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LOW-GAIN CONTROL OF UNCERTAIN REGULAR LINEAR
SYSTEMS*

HARTMUT LOGEMANNT AND STUART TOWNLEY#

Abstract. It is well known that closing the loop around an exponentially stable, finite-dimen-
sional, linear, time-invariant plant with square transfer-function matrix G(s) compensated by a
controller of the form (k/s)I'g, where k € R and I'g € R™*™ will result in an exponentially stable
closed-loop system which achieves tracking of arbitrary constant reference signals, provided that (i)
all the eigenvalues of G(0)I'g have positive real parts and (ii) the gain parameter k is positive and
sufficiently small.

In this paper we consider a rather general class of infinite-dimensional linear systems, called
regular systems, for which convenient representations are known to exist, both in time and in fre-
quency domain. The purpose of the paper is twofold: (i) we extend the above result to the class of
exponentially stable regular systems and (ii) we show how the parameters k and I'g can be tuned
adaptively. The resulting adaptive tracking controllers are not based on system identification or
parameter estimation algorithms, nor is the injection of probing signals required.
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1. Introduction. The synthesis of low-gain I and PI-controllers for uncertain
stable plants has received considerable attention in the past 20 years. Let G be a
stable proper rational transfer function matrix. The main existence result on robust
low-gain I-control says that for any matrix I'g satisfying

(1.1) spectrum(G(0)Iy) C {s € C|Res > 0},

there exists k* > 0 such that for all £ € (0,k*) the controller (1/s)kI'y stabilizes
G and the resulting closed-loop system asymptotically tracks arbitrary constant ref-
erence signals. This result has been proved by Davison [4]! and Lunze [18] using
state-space methods and by Grosdidier, Morari, and Holt [5] and Morari [25] using
frequency-domain methods (see also the book by Lunze [20, Chapter 10], and the text-
book by Morari and Zafiriou [26, p. 362]). There are consequently two parts to the
design of low-gain tracking controllers: choosing I'g and tuning k. Such a controller
design approach, called “tuning regulator theory” [4], has been successfully applied
to industrial control problems; see Coppus, Sha, and Wood [2] and Lunze [19].

In the case that G is square, G~1(0) would be a natural choice for Ty, but in
the presence of uncertainty, G(0) might not be known exactly. However, an estimate
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'In [4] the result is proven for the special choice Tg = G~1(0). However, an inspection of the
Lyapunov argument in the proof of lemma 3 in [4] shows that it can be easily extended to the more
general case when I'g satisfies (1.1) (simply replace the identity I in equation (28) in [4] by N, where
N is the positive definite solution of the Lyapunov equation (G(0)T'9)T N + N(G(0)[g) = —1I).
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Go of G(0) can be obtained, in principle, by performing step response experiments
on the plant. In this case the matrix I'g is then chosen such that (1.1) holds with
G(0) replaced by Gp. Although Mustafa [28] has recently derived a formula for the
maximal k* in terms of a minimal realization (A, B,C, D) of G, in the presence of
uncertainty there are only crude methods available for determining a number £* > 0
such that all gain parameters k € (0, k*) will lead to a stable closed-loop system; see,
e.g., Lunze [18] and Owens and Chotai [29]. Methods for tuning I'y and k& by means
of experiments and simulation have been developed and discussed in many places; we
mention only [4], [18], [20], [29], and the paper by Penttinen and Koivo [31].

The above-mentioned tuning regulator result has been extended by Pohjolainen
[32], [33], Pohjolainen and Léatti [34], Logemann and Owens [15] and Logemann,
Bontsema, and Owens [11] to various classes of (abstract) infinite-dimensional sys-
tems and by Koivo and Pohjolainen [9] and Jussila and Koivo [8] to differential delay
systems.

If the plant uncertainty is large and/or if reliable plant step data are not available,
then the parameters k£ and 'y need to be tuned adaptively. It turns out that, once
the tuning problem for k is solved, the tuning of Iy can be achieved by applying the
spectrum unmixing techniques used in multivariable high-gain adaptive stabilization,
Martensson [21], [22]. Low-gain universal adaptive controllers which achieve asymp-
totic tracking of constant reference signals for finite-dimensional linear stable plants
have been presented by Cook [1] and Miller and Davison [23], [24].? By “universal”
we mean that the controllers are not based on system identification or parameter
estimation algorithms. The controller given in [1] is smooth, while the control laws
derived in [23], [24] are “piecewise constant.” The controller given in [24] satisfies a
control input constraint.

In this paper we consider the problem of low-gain I-control for the class of expo-
nentially stable, linear, regular infinite-dimensional systems introduced and studied
by Weiss; see [44], [45], [46], [47], [48], [49]. This class is rather general and in-
cludes all distributed parameter systems and all time-delay systems (retarded and
neutral) which are of interest in applications. In particular, it includes the classes of
infinite-dimensional systems considered in the references [8], [9], [15], [11], [32], [33],
[34] mentioned earlier and the well-known class of Pritchard-Salamon systems; see
Pritchard and Salamon [35], [36] and Curtain et al. [3]. Although there exist well-
posed infinite-dimensional systems which are not regular, the authors believe that any
physically motivated well-posed linear time-invariant control system is regular.

In section 2 we provide the necessary background on regular systems which will
be needed in sections 3—-5. With one exception, all the results in section 2 are due to
Weiss [44], [45], [46], [47], [48], [49], the exception being a nonlinear existence result
which is required for adaptive low-gain control. The proof of this result is relegated
to an appendix.

Section 3 is devoted to nonadaptive low-gain control of regular systems. We first
prove a frequency-domain result on the existence of low-gain tuning regulators of the
form (1/s)kI for all square transfer function matrices G which are holomorphic and
bounded on some right-half plane Res > « for some a@ = a(G) < 0 and satisfy
det G(0) # 0. This result is then applied to regular state-space systems, and it is
shown that for all sufficiently small k the closed-loop system will achieve asymptotic

2Surprisingly, the low-gain adaptive tracking problem has received less attention than its high-
gain counterpart; see Ilchmann [7], Logemann and Ilchmann [12], Ryan [38], and the references
therein.
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tracking of constant reference signals, provided that the initial state of the open-loop
system is sufficiently “smooth.”

In sections 4 and 5 we consider the adaptive low-gain tracking problem for regular
infinite-dimensional systems. While the problem of universal adaptive stabilization
for infinite-dimensional systems has received some attention in recent years (see Lo-
gemann [10], Logemann and Martensson [13], Logemann and Owens [14], Logemann
and Zwart [17], and Townley [41]), very little work has been done on adaptive track-
ing (see, however, the paper by Logemann and Ilchmann [12] on a high-gain adaptive
servomechanism for a class of infinite-dimensional systems). In particular, it seems
that so far no research has been carried out on the adaptive low-gain control prob-
lem in an infinite-dimensional setting. We mention that the main result in Cook [1]
(at least as we understand it) relies on the Kalman—Yakubovich lemma. A straight-
forward extension of the approach in [1] to regular infinite-dimensional systems is
not possible, since the existence of an appropriate infinite-dimensional version of the
Kalman—Yakubovich lemma is a difficult open problem. The (discontinuous) piece-
wise constant controllers presented in Miller and Davison [23], [24] seem unnecessarily
complicated and would not generalize to the infinite-dimensional case either. Section
4 is restricted to the case when the steady-state gain matrix G(0) is sign definite; i.e.,
G(0) is either positive or negative definite. We first give an alternative proof of the
finite-dimensional result obtained by Cook [1]. Our proof illustrates certain special
system theoretic properties of the low-gain problem, properties which can even be
exploited in the infinite-dimensional case. The basic idea in [1] is to set the integrator
gain k equal to K(vy), where K is a function, the so-called tuning function, and ~
is a parameter which is adjusted by a suitable adaptation law. The class of tuning
functions K given in [1] exploits the low-gain nature of the problem in the sense that
K(y) — 0 as ¥ — oo. We then prove the main result in section 4, a low-gain adaptive
tuning regulator result for infinite-dimensional regular systems. The choice of tuning
functions is more constrained than in the finite-dimensional case, although we can
still work with functions KC satisfying that KC(v) — 0 as 7 — oo. In the sign-indefinite
case, which is treated in section 5, we have to resort to tuning functions which oscillate
smoothly between 0 and an arbitary positive number.

We illustrate our results by a number of examples and simulations in section 6.

Notation.
e Fora € Rset C, :={se€ C|Res>a}.
e For a € R and H a Hilbert space we define the exponentially weighted L>2-
space L2(Ry, H) == {f € L&, (Ry, H) | /(-) exp(—a-) € L*(Ry, H)}.
e If A is a linear operator, then the domain, spectrum, and resolvent set of A
are denoted by D(A), o(A), and p(A), respectively.

e The Laplace transform is denoted by L.

2. Preliminaries on abstract linear systems. In this section we give some
background on abstract linear systems. Apart from Proposition 2.4 almost all the
results are due to Weiss [44], [45], [46], [47], [48], [49].

First we introduce some notation. For any Hilbert space H and any 7 > 0, R, and
L., will denote the right-shift by 7 and the left-shift by 7 on L? (R, H), respectively.

loc

The truncation operator P, : L? (Ri, H) — L*(R,, H) is given by
u(t) if tel0,7],
0 it t>7.

(Pru) (t) = {
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For u,v € L} (R4, H) and 7 > 0, the 7-concatenation u <y v is defined by

loc
-
uOv=Pu+R,v.

The following concept was introduced by Weiss [46]. An equivalent definition can be
found in Salamon [39].

DEFINITION 2.1. Let U, X, and Y be real Hilbert spaces. An abstract linear
system with state-space X, input-space U, and output-space Y is a quadruple 3 =
(T,®,¥,F), where

(i) T = (Tt)i>0 is a Co-semigroup of bounded linear operators on X ;

(ii) ® = (®y)i>0 is a family of bounded linear operators from L?*(Ry,U) to X
such that

<I)T+t(u <> U) = Tt(I’TU + @t’U

for all u,v € L*(Ry,U) and all 7, > 0;
(ili) O = (¥y)i>0 is a family of bounded linear operators from X to L*(R;,Y)
such that

‘I"H»tmo = ‘IIT:L'O <> ‘I’tTTxO

for all xg € X and all 7,t > 0, and ¥y = 0;
(iv) F = (Fi)i>0 is a family of bounded linear operators from L*(Ry,U) to
L?(R.,Y) such that

FT+t(u <> 'U) =F,u <> (‘I’t¢‘ru + Ftv) ’

u,v € L2(Ry,U) and all 7,t > 0, and Fy = 0.
It follows easily from the definition that 3 = 0 and that for any 7 > 0, g € X,
and u € L} (R4, U)

(Pr20)(t) = (Fru)(t) =0 forae. t>r7.

Let an input u € L} (Ry,U) and an initial state g € X be given. The state
x(t) = z(t; xo, u) of 3 at time ¢ > 0 and the output y(-) = y(-; x0,u) of 3 are defined
by

(21&) l’(t) = TtSCO + <I>tPtu,
(21b) Pty = ‘I’tCC() + FtPtu .

The state trajectory z(-) is continuous from R, — X, and the output y(-) is in
L? (R4,Y). Furthermore, if t > 7 > 0, then the functions z(-) and y(-) defined by
(2.1) satisfy

(2.2a) x(t) = Ti—rax(7) + ¥4 L. Psu,
(2.2b) L. Pyy=%;_,2(r)+ F;_,L.Pu.

The equations (2.2) express the time-invariance of . They follow in a straightforward
way from Definition 2.1. We say that 3 is exponentially stable if the semigroup T is
exponentially stable, i.e.,

1
w(T) := tlirgo : log |T¢|| < 0.
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It is clear that there exist unique operators ¥, : X — L% (R;,Y) and Fo :
L} (R, U) — L? (R4,Y) such that for all 7 > 0

loc
v,-P, 0., F.—P,F..

The generator of T is denoted by A. Let X; be the space D(A) endowed with
the graph norm, and let X_; be the completion of X with respect to the norm
llz||-1 = ||[(M — A)~Hz||, where A € o(A) is fixed. We have X; C X C X_; and the
canonical injections are bounded and dense. The semigroup T can be restricted to a
Co-semigroup on X; and extended to a Cp-semigroup on X_;. The exponential growth
constant is the same on all three spaces. The generator on X7 is the restriction of A to
D(A?), and the generator on X_; is an extension of A to X (which is bounded as an
operator from X to X_1). We shall use the same symbols for the original semigroup
and its generator and the corresponding restrictions and extensions.

By a representation theorem due to Salamon [39] (see also Weiss [44], [45]) there
exist unique operators B € L(U, X_1) and C € L£(X1,Y) (the control operator and the
observation operator of 3, respectively) such that for all ¢ > 0, all u € LZQOC(R+, U),
and all g € X3

¢
@tPtu:/ Ti_¢Bu(§)dé and (Pooxo)(t) = CTiao .
0

B is called bounded if B € L(U, X) (and unbounded otherwise), whereas C' is called
bounded if it can be extended continuously to X (and unbounded otherwise).
The Lebesgue extension of C' was introduced in [45] and is defined by

1 t
CLJ)O = tllH(l) C; / Tg.L“o df 5
- 0

where D(CL) is equal to the set of all those 2y € X for which the above limit exists.
Clearly X; € D(CL) C X, and for any 2y € X we have that Tixg € D(C,) for almost
every t > 0. Furthermore,

(Poomo)(t) = CL Ty forae. t>0.

Let €2 be a subset of C. A function H: Q — L(U,Y) is called well posed if there
exists a € R such that C, C Q and H is holomorphic and bounded on C,. It can be
shown (see Weiss [47]) that if & > w(T) and if u € L2 (R, U), then Foou € L2(R,,Y)
and there exists a unique well-posed function G : C,,(ry — L(U,Y) such that

G(s)(Lu)(s) = [L(Fou)l(s) VseC,.

In particular, G is holomorphic on C,, (1) and bounded on C,, for all o > w(T). The
function G is called the transfer function of 3. Conversely, due to a result by Salamon
[39], any well-posed function can be realized by an abstract linear system in the sense
of Definition 2.1.

The following lemma will be needed in section 3. Certainly, it should be well
known. However, since we could not find it in the literature, we include the proof.

LEMMA 2.2. Suppose that ¥ = (T, ®, ¥, F) is exponentially stable. For any
zo € X and any u € L*(R4,U), the functions z(-) and y(-) defined by (2.1) satisfy

$€L2(R+7X), yELZ(RJraY)'
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Proof. Since x(t) = Tixo + fot Ti_¢Bu(§) d§, it follows from the exponential
stability of T that z € L?(R,, X) if and only if the function 7 : ¢ — fg T;_¢Bu(€) d¢ is
in L2(Ry, X). Let H?(Cy, X) denote the usual Hardy space of holomorphic functions
defined on Cy with values in X. Appealing to the Paley—Wiener theorem, it follows
that 7 € L*(Ry, X) if we can show that Lz € H?(Coy, X). To this end set wy := w(T)
and recall from [48] that for any w > wq there exists M,, > 0 such that

M,
vVRes —w

(In particular, (sI —A)™'B € L(U, X) for all s € C,.) Moreover, it is routine to show
that the function

(2:3) (s = A7 Bllew,x) < VseC,.

Cuy — L(UY), s+ (sI—A)'B
is holomorphic. Finally, the Laplace transform of z is given by
(2.4) (Lz)(s) = (sI — A)"'B(Lu)(s) Vs€C,,,

and by hypothesis, wy < 0 and Lu € H?(Cy, X). Therefore, combining (2.3) and (2.4)
we obtain that Lz € H?(Cq, X).
In order to prove that y € L2(R,,Y), write y in the form

y=Yxo+ Fu.

Using the remarks preceding the lemma, it follows from the hypothesis that Fu €
L?(R.,Y). It remains to show that ¥, x¢ € L?>(R,,Y). By the exponential stability
of T it follows in a straightforward way from condition (iii) in Definition 2.1 that
there exists a constant v > 0 such that

¥ zol[L2®,,y) < Yllzoll VT =0 Vay e X.
Hence
[P ®zoll2,,v) = [¥r2oll2®y,y) < Vllwoll V7 >0, Voo € X,
which implies that ¥z € L*(R.,Y). O

3 and its transfer function G are called regular if for any v € U the limit

lim RG(s)u = Du

5§—00, SE

exists. It follows from the principle of uniform boundedness that D € L(U,Y). The
operator D is called the feedthrough operator of X. If 3 is regular, then for any
zo € X and u € L} (R, U), the functions z(-) and y(-), defined by (2.1), satisfy the
equations

(2.52) #(t) = Az(t) + Bul(t),
(2.5b) y(t) = CrLa(t) + Du(t)

for a.e. ¢ > 0 (in particular z(¢t) € D(Cp) for a.e. t > 0). The derivative on the
left-hand side of (2.5a) has of course to be understood in X_;. Moreover, as has been
shown in [47], if ¥ is regular, then (sI — A)~"*BU C D(Cp) for all s € g(A) and the
transfer function G can be expressed in the following way:

G(s)=CrL(sI—A)'B+D VseCym,
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Y
™
Y

Fia. 2.1. Static output feedback.

which is familiar from finite-dimensional systems theory. The operators A, B, C, and
D are called the generating operators of X.

Finally, we review some of the results on static output feedback for abstract linear
systems which have been recently obtained by Weiss [49]. Consider the feedback
system shown in Figure 2.1.

An operator K € L(Y,U) is called an admissible feedback operator for X if
I + KG has a well-posed inverse, i.e., if there exists a well-posed transfer function J
such that

J()I+KG(s) = (I + KG(s)I(s) =1 VseCq

for some o € R. It is easy to see that [ + K'G has a well-posed inverse if and only if
I+ GK has. If X is regular and if K € £(Y,U) is an admissible feedback operator
for 33, then I + DK (and hence also I + K D) is left invertible. In particular, if U or
Y is finite-dimensional, then I + DK (and hence also I + K D) is invertible.

The next result shows that if K is an admissible feedback operator for X, then
there exists a unique abstract linear system 3% representing the feedback system
shown in Figure 2.1.

THEOREM 2.3. Let ¥ = (T, ®, ¥, F) be an abstract linear system, let G denote
its transfer function and let K € L(Y,U) be an admissible feedback operator for 3.
Then the following statements are true:

(i) There exists a unique abstract linear system LK = (TK &K WK FK) sych
that, when we denote

T &K
E'r _ TT QT , EK _ T T

(t > 0), we have

0 0
0 K

0

K _ —
LS > 27( 0

(2.6)

)25 and 27_25+2§( IO{>ET V7 >0.

The transfer function GX of XX is given by GX = G(I + KG)~!. Moreover, L €
L(Y,U) is an admissible feedback operator for X if and only if K+ L is an admissible
feedback operator for 3. If this is the case, then

(2.7) (=)L = oiHE
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(ii) Under the extra assumptions that X is reqular and that I + DK is invertible,
it follows that XX is regular, and the generating operators A%, BEX, CK and DX of
K are given by

AKX = A—-BK(I+DK)'C,, C¥ =(I+ DK)™'Cp, B =B(I+ KD)™*',
and DX =(I+DK)™'D,

where D(AX) ={z € D(CL)|(A— BK(I + DK)™'Cp)r € X}.
For zp € X and u € L} (R, U) define the functions z(-) and y(-) by (2.1). The

loc
second equation in (2.6) then implies for ¢t > 0

(2.8a) z(t) = TEzo + ®5P,(Ky + ),
(2.8b) Py =9 2+ FFP(Ky+u).
Moreover, for t > 7 > 0 we have that

(2.9) w(t) = TiL a(r) + @ L, Py(Ky + u),
(2.9b) L, Py =9E o(r)+FE L, P,(Ky+u).

The above formulas (2.8) and (2.9) will turn out to be very useful in sections 4 and 5.
Finally, consider the nonlinear system given by

(2.10a) () = @), k(0) = ko €R,
(2.10D) w(t) = K(y(6)(t), >0,

where v € L? (R4,R™) is the input and w denotes the output. The function K :
R — R is assumed to be locally Lipschitz.

For sections 4 and 5 we need a well-posedness result for the feedback intercon-
nection of ¥ and (2.10). More precisely, consider the feedback system given by (2.1),

(2.10), and the interconnection equations
v=y, u=-w

(where, of course, we assume that U = Y = R™). The closed-loop equations for y
and v then take the following form:

(2.11a) y(t) = (Wooo) (t) — (FocK(7)y)(t) ,

(2.11b) A(t) = 0 + / (€)1 de .

Let 7 € (0,00]. A function (y,7) : [0,7) — R™ x R is called a solution of (2.11) on
[0,7) if

(i) (y,7v) € L3([0,7"],R™) x AC([0,7'],R) for all 7’ € [0,7), where AC([0,7'],R)
denotes the real-valued absolutely continuous functions defined on [0, 7/].

(ii) (y,7) satisfies (2.11) almost everywhere on [0, 7).

If (2.11) has a solution (y,~) on [0, 7), then the corresponding state trajectory of
3 is given by

z(t) = Tyxo — ®(PL(v)y) Vtel0,7).
PROPOSITION 2.4. Suppose thatU =Y = R™ and that L~'G € L}, (R, R™*™).

loc
Then for any (xo,7v0) € X X R there exists a mazimal solution of (2.11). To be more
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U2

Ul ey Y1 4 €2 Y2

F1G. 3.1. Closed-loop system F(G,K).

precise, there exists T, € (0,00] such that (2.11) has a unique solution (Ymaz, Ymaz)
on [0, Tmaz ), and moreover

Tmax

Tmaz < 00 —> / ||ym(w(t)||2 dt =00 .
0

The proof of Proposition 2.4 is given in the appendix.

3. Nonadaptive low-gain control. For a« € R let M, denote the field of
all meromorphic functions defined on C,. The algebra of all bounded holomorphic
functions defined on C,, will be denoted by HZ°. The symbol H2 stands for the vector
space of all holomorphic functions f : Co — C such that sup,s,, [ [f(§+w)[* dw <
o0. Moreover, we define

M_ = UMQ, H> = UHSO, H? = UHO%
a<0 a<0 a<0
Let G € M™™ and K € M™*™ be square transfer-function matrices, and consider
the feedback system shown in Figure 3.1, which will be denoted by F(G,K). We
shall call the feedback system F(G, K) input-output stable if every transfer function
u; +— y; that occurs around the loop has all its entries in H>°. More precisely, we
make the following definition.
DEFINITION 3.1. Let G € M™*™ and K € M™ ™. The feedback system
F(G,K) is called input-output stable if det(I + G(s)K(s)) #Z 0 and

K(I+GK)"! -KG(I+KG)™!

F(G.K) = < GK(I + GK)™! G(I+KG)™!

> c H® 2mx2m .

We say that K stabilizes G if F(G,K) is input-output stable.

Note that the above concept of input-output stability is stronger than L2-stability,
which is equivalent to F(G,K) € H® 2™*?m_ However, Definition 3.1 has the advan-
tage that it guarantees the analyticity of the closed-loop transfer function on C, for
some a < 0, a property which will be needed in the following.

Remark 3.2. (i) It is trivial that K stabilizes G if and only if G stabilizes K.

(ii) Let Q(H®) denote the quotient field of H*®, ie., Q(H>®) = {n/d|n,d €
H> d(s) £ 0}. If F(G,K) is input-output stable, then G € Q(H>)"™*™ and
K € Q(H>)mxm,

(iii) If G € H>*™*™ then F(G, K) is input-output stable if and only if det(I +
G(5)K(s)) £ 0 and K(I + GK) ™! is in H>™*™,
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(iv) A left coprime factorization of G over H* is a pair (D,N) € H> ™*™ x
H> ™*™ guch that det D # 0, G = D™!N and there exist X, Y € H>® ™X™ gatisfying
DX+NY = I. Right coprime factorizations over H> are defined in an analogous way.
It follows from Smith [40] that G and K admit left and right coprime factorizations
over H® if F(G,K) is input-output stable.

PROPOSITION 3.3. Let G € M™*™ and K € M™*™. If K stabilizes G and if

Reli’riloo K(S) =0 ’
then G is well posed.

Proof. By Remark 3.2 (ii) we have that G, K € Q(H®°)™*™ and hence, by
Remark 3.2 (iv), there exists a right coprime factorization (Ng,Dg) of G over H>
and a left coprime factorization (Dk,Ng) of K over H*. By a standard result
in fractional representation theory (cf. Vidyasagar, Schneider, and Francis [42]) the
input-output stability of the closed-loop system is equivalent to

(3.1) i%fl | det[Nk(s)Ng(s) + Dk (s)Dg(s)]] > 0.

seCg
Seeking a contradiction, suppose that G is not well posed. Then there exists a se-
quence (s, )nen C C& with lim,, o Re s, = 0o and such that lim,, . |G(s,)| = oco.
As a consequence

(3.2) lim det Dg(s,) =0.

n—oo

On the other hand lim,,_, K(s,) = 0, and hence

(3.3) lim Nk(s,)=0.

n—oo

Combining (3.2) and (3.3) shows that

nlg)go det[Nk (s,)Na(sn) + Dk (sn)Da(sn)] =0,
contradicting (3.1). o
Since in this paper we will be mainly concerned with controllers of the form
K(s) = (1/s)T', where I' € R™*™ the following definition will turn out to be useful.
DEFINITION 3.4. A transfer function matriz G € M™*™ is called integral stabi-
lizable if there exists T € R™*™ such that the controller K(s) = (1/s)T" stabilizes G.
If the extra condition

(3.4) [GK(I +GK) '(0) =1

1s satisfied, then G is called integral controllable.

A controller of the form (1/s)T" is called an integrator. It is a trivial consequence
of Proposition 3.3 that if a transfer-function matrix in M™*™ is integral stabilizable,
then necessarily it is well posed.

In the following let 8(-) denote the Heaviside step function, i.e.,

1 if ¢t>0,
o(t) = .
0 if t<0,

As usual, convolution will be denoted by x. The next result shows that condition
(3.4) is closely related to the asymptotic tracking of constant reference signals.
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PROPOSITION 3.5. Suppose that G € M™*™ s integral stabilizable, and let
K(s) = (1/s)L, where I' € R™*™  be a stabilizing integrator. Then

lim [L™Y(GK(I + GK) ™) % 0r](t) = r

t—o00

for all r € R™ if and only if (3.4) holds.

For the proof of the above proposition we need the following lemma, which is a
special case of the main result in Mossaheb [27].

LEMMA 3.6. Suppose that h is a holomorphic function defined on C,, such that the
function s — sh(s) is in H°. Then there exists a measurable function f : Ry — C

with f(-)exp(—3-) € LY (R4, C) for all B > a and such that
(Lf)(s)=h(s) VseC,.
Proof of Proposition 3.5. By assumption we have that
H:=(I+GK) 'G=G(I+KG) e pgxemm,
and hence
s[GK(I + GK)'|(s) = s[(I + GK)'GK](s) = H(s)[' € H> ™*™
Thus, by Lemma 3.6
L7'GK(I + GK)™ '] € LY(R,,C™* ™).

Therefore

lim [L™Y(GK(I + GK)™ ) x0r](t) = lim (/Ot[]L‘l(GK(I +GK) h)](1) dT) r

t—oo t—o0

= [GK(I + GK) ! (0)r,

which yields the claim. ]

The next result gives a necessary condition for integral controllability. It shows
that an integral controllable transfer function does not have any transmission zeros
at 0.

PROPOSITION 3.7. Suppose that G € M™*™ is integral controllable. Then there
exists a left coprime factorization (D,N) of G over H>®, and the numerator N in
any such factorization satisfies

det N(0) # 0.

Proof. 1t follows from Remark 3.2 (iv) that there exists a left coprime factorization
(D,N) of G over H®. Let I' € R™*™ be such that K(s) = (1/s)I" stabilizes G and
(3.4) is satisfied. Define

H:=GK(I+GK)™', A:=Ilm[K({+GK) ().

S—

Then DH = NK(I + GK)~!. Moreover, letting s — 0 and using (3.4) yield D(0) =
N(0)A. Since D and N are left coprime over H>, it follows that

rank N(0)(A, I) = rank [D(0), N(0)] = m.

Therefore rank N(0) = m, and hence det N(0) # 0. O
The following theorem is the main input-output result of this section.
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THEOREM 3.8. Suppose that G € H>®™*™ and that G(0) is real. Then G is
integral controllable if and only if

(3.5) det G(0) #0.
If (3.5) holds, then there exists I'o € R™*™ such that
(36) U(G(O)FQ) c Cy s

and for any Ty € R™*™ satisfying (3.6), there exists k* > 0 such that for all k €
(0,k7)

(3.7) F(G,K}) € H®?m2m  and  [GK(I + GK) 1(0) =1,

where Ky, (s) := (1/s)kTy. Moreover, setting Ey(s) = (1/s)(I + GKy)~1(s), we have
that By, € H2 ™™ for all k € (0,k*).

The result shows in particular that there exist low-gain integral controllers which
achieve stability and asymptotic tracking of constant reference signals. Since for
constant reference signals r0(t), the error signal e(t) of the feedback system is given
by (Le)(s) = Eg(s)r, it follows from the last statement of Theorem 3.8 via the Paley—
Wiener theorem that e € L?(R4,R™) for all k € (0,k*). In order to apply Theorem
3.8, we have to know only that the plant is stable and that (3.5) holds. Estimates of
Go of G(0) can be obtained from step response data. An obvious choice for the gain
matrix I'g is 'y = Gal. Once a Ty satisfying (3.6) has been found, the solution of the
tracking problem reduces to the tuning of the gain parameter k.

Proof of Theorem 3.8. The necessity of (3.5) for integral controllability follows
from Proposition 3.7 and from the hypothesis that G € H> ™*"_ In order to prove
sufficiency, define T'g := G~1(0). Then, trivially, (3.6) is satisfied. Moreover, as in
Logemann and Owens [15, pp. 17, 18], it can be shown that there exists a number
k* > 0 such that for all k € (0,k*) the controller Kj stabilizes G, i.e.,

F(G,K}) € H>2mx2m
Next observe that by the invertibility of kG(0)I'g
lim [GK (1 + GKy) Y(s) = lim G(s)kTo(sT + kG (s)To) ™' =1,

which yields the second equation in (3.7). Finally, Ex = k~'T; 'K (I + GKj)™',
and therefore E, € H®™*™ for all k € (0,k*). Since for all such k the transfer
function matrix (I + GKy) ™! is in H® ™*™ as well, we see that E, € H2 ™*™ for
all k € (0,k*). 0

For Hermitian matrices M, N € C™*™_ in the following we write M < N if
N —M is positive definite and M > N if N —M is negative definite. Similarly, we write
M < N if N— M is positive semidefinite and M > N if N— M is negative semidefinite.
Moreover, for a complex matrix M let M denote the conjugate transpose of M.

The next result will be an important tool in section 4, although it is interesting
in its own right.

PROPOSITION 3.9. Let G € H>® ™ ™ and suppose that det G(0) # 0. Setting
G(s) := (1/5)G(s) and using the notation of Theorem 2.3 we write

Gk(s) = é(s)([—i— k(i‘:(s))‘1 = %G(s) <I+ ];G(s)>_ , 3

3By slight abuse of notation we write G* instead of G*1.
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where k € R. Under these conditions there exists k* > 0 such that for all k € (0, k*)

~ 1
. Gk oo — 7.

if and only if G(0) = 0. Moreover, the claim remains true if we replace k with —k in
(3.8) and G(0) > 0 by G(0) < 0.

As usual, the H*-norm in (3.8) is defined to be the supremum over Cy of
Omaz(G¥(s)), the largest singular value of G¥(s). For the single-input single-output
case it follows that if G(0) # 0 and if G(0) € R, then there exists k* > 0 such that
|G*los = 1/|K| for all k € R satisfying |k| € (0,%*) and kG(0) > 0.

Proposition 3.9 is an immediate consequence of the following lemma.

LEMMA 3.10. Let G € H>®™*™_ Using the notation of Proposition 3.9, the
following statements hold:

(i) Suppose that det G(0) # 0 and k # 0. Then (3.8) (with k replaced by |k|) is
true if and only if T + kG(s) + kGH(s) = 0 for all s € Cy.

(ii) There exists k* > 0 such that I + kG(s) + kG (s) = 0 for all s € Cy and
for all k € (0,k*) if and only if G(0) = 0.

Note that if G(s) € R™*™ for all s € (0,00), then I 4+ kG(s) + kG (s) = 0 for
all s € Cy if and only if (1/2)I + kG (s) is positive real.

Proof of Lemma 3.10. (i) By assumption, G~1(0) exists, and thus ,,q,(G*(0)) =
1/k. Therefore (3.8) holds if and only if

Umaa:(ék(s)) < VseCy,

or equivalently
~ N ~ 1
(I +kG(s)'G(s)GH (s)(I + kGH (s)) ! = ol Vse Co,
or equivalently
E2G(s)GH(s) = (I+kG(s))(I +kGH(s)) VseCy,

which in turn is equivalent to the positive semidefiniteness of I + kG (s) + kG (s) for
all s € Cy.
(ii) Since G is holomorphic at 0, we can write

(3.9) G(s) = G(0) + i Gis',
i=1

where G; € C™*™ and the power series in (3.9) converges in some disc A, centred
at 0 and with radius € > 0. Consequently,

- - k k
(3.10) I +kG(s)+kGH(s) =T+ gG.(O) + gG,H(O) +kH(s) Vse€A.,
where

H(s) := iGisFl + iG??*l .
i=1 i=1

Moreover, since G(s) is bounded on Cg \ A., there exists k; > 0 such that

(3.11) T+EG(s)+kGH(s) =0 VseCy\A., VEke (0,k).
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FIG. 3.2. Cascade 3 with input v and output y.

Suppose first that G(0) = 0. Then, using (3.10) and the boundedness of H(s) on A,
it follows that there exists ko > 0 such that

(3.12) I +EkG(s)+kGH(s) =0 VseConNA., Vke (0,ks).
Setting k* := min(kq, k2) we obtain from (3.11) and (3.12) that
(3.13) T+EkG(s)+kGH(s) =0 VseCy, Vke (0,k).

Conversely, suppose that (3.13) holds. Then, by (3.10), we obtain for any £ € C™
that

2o (65 G(0)6) + [€* + HEHEO 20 Vs € Cana., Vi e 0.0,

and hence it follows that for all s € Co N A, and all k € (0, k)

2k

BE (ResRe (£, G(0)€) — ImsIm (€, G(0)€)) + [[€]1* + k(& H(s)¢) > 0.

Therefore, using the boundedness of H(s) on A., we may conclude that for all £ € C™,
Im (£, G(0)¢) = 0 and Re (£, G(0)¢) > 0, which in turn implies that G(0) = 0. 0

In the following we will apply Theorem 3.8 to regular linear state space-systems.
Since this additional assumption of regularity does not exclude any physically moti-
vated well-posed system, the following results are as general as can be expected. For
the rest of the section let X, = (T, ®, ¥, F) be an exponentially stable abstract
linear regular system with generating operators (A, B,C, D), state space X, input
space U = R™, output space Y = R™, and transfer function G. Clearly, by expo-
nential stability, G € H>® ™ ™ 1If 4 € L? (R;,R™) denotes the input and zg € X
denotes the initial state, then the state z(-) and the output y(-) are given by (2.1).
Moreover, let 32;,; denote the integrator described by

t
z(t)zzo—l—/v(T)dT, 20 € R™,
0

where v € L7 _(Ry,R™) is the integrator input.

We will consider the series connection ¥ of Yint followed by Xp14n¢ with input v
and output y (cf. Figure 3.2).

In order to show that 3 is again an abstract linear regular system, we introduce
an extra external input w € L (R;,R™) and consider the cascade interconnection
3 with input (w,v) and output (y, z) obtained by setting u = z + w (cf. Figure 3.3).

We claim that 3 is an abstract linear regular system. To this end consider the
parallel interconnection X,,, of 3;,; and 345+ shown in Figure 3.4.

Clearly, 3, is an abstract linear regular system, and the matrix J given by

=(5 3)
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FI1G. 3.3. Cascade 3 with input (w,v) and output (y,z).

U Yy
B — e —
2:plant
v z
—_—> Eint >

Fi1G. 3.4. Parallel interconnection Xpar.

is an admissible feedback operator for X,,,. Using the notation of section 2, we have
that 3% = (Z,ar)”, and hence it follows from Theorem 2.3 that 3 is an abstract linear
regular system. Writing 3 = (T, ®, ¥, F), we see that X = (T, ®, ¥, F), where

< = (0 - P ~ (0
T=T, = 1) v = (0¥, F=([,0)F )
Therefore ¥ is an abstract linear regular system whose state, input, and output spaces

are given by X x R™, U = R™, and Y = R™, respectively. Denoting the generating
operators of 3 by A, B, C, and D it follows from Theorem 2.3 (ii) that

B,
. A B - 0 - -
(3.14) A_<0 O),B_<I>,C’_(C’L,D),D_O,

where the domain D(A) of A is given by
D(A) = {(z,u) € D(CL) x R™ | Az + Bu € X}.

If B is bounded, then it follows easily that D(A) = D(A) x R™. Note that any
unboundedness of B is absorbed into the unboundedness of A and hence the control
operator B of ¥ is bounded. Trivially, the function G(s) := (1/s)G(s) is the transfer
function of 3.

LEMMA 3.11. Every T' € R™*™ s an admissible feedback operator for ¥ and
(using the notation of section 2) we have that for allT € R™*™

(3.15) D(AY) = D(A) = {(z,u) € X xR™| Az + Bu € X}.
Proof. Since G(s) = (1/s)G(s) and G € HZ for some a < 0, it follows from

section 2 that any T' € R™*™ is an admissible feedback operator for X.
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We show first that the second equality in (3.15) holds. It is clear that
D(A) c {(z,u) € X xR™|Az+ Bue X} =D,

and it only remains to prove that D C D(A). To this end define
W := D(A) + (A — A)"'BR™,

where A € g(A). Since D(A) C D(CL) and, by regularity, (A\I — A)"!BR™ c D(CL),
it follows that W C D(Cp).
Let (z,u) € D. Then £ := (M — A)z — Bu € X, and hence

r=0N—-A) "+ (N —-A) " 'BueW.

It follows that « € D(CL) and therefore (z,u) € D(A).
In order to show that the first equality in (3.15) is true, recall from section 2 that

A (z,u) = (A — BICyp)(x,u)
for all (z,u) € D(A"), where D(A") is given by
D(AYY = {(z,u) € D(CL)| (A — BTCL)(x,u) € X x R™}.

Moreover, using (3.14), we see that for all (x,u) € D(AD)
AV (z,u) = (Az + Bu, -TCp(z,u)).
This shows that

(3.16) D(AY) = {(x,u) € D(CL)| Az + Bu € X} .
Since D(CL) € X x R™, it follows from (3.16)

To prove that D(A) ¢ D(AT), let (x,u) € D(A). Then (z,u) € D(CL) and
Az + Bu € X, and hence, by (3.16), (z,u) € D(A"). O

In the following we endow D(A) with its graph norm. The resulting complete
space will be denoted by XT.

PROPOSITION 3.12. Let I' € R™*™ and suppose that detI" # 0. If the integra-
tor K(s) = (1/s)I" stabilizes G (in the sense of Definition 3.1), then the following
statements hold:

(i) The closed-loop semigroup T s exponentially stable.

(ii) CT = C and there exist M >0 and w > 0 such that for all (zo,ue) € D(A)

that D(AT) ¢ D = D(A).

ICTY (0, uo) | < Me™||(z0, o)l zr Yt 2 0.
If the observation operator C is bounded, then for any (xg,up) € X x R™
ICT (w0, uo)|| < Me™"||(wo, uo)|[xxmm ¥t >0.

Proof. (i) The semigroup TT describes the dynamics of the feedback system
shown in Figure 3.5. Note that the state of ¥;,; and the input of ¥,;,,; are identical.
Therefore we denote both by the same symbol u(-).

The state (z(t),u(t)) € X x R™ at time ¢t > 0 is given by

(a(), u(t)) = T} (xo, uo)
where (zo,up) := (2(0),u(0)) € X x R™. Defining
Yo(t) == CpTyzo, t=>0,
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u(t)
> E;Dla’m‘/

- u(t) (1]

M
s
3
Y

—
A

F1G. 3.5. Internal dynamics of the closed loop.

it follows from the exponential stability of T that yo € L?(R,,R™). The Laplace
transform of u(-) is then given by

(Lu)(s) = éuO — K(s)[(Lyo)(s) + G(s)(Lu)(s)];
cf. Figure 3.5. It follows that
(3.17) Lu= (I +KG)'KI''yy — (I + KG) KLy,

By assumption the closed-loop system is input-output stable, and so (I + KG) 'K,
(I + KG)~! € H>*™*™_ Using the fact that K(s) = (1/s)I' we see that

(I +KG)'K e H2 mx™

and thus, since Lyy € HZ ™, we obtain from (3.17) that Lu € HZ ™. Hence, by the
Paley-Wiener theorem, u € L*(R;,R™). Moreover, X/, is exponentially stable
and driven by u, and therefore by Lemma 2.2, x € L?>(R,, X). Thus, we see that for
all (xzg,up) € X x R™

t — TF (w0, u0) € L*(Ry, X x R™).

By a well-known result on the stability of Cyp-semigroups (cf. Pazy [30, p. 116]) it
follows that the semigroup TT is exponentially stable.
(ii) Since D =0, it follows from Theorem 2.3 (ii) that

CY(z,u) = Cr(z,u) VY (x,u) e D(A").

An application of Lemma 3.11 shows that CT = C.

Let (z0,u0) € D(A). Then, by Lemma 3.11, (9, up) € X|. By part (i) the semi-
group TT is exponentially stable on X = X x R™, and hence it is also exponentially
stable on XT. Since CT € £(XT,R™), it follows from the above that C' € £(XI,R™)
as well. As a consequence there exist M,w > 0 such that

ICTY (2o, uo)l| < Me™"||(x0, uo)| gr V>0,

The last statement of part (ii) follows from the fact that the boundedness of the
observation operator C' implies the boundedness of the observation operator C. 0

Remark 3.13.  Part (i) of Proposition 3.12 shows that in our special situation
(i.e., the plant is exponentially stable and the controller is an integrator) input-output
stability implies exponential stability. Using a result by Rebarber [37], it can be
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FiG. 3.6. Low-gain control system.

shown (Weiss [50]) that under suitable stabilizability and detectability assumptions
the feedback interconnection of any two linear regular systems is exponentially stable
if it is input-output stable. Since this result is not yet available in the literature (not
even in form of a preprint), we have included a proof of Proposition 3.12 (i).

We are now in the position to prove the main result of this section, an internal
version of Theorem 3.8 which applies to abstract linear regular state-space systems.
Consider the feedback system in Figure 3.6, where r € R™, I'o € R™*™ k > 0, and
(z0,u0) € X x R™. The output y(-; (zo,uo)) can be written in the form

(3.18) y(t; (20, u0)) = CL Ty (2o, uo) + y(t; (0,0)) .
Moreover, we define the corresponding error by
e(t; (o, uo)) = r0(t) — y(t; (o, uo)) -
THEOREM 3.14. Let r € R™. Suppose that det G(0) # 0 and let To € R™>™ be
such that o(G(0)T') C Cqy. Then there exists k* > 0 such that for any k € (0,k*) the

closed-loop semigroup T*T is exponentially stable and e(-; (wo,u0)) € L>(R,R™) for
all (xo,up) € X x R™. Furthermore,

tlim e(t; (xo,u0)) =0 V(xo,up) € D(A).

If the observation operator C is bounded, then the above equation holds for all (z¢, ug) €
X xR™,

Remark 3.15.  If (x0,u0) ¢ D(A), then in general e(t) := e(t; (w0, uo)) will not
converge to 0 as t — co. (In fact e(-) does not even make sense pointwise.) However,
by Theorem 3.14, we still have that e € L?(R,R™), which implies that e(t) converges
to 0 in measure as t — oo in the sense that for any € > 0 and any 6 > 0 there exists
T =T(g,6) > 0 such that

A{te[r,0)|le(®)| > 6} <e VYr>T,

where A denotes the Lebesgue measure.

Proof of Theorem 3.14. As in Theorem 3.8 we set Ej(s) = (1/s)(I +GKy)1(s).
By Theorem 3.8 there exists a k* > 0 such that for all k£ € (0,%*) the compensator
Ky (s) = (1/s)kIy stabilizes G, and furthermore

(3.19) Ep € H2™™ and [GKi(I+GK,) '0)=1 Vke(0,k).

In particular it follows from Proposition 3.12(i) that the semigroup T* is exponen-
tially stable for all k € (0,k*). Moreover, we have that

e(-:(0,0) =L (Epr), y(-:(0,0)) =L GKi(I + GKy) " +0r],
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and therefore we obtain, using (3.19) and Proposition 3.5,

(3.20) e(-5(0,0)) € L*(R,,R™) and lim e(t;(0,0)) =0,

t—o0

provided that k € (0, k*). Since the function
yo(t; (zo, uo)) 1= CFOTF® (wo, uo)

is the output of an exponentially stable regular system, it follows from Lemma 2.2
that yo(-; (7o, u0)) € L*(R4,R™) for all (zg,up) € X x R™ and all k € (0,k*). Now,
by (3.18),

e(t; (w0, uo)) = e(t;(0,0)) — yo(t; (o, uo)) ,
and thus, using (3.20), we obtain
e(-;(zo,u0)) € L* (R, R™)  V (g,up) € X x R™,

provided that k € (0, k*). Finally, let (o, uo) € D(A). Then, by Proposition 3.12(ii),
we may conclude that

(3.21) Tim yo(#; (w0, u0)) = lim Crromy (xo, uo) = Jim CT"° (20,u0) = 0.
Using (3.18), (3.20), and (3.21) we obtain that
(3.22) Jm e(t; (2o, uo)) = 0.

It follows from Proposition 3.12 (ii) that (3.22) holds for all (zg,ug) € X x R™ if the
observation operator C' is bounded. ]

We close this section with a lemma which will be needed in section 4 in order to
reformulate adaptive tracking problems as adaptive stabilization problems.

LEMMA 3.16. For any r € R™ there exists (z,,u,) € D(A) such that

C”i‘t(mT,uT) =r Vt>0.
Proof. For given r € R™ define
z, = —AT'BGTY0)r, w,:=GH0)r.

Then (z,,u,) € X x R™, and moreover Az, + Bu, = 0. It follows that (z,,u,) €
{(z,u) € X x R"|Az + Bu € X} = D(A), and by (3.14), A(z,,u,) = 0. We
therefore easily conclude that Tt(;vr,ur) = (z,u,) for all ¢ > 0. Finally, since
G(0) = D — CL A~'B, we see that for all t > 0

Oy (ay, ur) = Crity + Duy = (G(0) — D)G~(0)r + DG (O)r =7 T

4. Adaptive low-gain control of multivariable systems with sign-definite
steady-state gain. In this section we consider the adaptive low-gain control of sys-
tems with sign-definite steady-state gains G(0), that is where either G(0) > 0 or
G(0) < 0. This situation arises most naturally in the single-input single-output case
where we need to assume only that the steady-state gain is nonzero.* In the mul-
tivariable case the situation of significance is when the steady-state gain is positive
definite (see Propositions 4.4 and 4.6).

40f course, we also need that G(0) is real. This will always be the case if G is the transfer
function of a regular system, which is real by definition.
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Consider the control law given by
(4.1a) u(t) = K(y()e(t), u(0) =uo,
(4.1Db) A1) = le®)*, 7(0) = >a> —o0,

where K : (a,00) — R is locally Lipschitz. In the following K will be called a tuning
function. Choosing a = 0 and

(4.2) K(v) =sin(y?) /4?7, 0<q¢<p<l—gq,

Cook [1] has shown that (4.1) is a universal adaptive, low-gain tracking controller
for the class of single-input single-output, exponentially stable, finite-dimensional,
linear systems with transfer function G, input function w(-), output function y(-),
and constant reference signal r0(¢),r € R, in the sense that (i) e(t) = (r — y(t)) — 0
as t — oo and (ii) state and input functions remain bounded, independently of initial
data, provided that G(0) # 0. It is also shown in [1] that if G(0) > 0, then K in
(4.2) can be replaced by K(v) =~7P, 0 < p < 1. The main tool in [1] is the fact that
the return difference function is positive real for all k small enough and of the correct
sign. It is clear, using Lemma 3.10, that these results extend to the multivariable case
provided that G(0) is sign-definite.

In this section we prove that with different, suitably chosen tuning functions K,
these results extend to the case when the system is infinite-dimensional, regular, and
exponentially stable. However, first we give alternative proofs of the finite-dimensional
results in [1].

The finite-dimensional case. Our approach is based on Proposition 3.9, i.e.,
the fact that the H>-norm of the closed-loop transfer function G¥ equals 1/|k| for
all small enough k of the correct sign, and on the connection between this result and
the existence of solutions to certain algebraic Riccati equations which arise in the
characterization of the complex stability radius given in Hinrichsen and Pritchard [6].
We note that whilst neither this approach based on the algebraic Riccati equation
nor the approach based on positive realness of the return difference equation and
associated Lur’e equations extends to general regular systems, Proposition 3.9 will
remain a crucial tool in the infinite-dimensional case.

LEMMA 4.1. There exists k* > 0 such that for any k with |k| < k* and kG(0) > 0
the Riccati equation

(4.3) (A—kBC)'Z + Z(A - kBC) - k*CTC — zBBTZ = 0,

where A, B, and C are given by (3.14), has a unique solution P, = ka =< 0.

Proof. An application of Theorem 3.8 and Proposition 3.9 shows the existence
of a constant k* > 0 such that for any k with |k| < k* and kG(0) > 0 the matrix
A — EBC is exponentially stable and ||G¥||o. = 1/|k|. Therefore the existence of a
unique P, = ]5,€T = 0 satisfying (4.3) is guaranteed by Hinrichsen and Pritchard [6,
pp. 107-109]. ]

The above lemma can now be used to give an alternative proof of the main result
in [1].

THEOREM 4.2. Let

(4.4a) #(t) = Az(t) + Bu(t), z(0)=z9€R",

(4.4Db) y(t) = Cx(t) + Du(t)
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be any finite-dimensional, m-input m-output, erponentially stable system with sign-
definite steady-state gain G(0). Moreover, let K : (a,00) — R, where a > —o0, be
locally Lipschitz and bounded with K € L?(b, c0; R) for some b > a and such that

¥ ¥
(4.5) liminf/ K(&)d§ = —o0, limsup/ K(§) d§ = 40
7= Jy y—oo Jb

If rO(t), r € R™, is any constant reference signal and u(t) is defined by (4.1), with
e(t) =r—y(t), then for each vy > a, xg € R™, and ug € R™ the following statements
hold:

(1) lmiooo Y(t) = Yoo < 005

(i) |lz(@®)| and ||u(t)| remain bounded as t — oo;

(iil) limy oo y(t) = 7.

Proof. The first step is to realize the reference signal r6 as an unforced motion of
the series connection of the integrator 1/s followed by (4.4). By Lemma 3.16, applied
in this simple finite-dimensional context, there exists (z,,u,) € R™ x R™ such that

r = CeAt(x,,u,) for all t > 0. It follows that
(4.6) e(t) =r—y(t) = Ci(t),

where Z(t) is given by

(4.7) E(t) = ez, up) — (z(t),u(t)).
Clearly, Z(-) satisfies

(4.8) i(t) = Az(t) — K(y(t))BCZ(t)

(4.9) = (A - kBO)i(t) — (K(y(t) — k)Be(t),

where k € R is arbitrary. Now the right-hand sides of (4.1b) and (4.8) are locally
Lipschitz in Z and v so that Z(¢) and ~(t) are uniquely determined on a maximal
interval of existence—say, [0, 7). We now invoke Lemma 4.1 and define

V(t) = —(&(t), PeE(t)),

where P, = PI < 0 is the unique solution of (4.3), with |k| small enough and
kG(0) > 0. Differentiating V along solutions of (4.1b) and (4.8) gives

V = k| CZ|* — ||BT Pe||* — 2(K(v) — k)(C7, BT P.&)
= —(¥* = (K() = HDICE| — |(K(7) - k)CF + BT P&
< K(M(K(y) - 2k)(|CE|.
Integrating this inequality from ¢y to ¢, where 0 <ty < t < 7, and using (4.1b) and
(4.6) yield
(1)
(110) o< V() SV - Vit < [ KIEK(E) ~ 20) de.
v (to)

Seeking a contradiction, assume that lim;—,, y(t) = co. Then, using (4.5) and exploit-
ing the assumption that K € L?(b, 00; R) we obtain
v(tn)

lim K(&)(K(§) — 2k) d§ = —oo

o0 Jy(to)
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for some sequence (t,)nen Wwith v(tg) = b and lim,,_, ¢, = 7. Since this contradicts
(4.10), it follows that ~(¢) is bounded on [0,7) and consequently 7 = oo, which
establishes (i).

In order to prove statements (i) and (iii), choose k in (4.9) such that A — kBC
is exponentially stable (this is possible by Theorem 3.8). Trivially, by (i), e €
L?(R,,R™), and so it follows from the boundedness of K that the forcing term on
the right-hand side of (4.9) is in L?(Ry,R™). Therefore Z(t) is the state of an ex-
ponentially stable system driven by an L2-input, and consequently lim; .., Z(t) = 0.
Statements (ii) and (iii) follow now from (4.7) and (4.6), respectively. ]

Remark 4.3. Whilst the property of symmetry for a general m x m matrix is non-
generic in that symmetry is destroyed by arbitrarily small perturbations, symmetry
of G(0) is a direct consequence of, for example,

A=AT B=CT, and D=DT.

If additionally, D > 0, then positive definiteness of G(0) follows, since A is exponen-
tially stable and G(0) is invertible.

Tt is not difficult to show that the function given in (4.2) satisfies the conditions
imposed on K in Theorem 4.2. Notice that in general these conditions do not imply
that lim,_, o K(y) = 0.

PROPOSITION 4.4. Suppose G(0) = 0. With the tuning function K(y) = y7P,
0<p<1, and v > 0 statements (i)—(iii) of Theorem 4.2 hold.

Proof. The proof is the same as that of Theorem 4.2 up to (4.10). By the special
choice of K, (4.10) implies that v(-) is bounded. The remainder of the proof is the
same as that of Theorem 4.2. O

In Proposition 4.4 we may replace v~ P by any function K which satisfies

o0
K(&)(K () = 2k)dE = —o0
Yo
for some stabilizing gain k > 0.

The infinite-dimensional case. For the rest of this paper we will let 34, =
(T, ®, ¥, F) be an exponentially stable regular system with transfer function G. Let
A, B, C, and D denote the generating operators of Xpjqn:. As in section 3 we denote
the series connection of the integrator 1/s followed by X4, by > = (T,® U F).
It was shown in section 3 that the system > is regular. Let fl, B, and C denote
the corresponding generating operators (trivially, D = 0), and let G(s) = (1/s)G(s)
denote the transfer function of 3.

We were not able to extend the proofs of Theorem 4.2 and Proposition 4.4 to
the infinite-dimensional setting outlined in section 2. The problem is caused by the
fact that Lemma 4.1 does not hold in the infinite-dimensional case, unless very strong
and unnatural controllability assumptions are imposed. As already mentioned in
the introduction, the approach in Cook [1] does not carry over to infinite-dimensional
systems either. Nevertheless, it will turn out that in the infinite-dimensional situation
we can still use tuning functions K satisfying K(y) — 0 as v — oo.

THEOREM 4.5. Let Xpiant be a m-input m-output exponentially stable reqular
system given by (2.1). Suppose that the transfer function G of Zpiant is such that
G(0) is sign definite. Let r0(t), r € R™, be an arbitrary constant vector-valued
reference signal, and consider the control law

(4.11) u(t) = uo + / log ™ ~(£) cos(log? 7(£) e(€) dé .
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(4.12) (1) = lle@®*,  7(0) =0,
where e(t) = r—y(t) andp >0, ¢ > 0, and g+2p < 1. Then for all (zg,up) € X xR™
and o > 1, where X denotes the state space of Xpiant, the following statements hold
true:

(ii) ||z ()] and ||u(t)|| remain bounded as t — oo;

(iii) e(-) € L?(R,,R™).
Moreover, if (zo,u0) € D(A), then
(4.13) lim y(t) =r.

t—oo

If the observation operator C' of Zpiant is bounded, then (4.13) is true for all (zo,uo) €
X xR™,

Proof. We assume throughout the proof that p > 0. The case p = 0 can be

proven using the techniques in the proof of Theorem 5.1. The first step is to convert
the tracking problem (r # 0) into a stabilization problem (r = 0). By Lemma 3.16
there exists (., u,) € D(A) so that r = CTy(x,,u,) for all t > 0. Therefore, setting
K(v) =log™? v cos(log? v) and using (4.11), it follows that
(4.14) e=10—y=W_(x, — zo,u —ug) — Foo (K(7)e).
The nonlinear closed-loop system given by (4.14) and (4.12) is in a form so that
Proposition 2.4 is applicable. Let [0,7) be the maximal interval of existence for
solutions (e, ) of (4.14) and (4.12) as guaranteed by Proposition 2.4. We know that
T < 0o only if lim;_,, y(t) = co. We will prove that ~(¢) is bounded on [0, 7).

Let (p;)ien, with pg > 70, be a strictly increasing sequence converging to co and
satisfying

sign(G(0)) cos(log? po;) =1 and  K(p2it1) = K(p2:)/2, 1=0,1,2, ...,

where sign(G(0)) = £1, depending on whether G(0) is positive or negative definite.
Choosing pg sufficiently large, it follows from Theorem 3.8 that the numbers

ki := K(p2:)
are stabilizing gains for G(s) = (1/s)G(s); i.e., the integrators k;/s stabilize G in the
sense of Definition 3.1. Note that (p;);en can be chosen so that
IK(Y)| € (Ikil /2, [k:]) and K K(y) >0 V7 € (p2is p2it1)

and that |k;| \, 0 as i — oo. Moreover, by applying Proposition 3.9 we can always
choose pg sufficiently large so that

—_

(4.15) 1G* [l =
[Fi
for all 7.

Seeking a contradiction, suppose that (t) is unbounded on [0, 7). Then we can
find a sequence of times ty < t; < --- < 7 with

v(ti) = pi-
We now use these observations combined with estimates we obtain from contraction-

mapping-type arguments. Using (2.9b) on each interval [to;, t2;11] we can write the
error e(-) as

(416) LtQiPt2i+le = lilf;i+1—t2,1 (f(t%)) - Ff;_,_l—tm (Lt21‘,Pt2i+1 (’C(’Y) - k’t)e) ) g

5By slight abuse of notation we write Fri instead of ‘i’f;il,t%, e

toi41—t2; te.
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where
i(t) = Ty(z, — 20, ur — up) — @¢(PL(7)e) .
By using (2.8a) we can express Z(t) as
(4.17) #(t) = T4, — 0,1y — o) — B (PL(C(y) — ho)e).
Using (2.7) and (2.8b), with u = 0 and K = ko — k;, we obtain
(4.18) Whiy = Wy — FR((k; — ko) ®F2) Vt>0, Vze X xR™.

Now for all ¢ € [tg;, t2;41] we have

|
IK(v(t)) — kil < 5

Moreover, |[F¥i || = ||G*| s, and hence it follows from (4.15) that
B8l S WBRN = o, whilse [l < [Bh) =
tojp1—to; Il = ocoll — |k1|7 t = ooll — ‘k0| .

Therefore integrating (4.16) from 0 to t;41 — t2; and taking estimates we have

1 - -
T TRETTEC) — Rl e D0z
o] LILLoe (t24,t2i41

||e||L2(t27‘,7t2i+1) <

(419) < 2||‘i’215€;+1—t27¢ (i'(tm)) HL2(01t2i+1_t2i) .

Since GFi € H>m*m  an application of Theorem 3.14 yields that the closed-loop
semigroup T* is exponentially stable. It follows that ¥ > € L2(R,,R™) for all
z € X xR™. As a consequence, integrating in (4.18) from 0 to co and taking estimates
gives

- 1 -
Wh (F(to; < . W (7 (t;
15 (Z(t20)) || 22 (0,00) < - ||F’§8|||ko—ki|” (Z(t2:)) ]| 22 (0,00)

koo
(4.20) = IR @ (t20)) 22 0.00) -

Combining (4.19) and (4.20) and using the definition of v(¢), we obtain

ko = ko ~ Co |~
(421) V P2i4+1 — P2i = ||e||L2(t2i7t2i+1) < 2?”‘1’];3%@274)”[12(0,00) < m”x(t%)” )
i i

where ¢y > 0 is a constant obtained from the exponential stability of the semigroup
Tko. Setting t = to; in (4.17) and taking estimates yield

(4.22) |Z(t2:)] < e1 4+ cavp2i — Y0

for suitable constants ¢; > 0 and ¢z > 0. Combining (4.21) and (4.22) and using the
fact that k; = K(p2;), we have

¢
(4.23) vV pP2i+1 — p2i < 0 (c1 4+ c2v/p2i —0) -
IK(p2i)]



102 HARTMUT LOGEMANN AND STUART TOWNLEY

Now, by the mean value theorem, there exists £u; € (pai, p2ir1) such that

L privi P2 P2i01 — P2
K'(&2i)  Klp2i) — K(p2it1) K(p2i)
so that (4.23) becomes
K3 (pay
(4.24) 2]0(('?)) < coler + c2v/p2i —70) -

Using the specific form of K we have

peos(log” €) + glog! & sin(log’€)
log'tP ¢

which on substituting in (4.24) and rearranging yields

)

K'(§) =

2 1 |p cos(log? &2;) + qlog? &2, sin(log? £2;)]
1 S 2 [CO(Cl+C2VP2i_’YO)} |]C(p2)|3 52410g1+p§24 .
1 3 7
(4.25)

Using the fact that K(p2;) = |log™? p2;| and gathering dominant terms in (4.25) lead
to

(4.26) 1 < ¢z (p(log p2i)*P~" + g(log pa;) P+~ 1)

for some constant c3 > 0. But p,q > 0 and ¢ + 2p < 1 so that the right-hand side
of (4.26) approaches zero for ps; — oo, which is in contradiction to (4.26). Hence
~(+) is bounded, which establishes statements (i) and (iii). Boundedness of Z(t) and
therefore part (i) follows directly from (4.17), the exponential stability of T, and
statements (i) and (iii).

To prove the last statement in the theorem let (xg,ug) € D(A). Then &y :=

(xy — zo,ur — up) € D(A), and from (4.14) and (2.8b) we obtain
(4.27) e(t) = CFoTroz, — (FR[(K(y) — ko)e])(t) Vt>0.

By Lemma 3.11, ¢ € D([lko), and hence it follows from the exponential stability of
the semigroup T*° that the first term on the right-hand side of (4.27) tends expo-
nentially to 0 as ¢ — oco. In order to show that the second term converges to 0 as
t — oo set v(t) = (K(y(t)) — ko)e(t), and realize that, by statements (i) and (iii),
v € LR, ,R™). Clearly,

(L(EE0))(s) = Gs) (1 + koG(s)) ™ (Lo)(s) = G (s)(Lo)(s)

Since |ko| is sufficiently small, it follows from Theorem 3.8 that Gk e H2 mxm,
(Note that using the notation in Theorem 3.8 we have G¥ = GEy,.) There-
fore, by the Paley—Wiener theorem, F’gg is a convolution operator with a matrix-
valued kernel whose entries are L?-functions. Now it is well known that the con-
volution of two functions belonging to L?(R,,R) converges to 0 as t — oo, and
hence lim; . (F50v)(t) = 0. Finally, if C' is bounded, then C is bounded, i.e.,
C € L(X x R™,R™). Furthermore, by Proposition 3.12, C* = C, and therefore the
first term on the right-hand side of (4.27) converges (exponentially) to 0 as t — oo
for all (zg,up) € X x R™. O

Note that the condition (zg,u) € D(A) in statement (iv) of Theorem 4.5 re-
quired in proving that lim;_g e(¢) = 0 is system dependent. This is a little disturbing
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since, from the outset, we assume that the specific system to be controlled is un-
known. However, in most cases, the initial states will be sufficiently smooth so that
the condition (2o, uo) € D(A) is satisfied. Note that if (zg,uo) ¢ D(A), then e(-) will
in general not make sense pointwise and cannot be expected to converge to 0 in the
usual sense (see, however, Remark 3.15).

Note that in the infinite-dimensional case the tuning function K(v) decays to 0
like a fractional power of log~y as v — oo, whereas in the finite-dimensional case
it decays to 0 like a fractional power of 7. However, in the case when it is known
that G(0) > 0, we can use tuning functions which decay to 0 like a fractional power,
although more slowly than in the finite-dimensional case.

PROPOSITION 4.6. Suppose that the conditions of Theorem 4.5 hold and that
additionally G(0) > 0. If

(4.28) u(t) = uo + / VP (E)el€) de

(4.29) (&) = lle@®]*, 7(0) =70 >0,
and 0 < p < %, then the conclusions of Theorem 4.5 hold.

Proof. It is sufficient to show that v(-) is bounded. Let [0,7) be the maximal
interval of existence. If v(-) is unbounded on [0, 7), then there exists ¢; > 0 such that
with v1 = v(t1), k1 =, ¥ is a stabilizing gain. For any ¢ € (¢1,7) we have, as in the
proof of Theorem 4.5, that on [t1, ]

(4.30) Ly, Pie =W, (2(1)) — FiYy, (L, Po(K(v) — ka)e) .

We can assume that k; is small enough so that, using Proposition 3.9 and estimating,

we obtain
VA(t) =7 < eyP(t)

for some ¢ > 0 and all ¢ € [t1,7). This inequality clearly contradicts the unbounded-
ness of v(-) and the assumption that p < 1/2. 0

The condition G(0) > 0 is satisfied for a large class of exponentially stable infinite-
dimensional systems with self-adjoint generator A, co-located control and observation
and positive semidefinite feedthrough (cf. Remark 4.3).

5. Adaptive low-gain control of multivariable systems with sign-indefinite
steady-state gain. In this section we consider the adaptive low-gain tracking prob-
lem, for stable regular systems with square m x m transfer functions G(s) and invert-
ible steady-state gain. In section 4, under the assumption that G(0) is sign definite,
we could exploit the fact that for all gains k having the “correct” sign and with |k
sufficiently small, |G*||o. = 1/|k| (see Proposition 3.9). If G(0) is sign indefinite or
even nonsymmetric, then, again by Proposition 3.9, we no longer have this result.
To overcome this problem we do not use a tuning function K reflecting the low-gain
nature of the problem in the sense that lim,_.. () = 0 but instead resort to a
gain which oscillates smoothly between 0 and 2. (In fact, 2 could be replaced by any
positive number §.)

As in the previous sections let u(-) and y(-) denote the plant input and plant
output, respectively, and set e(-) = r — y(:), where r € R™ is a demand vector.
Modulo certain technicalities involving “spectrum unmixing” of G(0) (to be made
precise) we show that

(5.1) u(t) = ug +/O [1+ cos(log?~(&))]e(§)dE, where0<g<1,
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(5.2) (&) = lle@®)*,  7(0) =,
is a universal adaptive tracking controller.

We assume throughout that ¥4, is an m-input m-output, exponentially stable,
regular system given by (2.1). We will consider two cases. In the first one we assume
that the spectrum of G(0) is unmixed in the sense that (G(0)) C Cy. In the second
case the a priori knowledge about G(0) guarantees only that G(0) is invertible.

THEOREM 5.1. Assume that 0(G(0)) C Cy. Let r € R™ be an arbitrary demand
vector. If u(t) is giwen by (5.1), with gain adaptation (5.2), then for each (xo,up) €
X X R™ and vy > 1 we have

() limeoe ¥(t) = Yoo < 00;

(ii) |Jz(t)] and ||u(t)|| remain bounded as t — oo;

(iii) e(-) € L?>(R,,R™).

Moreover, if (2,uo) € D(A), then

(5.3) tlilgo y(t)=r.

If the observation operator C' is bounded, then (5.3) holds for all (xo,up) € X x R™.
In the proof of this result we do not have to be so careful with the estimates,
since we need only to work in a neighborhood of a stabilizing integral gain and do not
need to account for the possibility of the feedback gain approaching 0.
Proof. The first step is to convert the tracking problem (r # 0) into a stabilization
problem (r = 0). Let r € R™, (xp,up) € X x R™ be given and set £(vy) := 1+
cos(log?v(t)). By Lemma 3.16 there exists o € X x R™ such that

(5.4) e =W iy — Foo(K(7)e).
Moreover, if (zq,up) € D(A), then Zy € D(A). The closed-loop system given by (5.4)
and (5.2) is in a form so that Proposition 2.4 is applicable.

By Theorem 3.8 there exists k € (0,1) for which G¥ € H>® ™*™_ Consequently,

by Theorem 3.14, T* is an exponentially stable semigroup on X x R™. As in the
sign-definite case, seeking a contradiction, suppose that ~(¢) is unbounded on the
maximal interval of existence [0, 7). To this end choose € € (0, k) such that k +¢ < 1
and let (p;);en be a sequence with

pi /o0, po=0, Klpa)=k—e, K(pit1)=k+e
and such that
K(v)e(k—ek+e) Vvy€ (pu, p2it)-

Exploiting the unboundedness of y(t) we can find a sequence of times tg < t; < --- < T
so that y(t;) = p;. Using (2.9b) we obtain

(55) Lt2iPt21i+1e = ‘i]fgq;+1—t2i‘%(t21) - Ff;i+1—t2i (Lt27‘,Pt2i+1 (IC(V) - k)e) )
where

i(t) = tho - étPt’C(’Y)E .
Integrating from 0 to to;41 — to; in (5.5) and taking estimates yield

1 -
lell L2 (tai tai40) < = [ #(t2:)]] £2 (0,00
B 1- ”FISOHHIC(7> - kHL“’(tm’,tzHl)

(5.6) < col|Z(t2:) ||

for some suitable ¢y > 0, provided that ¢ is small enough (for example, |FX_|le = 1/2).
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Applying the input-state variation of parameters formula (2.8a) to > with K = kI
and u = K(7)e it follows from the exponential stability of T* and (5.2) that

(5.7) |Z(t2:)|] < e1 + eav/p2i — Yo

for some constants ¢; > 0 and ¢z > 0. Combining (5.6) and (5.7) we have

(5.8) VP21 — pai < coler + cav/pai —70) -

Clearly,

p2it1 — p2i = 2e/K'(&2:)

for some &; € (p2;, p2i4+1). Combining this with (5.8) leads to

(5.9) 1< 2%[00(61 + eav/p2i — 70))°K (&2:) -

Now

K'(€) = —gsin(log? £)(log? ' €) /¢,

and 0 < ¢ < 1, and we see that the right-hand side of (5.9) converges to 0 as i — oo,
which yields a contradiction. It follows that v(-) is bounded, showing that (i) and
(iii) hold true. The remaining claims follow readily, using the same techniques as in
the proof of Theorem 4.5. ]

Specialized to the case when G(0) > 0, it is natural to compare the control law
in Theorem 5.1 to the one in Proposition 4.6. Intuitively it should be advantageous
to use the controller in Proposition 4.6, since in this case the gain passes rapidly
into the “correct” parameter region once and remains there, whereas the gain in the
controller in Theorem 5.1 oscillates slowly and may pass in and out of the “correct”
region several times before converging. Moreover, small output disturbances could
lead to further cycles in the gain adaptation.

In Theorem 5.1 we assumed that o(G(0)) C Cy. We now consider the case when
we know only that det G(0) # 0. In the context of high-gain adaptive stabilization
Martensson [21], [22] has shown that there exists a finite set {I'y,..., ¢} so that given
any invertible m x m matrix M there exists v € {1,2,...,£} such that o(MT',) C Cy.
We now use this result in order to unmix the spectrum of G(0). Consider the feedback
law

t
(5.10) u(t) = ug + / [1 4 cos(log? (€))L s¢y(e)ye(§) d€,
0
where 0 < ¢ < 1 and
S(y) =3 if (2m) tlog?y € [pl +j,pl +j+ 1) for some p € N.

Note that the feedback gain matrix in (5.10) is piecewise smooth but discontinuous
whenever (27) 71 log? v takes on integer values, so Proposition 2.4 is no longer valid.
However, these discontinuities in the gain are easily handled by a minor modification
to the proof of Proposition 2.4.

THEOREM 5.2. Assume that det G(0) # 0. Let r € R™ be an arbitrary demand
vector. Ifu(t) is given by (5.10), with adaptation (5.2), then for each (xg,up) € X xR™
and o > exp(¥/27) we have®

6Note that S(7) is defined only for v > exp(¥/27).
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(1) lmioo Y(t) = Yoo < 00;

(ii) ||z ()] and ||u(t)|| remain bounded as t — oo;

(iii) e(-) € L2(Ry,R™).

Moreover, if (zo,uo) € D(A), then (5.3) holds. If the observation operator C' is
bounded, then (5.3) holds for all (zg,up) € X x R™.

Proof. Let v € {1,2,...,£} be such that o(G(0)I')) € Cy. By Theorem 3.8
there exists k£ € (0,1) such that the integrator (k/s)I', stabilizes G. Consequently,
by Theorem 3.14, the semigroup T*' is exponentially stable. As in the proof of
Theorem 5.1 set K(v) = 1 + cos(log?+). By Lemma 3.16 there exists g € X x R™

such that
(5.11) e = Woodo — Foo(K(7)Ls()€) -

Let [0, 7) be the maximal interval of existence for the solution (e, ) of the closed-loop
system given by (5.11) and (5.2). Seeking a contradiction, suppose that lim;_,, () =
00. Choose ¢ € (0, k) such that e +k < 1. Then there exists a sequence 0 < ¢y < t1 <
-+ < 1 with

K(v(tei) =k —e, K(y(t2it1)) =k+e
and such that
K(y(t) e (k—e,k+e) and S(y(t) =v Vit € [tai, toit1] -
As in the proof of Theorem 5.1, we can use (2.9b) to obtain

LtziPt2i+1e = ‘i,kl“,, j(tQi) - Fkl"y (LtZiPt2i+1 (IC(IV) - k)rue) .

toit1—12, toit1—1l24

The remainder of the proof follows closely that of Theorem 5.1 and is omitted. ]

The control law given by (5.10) and (5.2) depends crucially on the unmixing set
{T'1,Tq,...,T¢}. Clearly, if m = 1, then {1,—1} is an unmixing set. For the case
m = 2 an unmixing set of cardinality 6 is given in Martensson [21], [22]. Zhu [51] has
constructed an unmixing set having cardinality 32 for the case m = 3. Unfortunately,
the cardinality of the unmixing sets given by the general construction in [22] is far
too large than would be convenient for applications.

6. Examples and simulations. The results of sections 3-5 apply to the general
class of regular linear systems. For the purpose of illustration we consider two simple
examples: finite-dimensional systems with output delays and a damped wave equation
in a single spatial variable with boundary control and observation. In all of the
simulations we used Simulink in Matlab. Note that the reference signals to be tracked
are stepped, with nonzero step time.

Ezample 6.1. Systems with output delays:

We consider a class

(6.1) z(t) = Ax(t) + Bu(t), y(t)=Cx(t—h)

of systems with output delay, where A € R"*", B € R"*™ C € R™*" and h > 0.
The system (6.1) can be represented as a so-called Pritchard—Salamon system with
state space R™ x L2(—h,0;R"™); see, e.g., Pritchard and Salamon [35, 36]. Since
Pritchard—Salamon systems are regular in the sense of section 2, it follows that
the results of sections 3-5 can be applied to (6.1), provided that o(A) C Cy and
det CA~'B # 0. We consider three particular cases.
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Fi1G. 6.1. Tolerable delay as a function of k.

(a) m=1,n=2 and

A:(_g _3>, B:(‘l)), C=(1,0).

If h = 0, then & = —ky stabilizes (6.1) for all k¥ € (0,6). Using a stability window
analysis (Walton and Marshall [43]), we can compute for each k € (0,6) the range of
h € (0, h(k)) for which & = —ky stabilizes (6.1). In Figure 6.1, h(k) is plotted against
k for k in the range (0,6). Figure 6.2 shows a plot of y(t), r(¢), and K(v(t)) against
t for (4.28) with p = 0.4 when h =4, z(0) = (-1 3)T, w(0) = —1, and y(¢t) = —4 for
t < 0. Note in this case that the integrator gain can take values in (0,0.6) and that
K(v(o0)) = 0.07.

(b) We now consider two cases with m = 2, n = 3. In the first case G(0) is sign
definite and in the second G(0) is sign indefinite.

(i) In this example we take

-1 0 -2 10
A= o -1 3], B=|[o0 1 ,C:(égg)
—2 -3 —14 00

so that

G(O)(Z 161)>0.

We assume that this knowledge of the sign of the steady-state gain is available and
use (4.28) with p = 0.15.

Figure 6.3 shows plots of y(t), r(t), and IC(v(t)) for the case h = 1 with y(-) =0
on [~1,0), z(0) = (0.4,0.3,0.25)7, and u(0) = (1.5,1)7, with the reference signal
r(t) =0(t)(5,0)T +6(t — 20)(5,3)7.
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F1G. 6.2. Simulation with K(v) = v~ 04.

12—

10—

27
. - X )
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Time
FIG. 6.3. Simulation with KC(y) = v~ 015,
(ii) In this example we take
0 1 0 0 0
A= 0o o 1|, B=[10 cz<(1)(1)8>
-6 —-11 -6 0 1

so that

G(0) = [ g 0.11667 ] .
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FIG. 6.4. Simulation with K(v) = 1 + cos(log®-2 ~).

Clearly 0(G(0)) C Cy. We assume that this knowledge is available and use (5.1) with
q = 0.95.

Figure 6.4 shows plots of y(t), r(t), and KC(~(¢)) for the case h = 0.5 with y(-) =0
on [—0.5,0), x(0) = (0.4,0.3,0.25)T and u(0) = (1.5,1)7 with the reference signal
r(t) = 0(t)(5,—3)T + 0(t — 10)(5,1)7.

Example 6.2. A wave equation with boundary control and observation: We
consider the damped wave equation

O*w O*w ow 5
(6.2) W(Z’t) = ﬁ(z,t) - QaE(z,t) —a’w(z,t), t>0, z€(0,1),

with boundary conditions
w(oat) :07 7(1715) = u(t)

and boundary observation

y(t) = %—Z}(l,t) +bw(1,1),

where a > 0 and b # 0. This system has a regular, exponentially stable realization on
the state space

X = {x = [x1,22)" € H'[0,1] ® L?[0,1] | 21(0) = 0}.

Moreover, G(s) = jig% so that G(0) = 22;’;};(((;)) # 0. We assume that a =

11log0.3 and b = 0.3. For purposes of illustration we assume that sign (G(0)) is
unknown so that we use (4.11) with p = 0 and ¢ = 0.9 and the initial conditions are
equal to zero.

Figure 6.5 shows y(t), r(t), and K(v(t)), whilst Figure 6.6 shows y(t), r(t), and
K(v(t)) when the sign of G(0) is switched. Note that whilst (6.2) gives a partial
differential equation realization of G(s), for the simulations we exploited the fact
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FIG. 6.5. Simulation with K(v) = cos(log®? ) and G(0) > 0.

that the input-ouput behavior of (6.2), with zero initial conditions, is the same as

that for the series connection of EIZ with the functional difference equation
(6.3) y(t) = —e 2y (t — 2) +u(t) — e **u(t — 2).

The system given by (6.3) is easily realized using Simulink in Matlab.

In comparing Figures 6.5 and 6.6, we note that in the former, the gain function
K(7) undergoes two switches in sign before reaching a positive limit and in the latter
switches sign only once before reaching a negative limit. The simulations are consistent
with the fact that G(0) > 0 in Figure 6.5 and G(0) < 0 in Figure 6.6.

7. Concluding remarks. In this paper we have obtained results on nonadaptive
and adaptive low-gain control of square regular systems for tracking step reference
signals. It is possible to extend some of the results to nonsquare systems and sinusoidal
reference signals. Finally, in [16] we have obtained discrete-time versions of the results
in sections 3 and 4, with applications to sampled-data control of regular systems.

Appendix.

Proof of Proposition 2.4. For a < b < oo we define L(a,b) := L*(a,b;R™) x
L>(a,b;R) and Ljc(a,00) = L% (a,00;R™) x L% (a,00;R). We define a norm
on L(a,b) by setting ||(f1, fo)ll(a,p) = [If1llz2(ap) + If2llL(a,p)- In order to prove
Proposition 2.4 we shall first consider an initial value problem which contains (2.11)
as a special case.

Let T >0, (¥°,7°) € Lioe(T, 00) and (f,g) € L(0,T) be given, and suppose that
Fe L} (Ry,R™™)and K : R — R is a locally Lipschitz function. For 7 > T define
the operator N, : L(0,7) — L(0,7) by

(Ada) N, (g) (t) = (; Eg) telo,1],
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X ()

FIG. 6.6. Simulation with K(v) = cos(log®® v) and G(0) < 0

o (o= ()« [ (700 1) (an) e =r

For p > 0and 7 > T, let B, ; denote the closed ball in L(T, 7) of radius p with center
it (47,717 lizr) + LF1220,7). Finally define

M, = {(y,7) € LO,7) [ (¥, Viz,7) € Bprs (WMo, = (f59)}-

Endowed with the metric

dl(y1,7), W2, 72)] = (w1 = y2. 71 —2) I,y = (w1 — v2, 71 —72) | (0,7) »
M, - becomes a complete metric space.
The following lemma will be the key tool for the proof of Proposition 2.4.
LEMMA A.l.  Let p € (0,1/2). Then there exists a T* > T such that for all
T € (T,T*) the operator N is a contraction on M, -, i.e., (i) N M, . C M, and
(ii) there exists 6, € (0,1) such that for all (y1,71), (Y2,72) € M, ~

IN-(y1,71) = Nr(y2, %)l (r,7) < 6 11(y1,71) — (w2, 72) | (7,7 -

In particular, for all T as above, N, has a unique fized point in M, -.
Proof. Let II;, i = 1,2, denote the operator on L(0, 7) defined by IL;(f1, f2) = fi,
and let 7* > T be ﬁxed

(i) Setting n(t fo K(g(€))f(€) d¢, it is clear that n € L? (R, R™).
For all T € (T, 1) and all ( ) 6 SJTP’T it follows that

||H1N7(y7 7) - yOH%2(T,T)

-/ " ln() + / (P, F)(t — (I — Pr)K(y)y)() de]” dt

<2 (unniamf) + ( / P F)©) dg) / "Ik E)wE) dg)
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(82) <2 [ [nBa + K2 (/ IIF(E)dé“) (p2+ /;Hy%wdf)),

where K > 0 is such that [K(k)| < K for all x € R with || < p+ [|7%]| Lo (1,7+) +
||f||L2 o). 1t follows from (A.2) that there exists 7y € (7,7") such that for all
(y,7) € i)ﬁpﬁ and for all 7 € (T, Ty)

2
(A.3) ITLNC(y,7) = 4217201, < %.

Moreover, we have that for (y,v) € M, ,

(A4) TN~ (y,7) =7 () = 1220, 2= (7. :/T ly(EN* € < p* +11y° 72,y -

Since p < %, it follows that p? < p/2, and hence we obtain by using (A.4) that there
exists T5 > T such that for all (y,v) € M, and for all T € (T,T5)

p
(A.5) TN (y,7) = 9°C) = [ 72 0m) =@y < 5 -
Combining (A.3) and (A.5), we see that
(A.6) N M, CM,, V7 (T,min(T,Tr)).

(ii) For any 7 € (T,7*) and any (y1,71), (y2,72) € M, the following estimates
hold:

||H1N-r<y17 ’Yl) - HlNT(y27 '72) “%2(’1"’7—)
2

- / T (/ “’T—TFW—f><’<<%<€>>y1<f>—icm(g))yz(f))dg) dt
0 0

IN

T 2 T
([ 1prri@ia) [ 1K ©m© - Kon©mie)
0 0

+ K(11(8)y2(&) = K(72(€))y2(E)]1* d

2</OT_T||F< |d§> (K2 [N GRACIR
(A7) o2 ( I ||y2<f>||2ds) I —72@00(“)) ,

where we have chosen K > 0 and L > 0 in such a way that for all real numbers &, x1
and rz with |s], k1], [r2] < max(llglle<o,1), 0+ V0l Le=(r,7) + 1F 172 00,7))

IA

’C(I‘i) S K and |K:(K?1) — IC(K/Q)‘ S L‘Iil — I£2| .

Realizing that

/0 L2 (@12 d€ < 11£125 0.1 + 1501 2cry + 47
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it follows from (A.7) that there exists M > 0 such that for all 7 € (T,7*) and all
(y1,7m), (Y2,72) € M, .~

TN (y1,71) — TN (ya2,72) 17271

2
=T
<M (/0 IE© df) (lyr — y2||%2(T7T) e 72”%00(17)).
Defining

=T
(A8) 5 = Vi / IR de.,

we obtain that for all 7 € (T, 7*) and all (y1,71), (Y2, 72) € M, -

ITL N (y1,71) — TN (Y2, v2) L2 (1) < 0 (lyr—v2ll2 () + I =2l e (7,7)) -
(A.9)

Furthermore, we have that for all (y1,v1), (y2,72) € M, ~

[TL2N (y1,71) — T2N- (y2, ¥2) | oo (7,7)

/ I ()] de — / lya(e W\

S/ Uy (N + lly2() Dy () = w2(E)I dE
T

= sup
te[T,7]

< (Ivill2crr) + Ny2llz2rm) lyr — 2llz2(r7)

(A.10) <200+ 19° L2z lv1 = v2llL2(r.r) -

Setting

(A.11) 87 = 2(p + 1¥°llz2(z,r) »

it follows from (A.10) that for all (yi,71), (y2,72) € M, -

(A12)  TI2N-(y1,7) — oN-(y2,72) |z (1) < &7 lly1 — v2llr2err) -

Clearly, since p < 3 and by (A.8) and (A.11), there exists 75 € (T, 7*) such that
6; := max(6,,8)) < 1 for all T € (T,T3). Setting T* = min(T1,7»,T3), we see that

T > T, 6, <1 forall 7 € (T,T), and moreover, by (A.6), (A.9), and (A.12), we
have that for all 7 € (T, 7*) and all (y1,71), (y2,72) € M, +

N M, - CMyry INZ(y1,71) — Ne(y2, v2)l(rr) < 6211 (y1,71) = (2, 72) (77 -

Finally, it follows from Banach’s contraction mapping theorem that for all 7 as above
N has a unique fixed point in M, . ]

Proof of Proposition 2.4. We proceed in several steps.

Step 1 (existence and uniqueness on a small interval). An application of Lemma
A.1 to the case where T = 0, y° = ¥ 29, 7°(t) = 70 and F = —L~'G shows that
for all sufficiently small 7 > 0 the operator N has a unique fixed point in 9, ; and
hence there exists 7% > 0 such that (2.11) has a unique solution (y*,~*) on [0, 7).

Step 2 (continuation of solutions). If ||y*| z2¢0,,+) = 00, then Tpee, = 7° and
(Ymaz> Ymaz) = (¥*,7*), and we are finished. Thus, let us suppose that ||y*||z2(0,7+) <
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oo. We claim that then the solution (y*,~v*) can be extended beyond 7*. To this end
we apply Lemma A.1 to the case where T = 7%, (f,g) = (y*,7*), y° = (P oo0)|7+,00)
72(t) = v, and F = —L~'G. Tt follows that there exist 7** > 7* and (y**,y**) €
L(o,7++y such that (y**,v**) = (y*,~*), and moreover (y**,v**) solves (2.11) on
[0, 7*%).

Step 3 (extended uniqueness). Let (y1,71) and (y2,72) be two solutions of (2.11)
on [0,71) and [0, 72), respectively, where 72 > 71 > 0. We claim that

(A.13) (y2(t),v2(t)) = (y1(t),11(t)) for a.e. t €[0,71).
For 7 € [0,71) define

Qr ={t €[0,7]| (y1(t),71(t)) # (y2(t),72(1)},

and set
=inf{r € [0,71) | A(Q2;) > 0},

where A denotes the Lebesgue measure. It is clear that (A.13) is equivalent to 7 = 7y.
Seeking a contradiction, assume that 7 < 7. Let t, € (0,7) with lim,, . t, = 7.
(Recall that by Step 1, 7 > 0.) Obviously,

O\ {7} = |J Q..
neN
Now A(£2,) = 0 for all n € N, and thus A(Q2;) = 0, which in turn implies that for
a.e. t €[0,7]

(y1(8), (1) = (wa(t),72(t)) =: (4(2),7(1)) -

An application of Lemma A.1 to the case where T = 7, (f,9) = (4,9), ¥° =
(¥ oo0)|(#,00), V() = 70, and F = —L"'G shows that there exists t* € (7,71)
such that the operator Ny~ has a unique fixed point in 9,;-. Since the restric-
tions of (y1,71) and of (ya,72) to [0,t*] are both fixed points of N+, we see that
(y1,71)lj0,6+] = (2,72)|[0,4+], Which is in contradiction to the definition of 7.

Step 4 (existence of a maximal solution). Define

T := {7 > 0](2.11) has a solution on [0,7)}.

Set Timaez = supJ and let 7, € T be such that 7, /" Tiar as 1 — 00. Let (Yn,Vn)
denote the unique (by Step 3) solution of (2.11) on [0,7,). Using Step 3 again it is
clear that (Yn, Yn)[0,7n] = (Ym> ¥m) for all m,n € N with n > m. Therefore, we obtain
a well-defined function (Ymaz, Ymaz) 00 [0, Tmaz) by setting

(Umaz (), Ymaz (1)) = (yn(t), (1)) if t €[0,7).

By construction (Ymaa, Ymaz) 18 & solution of (2.11) on [0, Typaz ), which, by Step 3, is
unique. Finally, it follows from Step 2 and the definition of 7,4, that

Tmaz

T < 00 :»/ lmar(©)|2de = c0. D
0
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