation of mass is
V-v=0, (1.2)
where v is the velocity field of the fluid. Balance of linear momentum gives
ov
p(at+(v-V)> =-Vp+V.T, (1.3)

where p is the density, T the extra stress tensor and p the pressure. The terms on

the left are referred to as the inertial terms (representing the force of inertia) which in
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the majority of this thesis are found to be negligible. T represents the stress the fluid

develops in response to the deformation. We define the total stress tensor o to be
o=-pIl+T, witho=o". (1.4)

The conservation equations are not enough in order to determine the characteristics of
the flow, motivating the need for constitutive equations relating the motion of the fluid

to the stresses present.

1.3.2 Newtonian Fluids

An important class of fluid flow is Newtonian flow. This is a well known and widely dis-
cussed fluid flow type. For an incompressible Newtonian viscous fluid, the constitutive

relation relating stresses to motion is known to be
T = 21D, (1.5)

where 7 is the viscocity and D the rate-of-strain (or deformation) tensor. The defor-
mation tensor is related to the fluid motion, specifically it is the symmetric part of the

velocity gradient tensor and written as
1 T
D= §(Vv +(Vv)h). (1.6)

Newtonian flow can describe some aspects of viscoelastic flow, which as we will see,
the Oldroyd-B model incorporates. For more complicated behaviour where the stresses
are dependant upon their history, or where solvent and polymer stresses are present
a more complicated set of equations is needed to model this behaviour. Fluids which
incorporate Maxwell effects as well as classical Newtonian qualities are ill-described by

simple Newtonian flow.

1.3.3 Spring Dashpot derivation

There are several ways to derive models, one of which is to approach it via a mechanical
analogy where springs and dashpots are considered in combination. Since viscoelastic
fluids can consist of elastic and viscous elements, we can use the springs to represent
. . . fig:spdh
elastic elements of the fluids and dashpots as viscous elements, see figure l—i. We
can derive Maxwell’s one-dimensional linear model considering a spring and dashpot
. . . E&%_Sﬁ_ldh . . . .
in series as in (A) of figure [I-I. Relating the elastic strain 7. and elastic stress o, (the

subscript e referencing the elastic element) via Hooke’s Law
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(4) (B)

Spring

Dashpot

Figure 1-1: The spring and dashpot elements are shown in two possible configurations.
(A) shows spring and dashpot elements arranged in a series to give a Maxwell element,
and (B) in parallel to give a Kelvin-Voigt element.

e = ke, (1.7)

with spring constant k. The dashpot as a viscous element with associated viscosity 7,

extends at a rate proportional to the force applied on it

Ov = NYp- (18)

The total strain is the sum of the individual strains since the elements are in series, i.e.

Y= Ye + Vo (1.9)

Differentiating with respect to time the individual elements and noting that the stresses

will be equal (0 = o, = 0,,) since the elements are connected in series, we obtain

o+ 1o =3, (1.10)

where % represents a relaxation time: a measure of the time for which the fluid remem-

fig:spdh
bers the flow history. Choosing to arrange the elements in parallel, see (B) of = gives
the Kelvin-Voigt model. The derivation is similar to the one just performed, but since

the elements are now connected in parallel, the total stress is the sum of individual
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stresses (0 = o, + 0,) and the strains are equal (7 = v, = 7,), giving
o= ky+n7. (1.11)

eq:sigmastress . .
We can note that ( .%) implies ¢ is a symmetric tensor field and that we can represent
4 with the rate of deformation tensor 2D. The one-dimensional Maxwell constitutive
model can be generalised and written in tensor form as
noT

T+ 2= — oD, 1.12
t g = 20 (1.12)

1.4 Nonlinear Maxwell models

A natural extension to this is to consider nonlinear behaviour models for models to
be applied to real fluids. In order to see why (e.n: llnsm ?i{ot sufficient to describe non-
Newtonian fluids, we need to consider the work of Oldroyd in the 1950 paper %ﬁiﬁin
which the principles that a constitutive equation must be based upon were laid out. A
summary of Oldroyd’s work is presented in %agjifisi(m%

Firstly, constitutive variables such as stress and strain, rates and gradients of these
quantities are expressed in terms of their components in some co-ordinate system. To
ensure that these variables are expressed in a form that does not limit them to a
particular co-ordinate type, such as Cartesian, the variables are expressed as tensors.
There are many ways of expressing tensors, what is important is that constitutive
equations express the same relationship in all coordinate systems. This is what is
termed the Principle of coordinates invariance.

Related to this principle is the Principle of invariance. Consider for example, the
choice of a co-ordinate system in which some constitutive property of a fluid is to
be measured. The principle of coordinate invariance means we need to formulate the
constitutive equation so that we can express it in different co-ordinate systems. The
natural question arises when a suitable system is chosen, how can we ensure that the
constitutive equations are invariant to this choice? Important is the invariance of both
the orientation of the co-ordinate system and its scale.

Therefore for constitutive equations to be invariant under a change of spatial frame,
the so called Principle of Objectivity (a natural extension to the invariance property),
wherein the deformation of a material is not affected by any rotation it may undergo.
If the constitutive equation is satisfied for a motion, then the stresses within the fluid
as a result are invariant spatially (i.e. they aren’t influenced by the observer, only by
the deformation itself). This principle is one that all linear constitutive models violate

apart from Newtonian Flow, so a modification to the linear Maxwell model is needed.
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One way to approach this is to replace the time derivative with an invariant one: the

Gordon-Schowalter convected derivative

DT 9T O

_—— =" 1.13
Dt 8t+T’ ( )

where

T= TW - WT — o (TD + DT), W=_(Vv-(Vv)). (1.14)

N

Here we have the parameter a € [—1,1]) and W is the vorticity tensor. This is the most
general derivative used to describe viscometric behaviour. There are several Maxwell
. . eq:gordsc . . .
models which are specific cases of (l.l§i icﬁosen to model specific viscometric be-
eqn: linmax

haviour). For a = 1, replacing the time derivative in ([I[.12) with the Gordon-Schowalter

convected derivative we get the Upper Convected Maxwell (UCM) model

n (0T v\
T+ z <8t+ T) = 2nD, (1.15)

and with a = —1, the Lower Convected Maxwell (LCM) model,

n (0T &
T+ - — = 2nD. 1.16
1 < T T) . (1.16)
The symbols A and 17 stand for the upper and lower convected derivates respectively

and are defined as

A

T=(v-V)T — (VV)T - T(VW)?, T=(v V)T + (V)T + T(Vv). (1.17)

The UCM model is one of the most popular Maxwell models, being a simplified case of
the Phan-Thien-Tanner (PTT) %}, Oldroyd-B and FENE-P models amongst others.
It gives reasonably accurate modelling of the normal stress differences as well as pre-
dictions for the ratio of second normal stress difference to first normal stress difference.

However it does have deficiencies which are described later.

1.4.1 Other constitutive equations and limitations of the Oldroyd-B
model

Newtonian fluids are characterised by the assumption that the extra-stress tensor is
a linear isotropic function of the velocity gradient. Such models cannot describe the
shear thinning behaviour many polymer fluids exhibit. If the component of the extra

stress tensor T = ¢ + pI are assumed to depend only on the velocity, acceleration and
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higher order time derivatives, a set of constitutive models called the Order models can
be developed. This can be seen as a first attempt at modelling viscometric fluids and
polymers. Given the initial assumptions on the extra stress tensor, a polynomial in T
exists as well as the Rivlin-Ericksen tensors {Aj} given by

k

0
{Ak}(xvt) = WC@Qtat/)t:t’a (118)

where the derivative follows the fluid particles and C(x, ¢,t’) is the Cauchy-Green strain
tensor. For k =1 (or defined as first order), we have
{A1}(x,t) = Vv + (Vv)T (1.19)
WP,
Using identities in l39 , Pg-29 , we can deduce recurrance relations for arbitrary powers
of k" order

DA,
Dt

{Aji1}(x,t) = + (VV)A + Ap(Vv)T, k=1,2,3,.... (1.20)

For constitutive relations that are polynomial functions of the first N Rivlin-Ericksen
tensors, T = f(A1,As,- -, Ay), the first three order fluids are given by

T1 = a1A1
Ty = a1 A1 + asAy + aj A?
T3 = (a1 + a1.11t7(A2)) A1 + asAg + a1 A? + azAsz + ajp(A1Ay + AsAy),

where the a;’s, ai1, aio, a1.11 are constant coefficients. The first order fluid is simply
the Newtonian case, the second order fluid now has a normal stress difference through
the existence of A; and Ag, and some viscoelastic properties (through Ag). For simple
steady shear flow, a constant viscosity is found which is suitable for many real world
polymers flows subjected to shear, for example suitable for the class of Boger fluids.
The third order fluid with suitable coefficients gives a viscosity decreasing with shear
rate, though fails to allow for situations where strong shear rates are observed. Thus
‘fast” flows or ones in which the tensors Ay vary rapidly, fail to be suitably modelled.

In order to describe the behaviour of dilute polymer fluids, various models such as
Oldroyd-B, PTT and FENE-type are appropriate. Simple steady shear flow considered
in section %b.s?le%iﬁfsefs a quadratic first normal stress difference, zero second normal stress
difference and constant viscosity. Such characteristics can accurately model Boger fluids
(see, for example,%?)] and %, which have the defining features of a constant viscosity

and a quadratic first normal stress difference. The limitations of the Oldroyd-B model
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are that fluids with varying viscosity are ill-suited to this model as well as problems

measuring extensional flow. As an example, for the extensional flow

€ €
: h h 1.21
v (6.%', 23/7 22) ) ( )

with constant extensional rate é, the Oldroyd-B model has an extensional viscosity 7,
WP,
given by (see, e.g.

_3n(1 — Agé — 201 A2€?)
e T 20 (1 + M)

(1.22)

Here the constants A; and A9 are characteristic relaxation and retardation times respec-

sec:0Bderiv
tively (and defined below in section [[.4.2) and 7 is the total shear viscosity. Thus the

1
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dumbell model used to derive the Oldroyd-B constitutive model are infinitely extensible

extensional viscosity blows up at finite extensional rate é = . The elements in the
and hence become infinitely extended in the flow at the critical value é = ﬁ In other
words, the properties of constant viscosity and infinite extensibility of the Hookean
connecting springs give extensional viscosity that blows up at finite extensional rates.
When trying to model real world fluids subjected to extensional strain, this problem of
non bounded extensional viscosity has lead to the development of a model based upon
finitely-extended dumbells, known as the FENE-P model. This retains the constant

shear viscosity of Boger fluids but with bounded extensional viscosities.

1.4.2 Derivation of the Oldroyd-B model

Classically, constitutive models were derived through continuum mechanics %g] Re-
cently, the basis of constitutive modelling has moved onto considering the microscopic
properties of fluids, since, as said earlier the molecular composition has an important
role to play in the macroscopic behaviour exhibited. This can be termed kinetic the-
ory in which a mechanical model for the basic constituent of the molecules forming a
non-Newtonian liquid is used. The main forces acting on these molecules are consid-
ered that define its motion, then these effects are averaged out over a large number of
possible configurations that form the basic structure of the polymer. Thus this allows
us to construct a model that has the relevant macroscopic properties from microscopic
considerations.

For the Oldroyd-B model, kinetic theory can be used by consideration of a molecule
being a pair of spheres connected by an Hookean spring; the dumbell model. The
following is a summary of one way in which this can be derived. The reader is referred
to %@] and %for a more detailed treatment of this subject. Modelling polymers at
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the macroscopic level allows us to derive a set of equations known as the Oldroyd-B

model. The incompressible Navier Stokes equations are

Dv

V.v=0, p—=V_-o, 1.23
v P Di o (1.23)
with the associated constitutive equation
o= —pl+ u(Vv+ (Vv)h). (1.24)
Here % is the total time derivative, o the stress tensor, p the density, © the Newtonian

viscosity and p pressure. At the microscopic level inertial forces are small compared to

viscous forces, and thus the incompressible Navier stokes equations simplify down to
V.-v=0, uV?v="Vp. (1.25)

Consider now the flow of a small solid sphere in a Newtonian fluid. A sphere of radius
a, moving with constant velocity U experiences a drag force F = —6mpuaU. To model a
polymer, a device is needed that remembers the flow history of an object. The simplest
deformable object of this nature is to take two spherical beads and connect with a

linear spring to form a dumbbell. There are three effects acting on each bead
e The spring force;

e The Stoke’s drag force from the solvent viscosity the dumbbell is suspended in,

if moving relative to the fluid around it;
e Brownian motion at small enough scales.

Considering the spring force first, we have one bead of radius a at a position x, with
another bead at x+r under the action of fluid flow, only taking into account the spring
force. The size of the beads are small, hence inertial forces are assumed zero and the
total force on the bead is zero. We denote the spring force as Ar with A the spring
constant. The velocity U of a bead, in a fluid with velocity v(x) experiences a drag

force of
6rua(v(x) —U). (1.26)
The total force is therefore

Ar + 6mpa(v(x) — U) = 0. (1.27)
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Estimating the spring constant A\ = 3kT/a® from thermal forces, the velocity of the
bead is

kT
- 2mpad

r + v(x). (1.28)

Calculating a similar velocity for the other bead at x+r, we can determine the evolution

of r to be

dr kT
o . 1.2
g p—ee r+rVv (1.29)

We denote :52;, = % as the relaxation time for the dumbbell following distortion caused
by the flow. A suspension with a total m such small dumbbells will contribute extra
stress. Furthermore, the fluid they are suspended in will contribute a Newtonian stress.
In this case we are trying to find the polymer stress oP. We consider a small surface
element area 0.5 and a unit normal n. The force associated with a dumbbell that crosses
the surface is Ar, dumbbells are more likely to cross the surface aligned with n. Given
m dumbbells per unit volume, we expect the number crossing the surface element to

be mr - ndS. From this, the extra stress exerted by the dumbbells is found as
3mpam

y . —
o’ =Gr-r, G 5 (1.30)

Finally, Brownian motion needs to be considered to complete the model. Adding a

standard three dimensional Brownian motion to the evolution of the vector r:

1
dr = (—Zr—l—r-Vv)dt—l—T_l/det. (1.31)

Introducing the conformation tensor A used to describe the macroscopic polymer be-
haviour, consider the movement from position x of the dumbbell in a time dt, i.e. the

movement is given by
X + dx = x + v(x)dt. (1.32)
As we take a time step dt we get
A(x + vdt,t + dt) =< (r +dr), (r + dr) > . (1.33)

Evaluating these expressions, we obtain

%+(v-V)A—A-Vv—(VV)T-A=—%(A—I)a (1.34)
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with polymer stress o? = GA. The conformation tensor A is a positive definite, second
order tensor that describes the microstructure of the polymer molecules at a continuum

level. Putting these equations together gives

Vv =0, Por = V.o, o=-—pl+u(Vv+(Vv)')+GA, (1.35)
A 1
%—tﬂv.V)A—A.vv—(vv)T-A:—;(A—I). (1.36)

We may recast these equations using alternative notation. The total viscosity 1 of the

suspension is comprised of Newtonian 7, = p and polymer 1, = GT components,
n=p+GT =15+, (1.37)

The relaxation time A\; = 7 measures the transition from elastic to viscous behaviour.
We introduce the retardation time Ao of the fluid, which characterises the response of a
viscoelastic material to the instantaneous application of a constant stress. It is related

to the relaxation time via

T s
_ /H“GT — %/\1. (1.38)

A2
Finally we introduce the polymer stress T?,
TP =GA—-1)=T - 2n,D, (1.39)

with the deformation tensor defined in (el © ) Then the dimensional governing equations

can alternatively be written as

0
V.-v =0, p<v+(v-Vv)> = —Vp+V-TP +13,V3v,

ot
\Y%
TP + A TP= 2,D, (1.40)
. . . . . eq:ucdrel
with the upper convected derivative of the extra stress tensor as given in (I an
A2
mp =1 =ns = n(l = 3=).
1

Inertial terms will turn out to be negligible for flows considered in this thesis.
P004
In [[6], a 4-1 contraction flow was simulated for a viscoelastic polymer solution.
Two Boger fluids PA100 and PA300 were examined: prepared by dissolving differing

amounts of polyacrylamnide in a Newtonian solvent N91. Oldroyd-B type properties
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Parameter values
PA100 | PA300 | PP
n 0.52 0.74 0.74
Ns 0.4 0.37 0.34
Mp 0.12 0.4 0.4
A1 | 1.947 1.942 | 1.947
Ao 1.50 0.53 0.53

Table 1.1: Table showing parameter values for three Oldroyd-B type fluids. The vis-
cosity 7 is split up into a solvent part 7, and a polymer part 7,. The third fluid type
PP is a polyisobutylene-polybutene fluid. Viscosities are given in units Pa.s and relax-
ation/retardation times in s. Reynolds numbers for all three fluids types were assumed
small with Weissenberg numbers dependent upon the geometries used (not specifically
given in the citations)

such as low shear thinning and very small second normal stress differences were re-
01985
tained. A three mode Oldroyd-B model was fitted to experimental data. In [T0], a
polyisobutylene-polybutene solution is considered. Parameter values for these three
. . . . tab:values
polymer solutions (once changed to our notation) are given in table [I.T.

1.4.3 Nondimensionalisation

The Oldroyd-B model includes solvent stresses as well as polymeric stresses considered
in the UCM model. It thus adds a Newtonian stress contribution to the UCM stresses.
These two stresses can be written as TP for the polymer stress and T? for the solvent
stress, with the total stress T being the sum of these individual stresses. This allows
us to express the governing equations in two ways, one involving separate equations for
the solvent and polymer stresses, and one involving the total stress only (eliminating
explicit reference to the solvent and polymer stresses). The former statement is the
one adopted in this thesis as in (%%%v%%ch can be written as

0
V.v=0, p<8‘t’+(v-vv)>:—vp+v-T, (1.41)
™ v A
T=T’+T° T =2D, TP+X\ (3&+ Tp) = 2(1 — )\—2)D. (1.42)
1

We have defined A1 and Ay to be the characteristic relaxation and retardation times for
the fluid, respectively. The relaxation time A; measures the transition from elastic to
viscous behaviour, whilst the retardation time Ao is a time characterising the response
of a viscoelastic material to the instantaneous application of a constant stress. To

nondimensionalise, we introduce a characteristic velocity scale U and length scale L.
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We then scale our variables as follows

L Un Un Un
=Lx" t=—=t" = * = _—1p* TP=_-1TP* T¥=_"T%*
X X ) U ) V UV M p L p ) L ) L )
(1.43)
where * denotes the dimensionless variables. We introduce these into the dimensional

eq:dl leq:d
equations (II 41 )- (11 ﬁ?i which, after dropping *’s, give the dimensionless governing equa-

tions as

V-v=0, Re(?{—k(v-Vv)):—Vp—i-V-T,
s s oTP \
T=T+T° T°=25D, TP+ We W_‘_ T? ) =2(1 - 5)D, (1.44)

with dimensionless parameters

pUL >\1U )\2 Ns
Re=""2  We=2% pg=22_" 1.45
. A (1.45)

These dimensionless parameters are the Reynolds number Re > 0, the Weissenberg
number We > 0 (the dimensionless relaxation time) and the retardation parameter
B € [0,1] (or dimensionless solvent viscosity).

We consider steady flow only for the problems addressed in this thesis, so that

:nd,
(el .E[ZIni reduce to
V-v=0, Re(v:-Vv)=-Vp+V.T,
Y%
T=T+T° T°=25D, TP+ WeTl=2(1-7)D, (1.46)

which will be the governing equations of interest. On occasion we will include the

solvent stress explicitly in the momentum equation, so that the form

V-v=0, Re(v-Vv)=-Vp+V- TP+ 3V,

v
T? + We TP= 2(1 — 8)D, (1.47)

:ndgeformi
will be interchangeably used with (el .ﬁﬁn). SRRk

1.5 Literature Review

The main problem addressed in this thesis is flow at a re-entrant corner. These are

corners whose angles are greater than 180° and arise in many practical applications
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such as extrusion flows. It is listed as a benchmark problem in the field of Rheology
and has received a lot attention due to the challenges and difficulties encountered in
determining admissible asymptotic and numerical behaviours for certain viscoelastic
differential constitutive models. In this respect, the Oldroyd-B (and Upper Convected
Maxwey%‘;g?}(CM)) models have been particularly troublesome. The initial results of
Hinch

a region local to the corner but away from the walls (a so called outer or core flow

or Oldroyd-B models generated a class of similarity solutions holding in

region). In this region, the upper convected stress derivative was assumed to dominate
in the polymer constitutive equation and a stretching solution for the polymer stresses

in the form

TP = A(¢Y)vv?, (1.48)

was identified. The similarity solutions predicted a stress singularity of O(r‘Q(l_o‘))

and stream function behaviour O(r®(®=®)) where r is the radial distance to the corner

eq:stretc]

lc hapter: reentrantcornerflow

and « € [1/2,1) the corner angle parameter (defined in chapter B). This behaviour has
subsequently been confirmed numerically for the benchmark corner angle of 270°
98 PTOS -
2/3) by Singh and Leal Tm |, Baaijens § Xue et al. %4 Phllhps and Williams
P00
Alves et al. boubacar and Webster é Aboubacar et al. % and Alves et al.
amongst others despite initial setbacks (see, for example, Lipscomb et al. W Coates
et al. Nip ). The asymptotic solution has been completed with the determination of
9
elastic wall boundary layers, the upstream case being first determined by Renardy LZIeF )
h

whilst the downstream case was considered by Rallison and Hinch see also Evans
W. These authors demonstrated matching between the respective boundary layers
and Hinch’s outer similarity solution, the analysis of %f%ﬁproceeding in a Cartesian
h£7(l)‘g%]r1ulzaution, whilst ﬁlﬁl»dused the natural stress formulation originally introduced in
u

The essential features of the analysis in ﬁ%[gjl»was to demonstrate how the natural
stress variables communicated the required information from the upstream boundary
layer, through the outer region and into the downstream boundary layer. Further, it
was identified that the downstream layer equations possessed an essential singularity
(with one set of exponentially small terms explicitly identified, with the further two
for Oldroyd-B given in Evans H%. However, one noticeable failure of the analysis

was the lack of convergence of a numerical solution to the downstream layer equations

t
in the UCM case. The UCM case has subsequently been considered in I gcaﬁffacm 90 ,ucm

where the method of matched asymptotic expansions for the problem was set in a more
hold

systematic framework than that adopted in %IIS . This setting afforded a consistent

comparison between terms arising in the flow equations, so that they could be genuinely

compared. Detailed analysis of the boundary layer equations was also given, where the
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solution was shown to possess two sets of exponentially small terms at the downstream
wall (these being associated with the essential singularity). Further it was shown how
the complete local asymptotic solution could be expressed in terms of an upstream
similarity parameter involving the upstream wall shear rate and pressure coefficients.

Our main intention in this thesis is to further the results of s dor Oldroyd-B in
the natural stress formulation. The approach adopted extends the matched asymptotic
analysis framework used for the UCM case in 19 l;ﬁl g0

Much of the early work on re-entrant corner flow started with investigation of
UCM and Oldroyd-B type fluids, with results for the more complicated constitutive
models such as PTT and Giesekus fluids following later. For a Newtonian fluid the
stresses were known to grow very large as one approached a re-entrant corner and this
was also expected for UCM type fluids. Preliminary investigations on the problem
include Renardy h%]r,e—xszvsho considered the stresses in the UCM model for a 270° corner
when the velocity field is taken to be Newtonian. It was known that assuming a
Newtonian velocity field was questionable but it allowed the main features of the flow to
be considered. It was found that the convected derivative dominates at the corner away
from the walls, with solution found to be proportional to vv! along streamlines and
which was confirmed by numerical results. However, this core flow solution could not
attain viscometric behaviour at the walls, thus determining the presence of boundary
layers. The thickness of the boundary layers was found to be § ~ 7172 (with r
the radial distance away from the corner, 6 the angle with the upstream wall and Aqg
a constant (the Newtonian flow eigenvalue), found to be Ao ~ 0.54 for a 270° corner
angle). The Newtonian velocity field behaves as ¢ ~ r1720 the polymer stresses behave

=074 i the core and as r—0-91

as r near the walls (the square of the velocity gradient).

The early work of both Hinch and Renardy was performed in the Cartesian stress
basis. The discovery of Renardy that the stress close to the corner ‘follows’ the stream-
line coupled with the fact it becomes singular at the corner itself is the reason why
numerical implementation is so difficult. Information from the stresses carry on down-
steam past the corner; a Cartesian co-ordinate system has problems with the extreme
accuracy required to calculate successful numerical results. Renardy in ﬁﬁgbuilds upon
the work in h%lsz}]re—wsflsiich found that the upper convected derivative dominates in a core
region, and is zero close to the corner. With the stresses of the form (E%g;%et%lakes

T is one of the basis functions. In

sense to introduce a 'natural-stress’ basis where vv
numerics, transforming tensor components to a basis aligned with streamlines was pre-
viously used in numerical work by Dupont et al. flql%nd Keiller %u‘c not in analysis
pertaining to this problem. Davies and Devlin %ﬁapproached the analysis of this prob-

lem in a different manner, looking at series expansions of the Oldroyd-B equations but
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formulated in terms of an Airy stress function and a stream function. They managed

to find a set of eigenfunctions with associated eigenvalue problems, following the work
emo49

of Dean and Montagon Ig where a similar method was applied to simple Newtonian

X . K . |chapter:Salientcornerflow
flow. Their work is considered later in chapter b, buf in the confext of Salient corner

flow. Davis and Devlin showed that there existed two types of solutions, asymptotic

Newtonian flow away from the walls and other UCM-like asymptotics. Though this

approach is not employed in this thesis, the solutions found alternatively can be seen by

balancing differing terms in the Oldroyd-B constitutive equations. A fuller discussion
X X aDe |chapter:reentrantcornerflow v0

on the relationships between [I3] and chapter B 1n this thesis can be found in [17]. The

contrasting approach by Hinch and Renardy of matched asymptotics is used instead

here.

highwei e
Additional work by Renardy in SFand , examined the boundary layers present

in high Weissenberg number flow. The context was general with no specific geometry
selected other than being close to solid boundaries. However, the resulting equations are
similar. In high Weissenberg flow, the upper convected derivatives in the constitutive
equations dominate in regions away from solid boundaries. The equations governing
UCM type flow can then be reduced to the compressible Euler equations; an important
class of solutions to these being generated by potential flow. Near the walls, viscometric
stress behaviour is recovered in elastic boundary layers. These high Weissenberg elastic
boundary layer equations are the same as the wall boundary layer equations that occur
near the re-entrant corner in Weissenberg order one flows. Thus the corner stress
singularity seems in invoke the high Weissenberg behaviour even when Weissenberg is
order one. The high Weissenberg analysis is thus relevant to corner flow, and aspects
of it will be found in chapters Eh—g%%grcg%tell(letfe?gg‘slocr%ﬁggwdominates the solvent
stress (which is present in Oldroyd-B formulations), the results and analysis are very
similar to those obtained with UCM flow. Renardy H%f%%showed that the boundary

layer equations were little changed via the addition of a solvent stress.

Salient corners occur for angles less than 180° and is another situation considered
here. No analytical work has been done for flows at such corners for viscoelastic fluid
models such as UCM and Oldroyd-B. There is a remark by Renardy Selci That the
situation should be Newtonian dominated. Newtonian flows were considered first by

emo49 . . off64
Dean and Montagnon T4 and their analysis then extended by Moffatt %35 , where a

class of separable similarity solutions were discussed.
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1.6 Structure of thesis

Chapter 1 has given an introduction to rheology and discussed the derivations of the
Oldroyd-B fluid as well as a literature review. The non-dimensionalised equations for
the Oldroyd-B have been stated, which are the equations that we wish to investigate
for re-entrant and salient corner flow. Our study of these equations begins with a
preliminary analysis in chapter E%Lﬁ%lwe classify their type and give their 2-D com-
ponent formulations in Cartesian and natural stress (see Renardy ﬁgﬁ form. Extensive
use of both of these formulations will be made in subsequent chapters, where steady
planar flow only is considered. Also given are the solutions for steady simple shear and
elongational flows, which are useful to reference.

|chapter:reentrantcornerflow
Chapter B considers the re-entrant corner problem for parameter values We = 1 and

0 < B < 1. The method of matched asymptotic expansions is used to identify a three
region asymptotic structure local to the corner as well as to derive equations within
them. The asymptotic regions comprise an outer (core flow) region away from the
walls at which there are boundary layers. Self-similar solutions are identified and used
to construct solutions. The upstream and downstream boundary layer equations are
solved numerically. The derivation in this chapter using an artificial small parameter
(introduced through a length scaling) for the asymptotic expansions, puts the work of
. nold €95 . i hold .
Hinch [29 , Renardy LZI? and Rallison and Hinch [43] on a firmer footing.
|chapter:paremterregimes |chapter:reentrantcornerflow .
Chapter @ extends the solution of chapter B to other parameter regimes. Specifically
(i) the low and high Weissenberg limits with 8 € (0,1) kept fixed and (ii) the limits

of 8 approaching 0 and 1 with now We held fixed and order one. The Weissenberg

limits and the Newtonian limit of § — 17 are singular and the goal is to identify their

asymptotic structures.
|chapter:Salientcornerflow . .
In chapter b, the salient corner is discussed. Crucially important to the understand-

ing of which is Newtonian flow. The chapter thus begins with an analysis of Newtonian
. emo49 off64 i
flow following the work of Dean and Montagnon [4 and Moffatt [35]. These solutions
are then matched to wall boundary layers which recover viscometric behaviour for the
Oldroyd-B fluid. The Newtonian solution also extends to re-entrant corner angles and

. X . . |chapter:paremterregimes
is used in the low Weissenberg limit in chapter 4.

. . %m . . .
Finally in chapter 6, an overview of the results is presented, as well as possible

extensions and open questions posed by this work.
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chap:prelim

sec:class

Chapter 2

Preliminary analysis

This chapter introduces the main formulations and some preliminary results to be used

later. We begin with analysis on the classification of the Oldroyd-B equations thus

investigating questions of well-posedness and uniqueness. The Cartesian and natural

stress formulations will be presented along with consideration of some simple flow types.

The later can aid boundary layer considerations that we encounter in later chapters.

2.1 Classification of type

The dimensionless governing equations of the Oldroyd-B model for steady incompress-

ible planar flow may be written as

Vv=0, Re(v.V)v

—Vp+ V.T? + 8V?y,

v
TP + We TP= 2(1 — B)D.

Rewriting in Cartesian component form, with velocity field

v = (u(z,y),v(z,y)),

the momentum and constitutive equations are given by
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(2.1)
(2.2) |eq:oldbfo

(2.3) |cartmmnns
(2.4) |cartmmnns:



and

P P
Y+ We (uaaT; + v@@T; - QZZT quTﬂ> =2(1-p) gz, (2.5) |cartconns
P P
)+ We <ua§;2 + 1)8;;;2 - ZZT guT > =(1-5) <gz + g::) ; (2.6) |cartconns:
oTY. oTY. ov ov ov
T%, + We (u a;Q +v 852 — 2({7T{’2 24 T§’2> =2(1-p) By (2.7) [cartconns

Classification of the Oldroyd-B model is important to gain information about the exis-

ephchar
tence of solutions and well-posedness of problems. Work in this chapter follows ZF and

£1
2§ ) which use the methods of discontinuous derivatives and stability of short waves.
. . . . . |josfdrechar
More general information on the classification of PDEs can be found in [30], 50] and the
reader is referred to these texts for a detailed treatment. Analysis for the UCM model
ephclgaphflow

has been done in r?? §§ already; extending this to the Oldroyd-B model is possible

q:oldbforclassmom
since the presence of a Laplacian operator in the momentum equations (u 1) mcreases

the order of the system, but does not significantly change the results already obtained.
Following these two papers, the idea is to calculate the symbol of the differential oper-
ator for the model, then take the determinant and determine the principal part of the
resulting polynomial. This is sufficient to classify the equations. A natural extension
would be to determine the characteristic variables and compatibility equations but is
not presented here.

As previously said, the Laplacian operator in the momentum equations requires the
analysis in E’?ﬁﬁ?ﬁﬁa—ﬁ? fﬁ] to be extended. The constitutive models considered, such
as UCM and Johnson-Segalman, do not include a solvent viscosity and thus do not have
any second derivatives of the velocity field. Initially (although the system is written
as a first-order system later on in this section), we leave the system as second-order,
writing the governing equations in the form

Lq— A 29 a09 g 0a, g% g 0, 2.8 : -
a=Aig + 2a*+ 192 T 282+q (28) [eq:oldblg

where L is an operator acting on a vector q = (p, u, v, Tf’l,TfZ,T§2)T. We define p, u,
and v to be the pressure and velocity components in the x and y Cartesian directions

respectively. The stress components 77, and 7%, are the normal stresses in the = and
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y directions respectively, and T%, is the shear stress. The matrices in (2.8) are

0 1 0 0 0
1 Re u 0 -1 0

A = 0 0 Re u 0 -1 0
0 —2We TF, —2(1 - ) 0 Weu 0 0 ’
0 0 —2We 17, 0 0 Weu
0 —WeTl,—(1-58) 0 Weu 0
0 0 1 0 0 0
0 Re v 0 0 -1 0

A, — 1 0 Re v 0 0 -1 7
0 —2We T%, 0 Wev 0 0
0 0 —2We TH, —2(1—-58) 0 0 Weuw
0 —WeTh,—(1-0) 0 0 Wewv 0
00 0 O0O0O O 00 0 O0O0O O
000 0O0O 01 0 00O

g_ 00 0 O0O0O O B, =By—5 001 00O (2.9)

00 0100 00 0 0O0O
000001 000 O0O0O O
000 01O 00 0 0O0O

The matrices B; and Bg are not present in ﬁ?]}tc—ssli%ch arise from the extra momentum
term. The UCM model in %idered unsteady planar flow, where the characteristic
curves depended upon time. Our equations for Oldroyd-B are written in dimensionless
form and consider steady flow only simplyfing the analysis. Firstly, the linear opera-
tor we have chosen to look at contains the space co-ordinates x = (z,y) and partial
derivatives. Choosing to represent a% by &1 and a% by &2, the higher order derivatives
follow from this. The transformation of derivatives is therefore

< o 0> 0 02

z Yy v - 2 2
X, 8$’ 8.1727 ay) 83/2) — (X)Z§17 51’7’527 52) . (2]‘0)

Considering the stability of short waves solutions, we can consider a plane wave solution

eq:o0ldblgform | . . .
of (bg) propagating in the &-direction of the form
q(x) = qoe’™, (2.11)

where § = {1e, + o€y is a wave vector, e, e, are the unit vectors in the x and y
directions respectively, with wave numbers &; and & and the norm [£] = /&% + &5.
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. . . . . eq:oldblgform
Substituting into our governing equations (2.8) yields

i(E1A1 + &2A2)q0 + (S — E7B1 — £3B2)qy = 0, (2.12)
ch27
which will have a non-trivial solution for qg if the determinant of (}‘ZTZ) is zero,

det (£1A1 + E2Ag — i(S — 7By — €3By)) = 0. (2.13)

X ephchar X i eq:o0ldblgform
Following vl , the symbol of the differential operator defined by (2:8) is the response

: 1
of the system to a solution of the form (B. 3 %?Wsl Herefore the symbol, denoted P(q,1,§)
for the Oldroyd-B model is

P(q,i,€) = i(61A1 + &As —i(S — ¢]B1 — (3B2)). (2.14)
The requirement that detP(q,,£) = 0, leads to the polynomial equation
(& + HW? (ET(We TP + )€ — i3 (3 + &) (W —i) —Re(v.E) W) =0, (2.15)

where W = (We (v.£) — i) has been introduced for convenience. This polynomial equa-
. . . . ephchar .

tion in &; and & is analogous to the result in i for the UCM model - setting 8 =0

the two equations are the same (allowing for the difference in notation). The principal

part of this polynomial are the terms of highest degree in £. The principal part of W
L L. eq:beforeprincpart, . X .
is simply We (v.§) and thus the principal part of (b [5) after some simplification is

—iBWe? (& + &3)° (v.£)*. (2.16)
The real characteristics are associated with the real zeros of this expression, i.e.

(v€)? =0, = (v.£) =0 (three times). (2.17)

fl j :prinoldb
With reference to 12 ,C and h]ﬁ] we can conclude for (E.lﬁ;mfgr the Oldroyd-B
symbol:

e The factor (£ + f%) corresponds to the symbol of the Laplace operator. This
operator appears in the governing equations twice - once from the divergence of
the velocity field and pressure gradient and secondly from the solvent viscosity.
This former part associated with the velocity field is always elliptic, irrespective
of whether the flow is steady or unsteady. The factor associated with the solvent
viscosity however can alternatively be associated with the principle part of the

vorticity equation which is parabolic for time dependent flows, but elliptic for
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steady flows. For time dependent flow then, the Oldroyd-B model has both a
elliptic and a parabolic part from this factor. For steady flow as considered here

only the elliptic part is present.

e The other factor (v.£)? demonstrates that there are three real characteristics
(v.f) = 0. As such the system always has at least three linearly independent
real eigenvectors associated with this factor. This gives the system a hyperbolic
character. The Oldroyd-B model transfers an extra piece of information along the
streamlines of the flow compared to UCM. It is noted in %]hthat the contribution
to the principal part of the symbol isn’t strictly hyperbolic since the multiplicity
is of order three, for practical purposes however the solutions behave as if they

are hyperbolic.

e For comparison, we note that the UCM principal part of the symbol contained
the factor
¢T(We TP + 1)€ — Re (v.£)?,

. . . . .. . . eq:beforeprincpart
which is associated with the vorticity equation. Looking at (2 we see tha

whilst this term is retained when 8 = 0, is it of a lower order in € than the terms
multiplied by 3.

From this we conclude that the system of partial differential equations for the steady
Oldroyd-B model is of mixed elliptic-hyperbolic type, the elliptic nature coming from
the presence of the Laplacian operator in the momentum equations and the hyper-
bolic nature coming from finding linearly independent real eigenvectors. A natural
extension to this problem would be to determine the characteristic variables and the
corresponding compatibility equations. Usually, finding the characteristic variables is
of vital importance to prescribing the correct boundary conditions for numerical im-
R
plementation as well as discretization, see FSB] The characteristic variables tell us the
information that is being transmitted along streamlines. Finding the characteristics
would be an interesting problem to persue to check that the boundary conditions pre-
. . X |chapter:reentrantcornerflow
scribed by them are indeed the same as found later on in Chapter B from the method of
X . . . ephflow X
eigenmodes in the boundary layer analysis. The reader is referred to r2§ for a detailed

treatment of the UCM model, where similarities to the Oldroyd-B model are expected

due to it being of a similar classification type.
ephchar . i
In 57 , 1t is noted that the system of equations can be written as first-order by
introducing the gradients of the velocity components as new variables. This would be
of use if one wanted to use the method of discontinuous derivatives in order to classify

the system. In the two dimensional case these are surfaces ¢(x,y) = 0 across which
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the vector q is continuous with bounded jumps in the first derivative. For studying the
stability of short wave solutions, writing the system as first-order does not change the

result. For completeness we record this system firstly by defining

ou ou Ov v
T = — y = — , r = - 5 = - 5 2 . 1
b= g 0y T e 0y (2.18)

we don’t need the matrices By, By in (E%)%ﬁfn%t@ead have a ten-by-ten order system.
Introducing a modified q vector as § = (p, TT,, Tly, Thy, Uz, Uy, Vs, Uy, u,v) L, where p,
u, and v are again the pressure and velocity components in the x and y Cartesian
directions, T¥, and T%, the normal stresses in the z and y directions respectively, and
T?, is the shear stress. The four extra components come from writing the velocity

gradients as first order variables as above. The new matrices resulting from

~

Lg=A 0

~

1£ +A
in (e. 9 dzlx)%eforgg
0 1 0 0O 000000
1 -1 0 0 6 0 0 0 00
0 0 -1 0O 00 B 000
0 Weu 0 0 0 00 0O0O
A, = 0 0 0 Weu 0 0O O 0 0 O ,
0 0 We u 0 0 00 0O0O
0 0 0 0 0 00 01O
0 0 0 0 0 00 0O0O
0 0 0 0 0 00 001
0 1 0 0 0 00 0O0O
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0 0 0 0 000 0 0O

0 0 -1 0 0O s 00 0O

1 0 0 -1 0 0 0 g 00

0 Wew 0 0 000 00O
A, — 0 0 0 Wev 0 0 0 0 0 O ’

0 0 Wevw 0 000 00O

0 0 0 0 00 0 0 0O

0 0 0 0 000 01O

0 0 0 0 00 0 0 0O

0 1 0 0 00 0 0 01
0000 1 0 0 1 00
0 0 00 Rew Re v 0 0 00
0000 O 0 Re u Rev 0 0
0100 m —2WeTl, 0 0 00

g_ 0001 O 0 —WeT!, v 0 0 7
0010 O 3 Y4 0 00
0000 1 0 0 0 00
000O0 O 1 0 0 00
0000 O 0 1 0 00
000O0 O 0 0 1 00
where we introduce
11=-2WeTl —2+28, ~2=—-2We T}, —2+20, (2.20)

v3=—-WeTh,—14+8, ~ya=-WeT} —1+0.

To show that this does not differ from the second-order system, here we are determining
eq:oldblgform2
the stability of a short wave solution to (b 19% in the form

4(x) = qoe™, (2.21) |eq:plwvso!

with a modified qg. This has a non trivial solution for qg if
det <§1A1 + §2A2 — ’LS) =0. (2.22)

. . . . . . eq:beforeprincpart
Evaluating this gives the same polynomial equation as in (}‘Z%B)—LL
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2.2 Formulations of the governing equations

After the previous section which was concerned with classifying the Oldroyd-B model,
we now state the problem in two different basis. Omne in the Cartesian basis and
another using the natural stress basis where we express the stress tensor in a basis
spanned by the velocity field and its orthogonal component. Noted also is a determinant

relationship that links these two differing formulations.

2.2.1 Cartesian Formulation

The governing momentum and constitutive equations for Oldroyd-B type fluids are
cart onns3
given in (2.3)- ince flow is two-dimensional, the velocity field v is given by

oy
v = (u,v) = (8y’ _5'33> )

with 1 the stream function for the flow. We can write the governing equations in terms

of the stream function, which for reference are

oy O 9y 9Py ap oTh Ol By 9%y
Re <6y oxdy Oz 0y2) Oz + Ox + oy +5 0x20y + oy3 )’ (2.23)
dp oy oy O\ op  OT, aT§2 oy | o
Re ( By Oz + oz 0xdy )~ By | Oz +5 Ox3 (9:1083;2 o (2:24)
and
Vot UOTh 0%, ) 0% 824
P opoly  ovoly P\ _ _
T+ We (ay or " r 0y lop e 2., ) =2(=F g5 (2.25)
oY oTr, o OTF. o 0% % 0%
/4 i 12 Y7 12 P — - r_ - 7
T+ We (ay or or oy "ot gpt) == Ga 50 )
(2.26)
1%, + We Oy 9Ty _ 0% 9T, Q@T” +2—— % 5 ) =-2(1-5) ik (2.27)
22 oy Ox Oz Oy 022 12 " ooy 2 ) oxdy

This is a system of 5 coupled, non-linear, partial differential equations. The polymer
stress tensor TP satisfies the following relation found by Renardy in %IG]Efor the UCM

constitutive model

(v V)(det(WeT? + I)) = —(det(WeT? + I))tr (WeT? +I)~'T?), (2.28)
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or alternatively
(v-V)(det(WeT? +1)) = —2(det(WeT? 4+ 1)) + tr(WeT? +1)). (2.29)

For Oldroyd-B type fluids the analysis is similar, but here we relate the slightly modified
determinant, det(WeT? 4 I(1 — 3)) with the stream function ¢. To this end, we can
write the symmetric matrix WeT? 4+ I(1 — 3)) given by

WeT?, + (1 — B) WeT¥,
WeT¥, WeTh, +(1—-8) )’

so the expressions det(WeT? 4+ I(1 — 3)) and tr(T? 4+ I(1 — 3)) are

det(WeT? + I(1 — B)) = (WeT?, + (1 — B8))(WeTk, + (1 — 8)) — (WeT?%,)?,  (2.30)
tr(WeT? + I(1 — B8)) = WeT?}, + WeT%, +2(1 — B). (2.31)

. . . eq:oldbforclass . .
Rearranging the constitutive model (b%Z)Wut the upper convected derivative

and expressing D in terms of velocity components gives us
We (v-V)TP = (Vv)(WeT? + I(1 — 3)) + (WeT? + I(1 — ﬁ))(VV)T —TP. (2.32)

In component form using the incompressibility condition (u, + v,) = 0 (the subscripts

det
x, y mean differentiation with respect to x and y as usual) where needed, ( 357 €an
be written as
We(v - V)T, = 2u, (WeT?, + (1 — B)) + 2Weu, TT, — T7), (2.33)
We(v - V)TT, = vz (WeTt) + (1 = 8)) + uy (WeT3, + (1 = 3)) — T, (2.34)
We(v - V)T¥, = 2v, (WeTh, + (1 — 8)) + 2Weuv, TT, — T%,. (2.35)

. detcom comp3 | . i .
Using ("2.33)—(5.%; along with the expressions for the determinant and the trace gives

after rearranging

(v V)det(WeT? + I(1 - B)) = v - V (We(T], + (1 — B))(WeT%, + (1 — 8))—(WeTT, )?)
(2.36

)
= —2det(WeT? + I(1 — ) + (1 — B)tr(WeT? 4+ I(1 — 3)),
(2.37)

X eq:ReDetEx
which recovers (2.29) when 3 = 0.

38

eq:ReDetE

detcompcor
detcompcor



2.2.2 The natural stress basis formulation

For UCM and Oldroyd-B type fluids, it is well known that integrating the stresses close
to a corner presents a serious numerical challenge. One of the first attempts to resolve
this was by Dapont, Marchel and Crochet in ﬁjflgjséwho used a curvilinear co-ordinate
system to calculate stresses along streamlines by a finite-element method. This idea
was extended by Keiller, H%?Zl%vhen investigating the efficacy of numerical techniques for
flow around a corner. It was known at the time that simple explicit integration schemes
produced poor stress approximations near curved boundaries - with this problem being
particularly acute for Oldroyd-B fluids due to large normal stresses in shear flow. By
aligning the polymer stress tensor T? with the streamlines, the components of T? and
the velocity field are rotated and stretched with exactly the same deformations. This
solved the previous problem of the rotational component of the velocity field being
over-estimated for high Weissenberg flow.

Renardy in %Fused this information to motivate aligning the stress tensor along
streamlines. Since the stresses act like vv7, it is used as one of the basis functions
in a natural stress formulation. The way to do this is to express the stress tensor
with respect to a natural stress basis spanned by the velocity field and its orthogonal

component. Specifically, by introducing the vector

(% u
w = <_u2+v2,u2+v2>, (2.38)

orthogonal to v = (u,v) and satisfying |v x w| = 1. Then T? can be represented in a

basis formed with the dyadic (or outer) products of v and w as

-(1-5

T? =
We

I+ v + p(vw? + wvl) +oww?| (2.39)

for variables A, u and v. Written in component form, the Cartesian and natural stress

basis are related through

—(1-5) 2puv vo?
TP = (7 \u? — 2.40
1 We TR +02 0 (u?+02)? (240)
2 _ .2
o w(u® — v°) YU
175 = Auv + Eo? (Bt o) (2.41)
—(1-5) 2uuv vu?
1y, = 10 |y : 2.42
= We ML +02  (u? 4 0v?)? (242)

The variables A\(z,y), pu(z,y) and v(z,y) are aligned along streamlines and are termed

the natural stress variables: A\ the normal stress along a streamline, v perpendicular
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normal stress and u represents a shear stress. The transformation from natural stress

to Cartesian variables are recorded as well as

1 u? P 2uv v2

+ 17 + 17, +
We (u? +02) (w2 402" 1 (24027 P (u2 4 02)?
uv uv (u? —v?)
=— T + T3, +
a (w2 +02) 1 (W2 +02) 22 (U2 +0?)
(1-5)

v= T(Zﬂ +v?) + @ TL, + *TP — 2uvTh,.  (2.45) [eq:nscart
e

A=(1-0) T8, (2.43) |eq:nscart

|eq:nscart
TF,,  (2.44)
|eqinscart

fig:nsvw
The vectors v and w are given in figure (b—l ). We can now transform the momentum

o 9 is constant

Figure 2-1: A representation of the velocity field v and vector w along a typical stream-

line, where v 1L w.

. . . . . vnconm stfun3
equations into the natural stress variables using the above relations (2.25)- (2.27),
Re (v Vu)——@—i-v V(Au) +V uw—(v—i-l/w)L
- Oz a a u? + v?
Py
2.46
+6<89§28y+ 8y3>’ (2.46)
Re (V'V’U)*—@—I—V-V(AU)-FV' uw—(v—l—uw)L
Oy a a u? + v?
P
— +— 2.4
+h <81:3 + 8x8y2> (247)
vnconm stfun3
and the constitutive equations from (2.25)- (2.27),
A+ We (v -VA+2uV - -w) = _U-5 (2.48) |eq:nscons:
We (u? + v2)’
p+We(v-Vu+vV-w)=0, (2.49)

v+ We(v-Vv) = (1\;7e6)(UQ + v2). (2.50) |eq:nscons
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The divergence of w here is

L (e (20
\Y W—(u2~~_112)2 <(v u)<ax+ay>—|—4uvaw>.

It is noteworthy the significant decoupling that has taken place in the constitutive

equations, although the momentum equations are now more complicated.

2.3 Simple flow types

Finally, this section investigates simple flow types - namely simple shear or viscometric
flow and steady elongational flows. From these, we can deduce what terms are impor-
tant as solid boundaries are approached. This gives us useful information on terms to
be retained in the boundary layer equations. The second flow type discussed is steady

elongational flows which highlights some limitations of the Oldroyd-B model.

2.3.1 Simple Shear Flow

There are several flows that can be considered for viscoelastic fluids that illustrate
properties of the Oldroyd-B fluid as well as its limitations as a constitutive model.
The first one is steady simple shear flow which introduces the rheological notion of
viscosity. The viscosity can be defined as the ratio between the shear stress and shear
rate in a simple shear flow. For a Newtonian flow this is constant - one of the defining
features of this type of flow. For non-Newtonian flows, this ratio might vary with the
shear rate, shear-thinning behaviour being one example of this phenomena. Indeed,
for flows considered in this thesis, viscosity refers to shear-rate dependent viscosity.
Renardy in Eﬁ%seusses steady simple shear flow for the UCM, PTT, Giesekus and
Johnson-Segalman constitutive models. Results are given here for Oldroyd-B fluids
and references given to the other non-Newtonian models where appropriate. For steady
simple shear flow, the flow is two-dimensional with the velocity uni-directional along
the x-axis only: v = (4y,0,0) where ¥ is a constant shear rate. The velocity gradient

is the matrix

(2.51)

o o o
o O 2
o o o
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and the stream function takes the form

1,
v =" (2.52)
Moreover, the total extra stress tensor takes the form

T Ti2 O
Tio Toe O , (2.53)
0 0 133

where invariance under rotations suggests 7113 = T3 = 0. Substituting the stream
X E%Z . . i . VNCoO stfun3
function form (2.52) into the constitutive equations (2.25)-(Z.27) gives

O*v
Tfl + We (—28y2Tf2> = 0,

ov 0%
Tiy + We <_6y2T2pQ> =(1-5) Tyz’
5, =0, (2.54)
which simplifies to

Tlpl = 2(1 - 5)127 Tf2 - (1 - 6) ;Vv T;Q =0.

Further, we have that 7%, = 0. Here we have found that there are contributions from

v
the terms TP, T? and D. This indicates that these terms (or at least the corresponding
L . eq:vmbal X .
components within them as shown in (b.SZI% ) need to be retained in any boundary layer
analysis. In other words, when considering viscometric behaviour at the wall as a
boundary condition imposed on the system, the leading order behaviour described by
the above equations will be required. Non-Newtonian flows with varying viscosities will

have non-zero first and second normal stress differences, denoted N; and Ny respectively
Ny =Ty —To, N2=1To —Tss. (2.55)

These, together with the viscosity function n = Ti2/4 define three viscometric functions
involving the total extra stress T = T? 4 T*®. For Oldroyd-B, we have

Ty =2(1—B)%, Tee=0, T33=0 Ta=4+,
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where T}, = (37 is the only non-zero component of the solvent extra stress. We can
. 12stress
calculate the first and second normal stress differences from (b55) to be

N1 =24*(1—-8), N2=0, (2.56)

whilst the viscosity function (dimensionless) here is a constant 1. The first normal stress
difference tends to zero in the Newtonian limit 8 — 1 as expected. Thus Oldroyd-B
has a first normal stress difference that varies quadratically with the shear rate, whilst
exhibiting a constant viscosity. As such it may be used to represent Boger fluids that
exhibit this type of behaviour. However, in some fluids it is found as + increases,
1 decreases which is so called ‘shear thinning’. Also, N1 may grow quadratically at
low shear rates but then more slowly as 4 increases further. This is not captured
by Oldroyd-B and requires a more complicated non-Newtonian model such as PTT.
Further, having a zero second normal stress difference isn’t always found in some fluids

which again can be picked up by the Johnson-Segalman model for example.

2.3.2 Steady Elongational Flows

Contrasting with shear flows, which include simple shear discussed in the previous
section are flows that include non-zero off diagonal components to the rate of strain
and stress tensors. Elongational flows are shear-free flows that have zero off diagonal
components in the just mentioned tensors. The diagonal components are called normal
stresses since the component stresses act perpendicularly to a surface. The off diagonal
components are called the ‘shear components’. They undergo a stretching motion when
stresses are applied upon it and is a crucial property to be able to measure in rheological
terms (especially for polymer melts relating to the paint industry). We can distinguish

three types of elongational flows as follows

Uniaxial elongational flow , v = (ézx, —éy/2, —€éz/2), (2.57)
Planar elongational flow , v = (éx,—¢€y,0), (2.58)
Biaxial stretching flow , v = (—éx,éy/2,éz/2). (2.59)

The function € is called the elongational rate, usually a function of time but for steady
flow is a constant.

Planar flow has no stretching in the z direction (and we can think of it as stretching
a rectangle out).

Bi-axial flow has the same velocity profile form as for Uniaxial, but € has the opposite

sign here. Examples of geometries that can produce bi-axial flow include film inflation

43



and lubricated squeeze film where a lubricant is squeezed between two opposing plates.

For Uniaxial flow € is positive and has strong stretching in the z direction with
weaker contraction occuring in the y and z directions. This type of flow can be induced
in filament stretching geometries found in ink printer rheology, or opposed-nozzle suc-
tion devices. Uniaxial flow is more complicated than shear flow since the velocity
components are non zero in all directions at points not on the co-ordinate axes. This
contrasts with simple shear flow being uni-directional in the z direction only. All
three velocity components are position dependent even for steady flows. The velocity

gradient for this flow type is

¢ 0 0
0 —¢/2 0 |. (2.60)
0 0 —é/2

From the constitutive equations we can determine the polymer stress components to
be

2(1 - f) -(1-5)
T = —~— "2 TP =0, T8 =-—~—_"~. 2.61
W1 —2Wee "2 7 72 14 Wee (261)
The quantity 77, — Th, is therefore
3(1 — B)é
T — T3 = 1 —p)e (2.62)

(1—2Weé)(1+Weé)

The viscosity diverges at a strain rate of ¢ = 1/2We, and for strain rates slightly
larger than this value, the viscosity value is negative. This consequence that we can
have negative viscosities at small elongation rates is unphysical. This is due to the fact
that the Oldroyd-B model is derived from Hooke’s Law springs which are infinitely ex-
tensible. Linear springs are fine for shear flows with moderate stretching. For strongly
stretching flows however, a linear spring can stretch indefinitely hence giving infinite
forces. This motivates the derivation of a model which has finitely extensible springs,
termed the FENE model discussed in the introduction.

A further issue is that at specific elongation rates ¢ = 1/(2We) the elongation
viscosity is infinite. This is a well known problem with the Oldroyd-B model and
thus is ill-suited to modelling fluids with steady elongational flows and large elongation
rates. Polymeric fluids do show an increase in elongational viscosity with elongation
rate, however the rate of increase can range from one order of magnitude to several.
The prediction of a limiting elongational rate where the elongational viscosity becomes

infinite can be reasonable for some fluids but not all. For reference, we determine
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the stresses and 1%, — T%, for the remaining two elongational flow types.

extension, we have

2(1-8)
T = T— 9We &’ Ty =0, Ty =

—2(1 - B)
14+ 2We ¢’

with the quantity 7%, — T%,

4(1 - B)é
(1—2We ¢) (1+2We ¢)°

P P _
Tll _T22 -

Finally for biaxial extension,

—2(1-5) (1-5)
P ==/ TP — T == =27
U714 oWe e 12 0, Ix 1—Weé’
where
—3(1 = B)¢
Tﬁ - T§2 = 3 B)

(1+2We é) (1 —Weé)

For planar

(2.63)

(2.64)

(2.65)

(2.66)

Finding flow rates is important in industry, especially chemical engineering, where a

certain type of flow (the ones mentioned here are idealised flows so can only be approx-

imated by certain geometries) can be induced by a rheometer and the elongational and

shear viscosity measured.
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Chapter 3

Re-entrant Corner Flow
We=0(1),0< <1

3.1 Introduction

In this chapter we consider the asymptotics of fluid flow around a sharp corner (a
corner angle greater than 180°) or so called re-entrant corner. This is contrasted with
salient corner flow where the corner angle is less than 180°, this latter flow geometry is
considered in Chapter 5. Re-entrant corner flows appear naturally in contraction flows:
where fluid flows between two joined pipes of differing diameters. It is well known that
there are stress singularities at the corner making numerical simulation difficult, see h%hi%#
Wﬂ asymptotic approach is used to investigate two-dimensional planar flows,
which have direct applications to contraction and extrusion flows that are benchmark
problems for numerical schemes. This will allow us to investigate how the stresses
behave close to the corner both in the upstream and the downstream flow regions.
Figure 5 “Shows the re-entrant corner geometry. Using polar coordinates (r,6)
(centered on the corner itself), r is the distance away from the corner and 6 the angle
from the upstream wall. The domain is 0 < r < o0, 0 € [0,7/a], where § = 0 is the
upstream wall and § = 7/« the downstream wall. The corner angle parameter satisfies
1/2 < a < 1 for re-entrant corners. The Cartesian axes (x,y) are aligned along the
walls, with = aligned along the upstream wall and y at § = 7/2. On both walls we
prescribe no-slip and no normal velocity boundary conditions. In terms of the stream

function, we can write these as

oY
w:%:O, on 0 =0,7/a. (3.1) @
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Initially, we consider flow away from the walls in an outer (core) flow region and look
. X . i . eq:oldbforclass |

to find a dominant balance in the constitutive equations (bé ). As a nofe, in any subse-

quent derivation using the Cartesian form, only the alignment with the upstream wall

is necessary, with the downstream formulation obtained through a suitable transfor-

mation which is described later.

Upstream flow

Downstream flow

0=7/a

Figure 3-1: Diagram showing the local re-entrant corner geometry for Oldroyd-B fluids.
Distances to and from the corner are assumed small. The Cartesian axes alignments
are given and the direction of flow from upstream to downstream (from right to left)
is indicated.

3.1.1 Weissenberg scalings

For this geometry there is no natural length scale and thus we may scale our variables

as follows
P — v Wel/2u, TP s WeT?, ps Wep. (3.2)
W€1/2
. . . eq:oldedfiovtdhfsmohass
This has the effect of removing We from the equations (2.1)—(2.2). Thus in this chapter

we set We = 1 throughout.

3.1.2 Core Balance

Intuitively, considering solutions in an outer region, as r — 0 for some k and m, we

expect for the stream function ¢, and the extra polymer stress tensor T? to behave
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subs: coresolution‘

like
Y~ 0", TP ~OF™™). (3.3)

Here we assume a stress singularity at the corner as r — 0, anticipating m to be
vnconm,
positive. These scalings allow us to consider the relative sizes of terms in (2.25)-

as
v
TP ~ O(r™™), D~ O(r"?), TP~ O(r*27m). (3.4)

The upper convected derivative will dominate the rate of strain terms D in the consti-
tutive equations provided m > 0 (as already stated if a stress singularity is expected
as r — 0). As the re-entrant corner is approached, the stream function vanishes and
is non-singular, thus k£ > 0. For an upper bound on k, the stream function away from
the walls would not be expected to disappear as quickly as it does for simple shear flow
where 1) ~ O(r?), hence k < 2. With these assumptions in place, the upper convected

derivative is expected to dominate in the outer region, i.e.

v
T? 40(1) =0, r—0. (3.5)

This analysis to follow is similar to that done by Renardy, Hg]lwhere the core balance
considered above is the same as for the UCM model and the reader is referred to
Renardy for a more detailed treatment if inertial effects or time dependent flows are
considered. Other core balances can hold in differing geometries or constitutive models.
For example in chapter 4, the 5 — 1 limiting case has the upper convected derivative

terms subdominant in a outer core region and is discussed later.

3.1.3 Core Solution

In the core region away from the boundaries, we expect the upper convected derivative
. . leq:dombal . X X X

to dominate as in (£3.5 ), along with the momentum and constitutive equations. Together
vnmtmstfun

with (E.ZB), there exists a potential flow solution v, where v is a stream function

associated with the velocity field, and a solution for T? given by
Y = cor*sin™(af), TP = AW)vvl, as r—0, (3.6)

for some function A = A(¢), constant ¢y and parameter n. This solution form is
physically relevant since we expect the fluid to advect and deform affinely (no polymer

slip), hence stresses occur along streamlines. This balance is advantageous to use

48

stfun3

eq:dombal



since from the natural stress formulation presented later we will show that the natural

stress variables are constant along streamlines, as opposed to the Cartesian basis with
. X cartofs . .

arbitrarily chosen axes. To show that (bﬁi 1s a solution, we write the momentum

equations in component form as

Re vkaikvi = —8851 + ng (3.7)
Substituting in the solution form for T? from (E%)%/es after differentiation
R uigui =~ v 0 o 2w 3
then collecting terms
(Re ~ A()) v Vs = ~ 22 (39)
o0x;

which is a particular form of the Euler equations. Assuming the inertial terms are
. . . . . leq:oldbforclassmon
subdominant to the pressure and velocity terms in the momentum equations in (2.1),

A(¥) > Re, after dropping subscripts we have

—v-V(\v) = -Vp. (3.10)

asst
Introducing the vector u = A\/2v, (8- becomes

u-Vu=Vp. (3.11)

This vector satisfies the continuity equation automatically
Vou=V- ()\1/2V) :V-V<)\1/2) + A2V v = 0. (3.12)
Also,

1 2
Vo= Vu= (V) xut ¥ (Gl (3.13)

eq:umoml

where V x u is the associated vorticity 2. Taking the curl of both sides of ( en,

we have

0=V x (2xu), (3.14)
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which after some simplification yields

0=Vx(Qxu)=-V)2+(V-u)Q—-(V-Qu—-(2-V)u
=(u-V)Q. (3.15) |eq:umom3

The vorticity direction k is orthogonal to the plane of flow. In component form,

(00 0u 97 .
Qk = <81‘ — ay) k= —-V*yk, (3.16) |eq:umom4

N eq : umom3
where u = (4,0) and 9 is the associated stream function. Solving (b%% is then

equivalent to solving the Poisson equation

V) = f(z[;)j (3.17) |eq:umomb

stress -
where f is an arbitrary function of 1/} In the literature, 1) has been taken to

be zero giving Laplace’s equation. To recap, our momentum equatlons can be written
in the form (Egﬁguffbr a modified vector u. This has a potential flow solution V2¢ =0:
Laplace’s equation. This is related to the velocity field v through u = A\Y2v, the fields
being parallel and hence have the same streamlines. A particular solution form for @/}
is

A~

Y = éyr®sin(ad), ¢ =0 on6=07/a, (3.18)

for some real constant ¢g. The stream function we are interested in, ¢, due to the above
arguments, will be a function of 1& (sharing the same streamlines). Mathematically we
can write this as, ¥ = h(zﬁ), for some unknown function h. Making the assumption
that

¥ =h(¥) = 19", (3.19) [p1fpsipsil

for some constant ¢;, 1 is of power law form. Differentiating with respect to y and

using the chain rule, we can re-arrange for \ as
A2 = (engm L (3.20)

Therefore we obtain

2/n—2
=) v e, 520
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where ¢y and ¢; are constants (combinations of ¢y, ¢; and n), n an unknown exponent
eq:lapsi
to be found. For the first equation in (&3.5[ ;, ¥ has been divided through by coa™ for
later convenience.
. . . . . . aSSt
After having found a solution for %, it is instructive to go back to (b [()% and solve for
eq:umoml

the pressure gradient. Combining the gradients in (3. en taking the dot product

with u on both sides gives
1 1 9
u-V|Vp-— ilu] =0, = p=Py(¥)+ QA]v] : (3.22)

where Py is an arbitrary function of ¢ resulting from the integration. Writing |v|? in
eq:lapsi
polar co-ordinates, |v|? = (%1&9)2 + (¢)* along with (3

means we can write the
pressure in terms of r, this being after some simplification

1 54
p=Py(¢) + SPor 2(1—a) (3.23)
where pg = clcgnza%.

The core flow has thus been determined subject to the constants cp, py (c1 is a
combination of these two and is thus dependent) and the undetermined exponent n.
This exponent will be determined by matching to the wall boundary layers. Using our

. . e :la Si . . . . .
assumed solution form for ¢ and T? in (lB.ZI ) along with our intuitive expectations of
how these functions behave in the limit r — 0, this class of self-similar solutions for

the flow and stress fields gives
v
Y =0(0"Y), TP=0"207%) D=0@F""?%), TP=0m=4  (3.24)

holding in the core outer region away from the walls. It is notable that the polymer

extra stress behaviour is independent of n, unlike the stream function.

3.2 Asymptotic Analysis

The results in the previous section E%lcz—:fﬁ%to approach the re-entrant corner prob-
lem, where we begin by determining the main asymptotic regions and corresponding
solution structures in each of them. We have introduced the Cartesian and natural
stress formulations in chapter 2, the results here are presented in both bases concur-
rently. Relevant highlights or differences between the two are commented on where
appropriate.

The main asymptotic regions that need to be considered are more easily seen with

the Cartesian formulation than natural stress. It is therefore ideal to consider Cartesian
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as an introductory basis used as a preliminary aid to investigate the results. However,
the natural stress basis is required later on for the complete downstream solution when
transitioning from the upstream to downstream boundary layers. This is because for the
Cartesian basis, key pieces of information are required at higher orders in an asymptotic
expansion of the core behaviour and thus is subject to large numerical instability. The
natural stress has the main advantage of keeping the necessary information at leading
order.

To make clear the size of the terms in the governing equations and to formulate
a singular perturbation problem, a small parameter ¢, 0 < ¢ < 1 is introduced for
the length scales. The three main asymptotic regions local to the corner are presented
in figure E%%sing the outer (core) flow away from the boundaries and the

boundary layers at the upstream and downstream walls. The analysis will proceed as

O(e)

Core Outer flow:
v

A
\/

Cartesian TP +o(1)=0
v-VA =o(l) T

Natural stress v-Vp =o(1)
v.-Vv =o0(1) O(e&7)

Boundary Layer

Boundary Layer balances:
v
Cartesian: TP+ T?~ 2D
A+v - VA+2uV.-w =0
Natural stress: p+v-Vu+vV-w =0
v+v-Vv =(

0=m/a

Figure 3-2: Illustration of the main asymptotic regions close to the corner for Oldroyd-
B fluids with We = O(1). Distances to the coner are assumed to be small of O(e). In
the co re r]gcec%ison the upper convected derivative dominates, self-similar solutions of the
form (gﬁ)ﬁn be matched to upstream and downstream boundary layers at the walls.
The fluid flows completely around the corner, so lip vortices are assumed not to be
present. The leading order core and boundary layer equations are shown in the natural
stress formulation. The boundary layer has a thickness of O(e>~%).

sec:ocr eq:dombal
follows. In section 3.2.T the core balance assumed in (&3.“5) will be verified, motivating
core scalings for the variables. In order to satisfy viscometric behaviour at the walls, the
. . . . |sec:wbla .
core solution is matched into boundary layers in }3.2.2. The boundary layer equations

admit a similarity solution which is to be solved numerically. To do this, the wall

X X X X . |sec:wbea . . |sec:ffb
behaviour of both formulations is examined in 3.2.4 and far-field behaviour in }3.2.5.
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This determines that the upstream system can be solved as an IVP shooting from the
wall into the far-field using the upstream wall shear rate coefficient. The downstream
system can then be solved as a boundary value problem giving the downstream wall

rate.

3.2.1 The outer (core) region

Sec:0ocCr

The analysis of the re-entrant corner takes place in a region close to the corner. We

scale distances with an artificially small parameter e. With reference to the order
. X X sssolution X . .

magnitude assumptions in (E}ZZI%, suggested scalings for the stream function, velocity

and stresses are

r=€eR*, z=eX* y=€Y*, =T v="Iv w=e 0w

TP — 6_2(1_a)Tp*, p= 6—2(1—01)p>(<7 A\ = 6—2a(n—1))\*’ o= ,_}/2#*7 U= ,_ng*.

The scaling for the natural stress variable, A, comes naturally from (E?Z%}a‘.p_sl%or w1 and
v the scalings are initially left unknown, determined by the small gauges v2(€), v3(€).
These are found along with the exponent n when matching into the boundary layer
later on. The scaling for the pressure gradient has been chosen so as to retain it at
leading order within the momentum equation. Since we are away from the walls, the
region considered is one for which X* = O(1), Y* = O(1).
The momentum equations in Cartesian become in component form,
opr oTr AT

o%u* O%u*
2 a(n—2)
ox+ T ax T ayr € ﬁ(

8X*2+8Y*2>’ (3.25)
op*  OTEy

oTE> o*v*  9%*
2a(n—1) *  xT*, % _ _ 22 a(n—2) X
Re € VeV v+ T axe T gy 7€ ﬁ(a 2 T gy *2>. (3.26) |eq:cme2

In the natural stress basis these are

Re 62a(n—1)v* VR = —

0X*

P va I/*W*L + 8 a(n=2) (9 0% + O*u + 0%v* (3.27) —
’ wrpo2) T ox=2 "oy T axrav+ ) :

Re 22(—Dy* . vy :—m];*—kv VAN + 6V -(,uvw —,uvu*2+v*2>

u* o*u* 0?*v* 0?v*
v* . (vrw* a(n—2) 4 +9 2 :nmc2
02 (V u*? + v*2> pe (8)( *QY* - 9X*2 oY *2> ’ (3.28) | eq:mme

Re 62cu(nfl)v>|< Vi =

* * * * L. v*
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where we have set

51 — 7262(17(1)7 52 — 73647211017204’ (329)
for convenience. For the inertial terms to be subdominant in either formulation, we
require n > 1 to hold (since « is positive). The constitutive equations with these

scalings in component form are

oTr; oTr; ou* ou*
2—nap* * 11 * 11 p* p*
T — 2 Th 2T
© T (“ ox+ TV v T Cayr 2 T S 11)
= 26217 (1 — 5)%, (3.30)
- LT LOTr ov*t . ou* .
gy s (w G e v R ST s
ou*  ov*
_ 20—y _ 31
« oTE; oTL; (LT (LI
TR + (“* a;i + 0 3333 - 28;(* Tiy — 28;* T§2>
— 2&21-0)(1 — ) g;*. (3.32)

For the upper convected derivative to dominate at leading order in the constitutive

equations we require
e 1, 207« (3.33)

eq:requcd
The first of these in (&3.&3?3) 1umplies n < 2/a, the second o < 1. For the inertial terms
to be subdominant as already discussed, n > 1. The geometry of the re-entrant corner
restricts the values of alpha to be a € [1/2,1), and we have a lower and upper bound

on the value of n
1<n<2/a. (3.34)
For reference, we can express these equations in full form in the Cartesian basis as

Re 62a(n—1)av* VAV = —Vp* + V. TP + 260‘(”_2)BV* - D*, (335)

\%
e2Tnarri L Pt — 9(1 — )21 YD*, (3.36)
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In natural stress, the constitutive equations are

1
2— * * * | * 2—2 * 7k * _ 4-2a—
€ om)\ +v V )\ +2’}/2€ O‘,u V W — € « na(l—ﬁ)m, (337)
2—an, * * * % 1 no *2 *2
€ Vi vV = —€"(1 = B)(u 4 0™, (3.38)
73
T vV 4 B 2-2ma 0wt = (), (3.39)

V2

connl |conn3d
The two formulations can be related, by writing (b.zﬂl %—(m in outer variables

2 v I/*’U*Q
P (1 ay.2(1—a) %, %2 2l—aq) S UV 4-na—a_ YU
Ty = =1 =B ™Y + X" =yt 7 (™2 + v*2) e a(u*2+v*2)27
(3.40)
P\t ) T U)o onaa VTUTUT
Tiy = Nu"v™ + y2€ M( (1:21 ?:2)2) Y3€ ( ;:L_U*Q)y (3.41)
U v U v
2u*u*v* vrur?
P (1 ay.2(1—a) w, %2 9(l—q) “H WV 4—na—a VU
Thy = —(1 = B)e=" ™% + X0™ — pest 77 (@2 + 0*2) +yze a(u*2+v*2)2'
(3.42)

Posing the expansions

U =00 4 o(1), TP =T £ o(1), p*=p* @ +0(1),
N =X 1 o1), pr=p O 401), v =0 401), ase—0, (3.43)

we look for the leading order behaviours as € — 0. In order to progress, assumptions

about the size of various terms for the natural stress formulation will have to be made
. eq:requcd . i . i

along with (L‘SBB ). The validity of these will be verified retrospectively once the values

of n, 72, v3 have been determined. So, assuming that

1
,Y262(17a) < 1, %62(1771&) < 1, %Ena <1, 7364727104720( <1, (3_44)

the leading order momentum and constitutive equations in the core region are

\Y4
0=V .0 0= (3.45)
v O O =g v O 0 = O g0 =, (3.46)
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In starred outer variables, these equations have solutions

P*(0)

O = R sin"(af), N =¢; <
coa™

2/n—2

which satisfy no normal velocity on the wall, ¥*(O) = 0 on § = 0 and § = 7/a. We
. cartofs
have an assumed the solution form for T*(9) from (£3.6), So we can use the stream
st
function form in (}-T47) to express the core extra stress components in terms of this

stream function as

2_9 2
P*0) \ » op*0)
T — 4
11 a coa” 9y * ) (3.48)
)\ "2 (0) Hg*(0)
p(0) _ P " ov*\) g+
Ty =a (cooz"> ( ox* ovy* )’ (349)
2_9 2
*(0) \ » 8\11*(0)
pe0) _ [V
0 — ¢ (cwz”) < o ) . (3.50)

Mathematically, (E%(%E%%is tells us that the leading order natural stress variables,
N0 50 and v*(O) are constant along streamlines. Thus any information contained
within them remains unchanged as the core outer region is traversed from upstream to
downstream. Equivalently, we can say that \*(©), 1*(©) and v*(© are functions of ¥*(©)
and are anticipated to be of a power law form as with the Cartesian formulation. We

thus consider power-law form solutions

#(0) \ ™1 x(0)\ "2 x(0) \ "3
A*(O)zch(\lj ) : M*(0)=d2<ql > : V*(O)=d3<‘y ) ; (3.51)

coa™ coa™ coa™

for undetermined constants di, ds, d3, ¢y and exponents n1, no, n3. To match with the
upstream boundary layer we consider the behaviour as Y* — 0, which corresponds to
60 — 0. Noting that for small §, R* ~ X*, 6* ~ Y*/X* our scalings for the stream

function and extra polymer stress components become

\I’*(O) ~ COX*n(a—l)Y*n’ Tﬁ*(O) ~ ClX*(Qa_Q), (352)
Tf’;(O) ~ 01(1 _ Oé)X(2a_3)Y*, TgQ*(O) ~ Cl(l _ a)QX*(2a_4)Y*2, (3‘53)

where Cy = cpa™. The pressure balance comes from the momentum equation, and is
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given by
PO~ pp X2, (3.54)

In natural stress the corresponding limiting behaviour is

)\*(0) -~ le*2(n—1)(1—o¢)Y*2(1—n)7 (355)

M*(O) ~ d2X*n(a—1)n2Yx<nn27 (356)
I/*(O) ~ d3X*n(a—1)n3y*nn3’ (357)

f
where the constants Cy, C1, po and hence d; (which is found by comparing with (%47))

are given by

1
di=c, Cy= CoOén, Ch = 0111203, Po = 501, (358) eq:coclre

. . g; traccafttraccart3 X . X
The stream function in (8:47) and extra stresses (3.48)-(B. 0 not give viscometric
subsec:ssf
flow behaviour near the walls found in b.B. . This motivates the consideration of

boundary layers.

3.2.2 The upstream wall boundary layer analysis

To start the boundary layer analysis, we need to scale into the walls. Terming this the

‘inner’ solution, we define inner barred variables as

X* =X, Y*=68Y, U =", p"=p,
Tfl* = Tf’p Tf; = 51’“{’2, T2P2* — 52@2’ ut = 5n—1ﬂ’ vt = 5",
=20 =gt pf = 5, (3.59)

We scale with § in the Y* variable only, where necessarily, § < 1, with § = d(¢). The
boundary layer region is thus X = O(1), Y = O(1). In the Cartesian stress basis the
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constitutive equations are

e e l—n _OTP _oT? ou — ou
ST + <“ ox TUay oy aXTﬁ)
= 262079 (1 — ) 3;’ (3.60)
o sl—mr _oTr, oI,  0v - o0
ST + (“ ox Uy T ox T affT%)
1 o ou ov
- ﬁez(l )(1-p) (ay + 52@)() ; (3.61)
o sl—n _OT? _oT? ov 0v
e2mnagt-nTl 4 <u 0)2(2 5 52 za—Xsz 2 ayTg’Q)
1 o ov
and in the natural stress
- - _ 1
2—an gl1—n - 2—2a snno—1 — — 4—2a—nasl-—n
€ (5 )\+VVA+272€ 5 2 MVWZE 5 (1—B)m,
(3.63)

eno 5n—1—nn3

gl 4L 9. Vo = 5 (1 —ﬁ)(fﬁ + 6%0%),
3
(3.64)
no n gt no 5nn3 AV =
2 51 /,L+V V/,L+ z 2 2 WVV‘WZO, (365)
where
- _ 0 U 5 0 v 0 (1 9
Y=oy <a2 +52@2> 0 0X <112 +62172> oY (a) +0(). (366)
The momentum equations in Cartesian form are
Re 20(n—1)§2n—2g T _op an1 anQ 4 ealn-2) =34 528 v 82_"1
0X  0X Y 0X o0yz)’
(3.67)
_ = 8]5 an an (9 v 82
R 2a(n 1)5271— TR 5 12 22 a(n—2) 571 1 52
e VVEEtor T ex Ty ) e P\ x tare )
(3.68)
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and in natural stress
op - 9 [_u®— 6%
L 5.V(\ il pal
V-V + 55 <”a2+52@2>
9 vuv 5 0
Y \ (a2 + §202)? X
a0 0%
822 SR
( ox2 “oavz t axay) !
9p u? — 6202 9
oY < ‘2+62@2>+5
0 vuv T
2 2
+o ( "% <(u2—|—52v2)2> +
020 0%v

+ B6? <52 — +2

0 (2
0X \u? + 6292

)

9 21U
oY \ a2 + 6202

)

VU2
(,&Q + 52@2)2

Re 2279525 . Vo = — == + §%% V(A)+52£(

o (e
oY \ (@? + §%02)?

L1 o (3.70)
0X? Y2  §0X9Y )’ )
Next we seek expressions for the exponent n of the stream function and ¢ (which
allows us to determine the boundary layer thickness). To thls end we attempt to keep

lconl |blco Jex Ioemlins 1
the maximum number of terms in %730%&3 62; and ( Bbd) (b 65) as poss1ble Fullest

balance is obtained when

62—an51—n -1 7262(1—04)571712—1 -1 3 62(1—no¢)5nn3+1—2n -1
) ) ’7257171/2 )
6no¢5n—1 1 9
_ = 2(1-a) _
e T N CRAY

where we retain the linear stress and rate of strain terms. This determines n and ¢ to
be

d=€¢"% n=3-a

(3.72)
and also

90" = 6a717 36" = €. (3.73)

2—«

The boundary layer thickness is thus de = ¢“~®. The leading order boundary layer

momentum equations are

op TP, aT{’2 03U
__9 1 74
0="3x " ax Tav arm (3.74)
p
0 P 3.75
55 (3.75)
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from which it is clear the pressure is a function of X only. The leading order constitutive

equations in the boundary layer are

it <§1\28£§1 - g‘(agl - 22;2 Iy %Tﬁ) =0, (3.76)

it (gl‘l;%z;? - ((;I,(aaTé Z;qi )~ g;l;f%’z) =(1-5) g;q;, (3.77)

[y, + (g}‘{?)z;z _ g;l’(@gz zgi(q;sz + 2$T§2> =-2(1-7) affgjx. (3.78)
In the natural stress basis, the leading order momentum equations are

0:—$+‘_’V(M)+%+6§;{;, (3.79)

0= _gg’ (3.80)

agreeing with the Cartesian formulation that the pressure is a function of X only. The

leading order constitutive equations are

A+V-VA+20V-w =0, (3.81)
g4V -Vi+vV-w=0, (3.82)
v4v-Vo=(1-p)u’ (3.83)

The two formulations are linked (at leading order) in the boundary layer through the

transformations

F =Xa?, Th=Xav+p, Th=—(1-75)+ "+ <2§’T)) + (_Z) . (3.84)
or equivalently the inverse relationships

A= p=Th - b=p*1-B)+a*Th, + 0*T}, — 2uvTh,.  (3.85)

highyei
These relations are the same as derived by Renardy in ( ‘481 ) for the high Weissenberg
UCM boundary layer fluid. Alternatively, the leading order boundary layer equations
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eq:nsl obl3
(B:79)- can be expressed in terms of the stream function as

dX Aoy ox ) oy \"ovy ) "oy " “ovz\oy )’
(3.86) |constream
OUN? (0T ON OV O - PV _
= <Y> (aY&X Ry )\) — 2@'[" (3.87) |constream
(90N (00 8 OV I 9T 0T\ ? 920 ,
= <aY> (aYaX “oxor ) ks (ay) ek (3.88) [constrean

oV Ov oV Ov
oY 0X 90X oY

AN
v—(1-0) <8Y) . (3.89) |constream
This system is completed with the solid boundary and no-slip condition at the wall
onY =0 ¥=_—==0, (3.90)

along with the matching conditions as Y — oo

T~ CoX DNy TP 0 X2 TE N Oy (1 — a) X203Y,

T§2 ~ Cl(l _ a)2X2a_4Y2, P~ poX_Q(l_a),

A~ d1X2(n_1)(1_a)§72(1_n), [~ ngn(a_l)mYnnz, U~ dzg Xmsle—ymns, (3.91) |eq:matcar
with the exponents n9, ng currently unknown. We next seek a self-similar solution to
these equations. To this end, we look for invariance under a one parameter scaling

group. Rescaling the barred (inner) variables gives a one parameter scaling group in ~y

say, as

A~ —

X=0X, V=907, T=9""0, p=-%"p

T =0T, Th ="', T3, =15,
A=~2) =~ b =4%D. (3.92)

This allows us to determine the exponents ny and ng to be

ng = —

(l=o) % (3.93)

3 _a ng =
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which determines the remaining exponents in the leading order core behaviour. From

this it is possible to determine the gauges 72 and 73 as

Y2 = E—a(l—a), V3 = 6—2(042—3()4-"-1)’ (394)

X . . . nsassumptions
This allows us to verify that the assumptions made in (%.Zﬂi were valid, namely

7252(1*50 — (2-a)(1-a) o 1, Bg(km) _ oll-a) o 1,
V2

iena _ 6(2—a)(1—0¢) <1, 7364—27104—204 _ 62(1—04) < 1. (395)

V3

The above scaling group suggests a similarity solution, which we can also use to to

scale py out of the governing equations. The similarity solution is

1Y J— X3, 3 N
§=00 5o V= po*f(€), P=po ,
_ _ _ 1 _ _
T = po X2 211(€), Tz = pg X M12(8), Tao = t2a(£),
_ _ ~ 1 _ _
A=poX2ETOINE), p=pi X)), ©=X(E). (3.96)

The leading order Cartesian statement of the boundary layer equations are

2(a — 1)(t, — 1) — (2 — a)et + 2, + " =0, (3.97)
#1)1 + (‘(3 - Oé)ftzfll + 2(04 - 2)t11)1(f/ - f”é) - 2f”t€2) =0, (3-98)

t&+(—@—aﬁ@ﬁa@—aﬂ@—aﬁ—@—akf+@—aﬁ%ﬂﬁ2
+ 25, (f' = (2= )& ") ) =-2(1-8)(f' - 2-a)sf"), (3.99)
)+ ( —B—a)fthy+ (a— D)+ (2—a) (B—a)f —&f) + (2 —a)e2f") 1,

- t’égf”) — (- 1", (3.100)
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where the ' denotes differentiation with respect to £. In the natural stress formulation

this becomes

2f/l

201 = )+ = (P = 1) + (3= ) )3+ 81" =0 (3.101)

~ ~ 2 1 _
(3—a)f/\’+(2(2—a)f'—1))\+(fJf)Quzo, (3.102)

1

(3—a)fﬂ’+/]((1—a)f’—1)+ﬂ(j:/)2 =0, (3.103)
(B—a)ft' — (142 )+ (1 —B)(f)?=0. (3.104)

The systems are completed with the wall and far-field behaviours

a’P
at =0, f"~ ¢ (3.105)
as & = oo, fr Ot ~OF, thy~CP(1l—a), thy~CP(1—a)*¢?

(3.106)
A dPe2070) i dPETH i dPER (3.107)

The similarity parameters a*?, C;¥, C}¥, di¥, di and d3¥ are defined by

a Co Cl d1 d2 d3

a* = 1/2° Gy = 1—a> Cf=—=2 df= “Tta’ dyf = = df = —,

Dy Py Po Dy Dy Do
(3.108)

where the parameter a arises in the wall behaviour
7 T, L oo 132
as Y — 0, U~ iaX Y*, (3.109)
. eq:asyall | . X

corresponding to (3. . Asis seen, the extra stress equations in component form, now

readily agree with the UCM model, while the momentum equation is changed with the
presence of a higher order retardation term. The two points £ = 0, £ = co are singular

points for the system, so further analysis is required to investigate local behaviours.

3.2.3 The downstream wall boundary layer

For the downstream layer, Cartesian axes are taken with the x axis along the down-
stream wall § = 7/a and y orthogonal to the wall along § = 7/a + 7/2, preserving

the orientation relative to the upstream axes. In terms of polar co-ordinates we have
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sec:wbea

x=rcos(n/a—0),y=—rsin(7/a —0). The domain is now
>0, y<Oo. (3.110)

In outer variables, R* ~ X* as usual, but (7/a —6) ~ =Y*/X™* as the downstream
£
wall is approached. In the core region, the solution form for U*(©) in (%.47) as the

downstream wall is approached behaves like

-Y*
X*

U0 = ¢o R sin™ (af) ~ CoR*™ < ) = Cox =N (—y*)m, (3.111)

Similarly the limiting behaviours of the other variables are

o0 COX*n(a—l)(_Y*)n’ Tﬁ*(O) -~ ClX*(2a_2),

Tg(o) ~Cy(1— a)X(Qa—3)(_y*)’ ng*(o) ~Ch(1— a)QX*(2a—4)(_Y*)2’

MO g x*2n-D(-a) Lyry2a2) ) x(0) | go xem(alina(_yrya-l

O dg x¥m(a—ns (_y)2, (3.112)

:mat t
Similarly for the boundary layer matching conditions, (E.bml ai, She sign of dy will also
change with the other polymer stress components and natural stress variables remain-
ing unchanged. We note that changing the sign of the following variables leaves the

governing equations unchanged and changes the sign of Cjy and dy only.
U -V, Y-V, Th—-Th 4+ —[. (3.113)

eq:matcart
Consequently the matching conditions (&3.bl ) remain the same with the signs of Cj,
de and a’P reversed. The similarity solution and matching conditions found for the
upstream region are therefore valid for the downstream region with the above trans-

. . fig:blds .
formations. Figure b—% shows the downstream axes alignment.

3.2.4 Behaviour at the wall and Eigenmode analysis

The system under consideration in both stress basis is a 6th order system: the depen-
dent variables in the Cartesian statement are (f,f’,f” t];,t]5,th;) and in the natural
stress statement (f,f’,f"”,A\,u,v). We are interested in viscometric behaviour at the

X L. . eq:Cartiednartsim4
walls. Performing a local analysis in Cartesian firstly for (3.97)-(3. at £ = 0 and
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z=rcos(£—0)

Co-ordinate transformations: NG
y=—rsin (T — 6‘)

Domain: z>0,y<0

Upstream wall

Downstream wall

h=1

Figure 3-3: Re-entrant corner geometry, with the downstream axes alignment shown.
The normals n are given on both upstream and downstre n dv(s)zau‘_:llllsnZ along with the (z,y)
alignment shown for the downstream wall. The domain (@TITDSngven, where y is now
aligned into the wall rather than out from it as in the upstream case. The co-ordinate
transformations from Cartesian to polars are given, with the relevant angles indicated
on the corner.

assuming a regular power series expansion for (), (£),t15(£),th,(€), i.e.

& => ffl, =" ays, (3.114)
i=2 i=0

we obtain the two-term solution as
O =2+ 28 1o, (3115)
h,(¢) =2(a™)? (1 - B) — 6(1 — B)a™” ((asp)2 (a—1)— gbsp)) £+ 0(£?), (3.116)
5(6) = (1= B)a™ + (1= B)(3(a*?)* (1 — ) + b™)& + O(&7), (3.117)
thy(§) = —2(1 = B)(1 — a)a™E +4(1 - B) <(as”)2 <a - Z) (a—1) - %bspa + ibsp> &
+0(&%). (3.118)
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In the natural stress basis this is

sp\2 s sp\2
) =2(1 —ﬁ);Q _ P8 P)asp—bp+3a (a®) )2+O(1), (3.119)

(1= B)a*® — (1= B) (=" +2(a*)? + 20 (a*)*)¢ + O(£?), (3.120)
7€) = (1—-8)(aP)?e? - (1-p) ((a — 1) (a®?)? — bsp) &+ oY), (3.121)

=
—
782
SN—
Il

where a®? = f”(0) is free whilst b? = f"(0) satisfies

b = (1 - a) ((1 — ) (a*P)? — 2) : (3.122)

. . . vcartucm .
Setting 8 = 0 recovers the UCM solution in [19] as expected. To determine the number
of degrees of freedom contained in this asymptotic behaviour at the wall, an eigenmode

analysis is necessary. The analysis is presented separately for each stress basis.

Cartesian wall analysis

To do an eigenmode analysis, we consider the perturbation
FO ~ FOQ +3F©), (&) ~ 7€) + T (), (3.123)

where § < 1, and f(0)(¢) and tfj(o) (&) represent the regular power series expansion. The
perturbed terms are f(£) and ff] Linearizing by keeping terms of O(§) and neglecting
the forcing terms gives a sixth-order homogeneous linear ode (obtained using Maple
and not recorded for brevity) to determine the perturbed terms. The six linearly

independent solutions are the eigenmodes, which to leading order are

f&) ~1 F)~¢
#y ~ —2a°7(3 — a)(4a(a*?)? — 3bP)(1 — B) #y ~ 6(a*)*(1 = B)(1 - )
fy ~ =3 —a)(@P)(a+3) = bP)1-5) [ #Hy~—a?(1-5)(1+a) ’

IE12)2 ~ —2a(3 — a)(1 - B) IE12)2 ~ =2(1-B)
(3.124)

66

eq:nsvwbl

eq:nsvwb4

b

relpab



—2

FlE) ~ €™ exp (g —are)
F PB(3 - a)§
{p(f) ~ €2 @ 8(1-2p) em—1 exp (—72)
iy ~ 8a™(1 - f) @B = a)*(1-5) 0753 — o)
#y ~2(1 - ’ ~ — m - _—
e o~ Gpae—art O (Gae - ae)
to9 (1=8)1— ) - —8(2—a) - _9
o~ sa -t P GaE -
(3.125)
_ o -9 4
fle) ~¢ eX(P (aspé? e = G
8(1—2 g —2 4
T e et P G- we T G (3.126)
P 4 — -9 N 4 .
2~ Gzae et P (wE s ae T Goawer)
P - 8(2 — OZ) §m2—3 ex ( —2 I 4 )
22 (a*P)2B(3 — a)? p aP(3 — )t~ ((3— a)asp€)1/2

The constants m; and mo are defined as

S —B(a*?)*(3 — a) + B(11 — ba) + 2(a — 2)
' B(1-B)(B—a) ’
B3(3a —9) + B(a’?)?(12 — 4a) + B(5a — 11) — (2a — 4)
"= BB —a)(1-p) '

Thus the sixth order homogeneous equation for the perturbed terms have six leading

order asymptotic behaviours. We can deduce the following:

e In the case a®” < 0 relevant to the upstream boundary layer, only the third
This implies that it
As expected

mode is consistent with the viscometric wall expansion.

has one degree of freedom associated with the free constant a*P.
. . relpa

the parameter b°” is not free but determined through (bT‘IZ)rZ% The local wall

expansion will be analytic in this case.

e For the downstream case, a®P > 0, all of the exponential behaviours are consistent,
along with the third mode, giving four degrees of freedom. The constant a°P
is associated with one degree of freedom, the remaining three associated with
the exponential modes. Therefore, the wall expansion isn’t analytic, with the

exponential modes needing to be included in a full wall expansion. These occur

as smaller terms in the expansion, their derivation being equivalent to a WKBJ-
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type expansion. Associating the constants K7, Ko, K3 with the three exponential

terms, the full wall expansion downstream takes the form

L, b, A m
F6) = 5 &5 +O(&7) + Ki™ exp (aspﬂ(g_a)g

)+ 00

-9 4
a’P(3 — )¢ * (3 - a)aspg)1/2> (1+0())

_9 4
a5p(3 — a)é' o ((3 _ Oé)(l8p§)1/2> (1 + 0(5)), (3127)

1) = 2(a)*(1 ~ B) + O(¢)

+ K58™2 exp <

-

—8(1 —2p) a4 gy -2
+K1a5p(1_5)(3_a)2£ p(aspﬁ(g_a)£> (1+0(9)
—8(1—2p5) S -9 4
+Kéa“‘;p(l —B)(3—o¢)2g P <a5p(3—a)§ ((3_a)asp£)]_/2> (14 0())
—8(1—2p5) ma—4 g -9 B 4
+K3a3p(1—5)(3—a)2§ p <a5p(3—a)£ ((3—(1)(7,5?5)1/2) (1+O(§))7

t15(§) = (1 = B)a™” + O(§)

— m—do (2

+K1 (asp)QIB(g_a)Qg p <aspﬁ(3_a)€> (1+O(£))
—4 — 2 4

K (asP)2B(3 — a)Q§ p (asp(3 — )€ T ((3— a)asp€)1/2> (1+0()
-4 ma—4 o -9 B 4

+ K3 (@P)2B(3 — a>2§ P (asp(?) — e (G a)asp§)1/2> (14 0(¢)),

thy(€) = —2(1 = B)(1 — a)a*’& + O(¢?)

+ K (as;)ig(;_a)apgml_?) exp (M) (1+0(8))
_8(2 — Oé) m1—3 ex -2 4

+ Ko (a*)2B(3 — a)2§ P (CLSP(B Y + e oz)a5p§)1/2> (14+0(¢))
8(2 _ Oé) ma—3 ex -2 . 4

+ K3 (a5p)2l3(3_a)2§ p (asP(B—a)§ ((3—0()&51’5)1/2) (1+ 0(9)).

(3.130)
These local wall expansions can be viewed as composed of an analytical part (the

power series terms in regular powers of £) and a non-analytical part consisting of three

exponentially small terms, for the case a®f > 0.
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Natural stress wall analysis

As for the Cartesian formulation, we aim to determine the degrees of freedom in the

natural stress wall asymptotic behaviour. We consider a perturbation of the form, (as

§—0)

(3.131)

We again linearise with the parameter 4 to obtain at 0(5) a homogeneous sixth or-
der system of equations to determine the eigenmodes (obtained using Maple and not

recorded for brevity). Three are algebraic and three exponential, namely

f&)~1 )
i(g) ~ “2E3+ ol 51)9 —3b )(_1+5)§12
= 7 (3.132)
p(E) ~ 2a7(=1+B)(=3 + @)
7(€) ~ 2(a*P)2(—1 + B)(—3 + a)¢
£6) ~ ¢ fer~g
€) ~ ~(=3+ 0)(Ta(a™)? — 3% — 4b™)(~1 + §) () ~ 21 - §)
7€) ~ 207(1 - B¢ AE) v dar(1 = H)E
(3.133)
@oxp [ 2
F&) Bt exp (&sfﬂ(?éﬁ—) a)£> 2
N — R
AME) BB a2l _p)° b <as”5(3 - 0‘)5> : (3.134)
e - a4oyp ([ —— =
) (as_pé)fﬁ(g - 04)25 32 af(3 —a)é
D(€) ~ G—a) €11 oxp <ap5(3_a)§>
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_9 4
f(&) ~ exp (asp(?, —a)¢ + (3 — Oz)aSpf);>

~ 8(1 — 2/8> q1— =2 A
AE) ~ T B3 — )2 - 5)5 6 exp (asp(3 — )€ + (3 - a)@&p@é)

- - —4 a4 ox —2 : |
,U«(g) (a5p)25(3 _ a)2€ p (asp(3 - Oé)f = ((3 — Oé)aspfﬁ)
T(E) ~ _74 q1—1 —2 1
() = a)g (asp(?, — )¢ * (3 — a)arg)?
(3.135)
where
_ 3-8 1
0= R et (3.136)

The conclusions are similar to the Cartesian statement. The wall behaviour analysis

has allowed us determine the conditions imposed upon the system by specifying the
. . eq:asyall L. Lo

asymptotic behaviour (%3 [US{ as £ — 0. A similar analysis is now done for the far-field

behaviour.

3.2.5 Far-field behaviour

Cartesian analysis

Here we consider the degrees of freedom exhibited by the far-field behaviour. We pose

foCPE (14+0£(€)), thy ~ O (14687,(6)),
thy ~ CP (1= )€ (1 +681,(€)),  thy ~ CY"(1 = )’ (14 085,(€)),  (3.137)

then linearise using the parameter §, where § is assumed small. We assume power law

behaviours in the expansion for f and the perturbed extra polymer stresses as

~

f&) =¢m, B =Ang™, #y=A18", = An™, (3.138)
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aiming to find expressions for m and the A;;. Substituting for these expressions, we

obtain five algebraic asymptotic behaviours whilst the remaining one is exponential.

f: §2(a72)
f=1 » o 22+ 1)
i‘p -0 11 — = o
11 »  —4(a? —3a - 3) :
thy =10 > —2(20% —11a® 4 250% — 270 + 12)
bty = D) )
oo~ 3)a—1) J
. \ f_ ca—2 )
LS ; _5—20‘—1)
=l R R
P, = ey, 20 -2a+2) (- (3.139)
(a—=1D(=3+a) tip = (a2 —1)(a—3)
. -2
2 3+a2—4a V, t22:04—]_ )
CP
A _ ¢l-a e S e
g =g (o)
wo_ C2(2a—1) o 2057 o o o
11 a— 11 — ﬁcvgp(g _ CY)2 P /BCSP(?) — a)a
p oo 4ozl (3 - 20))C5” cy
12 o — 7?11?2 = 2 Sp €xp (spga>
2% - 3 (1—-0a)(3—-a)2C,) B BC (3 — a)a
P ( ) Sp Sp
2= "3 o 20172 — a) exp C—lga
27 0PB(1 — ) (3 —a)? BCF (3 — a)a
(3.140)
eq:cartfiéqvpsffiv

The above eigenmodes are all consistent with the far-field behaviour (3:

As such they identify the homogeneous terms in the full far-field expansion, which

is expected to contain the five free constants C’Sp , Co, (3, C4, C5. These constants

are associated with each of the above five modes. Inhomogeneous or forcing terms

are also expected to be present in the full far-field expansion which are lost during

the linearisation (and admission of the forcing terms). It is noted that there is no

mode associated with the parameter C;¥. Proceeding systematically, we identify and
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determine successive terms in the expansion as

f&) ~ CoPe* (1 +FET O™ BETP 4 Oy <C’4 e ey (L — 2)> ¢?

+ e e L el p e 4 C5g4+2a> , (3.141)
#1(€) ~ O (1 #ygre - 2RI ges g O o

+ A3E72 4 AgE30 4 A1 4 AgeT 0 — A7g4+2a> , (3.142)
,(6) ~ CP(1 - )¢ (1 B R e s

_ 204(0® =20 +2)
(a+1)(a—3)(a—1)

€a72 . 33572 +B4§73a + B5€74O¢ + B6§7270¢ o B7§4+2a>7

(3.143)

2Cb(—{3+-2a)

— 52(}—2 + D2£—2a

thy (&) ~ CIP(1 — a)*¢? (1 + D& -

_ 204(a® =20 +3)
(a—1)(a=3)(a+1)

€772 — D3€™? + Dy + D5 + Do 27 — D7£—4+2“> ,

(3.144)

. X . [ffcoef
where the constants F;, A;, B;, D;, are given in Appendix [A. Noteworthy are the

following:

e The above expansions are found with Co, C3 set to zero. The terms in which
they first arise have been included (modes two and three) but subsequent forcing
terms including them have been omitted. This is done under the assumption
that Co, C'5 do not contribute towards determining parameters associated with
the natural stress formulation, verified in the natural stress analysis performed

in the next section.

e The expansions are not uniform in . The terms associated with the eigenmodes
keep their positioning in the expansion relative to each other. However, the
forcing terms change their relative ordering. This is seen with the UCM model by
Evans, ﬁ’ﬁ]?—tvx}ll%re with Cy # 0, additional terms of order O(¢=4+4a) O(¢=6+6a)
are included. As o — 17, an ever-increasing number of like terms will enter the

expansion.
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e The coefficients of the forcing terms in this expansion are singular at o« = 2/3.

This suggests that the expansion needs to be modified to accommodate this.
ib

Following Sibley %12], we look for behaviour of the form (In(£)£™%) instead of {~¢

for example. The expansion at the singular point v = 2/3 is included in appendix
a;ppzlogff
Natural stress analysis

Here, we consider the asymptotic far-field behaviourin the natural stress formulation.

Linearising by using the small parameter § via

FroCree (1467©), A~dPe e (14549)

e dPE (1400(0)) 7~ dPe? (14 00(8)) (3.145)
we keep terms of O(0) and ignore the forcing terms. We thus again obtain a sixth order
homogeneous linearised system to determine the eigenmodes. These are found (using
Maple) to be:

R R R f:£—2+2a
f =1 f =0 { =0 X ::__2(2 (1)£—2+2a
~ :0 ’ N -1 9 ~ :0 ’ R __(1 a)§_2+2a ’ (3146)
; ; ; e
v=20 v=20 v=1 5= 2 £-2+20
3—« J
f _ 5—1 f = 5_3_0 exp 2 sp£a>
e poa T
~ — _ ~ —
A= -2 ¢! A=— ex ( 5 O‘)
T P S " \Baly e
i = S B T S pErE a
V_3—oz =_——¢3%exp W CEEE =T 13
3—a Ba(3 — a)Cy J
(3.147)

that correspond to the linearly independent solutions. The first eigenmode emphasises
sp sp eg:coclrelation | . .

that di" is related to C", see (B. and is consistent with the far-field behaviour

eq:nsffiv

(b.l(ii;. Further the first mode corresponds to small changes in Cy?, similarly the

second mode corresponds to changes in d3’ and the third mode with d5°. The fourth

and fifth modes are associated with two further free parameters in the system, which
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were denoted Cs, Cs in the Cartesian full far-field. Since the system is sixth-order
we expect six eigenmodes. The final eigenmode is exponentially small when Cy/ <
Ointheupstreamcase. An expansion of the type (Eil%%) will not be analytic due to the
existence of this eigenmode. Further, we can now determine the constants dj”, ds’, d3”

in terms of the C;’s, i = 1,..,5. Expressions for di¥, d5’ and d’ are found to be as

follows
Cyr CiP 20(1 — a)CPCy
dP — 1 sp _ 1 0 3.148
L B-a)2(cgh)? 2 2(3—@)0817( (1+a) )’ ( )
e o’ N 2C7P(CyP)2C5(3 — a) (3 — 2a) N (2a* — 503 — a? + 9o — 9)CPCP Cy
3 4 a 20(1 4+ @)(2 — «)
(3.149)
3 a2 _ SP [ 1SP\2 Y2
n (o’ =30 + 4a — 3)C1P(CyP) C4' (3.150)
@
In the particular case Cy = 0, the expressions are
o O o COF e O 207 (GECs(3 - a)(3 - 20)
Lo @B-a2(ch)2 2 283-a)Cy?” 73 4 o
(3.151)

. . . . . V ucm
which are the same expressions for UCM-type fluids given in 01,

3.2.6 Boundary Layer analysis summary

sec:wbea |sec:ffb
Summarising the results from the wall and far field analysis of sections kS.Z.ZI and b.2.5:

e The upstream boundary layer is the case for which a*” < 0. The Cartesian wall

eq:Cartedqmlartsim4 simso simsold |
system (%.b?;-(%.l(ll)i or natural stress wall system ((&3.](” i%—( . with the

. . eq:cartvebicartviydd: nsywhdqg:nsywb4d .
appropriate wall behaviours (3. -(3. , (3. -(3. respectively can be
. . . eq:cartfiéqupsffiv
used as a IVP in order to arrive at the far-field behaviours (3. -(3. . The

eq:asyall

parameters a and pg are related through the similarity parameter a*F in (3.

e The downstream case is a two point boundary value problem. Imposing the wall
behaviour with a*P unspecified gives two conditions only, with the remaining four
from prescribing Cy?, d3¥, di¥ in the natural stress formulation, or Cy? with any
two from (C9,C5,C4,C5) in the Cartesian basis. Consistency with the natural
stress formulation suggests the choice of Cy,Cs. The wall shear rate coefficient

a’P < 0 is to be determined.
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3.3 Numerical Analysis

For numerical implementation the system is re-arranged to form an explicit system
with the highest derivative of f isolated. Here the Cartesian basis is examined first,
with some numerical difficulties associated with it highlighted. The natural stress
formulation is then used, since it is able to connect efficiently the information from the

upstream and downstream boundary layers.

3.3.1 Cartesian upstream problem

Firstly we consider the upstream boundary layer case. We are interested in solving
eq:Cartiedmlartsimé
the sixth order system (3:97)-(3. subject to asymptotic behaviour both at the wall

(E?ﬁ%&%%ﬁ% the far-field (W%}?osing the wall behaviour with a*” specified
gives 6 boundary conditions for the sixth order system. For a chosen «, the IVP has
one free parameter, o, with °P fixed through (E.gll'%%%, giving us a one-dimensional
parameter space to classify solutions. The far-field behaviour (Cfﬂl)—(cfﬂél) involves
the five free constants (C;7, Cs, C3, Cy, Cs) which can be numerically determined, with
the constant C]¥ = 2. In order to distinguish between the upstream and downstream

cases, we introduce the index u to the upstream constants. Introducing
(asp’ bspu Cgpu CQ) 037 045 05) = (aip7 bqst7 0857 CZU) C3ua C4ua C5u)7 (3152)

. . . sp
we can write an expression for b, in terms of a,, as

(1—B)(a)?
2

b = 2(1 — a)( —1). (3.153)

The process for numerically solving these systems of equations starts by treating the

upstream as an initial-value problem using MATLAB’s stiff ode15s solver. To make

. eq:Carfeduartsimd
the system explicit, we can re-arrange (3.97)-(B. or [(&) as

"= fﬂ(;l—a) <f// (47 (ala — 1) + 1) +17,(26(a = 2) + 1) + (1 = B))
+ (=& (2— a)(1 — o) + t,(1 — a))
SR -a) - -). (G

therefore allowing us to write the system as a set of first order equations involving
(f, ' f" ], 5, t5,). Tolerances AbsTol = 10713 and RelTol = 10~ were used on
the domain [, & where & is taken suitably small and &, large. The figures in

fig:cartupstream X . _6 10
-4 show the upstream solutions for a re-entrant corner with &y = 107°, {5 = 10,
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al = —1, a = 0.66
Cou
€0/é 102 103 10% 10° 106
1072 ]-0.419335 | -0.426934 | -0.429564 | -0.430536 | -0.430803
102 | -0.419631 | -0.426860 | -0.430010 | -0.430990 | -0.431258
10% | -0.419660 | -0.426891 | 0.430054 | -0.431034 | -0.431303
107 | -0.419663 | -0.426895 | -0.430059 | -0.431039 | -0.431308
1076 | -0.419662 | -0.426894 | -0.430057 | -0.431037 | -0.431306

Table 3.1: Table showing convergence of Cjh for decreasing &y and increasing &«

S
ay =

—1, a = 0.66, 8 = 0.1, as well as the stream function and stresses scaled with

their far-field behaviours to show convergence. At & = 10%°, estimates for Ci2 and

Cfp are

f
53—a
tlfl ~ 1.999999999984978,

o0

p
2
52

o0

b2

p
212 ~ 0.666666666656527,

t
~ 0.222222222217130, 52—2

~ CpP = —0.43318500489

p

[oe}
p

[e.9]

th=Cr =2

t s ,
51—2 =CP(1—a) =0.6,

=CP(1—a)? =02,

(3.155)
(3.156)

(3.157)

(3.158)

giving agreement to 10 decimal places. Convergence to this amount of significant figures

tab:varyx

tab:varyxiOxiinf

requires very large £, values for close approximation. To illustrate, table B.T shows

convergence of Cgb for varying domains [£, £xo]. To complete the solution, we need the

value of at least three of Cyb, Cs,C3,Cy,Cs so the downstream problem can be well
posed. The value of Cif we have at leading order (calculating f/£37% at the far-field)

but two more are needed. To illustrate the difficulties this can cause in the numerical

stability of the solution we go back to the far-field analysis. We look at the first few

££1 ££4
terms in (E. IZH)—(C

.144) in order to see how C would be determined. Taking the first

three terms in each of the far-field expansions, four possible approximations to Cy (the

superscripts relate to which of the far-field expansions the estimate for Cy comes from)
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(b) Solution profiles for f, t7;, ¢}, th, scaled with £ to show convergence
to upstream far-field constants.

Figure 3-4: Solution profiles in the Cartesian formulation of the IVP for the upstream
boundary layer. Scheme parameters used were a;f = —1, a = 0.66, 5 = 0.1, with
& = 1075, £, = 10'. The polymer stress components ', thy, thy and f are shown in
(A) and scaled with their far-field behaviours in (B) where we expect convergence for

fig:cartupstream ‘ large &.

7



would be,

f_ f o BCou(a—2)(a—3)? a> 220
02 - <C§5 go—a 1 Cfp(304 _ 2) goo e’} ’ (3159)
i, (a=3) [ #] 28C5(a —1)(a—2)(a=3) .\ ;220
Gyt = m <_Cfp 1- CP (30— 2) oo > £ (3.160)
ot (a=3) ( By | BCh(2a — (- 3)(a -2 £a>
2 4(a—-1) \CP(1 — a)éx CP(3a — 2)(a — 1) o ) hee
(3.161)
Otz — _ (—3) ( thy 1 28Cm(a —2)(a = 3)(a® —3a + 1)§—a> ¢2-20
2 2(—3 +2a) \CP(1 — a)2€2, CP(3a — 2) (o — 1) o J e
(3.162)

To make this easier, we restrict the alpha range o > 2/3 so that the first forcing terms

are subdominant, the above expressions are

C{ _ (C(')sﬁfgoa _ 1) 220 (3.163)
o m <1 B ?}IP > — (3.164)
0 = _ZL((O;__?)l)) (cfp(lt%a)ﬁoo R 1> < e
cy = ‘2((_a3_+32)a> (Cf”(lﬂi2 ), 1) & e

For large values of £, there is a large amount of numerical instability in determining
C5. This is probably due to the bracketed expressions in each approximation tending

to 0 as . increases. Since these are multiplied by &2-2¢

in each case, which grows
extremely large, any small numerical errors in determining Cj? or C}? are multiplied
to the point where for sufficiently large £, the numerical approximations break down.
Figure E%g%l%s the numerical instability discussed, where all four approximations
converge slowly for a moderately large £, after which they break down. In order to
determine other constants further down in the full far-field, these numerical instabilities
will grow and make it extremely difficult to accurately determine any further constants.
A downstream numerical scheme cannot therefore be accurately implemented for the
Cartesian basis. The information required to transition to downstream in the natural
stress basis is all contained at leading order in the upstream, eliminating the problem
that the Cartesian basis has.

78

eq:c2estl

eq:c2estd



— f C2 estimate
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C2 estimates for 2/3<a <1
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. . . . . eq:c2estdq:cestd
Figure 3-5: Diagram showing approximations for Cy from (3. - , convergence

is seen at around &5, ~ 10'% after which divergence happens for increasing &,,. Pa-
rameter values are a;f = —1, a = 0.75, 3 = 0.1, & = 1076, £, = 1030 fig:c2est

3.3.2 Natural stress upstream problem

Firstly we consider the upstream boundary layer case. We are interested in solving the
simsoll |simsol4 eq:nsvw :nsywb4
system (%TOTIF(%TOZL%Sub ject to asymptotic behaviour both at the wall (3.119)-
and far-field (ng%%;%lposing the wall behaviour with a®P specified gives 6 boundary
conditions for the sixth order system. For a chosen «a, the IVP has one free parameter,
a®?, with b°P fixed through (Efe%%%%, giving us a one-dimensional parameter space to
classify solutions. The far field parameters are related to the Cartesian formulation
through
dSP — Cfg

= o oA dow =
(3 —a)?(Cyy,)

S” 2a(1 — a)CeP
Cry, ( af OJ)COUC4'U,)’ (3.167) [eqrcartns

2(3 — a)CpP (1+«)
dSp _ sz + 20;5(055)205u(3 _ a)(3 - 20&)
3u

[eq:cartns
4 o
[eq:cartns

N (20 — 50 — a? + 9a — 9)CPCE Cyy,
2T a)2=a) |

(3.168) |eq:cartns:
Since £ = 0 is a singular point for the system, we use the wall asymptotic behaviour

at the point £ = & > 0, where & is necessarily very small. As for the Cartesian

formulation, the system is solved on a finite domain [{p, &]. Our initial conditions at
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&o are the leading-order wall behaviours. The two-term wall behaviours for the natural

stress formulation in terms of the similarity parameter a;’ are

£ = 30 + b7, (3169
© 1 2(1—=8)(=3(aif)? = bif +3a(aif)? 1

A=2(1- 5)§ - 7 & (3.170)
p=(1-B)af — (1= B)(=bF +2(aF)? + 2a(a;f)?)&, (3.171)
7= (1= B)(ai?)’€q — (1= B)(—(aiP)? + ala?)® — bP)&. (3.172)

For numerical implementation, the following rescaling is introduced

(&) = F1(EPAE), m(&) = (&), n(&) = f(&)7*n9), (3.173)

so that the wall behaviours are of O(1). For implementation purposes, we use the
leading order wall behaviour, in terms of our rescaled variables the initial conditions

are

aE=b, [=3aP8, 1=201-B)@r?, m=(1-FlaP, n=(01-p)
(3.174) |eq:reswic

: fi
For the far-field conditions, as §& — oo, f ~ CyP&3~®. Substituting this into (&63. (nlSF; n

. . scaledns
with the scaled variables (. )

d;ﬁ 2(a—1
25 (a—1)

t € =Ex =P 3—a =2 = %P a—1 —
a 5 g 9 f OuSoco 9 m 2u€ 9 n (3 o 05)2(085)

)

(3.175) |eq:reswff

where

. S— 1
= B Q) (G (8.176)
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The rescaled similarity solution is now

20 —a)f' +2f"m+ f'm' + Bf' f" —1 <1 - +3- oz)ff”> =0, (3.177)

f/
3—a)fl' —2(3 - a) f]{,” F22—a)f —DI+2f'm=0,  (3.178)
B—a)fm' +m((1 —a)f —1)+nf" =0, (3.179)
ff//

B—a)fn' —(1+2f n+1=p)+23—a)n— =0. (3.180)

f/

Rearranging to form an explicit system, we may obtain for f” the expression
2(a—1 " 2 l 1-—

= o1 )+f<n J2m, Boafl ,2)f>+ ( ,f>

B BANB—a)f f (/") B\ f

+m((l—a)f — 1)ﬂ(3_1a)f.

eq:explf
As a result, (}'3 (817 allows an explicit statement of the system involving f, f, f”,1,m, n.
The IVP is solved using MATLAB odel5s, the upstream numerical results are

(3.181)

now presented. Solution profiles are given with a;f = —1, o = 0.66 with & = 1075,
£so = 10%. Estimates of the far-field constants Cob dib d3b, dsb for specified a, arf’ can

:betal8
be plotted and are given in b 6. For large upstream wall shear coefficients, larger £,

values are needed for convergence. For the upstream case we can also vary S for fixed

ssresl

ssres4

fig:ffcoffisg:ffconsiO
ayl, starting to investigating the limits 8 — 0 and 8 — 1. This is plotted in %—; and l% §

for varying ay’. A surface plot of Ci- for varying small —a; and $ for fixed « is given
in b%%t convergence of d P and Cy? for particular values of o and ay’. The
far-field behaviour is used to provide estimates for the constants Cyb, di¥ . d3P | d5P by
evaluating the functions at selected £, values. Table 3.2(a) shows convergence as &
increases for these constants. Convergence as &y becomes increasingly small is shown
in table 3.2(b) to show convergence in both limits. Also for the upstream wall, we can
fix B and vary a;’ between small and large wall shear rates for selected corner angles

a. Numerical instability is apparent for large wall shear rates as the corner angle tends

fig:b 012
to 180°. Solution profiles for § = 0.1, 8 = 0.4 and § = 0.8 are shown in figures b}ill,eta

fig:betaOf2ig:betal84
and B-12 respectively.

3.3.3 Natural stress downstream boundary layer

For the downstream problem, flow is away from the corner with a;’ > 0. We solve the

ssresl [ssres explf
re-scaled system ( ES 177)- m with the explicit [ as in (&3 [R17. The wall conditions

reswic
(b.[?zﬂ give us two conditions when a;f is unspecified, with the far-field behaviour
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(a) Solution profiles for f, I, m, n

Scaled f, I, m, n

-6 5 4 3 -2 1 0 1 2 3 4 5 6 7 8

10° 10° 10* 10° 107 100 10° 100 10° 10° 10° 10° 10° 10' 10
(b) Solution profiles for f, I, m, n scaled with £

Figure 3-6: Solution profiles in the natural stress formulation of the IVP for the up-
sp_ _ .

stream b%undary laygr. Scheme parameters used were dy = 1, a = 0.'66 S\évﬁlgdns

& = 107°, &, = 10°. The related natural stress variables [, m,n defined in %.I 73

are shown in (A) and scaled with their far-field behaviours in (B) where we expect

fig:beta0s| convergence for large &.
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eq:reswff
(B. providing the remaining four. The system is solved on a restricted domain

: i : ff
(€0, &co) With (E.Ir?ezl ;wircnposed at & and (be.lr7e5 ;waf £so - the domain end points. In-

troducing the subscript d to refer to downstream parameters, the upstream and down-
. . . eg:nctrans .
stream constants are linked through the axis transformation (b 3 i, hence the required

transformations needed are

Con = —Cour  dog = —dsy,  dsy = dsy. (3.182)
The upstream solutions gives us Cpb, dib, di? which can used for the downstream

problem via the above transformations. The downstream numerical solution is a sig-
nificantly harder problem than the upstream, the steps taken to solve this are given

below.

e The upstream problem is solved as an IVP on [y = 1075, & = 10'9] to obtain
:d 1
estimates for Cyb, d3f, diP. Using (E.[SSZ i? the downstream version of these
constants is obtained. The sign of the upstream f profile is changed, then put
. ssresl |ssres . . .
into (b.l 77;-(}318”%. These constitutive equations are then rearranged for [, m
and n and solved as an IVP from the far-field into the wall. This is done on a

reduced domain [£,, = 105,& = 1079].

e The data points obtained from the above procedure are interpolated on [§y =
1077, €5 = 10°]. A mesh is created on the restricted domain [§y = 10725, ¢, =
10%] and the interpolated solution obtained is used as an initial guess for the
Matlab boundary value problem solver bvp4c on loose tolerances RelTol = 1072,
AbsTol = 1075.

e The domain is then extended towards the corner for as far as possible. The initial
solution obtained from the previous step is used as a guess on a slightly extended
domain. Using bvp4c with the above tolerances, the largest extended domain
achieved was [y = 1.7 x 1074, £, = 107].

e When varying a;’, the above steps are repeated for each a;’. Taking small ay’
values first, a;/ is initially solved with a;f = —1, then increased by 0.01 until
a;? = —0.01 is reached.

e Then increasing —ay’ is examined. Care has to be taken since upstream conver-

gence for far-field parameters is sensitive to the initial & that the IVP shoots
from. Therefore, for —a;’ = O(10%) the upstream &, should be taken smaller
to around 10~7 to ensure convergence for CiP, dsP and dif. This substantially

increases computational time so is only used when —a;’ > 10.
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£1 & d
e The data for small and large —a;’ is combined for plotting o7/

3.3.4 Discussion

A class of self-similar solutions for the Oldroyd-B model at a re-entrant corner has been
described that are associated with the upper convected stress derivative dominating
in a core flow region near to the corner (but away from the walls). These give a
polymer stress singularity of O(r=2(1=®). The stream function behaves as O(r"®),
with n = 3 — a determined by matching into wall boundary layers which are needed to
recover viscometric behaviour at the wall. Consequently the solvent stresses are weaker

and O(r"*~2). In summary we have
TP = O(r—21=%)) T = O(r~ 200 v = O(rB=al) 45+ 0.

The solution structure has wall boundary layers in addition to the outer core region.
The complete solution depends upon two parameters, the pressure coefficient pg and
the wall shear rate coeficient a (or equivalently py and the coefficient of the core stream
function Cp). One of these parameters can however be scaled out in the similarity solu-
tion reducing the parameter space of solutions for classification by one, the choice here
taken was to scale pg out. This is equivalent to introducing the similarity combination
a/ p[l)/ 2, which can be used to determine the other parameters arising in the upstream
far-field behaviour and downstream wall beahviour.

The stress singularity, stream function behaviour and boundary layer thickness are
found to be the same as the UCM model. The difference with the Oldroyd-B model is
the inclusion of the retardation parameter 8. Setting 5 = 0 recovers the UCM results
in the similarity solution. The similarity equations reduce now from an explicit sixth-
order system to an implicit fifth-order system. We loose an exponential eigenmode
in the wall and far-field asymptotic behaviours. Accordingly, the numerical scheme

presented here needs modification to solve the UCM fifth-order system.
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b) Solution profiles for Cy¥, di¥, d3P, diP for a fixed a;f = —0.1, o =

0.75.

Figure 3-7: Estimates of the far-field constants Cyh, dib, d3b . dib for fixed ay/ and a.
The IVP was solved with & = 10710, ¢, = 10%°, the large domain needed for parameter

convergence as 3 — 1. As 8 — 1, Cj! takes large negative values and Matlab exhibits

numerical instabilties as this limit is approached.
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Figure 3-8: Estimates of the far-field constants C,,, di,,, ds,, ds, for a fixed large

ai? = —10 and o = 0.75. The IVP was solved with & = 1077, £, = 10%°, the large
values of &, required as f — 1. As —a; increases in size past O(10) the value of djf
increases in size as § — 0. In the limit as 8§ — 1 numerical instability is more apparent

than for smaller values of —au®P.

Figure 3-9: Estimate of the far-field constants C" for varying as, 8 and fixed oo = 0.75.
The IVP was solved with & = 1077, &, = 10%°. A surface plot is given with —a;
varying between [—0.01,—0.09] and § in [0.02, 0.95].
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(a) Convergence for fixed & and increasing £ for the natural stress upstream constants ’ tab

:ininftyns

af =—-1,a=2/3,3=1/9& =107
Cyh estimates | djh estimates dsP estimates d3P estimates
goo fga—?) W mgl—cx 2(370%.15055 (3 o 04)2(085)27162_2&
10? -0.425227 2.031588 -0.979751 | -1.007866 1.314828
103 -0.433632 1.953588 -0.978294 | -0.988329 1.389040
10* -0.437245 1.921437 -0.977196 | -0.980163 1.414183
10° -0.438371 1.911579 -0.976840 | -0.977645 1.421291
10° -0.438683 1.908859 -0.976741 | -0.976950 1.423152
107 -0.438765 1.908148 -0.976715 | -0.976767 1.423621

(b) Convergence for fixed £ and decreasing £ for the natural stress upstream constants

af =—1,a=2/3,8=1/9 £, =107
Cyl estimates | djb estimates dsP estimates dsh estimates
i4
0 feas W m&t—e Q(SW (3 - 04)2(085)2”52_20‘
1072 -0.438279 1.912381 -0.977798 | -0.977850 1.422963
1073 -0.438717 1.908564 -0.976821 | -0.976874 1.423556
10~ -0.438760 1.908191 -0.976726 | -0.976778 1.423615
107° -0.438765 1.908153 -0.976716 | -0.976769 1.423620
10~6 -0.438765 1.908148 -0.976715 | -0.976767 1.423621
1077 -0.438765 1.908148 -0.976715 | -0.976767 1.423621
Table 3.2: Table showing convergence for Natural stress constants Ci-, dib, d5b and

d3P to six decimal places. For (a), & is fixed with varying &.. Estimates for d37 and
di? converge slower than Cj" and d3? for smaller values of £w. The second table (b)
fixes £ for varying &y. Convergence for all four constants is accurate to six decimal
places when & = 1076 with the value of &4, beingamore ]f‘élg(())gts%nt The estimates for

t
dp an(gi :d%p (with Cy, = 0) are fouEedzggogc%S@f 167 ihr;vsgl;feﬁ an additional check on d5?

from . Estimating d3, from (3] is complicated since determining Cf, from

the Cartesian formulation is fraught with numerical difficulty as discussed earlier, the .
estimate for this constant again comes from rearranging the last expression in (W
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Figure 3-10: Solution profiles for 5 = 0.1. Estimates of the upstream far-field similarity
parameters, varying the wall similarity parameter a;’ for selected corner angle values
a. The IVP was solved with & = 1079, £, = 10%°. Numerical instability is seen for
when —a;! is O(10%) for large values of «, especially for d3h.
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Figure 3-11: Solution profiles for 5 = 0.4. Estimates of the upstream far-field similarity
parameters, varying the wall similarity parameter a;’ for selected corner angle values
a. The IVP was solved with & = 1078, &, = 10%°. Numerical instability is seen for
when —ai! is O(10%) for large values of «, especially for d.
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Figure 3-12: Solution profiles for = 0.8. Estimates of the upstream far-field similarity
parameters, varying the wall similarity parameter a;’ for selected corner angle values
a. The IVP was solved with & = 107, £, = 10°. Numerical instability is seen for
when —a; is O(10?) for large values of «, especially for d3b.
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Figure 3-13: Downstream solutions on a restricted domain with a;f = —1, a = 2/3,
_ : —4 : _ -4
8 = 1/% Re&d fall €ITOIS were 9.956 x 10 f%"ithseo B}é% with .§0 = 1.65 ><.10 ,
¢oo = 10°. Figure B-13(a) shows solution profiles, B- e behaviour scaled with &.

All three approximations give estimates for azp ~ 1.803130515942835 that agree to 15

i
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Figure 3-14: Plot showing a4 verses a, for § =1/9. fig:auvad
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apter:paremterregimes‘

sec:lowweiss

Chapter 4

Re-entrant corner flow:

parameter regimes

The previous chapter has described a similarity solution for the Oldroyd-B fluid at a
re-entrant corner where the Weissenberg number has been O(1). Here we investigate
the flow in the limits of low and high Weissenberg number limits, where the scalings
(E%’)‘@%l% down. The re-entrant corner UCM flow has been considered in the high and
low Weissenberg limiting cases by Evans EBe%JID'he work here is based on that analysis,
and is extended here to the Oldroyd-B model (where the natural stress formulation of
which is also provided). We also consider the Newtonian limit § — 1 (with We=0(1))
which is singular. At the end of chapter we briefly remark as well on the UCM limit
58— 0.

4.1 The low Weissenberg limit: We < 1,(1 — ) € [0,1)

4.1.1 Introduction to the problem

We are interested in the asymptotic structure of the equations

Vwv=0, Re(v.V)v=-Vp+V.T,

v
TP + We TP=2(1 — 8)D, T*=28D, T =T"+T°, (4.1)

where we have written the stress tensor T to be a combination of the polymer stress
T? and solvent stress T®. This is useful for when considering the limiting case 5 — 1,
so this formulation is retained for the Weissenberg limiting cases as well. The inertial
terms in the momentum equation are found to be subdominant for all asymptotic

regions close to the corner, so are omitted. The z, y axes are aligned along the walls
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with usual no-slip and no normal velocity boundary conditions at the walls prescribed.

The problem setup is similar to the previous chapter, which is referred back to when
eq:polysolv

appropriate. To begin the analysis, we consider the set of equations (4.I)] and can

naively set We = 0 to see what kind of flow we expect. Our stress equations become
TP =2(1-5)D, T°=26D, T=TV+4+T°=2D. (4.2)

At distances away from the corner we can expect Newtonian flow to dominate. This
sec:newflow
is discussed in greater detail in section 5.T1. is Newtonian solution behaviour is
expected to hold until the point at which the Weissenberg number interacts with the
length scale away from the corner where a fuller balance in the governing equations
will result. We expect the interaction to give three sets of core and boundary regions
. fi%:lowwe . . . .
represented in figure A-T. e exterior region gives Newtonian flow, close to the corner

|chapter:reentrantcornerflow

we expect Oldroyd-B flow We = O(1) of chapter B to dominate, with an intermediate

region occuring where a fuller balance of terms is needed due to the upper convected

derivative becoming important.

4.1.2 The exterior regions: Weﬁ Lrkl

Discussed in the introduction of the problem, the exterior regions at leading order

recover Newtonian flow behaviour for the radial distance » = O(1). The Newtonian
|chapter:Salientcornerflow

solution given in section () will apply here when 7 < 1 (but obviously still big enough

to be in the exterior region) with important results

asT — 0, 1 =corttfy(h), T =2D, (4.3)

fig:lamalpha

eq:t slam
where the exponent Ay satisfies equation (%I Ii ia numerical plot is in figure (b-
. . . salfO0fin2 . . . . salptermsfO
and the function f(6) is found in (% [4). The pressure is given in equation (% 5.

Critically, for re-entrant corner flow Ag < 1, and from these solutions we may obtain

the order of magnitude estimates for the exterior core region as

forr=0(1): ¥ =0(), T =0(1),

4.4
asrT — 0: 1 =O(rt), T = O(r~H), (44)

Scaling into the core region with the parameter ¢, We® <« é <« 1 with a to be deter-

mined, the distance r scales like r = éR* with the remaining scalings being

,(p — €1+/\0¢*7 TP — é71+)\0Tp*’ TS — é\flJr)\oTs*’ p= €71+)\0p\*’ v = g)\o‘?*'
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Core Region 1: r = O(1)
TP ~ 2D
$=0(1), T=0(1)
Yp=0 (r'*2), T=0(r*"1) asr—0

Core Region 2: r=0 (We =55 ) -
v
T + We T?~ 2D
1+Xp
Y=0 (WeltAO) , T=0(We™)

'IYP +o(1) =0 | /

. 1 -
Core Region 3: r < O (Wel—’*O) ,r"”/ . BLI
BL3 0=0
v
The boundary layer balance: T+ T?~ 2D
- holds in boundary layer (BL) regions 1 and 3
- ‘ 0 (We) for BL1
q}’\’ Boundary layer thicknesses: o (é (W61/§»1_A0))1—a) for BL3

0=7/a

Figure 4-1: Illustration of the main asymptotic regions near to the re-entrant corner
in the limit We — 0. Shown are the dominant balances in the constitutive equations
for the three core regions. Boundary region 3 is needed due to core region 3 not giving
viscometric behaviour at the wall, similarly with the core and boundary layer regions
1. The intermediate region holds up to the walls, hence any boundary layer region in
between the two mentioned above would be arbitrary. The exterior regions occur for

1

Wel-* « r < 1 where Newtonian flow is found. The intermediate region occur on
1

the length scale r = We'—* where the upper convected derivative is retrieved. For

1
the inner regions we have r < Wel-% in which we expect Oldroyd-B, We = O(1)
behaviour to hold (the linear stress terms and deformation tensor components become
subdominant).

The governing equations are
Re e2209* . V*y* = e~ IHhoyspr 4 emHhoy. (TP* + T) , Vvt =0,

v
* = coRF I (), TP 4 We e~ 100 TP = 2(1 — B)D*, T =26D*. (4.6)
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As 0 — 0, fixing fy(0) = 2, the behaviours of the stream function and stresses as the

wall is approached are

1&* _ CoX*(AO_l)i/*Q, ﬁ* _ pOX*(Ao—l)’ (47)
1 =4Bco(hg — )X Py T = 2800 X 0"l gy = T, (4.8)

T = 4(1 — B)co(hg — )X oDy * TP — 9(1 — B X*Po=) e — %,
(4.9)

Viscometric behaviour isn’t recovered in this limit, the boundary layer scalings are

X=X, ¥r=dv, g =R 5=
17 = 5T11, T12 = T182a T55 = 6T225
Tff = 6T11, sz* = wa Té’; = 5T§2- (4'10)

With these scalings the governing momentum equations and solvent stresses are

_ - op 1 8
~1—Xo §24 . o= /4
Re e 206%v - Vir= 2 <6T T+ oTh ) + 555 (T + 1), (@1
_ - 1 0p 8 . 8
~1 /\() 3.4 . N 1% S
Re é7200% - Vo = -0 4 <T12 + 5T12) o (T P4 TQQ) (4.12)
. P PU 0% A P
TS :2 A A TS - = —527A 5 TS - —2 A o~ 413
n= W key TP <8Y2 ax2> 2= oy (13
and constitutive equations
P [P 2\ . 2 R
Y 0X 0X 0Y 020Y?2 0XoY
v
( B)axay (4.14)

. . o oTL, oW 91P 02U . 92U .
T§)2 + We 5€>\0_1 — %2 — — = A22 2 = iDQ + 2?7152 =
Yy X 08X Y 0X?2 OXOY

020
—2(1 _B)axay (4.15)

@affz _ @61;{’2 + 52 82@7%1) v Ap) -

s s el el 5
v ox ox ov | ox2 T av?
2.7, R 247,
(1-8) (‘9?’ - 52(3)?) . (4.16)

TP, + We deo~! (

Y2 0X?
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The only term we may recover from the upper convected derivative whilst still having
a thin boundary layer is in the Tfl equation, and sets 6= We edo—1 At leading order

then we obtain

~ 9> . 02U R 920
TS =2 Avav’ TS = PRESP B Ts = -2 — s 4.17
T (aw) n= oy (4.17)
X PV . P P W
(4.18)
op 0
- 87{/, aY <T12 +T12> = 0. (419)

Oexbl . LA N

Solving the last equation in (&I.Igwei for ¥ determines ¥ = 2a(X)Y? where a(X) a
function arising from the integration (no O(Y'!) or O(Y?) terms due to the boundary
. leq:blmagchlmatch3 5g—1
conditions). Matching with the core solution (F.7)-(%.9) determines a(X) = 2¢g X 1.

Hence

b = P12, (4.20)

holds throughout boundary layer one. As a note, for the boundary layer to be small

~

1
b=We e 1<l = é> We T, (4.21)
giving a lower bound on € where core and boundary layer regions one are applicable.

The exterior regions: natural stress basis

eq:welexb.

eq:welexb.

eq:psihol]

nsca,jetxtnanatttransS

We can also formulate the problem in the natural stress variables. From (}z 43)-(2.45),

we have

1 u? 2uv v?
A=(1- Y, ! 1%, (4.22
( /B)We (’LL2 +1)2) + (u2 +'U2)2 11 + ('LL2 +'U2)2 12 + ('U,Q +U2)2 22 ( )
uv uv (u? —v?)
= — " T TF,, (4.23
K (2 +v2) 1L + @ +02) 2 + (@4 07) 12 (4.23)
1—
V= (va(zﬂ + 0 +PTE, + TP — 2uvTh,.  (4.24)
e

For small Welssenberg, the first terms of A and v dominate where p retains all the
leq:nscdagtmngdonstit3
terms. In (u 48) (2-50), in the second constitutive equation for p we therefore pull

back the term involving w. The balance TP = 2(1 — B)D holds in the core region in
leq do treaaEi Bt rans34
Cartesian variables, substitution of this into (4 22) (4 .24) will give us the core equations

97

eq:nscart

H

eq:nscart



in natural stress. To this end we find

1 (1-5) 2,2
A=(1- : 4.2
e T oy Y T (4.25)
p=—(1=pB)(u*+v*)V - w, (4.26)
1—
v= M(UQ +0?3) — (1 - B)v - V(u? +0?). (4.27)
We
Since We is small, at leading order in We,
1-8)
A~ (1 — - - ~ —(1 — 2 2 . ~ (7 2 2 .
( 5)We (W2 +2v2)’ H ( B)(u” +v)V-w, v We (u” +v%)
(4.28)
X |corenslicwwenslowweis3 | . . eq:nscoreasybeh
We may also obtain (4.25)—(#.27) by substituting the behvaiours (4.28) info the gov-
. . leq:nscoegpingdonstit3d
erning equations (2:48)-(2:50).
Scaling into the boundary layer with
=X, y:SSA/, 1/1252@, u:&l, U:SQ@,
A=5672), w=p, v= 52D, (4.29)
the governing equations become
. . A x . 1 —
A+ Wed (v-vxm(s—lﬂv-w) __ u=h (4.30)
We (5242 + 5192)
fi + Wed (V-W+W-vv) —0, (4.31)
~ 1— A A
7+ We (o - w) = (Wf)(cs?a? + 6%%?). (4.32)

. . eq:blfullnslowext3 .
From this, we can rearrange the boundary layer equation (4. or U/, then substitute

. leg:blfullnslowext2 . L. .
into (A.31) for i, giving us an expansion again in terms of We. At leading order,

9
)%

f=—(1-75) <1> @* = (1 - B)iy + O(We?). (4.33)

a
Similarly for 5\, the two term boundary layer expansion is
Weii? a2

PR ) — 51—V <1) — 2WeiV - w + O(We?), (4.34)

98

corenslow!

corenslow!

€eqg:.nscore:

i

eq:blscals

eq:blfulls

eq:blfull;
eq:blfulls



and finally for 7,

L@ (1= 8%V (@) + O(We). (4.35)

b= (1-f)g

The boundary layer expansions are after substituting in for 5,

fi = (1 - B)iy + O(We?), (4.36)

A=(1— ﬁ)Wel(ﬁQ) + 2We(1 — 3) (Z’; + U;LBY) — 2We(1 — 5)2‘5 +O(We?), (4.37)

b=(1- ﬁ)%fﬂ —2(1 - B)a (dayg + ooy ) + O(We) (4.38)

and at leading order,

3 1 o (1=5

_ A3 Ao (1 — B N )
A (=B A~ A=Bly, 0~ —m =0 (4.39)

. . ... leq:nscded tracait trans3 )
We can verify this, by writing (2.43)-(2.45) in terms of boundary layer variables. Then

we have
. 1— . ~2 R 200 R ~2 53 R
)\ — ( BA) 5 UA 2Tf)1 + uv QTfQ 4 v—2T§2’
We (a2 +§262) (a2 + 822 (a2 + 8262) (a2 + 822

(4.40)

) O%ad -, 2av L, (02— 5%?) -,

H=— A 11 A T3 A 129

(u2 + 5%2) (iﬂ + 52@2) <u2 + 52112)

(4.41)

A_(l—ﬁ) ~2 $2 42 S 2D 32D oS AP

U= (4”4 6°0%) + duTy, + 6701} — 26U0T7,.

e
(4.42)
Reordering these equations in terms of a expansion in B ,
2 1 ~f 1 4 20 N
A=(1- o =T + =15 ) +0(&? 4.43
= B+ (Th+ 515 ) + 0@ (1.43)
o (a% = 8%0?) - .
p= 0T g o), (4.44)
(a2 + 5202)

p= =08 +4 (a2TP — 200717, ) +0(6%) (4.45)

T T We 22 12 ) :

and substituting in the boundary layer equations from the Cartesian variables which
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eq:nstran

i

eqg:nstran



are

N N

A PV . Pv Pv 0?0
b2 e =200y T R A=
(4.46)

leq:nstrienshstran nswe@nsasﬁéOnsextl
into (KL 40)—(41.42) agrees with ( 30)7(4 6).

We can see that A goes very large as We — 0 , i is a constant in this limit
throughout the core region and © goes to zero. This is viscometric behaviour in natural
stress variables hence the exterior region analysis is complete. We know from the
Newtonian Cartesian analysis that the solvent stress dominates the polymer stress for
the exterior region. The natural stress basis describes the polymer stress and so it is
more instructive to consider this basis for the intermediate and interior regions where

the polymer stress components are important.

4.1.3 The main length scale: »r =0 (Weﬁ>

We now determine the length scale at which the Newtonian solution no longer persists,
and the fullest balance in the constitutive equations is obtained. Considering distances
from the corner of O(e), with the gauge ¢ = e(IWe) being a small parameter whose
dependency on We is to be found. Initially, we consider an outer region away from the

walls via the scalings

g

R S Y %T”*, p= v (4.47)

r=eR*, 1 =~U", TS:E—2 ,

this intermediate core region holding for R* = O(1) and ~ another gauge. The pressure
scaling is determined to be equal to the total stress tensor scaling to achieve balance

in the momentum equations. The governing equations in this region are

Re yv* - V*v* = —=V*p* + V* . (TP* + T*) (4.48)
o 4 e =7 TP*— 9(1— §)D*, T — 26D". (4.49)
Matching with core region one determines v = e't*. Retaining all terms in the

constitutive equations implies We v = €2 and hence ¢ = We 1/(1=20). the key length
scale is determined. Three critical length scales are now apparent resulting from the

interaction between e and Wes:

eq:lowwem

il

eq:lowwem

leq:lowwemidcarti

er =20 (Wel/(l_ko)): The fullest balance is able to retain all terms in (4.48) -

leq:lowwemidcart2

(1.29
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e r>0 (Wel/ (1_)‘0)): The linear stress terms dominate over the upper convected
derivative leaving the Newtonian balance. This is the exterior region already

considered.

e r kKO (Wel/ (1*)‘0)): The upper convected stress derivative now dominates over
the linear stress terms, and the Oldroyd-B We = O(1) problem is expected to be

recovered.

For the boundary layer in this region, the scalings are

X =X, Y'=0Y, ¢*=60, p‘=p,
IT? ::67?17 1?? ::jﬁav 153 ::51537
TP =6Tr, Th =1%, T =515, (4.50)

X . X . leq:lowwetenddamemidcart2 X X
However since full balance is retained in (4.48) - (4.49), 0 would not be determined in

the resulting equations. This gives an artificial region and so any boundary layer would
eq:psiholblibl2
be passive. Local wall asymptotic behaviour in (&Ib“ ;150 ds, matching with the leading

. . . eq : weOdaxiplire Oexbl .
order boundary layer equations in region 1 (A.17)-{(#.19). For natural stress variables,
eq:mls
the scalings (4. are used, along with the natural stress variable scalings of (found

3
from balancing terms in (}‘ZC?ZInlni %7(% with each other)
A= 17hon =ty = Sl (4.51)

Substituting this into the governing equations using We = ¢! =0 yields

1
A* VN 420V oWt = (1 - ) ——— 4.52
+ Vv VA 25V - wh = ( B)(u*z—l—v*?)’ (4.52)
p vVt 4+ Ve wt =0, (4.53)
VvVt = (1 - B) (u*? +u*?), (4.54)

and so fullest balance is attained on the same length scale as found with the Cartesian
basis. Again there is no need for a boundary layer for the natural stress since all terms
that may contribute to viscometric behaviour are automatically included.

1
4.1.4 The interior regions: r < Wel-*

The final regions to consider are the interior regions closest to the corner, where we

expect to recover the Oldroyd-B We = O(1) problem due to the upper convected
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derivative dominating in the core. We introduce the rescaled variables

Assuming Oldroyd-B behaviour, the stream function has the form ¢ ~ #*¢. Care is
needed when scaling into the inner region since we need to consider what happens in
the intermediate region also (i.e. we scale through the intermediate into the interior

region). We have in the intermediate region
r=eR*, 1 =eTroy* (4.55)

In the interior region, scaling with € we have
r = éR", (4.56)

Hence our scalings for the stream function and velocity vector (where we have essentially

scaled through through the intermediate and interior regions in one go) are
w — 61+/\07nagnad;* v = €1+/\07na€na71‘~,*‘ (457)

With the upper convected derivative dominating in this region, we can take the self

similar solution found in chapter 3,

2(1-m)
v > , (4.58)

¥ = Cor™ sin™(af), TP = A)w', Aw) =y <é
0
with n = 3—a, which allows us to get the scalings for the pressure, stresses and natural

stress variables as

Tp — €(1+>\0—2a)€2a—2ri\*p’ T = 6(1-{-)@—2(1)'€~201—2rj:\>k7 (459)

TS — 6(1+)\0—na)éﬂa—2r]~:w*s’ p= 6(1+)\0_2a)g2a_2ﬁ*, (460)

A\ = 6—1—)\0+2a(n—1)g—2a(n—1)5\*’ o= 6)\0—1+a(1a)g—a(1—a)ﬂ*’ (461)
V= 63)\07172046204]')* W = 67A071+na€fnaw* (462)
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1
where ¢ = Wel-*o. Our inner core region equations using the above substitutions are

- - e\ a(n—2) . - -
T = T 4 (5> Iges s ogDy, (4.63)
€
_ L ¢ a(n=2)
0=-Vp*+V -T%+ (€> BV? . v, (4.64)
¢ 2—no B v ¢ 22« B
() Ty TP o1 ) () D, (4.65)
€ €
and in natural stress.
g (2—na) 5\* o T3 4o ¢ 2—a)(1—a) o (1 B) ¢ 4—na—2«a 1
€ * + € e T € (a*? 4 0*2)’

(4.66) |eq:extpol:

¢ (2—na) ~ ¢ (2—a)(1—a)
() BV <6) PV W =0, (4.67)
€

~ (27na) ~ O((TL*Q)
E ~ % Sk XT — o E ~ %2 ~%2 . X
<6> vt vVt = (1-p) <6> (a4 0*4). (4.68) |eq:extpol;

. . i . . . egn:intersol
neglecting the inertia terms (always subdominant throughout region 3). Using (4. 0

determine the matching behaviour as we approach the wall, i.e. in the limit as Y* — 0,
(0 —0)

J* e CoRTONT G LGP, G e (4.69) [eqiwallbe
TP~ Ci(1 — a)X*Ca3y* TP o Cy(1 — )2 X2 y2, (4.70)
N~ dy X2 1) (A—a)y2(i-n) i~ dy X *(@—Dnayrinng (4.71)
7~ dg X e sy snng (4.72)

where

- - 2
Co =", Ci1=¢} o?n?, nno=a—1, nnz=2, (4.73)
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hold. The pressure is retained at leading order in the momentum equation. The

boundary layer scalings are

X=X, Y*=0Y, ¢*="P, p*=p,
LY =Th, T =0T, T3 =0T,
11 - 571 1Tyllv 12 - 571 27—‘127 22 - 511 1T227 (474)
M= §20-m) ) ot = 5””%1, 7 =8"0, V-wt =6 "w, (4.75)

and allow us to retain the fullest balance in the constitutive equations. The gauge b is
found by considering fullest balance. Substituting into the full equations gives us the

constitutive equations

oY 60X 0X Y axay " gy2

=\ 2—na . ~ U TP 1 TP 20 20 .
(6" + 5+ (aw orf, ovory, , o 5, 9 \yTlp2>
€

220 . 920
=2(1-8)(- P — 4.76
1-5() ToT (4.76)

N 2—no . _ T 7D T 7D 2 211 _
(5) "o+ o (NaT?? _ OOl GO Wy 5 OV T§2>

= = = = +
€ oy X 90X oy ox2 12" Toxoy

- 201 8) (g) s (4.77)
=\ 2—na - P U TP 20 . 2.0
(5) "ort 4o OV OTY, 0V 0T}, 0°V i+ S 5
€ oy 9X 9X 9y  9v2 9X?2
—(1- 5)(2) 5 (aY? = (4.78)
and the momentum equations
oo 0P OTh  OTh (£ )a(" frosg (g2 LU OO0 (4.79)
X 09X oY € 0X20Y  oy3 )’

~ ~ ~p =D 2\ a(n—2) - 3 3\
0= _ op > 0T1y 4 0T 1 <E) snig |8 2 0 + ow (4.80)
oY 0X Y € 0X3  9X0Y?2
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The corresponding natural stress constitutive equations are
¢ (2—na) _ N . ¢ (2—a)(1-a) _ _
<> SN F V- VA+2 () R A VAR
€ €

4—na—2«a
Sl-n_ —
)

(2—na) _ B ¢ (2-a)(1-a) _ ~
) 0" "4V - Vi + <> grrs—nnetl=Ingg g = (), (4.82)
€

[

a

=(1-5) < (4.81)

™

(

¢ (2—na) _ _ ¢ a(n—2) _
() ST 4V -V = (1-8) <> o immns (g2), (4.83)
€ €
We can determine from this

5= (f) T L Z3—a (4.84)

€

which is consistent with both formulations. Necessarily € < €, and so 4 is small as

required. Thus the boundary layer thickness is determined to be for the inner region

g(W)l_a- (4.85)

The boundary layer equations can now be given and agree with the Oldroyd-B We =
O(1) case

0 orr, TP, 3

0=— 2 &0 Flz g7 = (4.86)
ox ' ax | ov | ove

~ 7 7D T D 2.1 _ 2.7 _

ooy (OYOTn  OVOTy o OW gp 20 V) (4.87)
oy 90X 0X oY  oXov ay?

~ 7 7D T D Y N 24T, B 2.0

o4 (9% OVOTy (0 Vg 0 OV g ) 50— )2 Y  (488)
oy 90X 90X oYy = oX> axX oy axXov

o, (YOI, 0¥oIf, oW ) P> 0*
oy 0X  0X 9y  ov? 0X> ov?

12 - 15 + Tfl) = (1 - ﬂ)f‘ (4-89)

The leading order equations in natural stress are found to be

+V-VA+2aV-Ww =0, (4.90)
f+v-Vi+oV-w=0, (4.91)
U+v-Vo=(1-p)i, (4.92)
0=—pg + V- VL) + fiy (4.93)
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sec:highweiss‘

Core and boundary layer region three are artificial regions, holding where g < 1. They
occur for r < We = but as R* — 0 there isn’t a We length scale to determine €
explicitly. The structure for low We re-entrant corner flow has found three asymptotic
regions, an exterior region where Newtonian flow is found and an interior region where
Oldroyd-B We = O(1) flow holds. An intermediate region is found to transition between
these different flow states. The critical length scale We = was found that determines
where these flow structures occur, along with core and boundary layer regions for each

determined.

4.2 The large Weissenberg limit: We > 1,(1 - ) € [0,1)

4.2.1 Introduction to the problem

We now consider the limit We — oo for high Weissenberg number flows. A similar
analysis is used to the low limiting case, the main difference requiring an intermediate
boundary layer (which was arbitrary in the low We case). To restate, we are interested

in the asymptotic structure of the system of governing equations

Vv=0, 0=-Vp+V.T,

v
TP + We TP=2(1 - 8)D, T*®=28D, T =TF"+T" (4.94)

As for low Weissenberg flow, the inertia terms in the momentum equation are found
to be subdominant for all asymptotic regions close to the corner and thus neglected
from the start. To begin the analysis, we consider the set of equations (e. ) °1s§°11¥1}§’
We = oo means the upper convected polymer stress derivative dominates in the con-
stitutive equations. Close to the corner we expect Weissenberg O(1) flow, motivating
consideration initially of a 4 region structure. The analysis for the high We limit is
complicated since it is possible to decompose the eventual exterior solution into in-
termediate and exterior regions if a ‘stretching’ similarity solution is picked up as the

corner is approached. The analysis will proceed as follows for this limit

e The interior regions close to the corner will be picked up first along with the
boundary layer thickness. These results are presented separately for Cartesian

and natural stress bases.

e The boundary layer thickness is found to be arbitrary to within a constant, fixing
this constant to match with the high We boundary layer. A stretching similarity

solution is found for n = 3 which may or may not be picked up.
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Core Region 1: r = O(1)
TP to(l) = 0
b=0(1), T=0(1)

Core Region 3: r < O (1)
r=0(),n=3—-a
v
TP +0(1) = 0

BL1
BL3

v
The boundary layer balance: T + We T?~ 2D
holds in boundary layer (BL) regions 1 and 3.

0 (We™72) for BL1
Boundary layer thicknesses:

o= rn/a O (&-We ') for BL3

Figure 4-2: Illustration of the main asymptotic regions near to the re-entrant corner in
the limit We — oo. We have the interior regions r = O(é) < 1 and the exterior regions
for » = O(1). The interior regions are artificial and are those of the Oldroyd-B model
We = 1 in chapter 3. They have a core flow region 3 with boundary layers 3 at the
upstream and downstream walls. The exterior regions again have a core region 1 with

boundary layers 1 at the walls. fig:highw

4.2.2 The interior regions

We scale close into the corner with a small parameter € as

r=¢ER*, 1) =30peMOU*, TP =g @ VTP T = 5o AT, v = eIV,

(4.95)

- “ 1
A= [I€20¢(1—nl))\*7 o= b€n2aﬂ*, U= ééngocﬁ*’ — %gl—nuxw*’
(4.96)

where dp = d0o(We), a = a(We) are needed for balancing terms later on in the boundary
layer. The natural stress variables are scaled with unknown gauges a, b, ¢&. We may

use the outer core solution of chapter 3,

Y = Cor™®sin™ (af), TP

I
>
&
<
<
e
=
&
I
Q

i 2 (1-m)
<é’b> ' . (4.97) |egn:inter:
0
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The gauge a can be determined by writing the second expression in (4. in core

variables

qe2la=Dep _ d(;(?)g%t(l—m)S\*g%la—?{;*{;*T’ (4.98)
— = (4.99)
50

In the governing equations,

0= —&2@ DT 5" + V* . (a?(a*l)Tp* + 50.%”1&*2)@*) , (4.100)
0= —aV*p* + V*- (aTP* + 5060‘(”1—2)1“8*) , (4.101)
2—ma - ~Vp 20-a) _ - ~

TPy TP = 2(1 — D*, T = 28D 4102

and in the natural stress formulation

PN 7 ~
0= _@*ﬁ* + %‘7* . @* (S\*ﬂ*) + 9] (béﬂzga+2—2a> + O <§2g4—2a—2n1a+n304> ’
a a 0

a

(4.103)
- 002, = [+ b :
0= _v*p-* + afo‘?* . V* (A*f)*> +0 7gn2a+272a +0 %6472a72n1a+n3a ’
a a adg
(4.104)
2—nma\ _ o 6€n2a+2—2a B gi—2a-—nio 1
)\* ~*V*)\* 2 ~*v*' ~*: 1_ ,
< doWe ) v + ( 62a > a w={1-5 ( SiaWe? ) |v*|2
(4.105)
g2—n1a B égnga—n2a+2—2n1a 5
~ % "’*.v*"’* _ ~*v*. "’*:0’
(o e (5
(4.106)
g2—n1a _ 6Ogn1a—n3oc
~% LA * ~% — 1 _ * 2'
<50We>y+v V= /B)( EWe? )‘V|
(4.107)

In the natural stress momentum equations, the first two terms are of equal order, the
remaining expressions are of the two orders indicated and are eventually found to be
subdominant. Under the assumptions

2-ma 62(17(1)

1 1 4.108
JoWe <5 aWe <5 ( )
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the upper convected derivative will dominate at leading order. The particular solution

. . egn:intersolhw
form will then be as in (4.97),

B 2(1—nq)
N o N - - [P\ ™
U* = CuR™%sin™ (af), TP =X (U, N =0 <~ . (4.109)
0
In component form, the extra stress tensor will be
o o+ 9 o+ \’
TP = \* LT = N e, TR =N =] . (4.110)

oY * oY * 0X* 0X*

As the upstream wall is approached, Y* — 0, the core matching conditions are therefore
\i/* _ C’”’OX*nl(a—l)}}*n17 (

TP = CCini X2, (4.112
TP = —C2Cin?(a — 1) X*2e- D1y, (
Y = C2Cin3(a — 1)2X 720022, (

The boundary layer scalings are

X* =X, f/* =Y, J*= S”lir =7, (4.115)
11 - 6n1 1Tllv 12 - 5n1 2Tl27 22 - 5n1 1T227 (4'116)
T =T, Tf =5Th, Tl = 8Th, (4.117)
=020 m)X =", ot =6, (4.118)
. . 1
V.V =0"Tlv.v, V.owr=4m o <> : (4.119)
oY \u
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Substitution into the momentum and constitutive equations then leaves

= TP TP Saen1i—2)a [ T's B s
~ _{ _A7P _ATP ~(n1—2)a 5 2l 5 TS
0= _gg +6 (5%7;1(2 +5a;;§2 L . <5“12f)1(2 + 5”12‘?;32» . (4.121)
g2-moa N ov aT?, oW 9T 0% 02U -
7Tp + 5”171 - = 11 - — = }1 - 2pr - ﬁTp -
SoWe 1 (ay X ox oy ov2 2 Taxay U
62(1701)87”71 82\1}
2(1 — — 4.122
(=B e A ( )
g2-mag? | - oV T, oW oTE 02U - 02U -
7Tp +5n1+1 ﬁﬁ—ﬁ¥+27~ /g +2ﬁTp —
SoWe 22 oY 90X 9X oy  oax2 2 Tpxoy %
~2(1—a)sni—1 211,
I L L S PR DY

aWe XY’
By g (QLOTy  OVOTy | Oy Py )
oV 0X oX ov  ox* ' gv2®
g2(1—o¢)5n1—2 82\il B 52 82@
aWe Y2 0x2 )"

(4.124)

(1-5)

with the corresponding natural stress formulation being

. 002 - /- b A
0=-Vp+ D3.v (Au) +0 (bgm“—?a) +0 <62g4—2a—2"1a+"3a) . (4.125)
a a adg
_ 002 - /- b %
0=-Vp+ Dy.v (Av) Lo Demarrza) o £ ptraamatnia) (4 196)
a a adg
62771104 B 5 s 8€n2a+2720¢5n27n1 B €472a7n104 1
A+0M v V42 = vV -w = (1 — — | =
( S0 We ) e Ay ( 524322 ) AV - ={-F) ( SgaWe? > @’
(4.127) |eq:lweint:
g?—nla B B égngoc—nga-l—?—?nlagng,—nl B
i+ 0™ v Vi — vV - w = 4.12
< SoWe > i+ v-Vi+ ( 2hm ) vV -w =0, (4.128)
g?—nla 5 B 5052(n1—1)€n1a—n3a
U+ oMy Vo= (1 — = 2. .
< SoWe > v+ v-Vo=(1-7) ( Wi 0 (4.129)

Balancing the linear with the upper convected stress terms and the leading order term
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on the right hand side of (. gives
2-ma _ 5 g2(1—o¢)
_ sni—1 2 _
SoWe o , 0°= o (4.130)
~“1—«

~ €

Furthermore, the dominant balances in the natural stress constitutive equations are

~2—nia 7 ~noa+2—2a sns—nq

¢ _ jm-1 bé 0 _ jm-1

doWe ’ 03a62—2m ’
é€n3a7n2a+272n1a5n37n1 5052(n171)€n1a7n3a

— = Snl_l, = =omL, 4.132) |eq:highwe
5gb5n2 EWe2ns ( ) E

. . . Jeq:lweintnscriil . Jleq:highwedeltan
Equating the terms on the left hand side in (b I27; gives the same results as in (b [31 i

X . . . eq:highweexnsdom N
Working systematically through the expressions in (h l32i: equafing the powers of €

gives

2 o
a=206i""We2-a, n;=3-aq, (4.133)
b= 5?\7\7622&:3, ng =a-—1, (4.134)
2 3a—4
t=00"Wer o, ng=2, (4.135)

thus determining the natural stress core and boundary layer region scalings. With

these scalings in mind, at leading order the boundary layer equations are

op oTP, 9TP, T op
=zt ex Tt O ap (4.136)
~ \T 7D \T D 211, N 24, -
0 + ov oLy, 0voTy, 0% - ﬂ:ﬁ{’l —0, (4.137)
oy X 98X 9y Y2 OXoY
- ov o1y, 0V ITY, P - v - 0>V
- <8Y 0X 90X gy  ox2 P ToXoy ¥ U a%or
(4.138)

. oV aTh, OV ATV, OV ., 0V - T

D —_— 12 — —= }2 . P — pr == ]. - ~ . 4139
2 <8Y 0X 0X oy  ox* ' oy? 22) e (4139

The natural stress counterpart also determines the pressure to be a function of X only
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as expected, the pressure related to the velocity via

0% 5.% <)\u) Lo (4.140)
0X B)%

retaining v -V (5«1) with the Y pressure derivative and also pulling back an additional

velocity derivative term. The leading order constitutive equations are

. - < o (1

A+v-VA+2i— (=) =0, 4.141
v Uiz (1) (4.141)

Vi <1>—0 (4.142)
p4+v Vi = (1- )i’ (4.143)

For reference, the relations linking the two different formulations in the boundary layer

variables at leading order are given by

v

. _ 5 - . - o
Ty = \a?, Tig=Nav+ i, Tee = —(1—p)+I0*+ (gv) + (&2> . (4.144)

X . eq:reentblrel . . . . X
which are the same as found in (8.84). To recap, in the interior core region, the scalings

for the stream function and polymer stress were found to be
P = FoeM U TP = g2l VTP (4.145)

with the parameter § in the boundary layer

gl—a

-
(aWe)'/?

(4.146)

where the value of a is undetermined currently, needing to be matched to the exterior

region boundary layer. This region is considered next.

4.2.3 The exterior regions: r = O(1)

For this region, 7 = O(1) so no scaling with € is required for the core region. Following
on from the interior region, it is unclear whether the stream function and polymer

stresses are scaled with We in the form

= A(We)¥*, TP = B(We)TF". (4.147)
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For high We flow, the upper convected derivative is expected to dominate in the
core region, implying that We.A.B > B and We.A.B > A holds, or alternatively
We.A, We.B > 1. For the natural stress basis, the leading order core equations will be

VRN 4+ 205V W =0, (4.148)
VOV 4 DRV Wt =0, (4.149)
vV =0 (4.150)

The extra retention of terms in the constitutive equations means that the natural stress
variables are unlikely to be of power law form, hence scaling into the boundary layer
with § as

:L‘:Xa y:(s?" Ql):A(Sn\:A[” p:Bﬁa

T} = BT},, Tip = BoTY,, T%, = BS°TS,, (4.151)
AN=0:)\, p=06p, v=0s0, (4.152)

for gauges 601, 62, 03, the constitutive equations in Cartesian become

1 ., [0VoTh, 9¥aTy 9%V, P
We oY 90X 90X Y )4 0XoY

5 02U

=2(1— —, 4.153

(1-75) BWe X a7 ( )
. o aT?,  ov oTL 02V . 2V .
- TP (=22 222 97 “ P Lo 7 P
An1We 2\ gy 9X oX 9y @ o0X2 * Taxoy *
1 92

=-2(1-08)————+ 4.154
1 R oV oT?, oV o1P, 5%V . 020 .
S ¢ N et v Bt NS ity Nty
Agn—1We ™ 12 <aY X 9x oy  axz ' ey ®

1 P L0
= (1~ 8) g5z (aYZ —6 8X2> : (4.155)

Trying to retain as many terms as possible in the above equations gives the following

three relations between A, B,  and n
1=Wed"tA, B=A""3 Wes’B=1. (4.156)

The natural choice is to fix A = 1 and B = 1, since the interior region is anticipated

to be artificial (i.e. the gauge € is artificial and not dependent on We) and variables
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should be O(1). Thus,
n=3, 6=We /2 (4.157)

which satisfies the inequalities required at the start of this section. For the natural

stress formulation, the leading order relations between the two formulations are given
eq:reentblrel ~ ~

in (B Wi ars changed to hats). The first relation 77, = \a? fixes 1 = 6%

Similarly the relation for TfQ fixes #; = §. Having found the scaling for p the final

scaling 03 is determined to be 63 = % The equivalent constitutive equations for
eq:highextblthick
natural stress with § given in (4. are
PP .0 (1
A+Vv-VA+2i— | - ) =0, (4.158)
oYy \u
i+ ¥ @“Jﬁa(l) 0 (4.159)
V- V—= - | =Y .
2 1 av \a
U+v-Vi=(1-p)a?, (4.160)
and the momentum equations
op A (4 ot op
0:——’3+v'v(m)+ I (4.161)
0X oY oYy

where the terms missing in the core natural stress constitutive equations have been

recovered. We are now in a position to determine a. The high We boundary layer

thickness in region one was found to be § = We /2. Recall the interior boundary layer
thickness was
_ gl—a ( )
0= ——, 4.162
(aWe)/2

where € is an artificially small parameter. This suggests taking a = 1 so as to retain
the artificial nature and also match with the high We boundary layer. If we take a to

be this value, then
So=We 2,4=We?, b=We2"! &=We? (4.163)

are fixed.

This completes the structure for the high Weissenberg number limit, which is sum-

i . fig:highwe
marised in figure b—%
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4.3 The Newtonian limit 5 — 1,We = O(1)

In the Newtonian limit f — 1 we would expect to pick up the Newtonian solution
in a core region away from the walls. As this is a very different solution from the
potential flow solution in the core given in chapter 3, we would expect a transition
structure between the two behaviours in this limit. We keep the Weissenberg number

O(1) throughout this section and thus set it to unity.

4.3.1 Introduction to the problem

As usual we consider the asymptotic structure of the governing equations

Vv=0, 0=-Vp+V. T’ +V.T?

T° =26D, TP+ ’fv‘p: 2(1 - p)D, (4.164)
where the inertia terms are anticipated to be negligible as usual and set to zero. To
begin the analysis, we consider the set of equations (ESIS%%% 1. Then T? =0
and we have the Newtonian similarity solution of chapter 5 holding on small length
scales. For ( close to 1, we would expect this Newtonian solution to hold in a core
region away from the corner and walls, with the solvent stresses T® dominating the
polymer stresses T?, i.e. TP <« T%. Boundary layers will turn out to be needed to
recover viscometric behaviour for the polymer stresses. These core and boundary layer
regions give the exterior regions.

4.3.2 The exterior regions: (1 — 3)320)/(1-3%) « r « 1

Core region 1 is were we get Newtonian dominated flow. We anticipate the balances

Y%
0=-Vp+V.T®, T°=2D, TP=0, (4.165)

for r < 1 in the governing equations. We then have a separable Newtonian stream

function solution of the form,

)~ Cor'™ fo(0) forr <1, (4.166)
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with constant Cj, eigenvalue )¢ and eigenfunction fy(#) as defined in section 5.1. For

the polymer extra stress we take the stretching solution

T~ AW, AW) = (1- B)Cy (é{’) ,

0

(4.167) |eq:corels

with constant C and exponent n; to be found. The factor (1 — ) has been introduced

for convenience and is suggested by the constitutive equation. We thus scale in core 1

with

r=¢R*, x=¢eX*, y=¢&Yr, o= tur v =¢loyr,

T5 — ho—lss v — (1- ﬁ)én1(1+)\o)+2)\0ri1p*’ p = o-lpr
with € < 1 artificial. The governing equations become

0=—Vp*+ V- T+ (1 — g)eltn)+ro)y . pox

T =2(1— (1 —B))D*, &~ roTry TVP*: 2¢=2ro—m(I+d0)fy,

Thus we obtain

\

0= _@ﬁ* + B@»&Q*? ri\s* — 2]")*7 Tp*: 0’
at leading order since 1/2 < )¢ < 1 and provided

(1-— l@)é(1+n1)(1+)\o) <1, e=2ho—n1(1+20) 1,

. eq:corelggltorelsol? .
Using (&. (& we thus have the core 1 solution

U* ~ CoR*Mf(0), T =2D%,

A ni
TP~ M (U)o T, X0 = (1-B)Cy <\Icl ) :
0
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(4.169)

(4.170)

(4.171)

(4.172)

(4.173) |eq:corelv:

(4.174)
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The behaviour as the upstream wall is approached as Y —0is

U* ~ Co XMty *2 5% po X o1 (4.176) |eq:corelw
T{ol* ~ AC2C X *m Qo= 1) 200 1) yr2(14ma) (4.177)
TPy ~ 2C3C1(Ag — 1) X *m G D20 =)Lyl (4.178)
T8y ~ C3C1 (Ao — 1)2 X Gom 200 =12y 2 (lina)+2. (4.179)

T3 ~ 4BCo(Ng — 1) X072y T~ 28Co X* 07 155 ~ 48CH(1 — o) X ™02y,

(4.180) |eq:corelw:

leq corelba;l]:brelwallQ
Scaling into the wall with a small parameter 0, the wall behaviour (ML -176)—(4.180)

suggest the boundary layer scalings

>S€>
I
S

, Y =4Y, @*:32“ P =5,

Tl*ls = 017, T1S2 = Tf27 T3 = 5T227
Tll _ 52(1+m)jv{91, sz _ 52(1+m)+1T{927 T;; _ 32(1+n1)+2rf§)2. (4.181)

The governing equations become

0= -0 0T (1OTh g e g (9T 9T )y g
8X 0X o Y 0X oY

0 — 1 8]7 + anQ + 8T§2 + (1 . 5)€(1+n1)(1+)‘0)32(1+n1)+1 (anQ + 8T2pQ>

T ) ) 4 0X Y
(4.183)
c1-Xo U a7P P 20 . 20 . 29
Y A ou OTh; 20 Win 9 O w9525 9V
5 oy 60X 08X Y Y2 0XoY oXoY
(1189
el=o oV oT?, OV o1P 02 02U . - 02U
5 oy X 90X oY aX2 aXoY 0XoY
(4.185)
o g oV ot 0V oY, i PV ., OV . i PV 5 0%W
o 2 \lay ax ax ay @ ox2 - ov2 2 Y2 ax2 )’
(4180
where
R 672A07n1(1+)\0)
=—— (4.187)

52(14n1)+2
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Balancing in the constitutive equations (h lBZUfih%ﬁSG%ﬂetermines 0 and 6 to be

b=¢"M g=1, (4.188)
and hence 201 2)
o —
= 4.189
TN (4.189)

This gives the leading order momentum equations to be

oL, 0o, 2 _y (4.190) b13bet
= =0, — =0, . eq: et
oy oy 1
hence
Ty = 28CoXM7, p=poX 1, (4.191)
~ eq:corelwalll
holds throughout boundary layer 1, after matching with 77, and p in (4. an
eq:corelyall2
. Since
. oW
15 = f—— 4.192
- (4.192)

in the boundary layer, we may integrate twice and using no slip and normal velocity

at the walls determines ¥ as
U =CoXMo1y2, (4.193)

. . i . . eq:corelwalll
This matches with the stream function behaviour in (&Il 76i from core 1. Hence the
solvent stresses, pressure and stream function are unchanged at leading order through

the boundary layer with explicit solutions

U= C’OXAO”Y?, p= ﬁOXAO*l,
Tty ~48Co(No = XY, Ty ~28CoX072, T3 ~ 4BCH(ho — X2V
(4.194)
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The polymer stresses do change throughout the boundary layer which we will describe

next. The leading order constitutive equations are

~

5112

R ov 91" oW 91" 92U . R2U .
Tfl < 1 =% 11 92 /4 2 Tlpl _ 0’

oYy 9X 9X oy 9y OXoY
A o Ty, 9V ATy, 9V . P . U
p oy (OO,  OVOTy (O Wpy 5 OV g} L o) 0¥
Y 0X 0X oY 0X? 0XoY 0XoY
4 (L OT OV OTH, 82—? [P — agiﬂ’ =(1-8) 8%\1/. (4.195)
2o \oy ox  ex oy ax2 M avy2 P e
This is invariant under the one parameter scaling group
X =X, Y =A%y, U=, g (4.196)
Tﬁ = 72()\071)7?1 TfQ = 7/\0717% T52 =13, (4.197)
which suggests the similarity solution
_ 3 ¥3—Xoe2
§= Ton U = X°770E7, (4.198)
Tﬁ = Xz()\o_l)t]fp sz = X)\O_ltIfQ T§2 = th- (4.199)
Putting these scalings into the constitutive equations gives
— Cog2 (=3 + M)tk + 4Coth, — 7, =0, (4.200)
€20y (-3 + )\o)tgz + (1 + (—4 + 4A0§C’0>> thy
+2(24E(=2+ X)) thy) ECo( Mo — 1) = 0, (4.201)

€2C0(=3+ o)ty + (14 (200 = 2)€C0) ty + ECo(ho = D)(=2+ o)ty

—2Co(thy +1) = 0, (4.202)

where / denotes derivatives with respect to £. At the wall we have the leading order

behaviour as £ — 0

), ~ 83, (4.203)

2y ~ 2Co, (4.204)
18, ~ 4(1 — Xg)Cot. (4.205)
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In the far field we have the matching conditions as £ — oo

th) ~ 40P P01/ (B=20), (4.206)
ty ~ 2(1 = Ag)CyPERoF/(3=0), (4.207)
thy ~ (1= X)*CyreY/ B2, (4.208)

where we introduce the similarity parameter C;? = C’lé’g . We record here illustrative

numerical solutions using Cartesian variables. The numerical domain we take here for £

bbetal fffbetal
is [€0, £oo], With the wall behaviour (bw.ZleB; imposed at £ and far field behaviour (&LZU% B

at €. To implement we use MATLAB’s solver odelbs with absolute and relative
tolerances set at 10711, Figures (Er.i%;%nd (EE%Zb’)QShOW the solutions for a re-entrant
corner with parameter values A\g = 0.56,&) = 1076, ¢ = 109 and A9 = 0.9,& =
1079, &5 = 10'9 respectively. Convergence to far-field behaviour is demonstrated to

ten significant figures.

The asymptotic behaviours in (%58%% (%%%%ietermines how many conditions
are imposed on this third order system. The wall behaviour (%imposes three
conditions on (E?%B%lthus leaving no degrees of freedom as & — 0. In the far field, the
parameter C’fp is free with two further free parameters present but existing as higher
order expansion terms. The problem can thus be posed as an initial value problem.
The downstream boundary layer requires the natural stress formulation for its solution,
which is left as further work.

For reference, we note that scaling directly into the boundary layer from the outer

region we use the scalings
r=éX, Y= 2oy P = 3o, p= g4(>\0—1)/(3—>\0)]§
TP =15, TiH =0T, Ts =15,
T = €2(A071)Tf17 Tl = &', T3, =15, (4.209)
We can now determine the main length scale that will motivate consideration of an

intermediate region closer to the corner. Since (1 — () is a small quantity, in the core

region, we know the scalings of TP and T? to be

T — O <<1 _ B)T(H—)\o)m-ﬂ)\o) —0 <<1 _ 5)T4(A0—1)/(3—A0)> T =0 (rxo—1> _
(4.210)

The balance of core region 1 holds until the polymer and solvent extra stress become
. . . . . tSt b tal . .
the same size i.e. TP = O(T?). This occurs when the sizes in (&IZIU) are of similar
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order and determines the main length scale to be

r=0 ((1 - 5)(3*/\0)/(1*%)) . (4.211) |eq:mainle:

. eq:corelvalid i . . .
We note that the conditions (bl 73i can be verified with the first condition being
(1— B)B=2)/(1=X) « ¢ (4.212)

this being the lower limit on the length scale for core region 1. The core and boundary
layer equations have been found for the exterior region, now we look at an intermediate

region.

4.3.3 The main length scale: r < (1 — §)3=20)/(1-39)
In this region we have TP = O(T?®) and introduce the small parameter € to represent
eq:mainlength
the length (hbl [). We scale with
r=eR*, z=eX*, y=e€Y* =T v=elv"
T® = ?72T5%, TP = I72TP*, p= "%, (4.213)

where ¢ is an as yet undetermined arbitrary scaling for the stream function. Into the

governing equations we get

0=—-Vp"+V*- TP 4+ V*. T (4.214) |intermbet
v
TP + €972 TP*= 2(1 — f)D*. (4.215) [intermbet:

We would expect g < 2, for example to match with core region 1 we require ¢ = 1+ Ag

as R* — 00, hence the leading order core equations are

v
0=-Vp"+V"-TP+V*. T, T =26D* T=0. (4.216) |intermbet

Seeking viscometric behaviour at the walls, we scale into the wall boundary layers using

a small parameter 0 with the scalings

Tf =0T, Ty = 00T, Toy = 06T,

fl = ngsla i92 = ﬁTlsw 282 = ST2827
TP =0TP, TV =00Th,, Th = 05°T%,, (4.217)
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for gauges v and # to be determined and where we have chosen to balance the pressure

with the polymer stress component 7%;. Into the constitutive equations we get

) P —

Ovel=2 [0V 9T, OV TP, 9* 9*W
07", + e ( 11 97911 o P Tﬁ)

5 \9Y 8X 90X ay  “av2 12 THXoay
—2(1 - B)gai;pr (4.218)
o+ 5 (5 5 a2 awe T 2y )
o+ O (LM O OT L Oy D)
=(1- 5)513 (gi/‘g - 52§;\g> . (4.220)

Balancing the linear stress terms with the upper convected stress derivative terms,

along with the r.h.s. terms in 7%, and T4, determines v and § to be

1- /)2 1-p)Y2 ., _
5= Cgipe v, g = Lgpmaa, (4:221)

Considering the momentum equations, we have

0 _9p o1y, | 0Ty +€2(1_q/2) o1 4 an27 (4.222)
ox T ox "oy 6 09X (1-p) oy
__9p 2 (0T, | OT% v (OTF | OT%
0=~ +9 <aX + 52 )+ (5 52 ) - (4.223)

To retain the solvent shear stress we require § = (1 — () and thus § = €!=9/2 4 =
e3(1=4/2) ' The leading order boundary layer equations for the momentum equations are

thus

__Op ory, 0Ty, | 0T _ Op
O==3xT"ax "oy "Tav: 'T av (4.224)
provided
v e 4.225
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which at least holds for ¢ = 1+ Ag. The polymer extra stresses satisfy

ovoTr, oV aT?, O2W 92U
P heiiaidind ¥ St 8 SN, adinits o' SN, W &) 4 _
it (ay oX ~0xX oy oy 28X8YT11> 0 (4.226)
ov oT?, ov 9T?, 82\:[/ 82\11 82\11
P el 22 29 oY oY, _ L, 0
2+ <8Y 90X 00X oY +28X2 12+28X8YT22> OXoY’ (4.227)

o oTt, 9V Tk, | PV, _, OV p>_32‘1’ (4.228)

P - - R - =
Tt (ay oX ox oy ox2u gy2iz) = Gy

A simple similarity solution to these boundary layer equations and the core is not
anticipated for the whole of this intermediate region. On smaller length scales in this
intermediate region we would expect to obtain the similarity solution detailed in chapter
3.

4.4 Discussion

For the re-entrant corner geometry, we have considered three parameter limits of the
Oldroyd-B equations. Those were low and high We with § < 1 and the Newtonian
limit 5 — 1 with We = O(1). The double limits involving both § — 1 and low/high
We are expected to form an even more complicated structure with additional regions
needing to be included.

The Newtonian limit § — 1 has identified the main regions in which Newtonian
flow is obtained and the length scale on which it breaks down closer to the corner. This
region we termed the intermediate region, the finer details of which is left as unfinished
work.

It would be of interest to see if the structures presented here can be validated
through full numerical simulation of the equations. The low Weissenberg number limit
and the Newtonian limit should cause numerical schemes no difficulties, although the

high Weissenberg limit is still notoriously difficult.
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(a) Solution profiles for 7, t¥,, t5,,
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(b) Solution profiles for t7;, ¢1,, t5, scaled with £. All should (and do)
tend to C;¥ = 1.0678176398 to 10 decimal places which is sufficient con-

vergence.
Figure 4-3: To implement we use MATLAB’s solver odel5s with absolute and relative

tolerances set at 1071, We have the solution for an upstream re-entrant corner with
parameter values A\g = 0.56,& = 1076, & = 10'Y. In the second picture, we scale with

the far-field behaviour aiming to pick up an estimate for C;¥. Convergence is found
with C77 = 1.0678176398 to 10 decimal places.
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(a) Solution profiles for t¥;, 15, thy with A = 0.9. ¢}, slopes off much

10

slower as A increases, decreasing the rate of convergence.
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(b) Solution profiles for t7;, ¢},, th, scaled with £. All should (and do)
tend to C7P = 1.70986761423 to 10 decimal places which is sufficient

convergence.
Figure 4-4: Implementation of the similarity problem W'%tlh.ggirameter values \g =
0.90, & = 1075, ¢, = 10'° with the same tolerances as in &[%2 Convergence to C] is
found with C}? = 1.70986761423 to 10 decimal places.
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ter:Salientcornerflow‘

sec:newflow

Chapter 5

Salient Corner Flow

In this chapter we will consider Salient corner flow for the Oldroyd-B fluid. Preliminary
. . . . . sec:newflow,
results on Newtonian flow will be discussed first in section % . This will then be used for
sec:oldbsalient
Oldroyd-B in section %.2, where we shall show that the Newtonian solution dominates

in a core outer region away from the walls.

5.1 Newtonian corner flow

emo49 off64
Early work was done by Dean and Montagnon [4f and extended by Moffat %35 to
cover more situations, including flows in which eddies are present. The equations for

Newtonian flow are
V-v=0, Re(v-Vv)=-Vp+V.-T, T=T°=2D, (5.1)

where T is the total extra stress and T® the solvent extra stress, these stresses being
the same for Newtonian flow. Separable solutions for the stream function are known

to exist in the form

¢’::COT1+AOjb(9), (5.2)

where ¢q is a constant, r the radius away from the corner r < 1 and A\ the eigenvalue
which can be real or complex. The function fjy is to be determined. Examining the
relative sizes of the terms in the momentum and constitutive equations in terms of r

from the stream function behaviour, we can deduce

Y =0@), v=00"), (v-Vv)=0r*"l) D=0@F1),
T =001, Viv=0@""2), Vp=0(@2),
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where the scaling for p is chosen to retain it at leading order in the momentum equation.

In the limit as » — 0, the leading order momentum equation is
0=-Vp+V-T. (5.3)

It is assumed that the stream function tends to zero as the corner is approached, hence
. . . eq:momnew .
1+ Ao > 0. The inertial terms in (%5; are therefore subdominant. We can use the
eg:psinew
solution form for 7 from (%2; here, the set of two simultaneous equations obtained
reduce down, after eliminating p, to the bi-harmonic equation (the Laplacian is given
in polar coordinates for reference)
0> 10 1 92

Vi =0, Vi= 4"+ - . 5.4

v="0 o " ror T2 og 54
:psi :bih

Substituting the stream function behaviour (E.Z%slﬁlfecy (E.E[)Iglavres a fourth-order linear

differential equation for fy as
20+ D+ (MG -1 fo =0, (5.5)

where the ’ denotes differentiation with respect to #. We have no slip and no normal

velocity boundary conditions at the wall

1) = f60) = fo (2) = 1i () =0, (5.6)

49
The general solution form for fy(6) is given in T4] as

fo(8) = Acos (Mo +1)0) + Bsin((Ag+1)0) + Ccos((Ag—1)8) + Dsin((Ag —1)6),
(5.7)

involving four arbitrary constants A, B, C', D. This formulation can be helpful when
examining symmetric and anti-symmetric flow. Moffat gives the example of anti-
symmetric flow between rigid boundaries (equivalent to the flow being considered here),
where fo(0) is even about § = 7/2a. For flow between a rigid boundary and a free
surface fy(6) is odd about § = 7/2a. For the former flow type then, using that the

solution is required to be symmetric with respect to 6 — 5-, we have

fol6) = Acos (2o +1) (6 - %)) +Ceos (o —1) (6 %)) . (58)
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salbc fOmoffl
Applying the boundary conditions (%.6} to (%.8} gives two simultaneous equations to

solve as

C cos (()\0 -1) %) + Acos <()\0 +1) %) =0, (5.9)
C(Xo — 1) sin (()\0 —1) %) + AN + 1)sin (()\0 1) %) —0. (5.10)

Combining these two equations gives a transcendental equation for A\g as

sin <)‘°7T> = —)osin (g) . (5.11)

a

. . salsoll L. .
We can determine A in terms of C' from (%.9) thus eliminating one of the constants.
The function fyp(f) can then be written as

f0) = Ceos (Oo =190 ) | =G0 g)~ vos (Ca ¥ D E)

T ) [COS (()\o -1) (9 — %)) _ cos (()‘0 +1) (9 - %))

(5.12)

1£0fini
Taking the derivative of (E?IZi twice with respect to # evaluated at 8 = 0 gives

" . . . K
7(0) = 4A\C cos (()\0 1) 2a) . (5.13)
Ofini
Solving for C, we can alternatively write (s".:Ilf fég
4N cos (Ao — 1) 5%) cos (Mo + 1) 5%)

eq:translam

Without loss of generality, we take f{/(0) = 2. For a given «, we can solve (% [ i numer-
eq :momnew
ically for A\g. The pressure can then be determined from (%Lﬁ given the stream function
(using v, = %wg, vg = —1, and the Laplacian in polar co-ordinates) in component form
as
op 1 0% 1 0% 1 03y
e - - 5.15
or 120000 79200 | 1% o (5:15)
op__Pu Pu 18 100 20
20 " Oor3  Or2  rordd?  ror  r206%°

(5.16)
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eq:psinew
Substituting the behaviour for ¢ from (%.2;, we can write the pressure as

D — 2R+ (14 R)) (5.17)
D — oo~ VPO () + (L4 o). (5.18)

Hence, p can be determined as

— o Ao—1 (g 22 ¢t
= T +(1+ A , 5.19
p o — 1) ( 0 T ( 0) fo) ( )

to within an arbitrary additive constant. The stress components in polar co-ordinates

are
Ty = 81;’“ = 2c0Ar LS (5.20)
T,o = 85;9 + i%? - %9 = o™ (f = (1= A2)% o), (5.21)
Top = 2% + %% — 2oL f (5.22)

:t 1
The equation (%e.l | ;a?ss transcendental and must be solved numerically. As noted in
49
Ieélno, for re-entrant corners and large enough salient corner angles (i.e. between 146.3°
. eq:translam X .
and 180°), the solution(s) to (%l I i are real and may be found by simply looking for

salpterms:

:t 1
the smallest positive root \g. For corner angles smaller than 146.3° the roots of (E.I I ians =

(o)
are complex and require further analysis. To start this we follow in writing the

root Ao as
Ao = o + 1o, (5.23)

eq:translam
where zq is the real part and iy the imaginary part. Substituting into (% [ i gives two

equations (for the two unknowns xg, yo)

sin (xo—ﬂ> cosh (y077r> = —xpsin <E> (5.24)
o o a

CoS (7330%) sinh (7y07r> = —ypsin <E) , (5.25)
o o «

where the aim is to find (xg, yo). Since there are generally multiple solutions for this

problem, the stream function can be expanded in a series

Y=Y e £ (0), (5.26)

n=0
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where each f,,(6) in (E.Zzgillgewaseugendant upon the value of \,. The roots are arranged

by convention such that
0 < Re(M\g) < Re(Ap) < -+, (5.27)

where the first inequality ensures that the velocity vanishes at the wall. Close to the
eq . lnewsum
corner where r — 0, the first term in (%28) dominates. For real eigenvalues, this is
the natural way of picking the correct eigenvalue, for complex roots it is assumed by
emo49
TA] that only the real part zg is relevant. The argument follows that the complex
X eq:lambdareim . .
exponent in (%.23) corresponds to eddies found near the corner for sharp salient corner
eq:psinew [fOmoffl
angles. This is found by using (%bi with (%.8) and determining the transverse velocity
component on § = 0. This component is found to change sign infinitely often as r — 0
thus implying the existence of eddies in this limit. The geometry considered in the
next section is only relevant then for real solutions to Ag, i.e. for corner angles greater
. fig:eddys
than 146.3° (for more acute corner angles Ao becomes complex). Figure %-i shows a
sketch of the streamlines for where the corner angles 6 < 146.3°. In order to find (o,

yo) then, we can do this by trying to minimise the function

(E S) Eq.Hllnf un

eq:translam
For an initial guess, we can choose a large corner angle value of o = % Then in (5.

we get sin(2M\gm) = 0, suggesting the smallest positive root is \g = 1/2. Figure (Eﬁ)ﬂphj
shows the value of )y for a range of a, where 1/2 < Ao < 1 is taken for re-entrant
corners and Re(\g) > 1 for salient corners. We now record the limiting behaviour at

the wall. No boundary layers are needed in the Newtonian case because all boundary
conditions are satisfied. In the limit then as  — 0 we determine fo, f and the pressure

to be

for~ 02 fo~20 and p~peroTt 4 2c0r (1 — N6 (5.29) [sallimitf

1£0fin2
The constant py can be determined here by substituting the form of fy(6) from (%S?IZH =

. salptermsfO X . sallimitfO
into (5.19) and comparing with (5. 0 give

po = 2¢p tan (()\0 -1) %) . (5.30)
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0 < 146.3°, Ao = x0 + Yo

Downstream wall

Upstream wall

Figure 5-1: Sketch of the stream lines for corner angles 8 < 146.3°. In between the
eddies are separating streamlines, the existence of eddies implied due to the trans-
verse velocity component on the walls changing sign infinitely often as the corner is
approached. The absolute size of the eddies are proportional to the length scale, deter-
mined by conditions far from the corner. The ‘intensity’ of successive eddies are found
to depend upon the corner angle, with adjacent eddies up to a corner angle of 40° being
of comparable size, for greater corner angles than this the relative size starts to ﬁrgp 64
off more and more quickly as the corner is approached. The reader is referred to

for more detail. fig:eddys

As a note we can transform between polar co-ordinates and Cartesian. This is recorded

ib.
in 52] and is given in component form as

Ty, = cos® 0T, — 2sin 6 cos 0T, + sin? 0T, 90
T1o = sin @ cos 0T}, + (cos® @ — sin? §)T,4 — sin 6 cos T g,
Tho = sin? 0T, + 2sin 0 cos 0T, + cos® 0T pg. (5.31) |eq:conv3p

In the limit then as y — 0, the stream function and extra stress components behaviours

are

b~ Ty, p o~ por T 4 2(1 = Ao)eoa™ Py,

T11 ~ 4()\0 — 1)003;)‘0_23/, T12 ~ 20033)\0_1,

Tog ~ —4(Ng — l)coat)‘O_Qy. (5.32) |eq:new:wa
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sec:oldbsalient‘
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eq:lambdareim
Figure 5-2: Plots of xg and 1, the real and imaginary parts of Ag in (%gﬂfmgure
shows the small o behaviour, with the cornereag%l%% 181'1}11<:Own from 360° to 90°. The ‘Error’
is the value of the minimised function in (5. and is a check Ehat the calculations
of (xg,yo) are correct. There is agreement with Table 1 of , for example at o = 2
(6 =90°), =20 = 4.303 and ™0 = 1.758.

This completes the analysis for Newtonian corner flow and covers both the re-entrant

and salient cases.

5.2 Salient corner flow of the Oldroyd-B fluid

We consider now the salient corner flow of the Oldroyd-B fluid with the usual governing

equations

Vwv=0, Re(v.V)v=-Vp+ V.TP? + V?v,

v

T? + We TP= 2(1 — 8)D. (5.33)
As for the re-entrant corner there is no natural length scale, so the Weissenberg number
can be scaled out of the problem and set to unity. The geometry to consider is shown
. fig:salient L.

in figure (%—i%i. [n this geometry, as opposed to the re-entrant corner, it is expected
that the velocity gradient and upper convected polymer stress are small in the core
region, with the dominant behaviour being described by the Stokes equation. So we

assume the flow in the core region away from the walls satisfies

TP ~ 2(1 — B)D. (5.34)
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BL thickness: O(e)
v
BL balance: TP+ T?~ 2(1 - §)D

Core region:
T~ -fD

Upstream boundary layer

0=0

O(e)

Figure 5-3: Salient corner geometry, with the main asymptotic regions shown and
dominant balances given. Distances to the corner are of O(e), and are assumed to
be small. This geometry differs from the re-entrant corner as here the corner angle
depends upon « in the range a € (1, 00). Viscometric behaviour is not recovered in the
core region so a boundary layer is pre Seerét:hel*;?fogorner angles less than 146.3°, eddies
will be present as discussed in chapter E’5 [. This figure then illustrates the flow pattern
for corner angles between 180° and 146.3°.

Using the small parameter €, the core scalings will be

r=eR", z=eX", =eY", o =elv* (5.35)

v=¢l"lv*, TP =l2TP*, p=el?p, (5.36)

with unknown parameter ¢, where the exponent for p is chosen the same as for T? due

to the momentum equation. In the governing equations we have
Re €l(v* - V*)V* = —V*p* + V. TP* + Vv,
\%
TP* + €972 TP*= 2(1 — §)D*, (5.37)

eq:salientcorebal . . X X
so for the balance (%Lﬂ; in the constitutive equations we require ¢ > 2. At leading

order in the core region we have

V*p* = V. TP 4 3V*2v*,  TP* =2(1 — 3)D*, (5.38)
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or combining the equations

v*p* — VQV*.

sec:newflow

(5.39)

This may then be solved as in the previous section 5.1, since the same balance occurs.

Hence, we determine ¢ = A\g+ 1, found from the Newtonian stream function behaviour.
. . sec:newflow . .

The analysis of section % is then relevant here, noting that for salient corners we have

« in the range o € (1,00). Thus the stream function exponent )\ satisfies Re(\g) > 1.

This is crucial as now ¢ = Re(\g) +1 > 2 does hold.

. . eq:new:wallmtc .
Using the wall behaviour as y — 0 from (5. in current variables, we have

\IJ* ~ COX*)\Ofly*27

T ~ 4(Ao — 1)Beo X072V,

p* ~ p()X*/\Ofl + 2(1 — /\0)60X*A072Y*,
T ~ 2Bco X071

T3 ~ —4(Ng — 1) Beg X 072y ™,

TP ~ 4(Ng — 1)(1 — B)co X072y,

TPy ~ 2¢o(1 — B)X* 071,

T ~ —4(No — 1)(1 — B)co X 02y,

(5.40) |eq:0Bwall:

We may see that although it is a Newtonian shearing flow, it does not give Oldroyd-B

viscometric behaviour for the polymer extra stresses. Needing to find wall boundary
eq:0Bwallmatch
layers, we can use the behaviours (%EI(H to suggest the scalings

X*=X, Y*=4Y, U*=450,

p* __ p
T12 - T12’

Tfl* = 5Tfl )

p* =po(X) + 0p,
T8 = 58,

The momentum equations become

ov 9>V

_l’_

oV 0*W

Re e*~153 (— +

oY 9X2

ov 9*¥ Opo o Op

axay) :‘(%x” ax)

LOTP ot P9
"ox "oy P axmay T Pare

00 PT N\

axaxay> B

op  OmY, 0T 0V . 5
ay T ax oy axs  "oxave
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and the constitutive equations

~ Ao—1 I oT" I oT" 2y 29
Tfl—i—e (52<88 o oY oIy 5 o°w Tf’l)— 8\11sz>

5 oY 09X 09X oYy  0Xov B
=20~ 0) 50 ) [earinos
Tyt s (gg (98];2?2 - S)_\I‘;aaj? * 22;2 12t 28?(28}7T§2>
=—2(1-p) a?(z;jy (5.45)
T (5 (57 5% - v oveTh) + o gxaTh)
=(1- ﬁ)g;\g — 5222;;. (5.46)

The only possible balance which allows a thin boundary layer, is that of § = ¢*~! from
blnewconl
(% ﬁZI% (giving a boundary layer thickness of €*). Hence we have

oY 9X0Y 09X oY? X 0X
4 200- 1)%1;{;1 _i_a;;fz T (/\Ol)ﬁajag'zgl/—i_ﬁg;@?” (5.47)
- gé . %sz N aaT;é’z _ 2o-1g g;‘z _ ﬂagﬁﬁ’ (5.48)

and

i GoTl,  0UoTl, | 0 . 2y
T1p1+62(/\071) (88 11 ov o 11 9 9 Tfl) o o*v TfQ

8)77 0X 90X oY 0XoY Y2
=2(1 6)8(2(2:91/}/ (5.49)
Thy + 207V (gi 661;2? B g)\i;a@j;% 22;2 12 T 23(2(28YT§2>
— (- 5)8‘2(_2;_/ (5.50)
Tf, + 2o~ <g}\1;861;§2 - 2)\123;;% - 22}/21372) + 4()\071)3;2 It
- 5)22 200 1)22;; (5.51)
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At leading order in € we thus obtain
oTY. 03w op oTF, OT% 03w
0=-"12138" — (=_—-- 12 2 _3_— . 5.52 :0Bsalb!
ov v YTy Tax v Paxove (5:52) [eq:OBsatn
_ 0*V 0*v 0?v 0*W _
Y — QWTg =2(1- 5)@&% =—2(1- 6)W7T11)2 =(1- 5)W, (5.53) |eq:0Bsalb.

_ :0 1bl1 :0 1b12
Eliminating 7%, from the first equation in (E.BZ;sfalsmg the third in (%6.53333@ then

integrating with respect to Y gives

a(X)Y? 4+ b(X)Y + &(X), (5.54)

for some functions a(X), b(X) and & X). The no-slip and no normal velocity conditions

imposed on the wall imply that ¥ = gT\l; =0onY =0, and thus b(X) = &X) = 0,

leaving
_ 1 _
U= 5@(X)YQ. (5.55)

:0Bsalbl2
We can solve now for the polymer stress components in (E.%S ;S;na integrate the pressure
:0Bsalbli
equation in (%6.52 isﬁao obtain
7= 201 - B) (@)Y +a(X)), Tie=(-Ba(X), Th=—20-Bd(X)Y,
p=—a (X)Y + po(X), (5.56) |eq:sol:tp
which is an explicit solution to the boundary layer equations in terms of the unknown
_ _ :0Bwallmatch
functions a(X) and po(X). Recalling the far-field behaviour as § — 0 from (Eﬁ()wa R

writing these in terms of inner barred variables (equivalent to the limit as Y — oo)

gives

\I/ ~ COX)\Ofl”}?Q’ Ij ~ pOX)\Ofl 4 2(1 o AO)COXAO?QY,
Tfl ~ 4()\0 — 1)(1 — 5)00)2/\0*2?7 sz ~ 2(1 . 5)00)2)\0717
Ty ~ =4(ho = 1)(1 = B)coX* 7Y, as ¥V — oo, (5.57) [eq:sabluc

eq:sol:t eq:0Bblscale
By comparing with (%.56) and the expression for the pressure in (%EI[ ) we may deter-

mine the functions a(X) and py(X) to be

a= 260)2/\071, po = poX)\Oil. (5.58)
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Thus we can write the solution of the leading order boundary layer equations as

U= XN 192, TP =2(1- f) (2()\0 1) X2 4 4C%X2(A071)) 7
TP, = 2(1 — B X1, TE = —4(1 — B)(Ag — 1)coX 27,
P=pX (5.59)

satisfying Oldroyd-B viscometric behaviour as ¥ — 0. In the boundary layer the

solvent extra stresses are their Newtonian like behaviour

T = QDT Ty = Moy, T3, = PV, (5.60)
where
T: = —T5, =28 rv_ 48(No — e X072y,
Ti =B (g;; - ({‘?X_\I;) ~ 2Bco X 0L (5.61)

at leading order in e.

The above boundary layer analysis has focused on the (‘upstream’) wall § = 0
and is expected to apply to the (‘downstream’) wall # = w/«a. For the ‘downstream’
layer, Cartesian axes are taken with the x axis along the ‘downstream’ wall 8 = 7/«
and y orthogonal to the wall along § = w/a + 7/2, preserving the orientation relative
to the ‘upstream’ axes. In terms of polar co-ordinates we have x = rcos (/o — 0),
y = —rsin (r/a — 6). In outer variables, R* ~ X* as normal, but (r/a — ) ~ =Y*/X*

eq:psinew

as the downstream wall is approached. From the separable solution form of ¢ (5.2), as

the downstream wall § = 7/« is approached

Y ~ N (n/a —0)2,  since fy ~ (1/a — 0)? (5.62)
2

= :U1+’\°coy—2 = coz 01y, (5.63)
x

eq:sablmc
In terms of boundary layer variables, the equivalent expression for ¢ in (5.57) 1S
L sa-192
§COX 0oTye. (5.64)

salfOfinl
From (%.IZ), or using the fact that fy is symmetric around 6 — 7 /2, f'(7/a) = f{(0).
The governing equations are therefore unchanged from the upstream case, so the above
eq:solvexplisol
analysis applies still. Consequently, (5. gives the solution for the stream function,

solvent stresses and pressure in the downstream region, with the difference being the
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domain is now

X>0, Y<O0. (5.65)

. fii:saldsaxes .
Figure b-4 shows the downstream axes alignment.

. - T _
5 1 Co-ordinate transformations: { = ' %% ( x 6)
y=—rsin (X —0)

Domain: z>0,y<0
Downstream wall

G- .

0 T
» 0=0

/ Upstream wall

Figure 5-4: Salient corner geometry, with the downstream axes alignment shown. The
n(?rmals n are given on both ‘upstream’ and ‘downstrean‘a’ Wg&é% ;}}gng with the (z, y)
alignment shown for the ‘downstream’ wall. The domain (%.65% 1S given, where y is
now aligned into the wall now rather than out from it as in the ‘upstream’ case. The
co-ordinate transformations from Cartesian to polars are given, with the relevant angles

indicated on the corner. fig:salds:

5.3 Discussion

The salient corner flow of the Oldroyd-B fluid has been determined as a one parame-
ter family of solutions with respect to the stream function multiplicative constant cg.
The flow, dominated by Newtonian behaviour, has zero velocity gradient and polymer
stresses at the corner in comparison to the singular behaviour of these in re-entrant
corner flow. These features allow the analysis to be far more straightforward, indeed
as far as to have an analytical solution in the core and boundary layer regions. It is no-
table how significantly different the boundary layer equations (e. 3 Sg%glél the salient

. |chapter:reentrantcornerflow
case compared to those of the re-entrant corner in chapter 3. Only one component

term in the upper convected stress derivative is present, whilst in comparison all the

component terms are retained in the boundary layer equations at the re-entrant corner.
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The solution derived is valid for § € [0,1]. The UCM results can be deduced by
simply setting 8 = 0. In the Newtonian limit 5 — 17, we obtain zero polymer extra
. X eq:salientcorebal eq:solvexplisol
stresses in both the outer region (5. and in the boundary layer (5:59). As suc
nothing special happens in these two limits.
Another limit of interest is the flat wall case o — 17. In this limit, the plot in figure
fig:lamalpha i . X eq:translam
-2 shows that \g — 1T, or indeed directly from equation (%I[i 1t can be calculated
that A\g = 1 when o = 1. Thus the asymptotic structure breaks down as the boundary
layer thickness becomes order one and is no longer thin. The boundary layer solution

eq:solvexpligol | .
. gives the simple shear solution

U =cyY? TP =8(1-08)d, Th=2(1-p8)c, 115 =0, (5.66)

with analogous expressions for the solvent stresses. We note that the outer core stream
X X . X X . salfOfin2
function does give simple shear, since setting o = A\g = 1 in (% [4) gives

fo== (14 cos(20 — 7)) = sin?¥,

N =

and thus
Y — cor?sin?f as a— 17, (5.67)

The solution of section E?ﬁ%is;%gﬁanteed to hold for corner angles 6 € (146.3°,180°)
due to the complex nature of the Newtonian eigenvalue Ay for smaller corner angles.
Further work to understand eddy formation for Oldroyd-B (as in ﬁ%@% Newtonian
flow) is required. Also the analysis has been done for We = 1 and the limits of low and

high Weissenberg number are also of interest.
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Chapter 6

Discussion

The asymptotic structure local to both the re-entrant and salient corners has been
described for classes of self-similar solutions of the Oldroyd-B equations in relevant
parameter regimes. Discussion of the results in each chapter has been previously pre-
sented. Here we discuss the results and limitations of the work presented, along with
possible future lines of enquiry to be pursued.

Prior to this thesis, the re-entrant corner problem was well understood for UCM
fluids, but arguably less so for the more complicated Oldroyd-B fluids. The work of
Rallison and Hinch %Hinch %ﬁ)rovided the basic solution approach. Here we have
extended this work, primarily investigating in more detail:

(i) the relationship between the Cartesian and natural stress variables,

(ii) the parameter dependence of the solution on both the retardation parameter and
Weissenberg number, and

(iii) providing an alternative numerical scheme to solve the downstream boundary layer
equations.

The other regime of a salient corner problem has also been discussed. This has been
assumed to be straightforward due to the anticipation of a Newtonian flow field dom-
inating, for example see Renardy ﬁﬁ%lthough no details have previously been pre-
sented.

The model equations have been presented here in terms of two dimensionless pa-
rameters, the Weissenberg number We and the retardation parameter (or dimensionless
solvent viscosity) . The base parameter regime is that of We = O(1) with g € (0,1),
the singular behaviour of the Oldroyd-B equations near a sharp corner being described

. |chapteichredeir Safdementherflow . .
in chapters B and b. In both the re-enfrant and salient corner regimes, boundary layers

are present, although their equations are markedly different.

For the re-entrant corner case, the main single parameter limits of (i) high and low
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Weissenberg with g € (0,1) fixed, and then (ii) 5 — 1~ with Weissenberg kept fixed
. X chapter:paremterregimes X
and order one, have been described in chapter 4. e three region asymptotic structure

Khapter reentrantcornerflow
of chapter B occurs at the heart of the high and low Weissenberg structures, which is

expected since the Weissenberg number can be scaled out of the problem. The combined
double parameter limits involving both We and  have been left as open problems and
are likely to have even more complicated structures. Understanding the asymptotics
in these parameter limits is particularly useful as it aids numerical schemes which can
encounter significant difficulties. This aid to the numerics may be by incorporating
the analytical behaviour of the corner stress singularity into a numerical scheme, or
simply by identifying narrow regions where large changes in stress or velocity gradients
can occur and which need appropriate resolution, for example, the cusp like elastic
boundary layers at the walls. As a case in point, numerical schemes tend to have trouble
converging with increasing Weissenberg number (although cope more easily with low
Weissenberg number due to the Newtonian flow behaviour which dominates). As such
the asymptotics of this limit is of use in the understanding of the high Weissenberg
number problem (an overview discussion of which is given in Owens and Philips

i |chapter:reentrantcornerflow
The analytical results of chapter B glve the following asymptotic stress and velocity

field behaviours near to the corner of
TP = O(r~21=2)) T = O(r~(1=C=)) v — O(rB3=®"1) a5 50,  (6.1)

with corresponding elastic wall boundary layers of thickness O(r2~%). These behaviours
%‘h [1

old V0,
and Evans .

03 1
However, numerical results in Alves et al. as well as Singh and Leal %1], Baaijens

98 9 P00Q
@(ue et al. :521 Phllhps and Williams , Alves et al. LZI , Aboubacar and Webster

. Aboubacar et al. i amongst others) have only confirmed these behaviours in

are known from the earlier work of Hinch [29 , Rallison and Hinch

the benchmark case of a 270° corner angle i.e. for a = 2/3. It would be of interest to
. X eq:0Basybeh . .
validate the behaviours (% [) for other corner angles and moreover to see if numerics can
. chapte paretrerthdimes .
support the asymptotic structures of chapters b and E i Ey stmply comparing numerical

sizes of terms in different regions).

For the salient corner case, the Newtonian core similarity solution has been suc-
|chapter:Salientcornerflow
cessfuly matched to wall boundary layers in chapter b for corner angles greafer than

146.3° i.e. a < 1.23. The boundary layers are of thickness r*° and retrieve viscomet-
ric behaviour for the polymer stresses. Since only one term of the upper convected
stress derivative is recovered at leading order these boundary layer equations are very
different to those of the re-entrant corner case where all terms in the upper convected

stress derivative are present. The complex mathematical machinery of the natural
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stress formulation is unnecessary in this case to analyse the boundary layer equations
and an explicit solution is available. The retardation parameter 5 plays less of role
for this solution with the polymer stresses vanishing in the Newtonian limit 8 — 17.
The analysis has been performed for the main case of We = 1, with the limits of low
and high Weissenberg numeber being left for future work. For smaller corner angles,
the eigenvalue is complex and the real part of the stream function is taken. Complex
eigenvalues correspond to a sequence of recirculating regions or eddies, the size and
intensity of which are described in Moffatt WThe details of the boundary layer
equations accommodating such circulating core flows for this corner range have not yet
been been done.

The main extensions to this work can be categorised (not mutually exclusive) in

regard to
e model generalisation ;
e geometry ; and
e other flow types and problems.

TT

Common generalisations of the Oldroyd-B model are the Phan-Thien-Tanner (PD@T])
and Giesekus (%26]) models. These add quadratic stress terms to the polymer consti-
tutive equation which allows these models to capture shear-thinning effects commonly
associated with polymeric fluids. Also these correct the deficiency of Oldroyd-B noted
i chap:prelim . X i . . .
in chapter b in regard to the unrestrictedly growing extensional viscosity at finite ex-

eq:0Basybeh
tension rates in uni- and bi-axial extensional flows. Analogous results to (%I i for the

. e97PTT vPTT

re-entrant corner exist for these models (see Renardy and Evans :21, ZZI i, namely

4(1-A)
O(r &Ho)), PTT, o PTT.
= ( _@ , T = O(r~(172)) v = O (1), )
" ! ), Giesekus, Giesekus.

(6.2

. . . . |chapter: Sa?Lientcornerf lo
Here Ao € [1/2,1) is the Newtonian flow eigenvalue (as defined in chapter b, but now

applied for the range o < 1). The behaviours are thus very different:

e For Oldroyd-B, the polymer stress dominates the solvent stress. These stress
behaviours hold for the UCM model obtained in the limit 3 — 0%. However,

. . L. . chapter:paremte:
they breakdown in the Newtonian limit 8 — 1~ as remarked upon in chapter h

e For PTT and Giesekus, the solvent stress dominates the polymer stress. These
stress behaviours hold for the Newtonian limit 5 — 17, but breakdown in the
limit 8 — 0.
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e For g = 0, the PTT model shares the same stress singularity as UCM (but
_ . ) i _ $08,ES09

different velocity behaviours) as described in Evans and Sibley :23, ?ZIE . However,
this solution for the PTT model only holds for angles between 180° and 270°.
Results for larger angles are outstanding as are those entirely for Giesekus in this
limit.

e The boundary layer thickneses for 5 € (0,1) are very different, with Oldroyd-

(B=Xg)

B the thinnest at O(r2~®), then O(r~ 2 ) for Giesekus and the thickest being

(4=20)
O(r—= ) for PTT.

More complex models, include those such as FENE-P and Rollie-Poly ﬁ?—l‘f\s these be-
come more widely used in numerical simulations, the need to understand the asymptotic
behaviours near singularities (to benchmark the numerical algorithms) also increases.
Understanding the “simpler” models first though is beneficial since they are usually
more tractable analytically and tend to be contained within (i.e. are valid limits of)
the more involved constitutive laws.

Attention has focused entirely on the two-dimensional planar geometry. Equally
important are the circular contraction geometries, so that the axis-symmetric case is
important to study. Much experimental and numerical simulation in the axisymmetic
case has been done (and surveyed in Philips and Owen %}%, whilst no analytical results
are available. This is also the case for the fully 3-D contraction flows.

Another restriction of the flow considered here is that it is assumed to be complete
around the re-entrant corner. The presence of a separating streamline at the upstream
wall is of relevance to the situation of a lip vortex, which is often seen in experimental
and numerical simulation of viscoelastic fluids (and not for Newtonian fluids). This
situation has not been discussed. However, if the separating streamline attached to
the corner makes an acute angle m/o/ < /2 with the upstream wall then there is
an effective re-entrant corner between the separating streamline and the downstream
wall. The core and downstream boundary layer analysis may still be relevant in this
situation, although more general core flows would be anticipated since fluid is now not
originating from the upstream boundary layer. If 7/a’ = 7/2, then the results here are
unlikely to be applicable.

It is worth mentioning that for the salient corner, antisymmetric flows were only
considered. Following Moffat Ffl'o%]f,—elét is possible to consider symmetric flows, where the
symmetry line is a free surface. The flow structure is very similar to the antisymmetric
case with a Newtonian similarity solution dominating between the free surface and the

. . . |chapter:Salientcornerflow
wall at which a boundary layer of the type obtained in chapter b occurs. The main

difference is that the eigenvalues now satisfy a slightly different transcendental equation
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and the behaviour near the free surface needs investigation. Unlike for Newtonian
fluids, general salient corner flows for Oldroyd-B are not simply linear combinations
of the symmetric and antisymmetric flows due to the nonlinearity of the constitutive
equations.

Further situations possessing both geometric and stress singularities are those as-
sociated with source/sink flows in wedges/cones, stick-slip or slip-stick as well as flows
with general separation points. Very little analytically is available, other than the
recent sink flow in a wedge by Evans and Hagan Elg%
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Appendix A

Full far field coefficients

Here we record the coefficients in the far-field expansion of the Cartesian variables
cffl cffd |chapter:reentrantcornerflow
E11) (B.144)

in chapter B. The superscript sp denoting similarity parameters have

been dropped in the below expressions for Cy and Cf.

=

=

s =

Fy=

Fs =

BCo(a — 2)(a — 3)2
C1(3a — 2) (A-1)
B2C2(a — 2)(27a* — 10203 + 13502 — T3a + 14) (o — 3)3

2C2(3a — 2)%(2a — 1)? (A.2)
401a(2()z3_cy?)) 2)¢2 (a5<450004 +6) + a(148CoCy + 40 + B)
a’(108CoCy + 84 + 36) + a*(48CoCy — 46) — 32a + 24) (A.3)

BC3(a —1)(a — 2)(a - 3)*
3C3(3a — 1)(ba — 2)(2a — 1)2(3a — 2)3

<3690a7 — 2072208 + 478794°

— 58763a* 4 413040 — 1667202 + 35920 — 320) (A.4)
B*CH(a — 1) (a — 2)(ar — 3)°

24CH (4o — 1)(Ba — 1) (b — 2)(2ac — 1)*(3a — 2)%

— 360563650 + 1399101750 — 3225405100 + 49170986802

—521994001a" + 3955865770 — 2156209450 + 83898211a*

(4177800a12

— 227281360° + 40690320 — 432208 + 20592) (A.5)
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Fg

BCo(a — 3)? 10
— 4 2
6C2a2(a + 2)(a + 1)(2a — 1)2(3a — 2)2 \* (48C0C4f +72)
+ (=128 — 38CoCy3 — 408) + o®(—5188C,Cy + 394 — 173)
+ a7 (7408CoCy + 1204 + 2608) + a5(10288CCy — 1526 — 27073)
+ o (—3100 — 1828 — 23565CCy) + (2756 + 6484 + 11248C,Cy)
+ a3(=7883 — 3326 + 163C,Cy) + a*(—808CyCy — 332) + 6960 — 144> (A.6)
26CH(a — 1) (o — 2)(ax — 3)
A = .

! Cl (3a — 2) (A 7)
A — (o —1)(a —2)(25a03 — 6602 + 50 — 12)32C3 (A8)
2T C2(3a — 2)2(2a — 1) ‘
Ao — (a—1)(a—2)(3a®+ (a® — a?)BCHCy — 8a® — 5a + 6) (A.9)
’ Cro?(3a — 2)(a+ 1) '

-1 ) _ 9\3R33
Ay = L0 D= D@ =350 (5.0 360345
C?(Ba — 2)2(2ac — 1)% (b — 2)
+ 6883 — 64200° + 31990* — 816 + 84> (A.10)
As = (o0 = (o = 2)(a — 3)5°Cy 505395011 — 402202901
30t (3a — 2)4(2a — 1)3(5a — 2)(3a — 1)
+ 141854200 — 292419560° + 3917079307
— 35834263a° 4 22872182a° — 101984760
+ 31168960° — 6224960 + 73184a — 3840> (A.11)
(a —3)BCo 9 9 9
Ag = 4802 CyCy 8 + 72
6= 6aC?(3a —2)2(2a — D2\ @ (T18a7C0CF + T2a )
+ a®(—2328C0Cy — 552 — 12a°83) + o’ (+3388CoCy + 1514 + 563)
+a5(=328CyCy — 1864 — 596) + a’(—3328CoCy + 1670 — 213)
+ a*(+346CCy + 658 — 3182) + a*(—2008CCy — 3553 + 5108)
+ a2 (4+808CyCy — 4066 + 63) + a(—163CoCy + 1520) — 216) (A.12)
_ (= 1)(=3 +20a) 3 2 2
A7 = QOzCO(Oz n 1)(a — 2)(@ — 3)2 da 0005 « (160()05 20004)
+ 04(04 + 60004% + 40005) + 24CyC5 — 40004% — 304) (A.l?))
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g, — BC(2a—1)(a—3)(a - 2)*
b C1(3a—2)(a—1)
~ 2(a—2)(a—3)%(25a° — 117a* + 1970® — 14602 + 49a — 6)32CE
Bz = C%(3a —2)2(2a — 1)2 (A.15)
~ 2(a—2)(30® + (a® — a?)BCHCy — 8a? — B + 6)
Bs = Cra2(3a —2)(a+1) (A.16)
_ (o = 2)(a —3)*8°CH
207 (3a — 2)2(2a — 1)2(5a — 2)(3a — 1)

(A.14)

By (4650a8 —30913a7

+ 84613085 — 123649a° + 105184a* — 53509 + 1595802 — 2556 + 168>

(A.17)

_ 2(a = 2)(e = 3)*8'Cy
30 3a - 2)4(2a — 1)3(5a — 2)(3a — 1)
+ 431229760 — 11166842900 4+ 1909272180°
— 22748244908 + 194275242a" — 120407718a°

Bs

<1010790a13 — 986435302

+ 541519650° — 174477300 + 39113440° — 576824 + 50032 — 1920>

(A.18)

B (a —3)BCy
- 12a0%(3a — 2)2(2a — 1)2(a — 1)(a + 1)

+ a19(=512C)Cyf — 24 — 1176) + o (1248 + 668CoCy3 + 3148)

+ a8(=2170 — 12683 + 7008C,Cy) + o (—20865CCyy — 1512 — 2075)
+ a®(9908CCy — 6590 + 3873) + o’ (558 3CHCy + 25078 — 513)

+ o (—622BCCy — 2138 — 22676) + o> (376CCy + 1343 — 906)

Bs

(a11(144 4 96CoCy3)

+ a2(—2328C,Cy + 11828 — 248) + a(643CoCy — 6200) + 1008> (A.19)

(a? —3a + 3) 5 ) )
Br = 4 16C,Cs — 20,C
"= aCola + Do~ 2)(a 32 \ ¥ 005 Tt (F16GCs —2CC)

+ Oé(C4 + 60004% + 40005) + 24CyC5 — 40002 — 304) (A.QO)
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_ 2BCy(a —2)(a - 3)(a® = 3a+1)

D .
' C1(3a — 2)(a — 1) (A.21)
(= 2)(a — 3)25203 7 6 5
Dy = 5007 — 1041
2= 280 —2)(2a — 12(a — 12 \ 0~ 30+ 104a
— 1547a* + 127203 — 57802 + 1340 — 12) (A.22)
i ]‘ 7 6 o .

+a®(—68CyCy — 15) 4+ a*(163CoCy + 104 — 3)
+ (=96 — 118CoCy — B) + a*(68CCy + 28 — 57) + 108 — 36) (A.23)

B (a —2)(a —3)*8°C}
- C3(3a —2)3(2a — 1)2(5a — 2)(3a — 1)(a — 1)
+ 23426108 — 49870107 + 65895805 — 5638250°

D, <6975a10 — 618270

+ 3163582t — 1149410 + 2583802 — 3228a + 168) (A.24)
Dy = (o = 2)(e = 3)*8Cy

30t (3a —2)4(2a — 1)3(ba — 2)(3a — 1) (a — 1) (4 — 1)

— 477421820 + 2551950110 — 8191937200'% + 17656898070t

— 2705857782a0 4 30447147410 — 25609856360°

+ 162312604707 — 774886220a° 4 2762059260

(4043160a15

— 7210587604 + 1331891203 — 163793602 + 119264a — 3840> (A.25)
(a—3)BCo 1
Dg = 72 + 48C,C!
® 7 6aC?(Ba —2)%(2a — 1)’(a — 12a+ )\" (72 + 48CoCaf)

+ oM (—696 — 128 — 328C,C43) + '%(8083 + 2330 + 658CoCyB)
—2420 + 170CoCy 8 — 1476) + a®(—1962 — 515 — 21568CCy)
—640 + 3933 4 27848C,Cy) + (25220 — 30083 — 23945C,Cy)
—47560 — 1178 + 33463CoCy) + a*(2533 + 30450 — 34728CoCy)
—1178 + 4648 + 15283CC}y) + a*(—15490 + 183 — 1365C,C,)

+a?
+af
+a°

—~~

+ a8

+ (7152 — 488CCy) — 1080) (A.26)
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1 7 6 2
+af(— -4
3 Co( 1)( 2)( 1)2( 3)2 (Oé (80005) @ ( 76CHC5 0004)
+ a5(2840005 + 340002 +2Cy) + a4(—5040005 — 1260002 —17Cy)

+ a?(254CyCF + 316CoCs + 59Cy) + a*(—290CoC3 + 300CoCs — 105Cy)

+ a(4+180CoC% — 600C,Cs + 93C4) — 48CC3 + 288CoC5 — 3604) (A.27)
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app:logff

Appendix B

« = 2/3 Full-far field case

cffl  Jcff4
Here are presented the modified expansions analogous to (8.141)—(3.144) in the case

8/3 where the eigenmodes

= 2/3. These terms are fully determined down to £~
associated with Cy, Co, C3, C4 and C5 are retained. The structure of the expansion
is similar to that found by Sibley %2 for the PTT model involving algebraic powers
of In(¢). This expansion below completes the far-field analysis for the Cartesian stress

basis. The supercript sp has again been dropped from Cy and Cy for convenience.

GI (1 +(RIn(©) + C) 5 + Cay

1
an

+ (Faln®(€) + F5 n(€)? + Fy In(€) + Fy) ;2

+ (FsIn* (&) + FyIn(§)* Fio In*(€) + Fii In(§) + Cs) 1) ; (B.1)

+ (FyIn®(€) + F3In(€) + C4)

58/3

(&) ~ C1 (1 + (A1 1In(&) + As) 521/3

1
2
1
¢

+ (Ag 1n4(€) + Aqg ln(§)3A11 ln2(§) + Ao ln(§) + Alg) 581/3> , (BQ)

+ (A3 In?(€) + AsIn(€) + As)

+ (AgIn(€)? + A7In(é) + Asg)
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L 1
#1)2(5)5 ~ C1€ (1 + (B1In(§) + Ba) 521/3 + BSE
1
€4/3
1
e

+ (Blo 1114(5) + By 111(5)3312 ln2(§) + Bi3 ln(f) + 314) 581/3> , (BS)

+ (B4 In*(¢) + Bs In(¢) + Be)

+ (B In(€)* + Bs In(€) + By)

tha(€) ~ % ~ Oy (1 + (D1 In(€) + Dy) 521/3 + Dgé

+ (D (&) + DsIn(€) + Dg) =

€3
1
+ (D7 In(€)*Ds In(€)* + Dy In(€) + Do) e
1
+ (D11 In*(€) + D12 In(€)*Dy3 In*(€) + DiaIn(€) + Di5) 58/3> : (B.4)
The constants F;, A;, B;, D; are presented separately

[ 196 5Co I 2744 B*C3 28 BCy(3C1Ca + 495C))

YTt or P81 2 P g C? ’

7 _ 4533088 B3C3 4571504 B3C

YT 50049 €3 T 6561 OB

o T B(361659282C3 + 12312C2C2Cy — 1215C%)

07 26244 c3

oo L (31752C%(CyBCy + 33)? — 107163C% 3 + 8651283233C3)

"7 104976 c3 ’

. _ 158658080 BrC o 991747456 BrC

T 1594323 CF 0 7Y 531441 i
po_ 49 BC(3751048083C3 + 32400C,3C2Cy + 135C23 — 5616C%)

7 196830 Cl ’

11

Fii = —————( 781734240C,BC3(CoBCy + 1021/24620) + 65488507 32C

u = pBCHCOBC + 1021/24620) + 63488503 5°C

+ 13159746544054C§> (B.5)
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A4 — 56 .8C _ 21968 +9C1Cy -, —3136 B2C3
"Taott oy P63 C, © BT 9 2
A - 2 30184B3%C3 — 7568C)(498C) + 3C1C3) + 5883CHC2Cy
*7 2835 c?
A L —1944Cp(-1 /6C2 + Cy)C? + (3326402 BCoCy + T29C%) + 93296032C3
7 11340 C3Cy
A - T2195208°CE 1 1944GoBCEC, — T29CFB — 95216805°Ch
7 oy 3 T 21870 c3 ’
oo L (—44712C BCy — 68040)C? + 16767C7 3 + 100979203 C3
® 7 29160 c3
A — 19172480 piCy 242635456 8*C)
7 1594323 i T 531441
11
Ay = ——————— | — 22199734 105 — 9814896CE 32 C2Cy — 4144959C2 32 C,
11= gecoans Cf( 997343568/98°Cy — 98 18°C5Cy 18°Co
+ 6378C (3751048033 C} + 32400C,BCTCy + 1350753 — 56160%))
Ay = _ 1 17912552022820/815*Cy + 118025908C% 52C3C,
3980340 C}
— 122967117/4C% B2Cy + 26754000C23C, — 83447/126C(3751048083C3
+ 32400C, BC?Cy + 135CE B — 5616CF)
+ 188195280CSC%(CoBCy + 1021 /24620))
1 1
Az = — 1749600(C% — 70/3C5)CACT — 3280500C,CC,
137 57153600 C@Cf( (G4 = T0/3C5)GoCh o

+ (1476225CT + (—4280804640C3 5%Cy — 635658576C3 5)C3)

+ 429231915C232C3 — 19140080512OC§B4> (B.6)

152



—112 BC, 4 —9C,C4 + 2455C -9 —31360 B2C?
T e ) C, o Ba=0s Ba= g cz
B 4 —T756BCo(496Cn + 3C1Ca) + 48028%Cf + 5886CCyCy
7 567 c? ’
11
Bs = —————( 3024C25(4 24C2CyC3 — 1944C2C,C
6 113401200(30 Coﬁ( 9600+3C'1C2)+3 10005 1000y
+ 729C% — 37800 BC,C2 + 1015285208’)
B, — —439040 B3C3 1 5832C,BC3Cy — 2187CE3 — 351780805°C
TT U9 3 T 10935 c3 ’
B — 1 (—131544CyBCy — 204120)C% + 49329C7 3 + 211288033C}
7 14580 c3
5. _ 255696806 Bros 1336108480 B1Cy
7 1504323 cF 0 UM T 531441 (O
1 1
By = ——————( — 16846691411208*Cif — 251202 32C2Cy — 298437048C% 8%C,
+ 458648C)(3751048033Cf + 32400C08C3Cy + 135CF3 — 5616012))
1 1
Biz=———|1 263246245 C) 202 6%C2 0, — 208542770102 %C,
18 = 15601160 cf( 3938926324624 3*Cjy + 7560976752C7 3°C;Cy 2320y
+ 1733659200C% 8Cy — 437913 3C(3751048033C3 + 32400C,3CEC,
+ 135C%23 — 5616C%) + 12195054144C,BCF (CoBCy + 1021 /24620))
1 1
By = — 122821920(C% — 70/3C5)C2CT — 2302911000, CLC,
M 771573600 Cgcf( (CF —70/3C5) G o

(103630995C + (—284515701120C; 2Cy — 29880727632C5 3)C?)

+ 24179961645C232C3 — 205420048198400864> (B.7)
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5

Dg

7

9

Dro

11 —

D13

Dy

D15

—280 BCy 2 7843Cy — 45C1Cs —18 —31360 52C2
o o T ch o Da=m G Di=
—2 3292832CF + 47883C((498C, + 3C1Cs) — 87643CCa2Cy
945 Cc?
79;800%100 < — 258552C)(Cy — 313/798C3)C3 4 (96957C% — 762048CE SC2Ch)
- 353427205203)
878080 B3C3 2063488 B3C

2187 C5 ' % 2187 (%

1 441288C)BC3Cy — 165483C7 3 — 24775576083C

21870 c3

1 (—440424CyBCy — 220320)C3 + 252639C% 3 + 1920800033C3
9720 ct
1789878272 34Cy 11158926016 8*Cy

1594323 C&° TP 531441 CF

1 1
— [ —22576856545608C* — 1246964544C2 B2C2C, — 518406966C7 B>C
124002900%( 5 ¢ 17 CoCa 18°Co

+ 802628C0(375104808%C) + 32400C, SCECy + 135CE 3 — 56160%))

1 1
— [ 490769756727048*C4 + 2582472715202 B2C2Cy + 105257880002 C,
248005800;1( p*Cy + 1p°CeCs + 18Co

— 8347854816C3232Cy — 14156103C(3751048033C3 + 32400C,3C3Cy + 135C%3

— 5616C%) 4 42682689504CBC?(CoBCy + 1021 /24620))

1 1
154314720 C2CY
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