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INTEGRAL CONTROL OF INFINITE-DIMENSIONAL LINEAR
SYSTEMS SUBJECT TO INPUT SATURATION*

H. LOGEMANNT, E. P. RYANT, AND S. TOWNLEY#

Abstract. Closing the loop around an exponentially stable single-input single-output regular
linear system, subject to a globally Lipschitz and nondecreasing actuator nonlinearity and compen-
sated by an integral controller, is shown to ensure asymptotic tracking of constant reference signals,
provided that (a) the steady-state gain of the linear part of the plant is positive, (b) the positive
integrator gain is sufficiently small, and (c) the reference value is feasible in a very natural sense.
The class of actuator nonlinearities under consideration contains standard nonlinearities important
in control engineering such as saturation and deadzone.
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1. Introduction. The synthesis of low-gain integral (I) and proportional-plus-
integral (PI) controllers for uncertain stable plants has received considerable attention
in the last 20 years. The following principle is well known (see Davison [5], Lunze [20],
and Morari [24]): closing the loop around a stable, finite-dimensional, continuous-
time, single-input, single-output plant with transfer function G(s), compensated by
a pure integral controller k/s (see Fig. 1.1), will result in a stable closed-loop system
which achieves asymptotic tracking of arbitrary constant reference signals, provided
that |k| is sufficiently small and k¥G(0) > 0. Therefore, if a plant is known to be
stable and if the sign of G(0) is known (this information can be obtained from plant
step response data), then the problem of tracking by low-gain integral control reduces
to that of tuning the gain parameter k. Such a controller design approach (“tuning
regulator theory” [5]) has been successfully applied in process control; see, for example,
Coppus, Sha, and Wood [3] and Lunze [19].

An analogous result holds for finite-dimensional multivariable systems under suit-
able assumptions on G(0); see [5, 20] and [24]. Moreover, the result has been extended
by Logemann, Bontsema, and Owens [13], Logemann and Owens [14], Logemann and
Townley [17], Pohjolainen [27, 28], and Pohjolainen and Léatti [29] to various classes
of (abstract) infinite-dimensional systems and by Jussila and Koivo [9] and Koivo and
Pohjolainen [11] to differential delay systems. Furthermore, the problem of tuning
the integrator gain adaptively has been addressed recently in a number of papers; see
Cook [2] and Miller and Davison [22, 23] for the finite-dimensional case and Logemann
and Townley [16, 17, 18] for the infinite-dimensional case.

In this paper we present results which show that the above principle remains true
if the plant to be controlled is a single-input, single-output, infinite-dimensional, linear
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FiG. 1.1. Low-gain control system.
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Fic. 1.2. Low-gain control with input nonlinearity.

system subject to an input nonlinearity (see Fig. 1.2). More precisely, we prove that,
for an exponentially stable system with G(0) > 0, there exists a number K > 0 such
that, for all nondecreasing globally Lipschitz nonlinearities ¢ with Lipschitz constant
A and all k£ € (0,K/)), the output y(¢) of the closed-loop system shown in Fig.1.2
converges to r as t — oo, provided that [G(0)]~r € clos (im ¢). The number K is the
supremum of the set of all numbers k£ > 0 such that the function

1+ kRe G(s)
S
is positive real. The essence of our approach is to invoke a particular coordinate
transformation and perform a Liapunov-type analysis on the transformed system. A
parametrized operator Riccati equation plays a central role in the latter analysis,

which further develops an idea presented in Townley and Kamstra [34].

The linear, infinite-dimensional part of the plant in Fig.1.2 is assumed to be
regular. The class of regular linear infinite-dimensional systems, introduced by Weiss
[35, 36, 37, 38, 39], is rather general. It includes most distributed parameter systems
and all time-delay systems (retarded and neutral) which are of interest in applications.
Although there exist well-posed abstract infinite-dimensional systems which are not
regular, the authors are of the opinion that any physically motivated, well-posed,
linear, time-invariant control system is regular. We emphasize that our assumptions
on the actuator nonlinearity allow for standard nonlinearities occurring in control
engineering such as saturation and deadzone.

To our knowledge some of the results in this paper are new even for the finite-
dimensional case. While Desoer and Lin [6] consider the low-gain tracking problem
for a class of nonlinear finite-dimensional systems, their framework does not include
input saturation.

The paper is organized as follows. Definitions and fundamental facts pertaining
to regular systems are assembled in section 2. Section 3 contains the main result of
the paper as outlined above. Examples and simulations illustrating our results are
given in section 4. The proofs of three technical lemmas are given in the appendix.

Notation.

e For a € R, set C,, := {s € C|Res > a}.
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e For o € R and H a Hilbert space, we define the exponentially weighted L2-
space L2(Ry, H) := {f € L, (Ry, H) | f(-)exp(—a ) € L2(R., H)}.

e If A is a linear operator, then the domain, spectrum, and resolvent set of A
are denoted by dom (A), o(A), and g(A), respectively.

e The set of all linear bounded operators from H; to Hy (where Hy, Hs are
Hilbert spaces) is denoted by B(Hy, Hy). We write B(H) for B(H, H).

e The Laplace transform is denoted by £.

2. Preliminaries on regular systems. In this section we give some back-
ground on well-posed linear systems; the reader is referred to Weiss [35, 36, 37, 38, 39]
for full details.

First, we introduce some further notation. For any Hilbert space H and any
7 > 0, R, denotes the right shift by 7 on L? (R4, H). The truncation operator
P,:L? (Ry,H) — L*(Ry, H) is given by

o= {30 § 150

.
For u,v € L? (R4, H) and 7 > 0, the 7-concatenation u < v is defined by

’U,<T>’U:P7-U+RT’U.

The fundamental concept of a well-posed linear system was introduced by Weiss [39];
an equivalent definition can be found in Salamon [33].

DEFINITION 2.1. Let U, X, and Y be real Hilbert spaces. A well-posed linear
system with state-space X, input-space U, and output-space Y is a quadruple 3 =
(T, ®,®,F), where

(1) T = (T¢)i>0 is a Co-semigroup of bounded linear operators on X,

(2) ® = (P1)t>0 is a family of bounded linear operators from L*(Ry,U) to X
such that

‘I>T+t(u <> ’U) = Tt(PTU + q)t’U

for all u,v € L*(Ry,U), and all 7,t > 0,
(3) ¥ = (W4)1>0 is a family of bounded linear operators from X to L*(R4,Y)
such that

‘IIT—i-txO =W,z <> v, T, xg

for all zg € X and all 7,t > 0, and ¥y =0,
(4) F = (Fi)i>0 is a family of bounded linear operators from L*(R4,U) to
L?(R.,Y) such that

Fii(uv) =Fud (0P, u+ Fo),

u,v € L>(R,U) and all 7, > 0, and Fy = 0.

Let an input v € L} (Ry,U) and an initial state zop € X be given. The state
x(t) = z(t; xo, u) of 3 at time ¢ > 0 and the output y(-) = y(-; xo,u) of X are defined
by
(21) LI,‘(t) = Ttl‘o + @tPtu,

Pty = lI’t(EO + FtPt’U/ .
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The state trajectory x(+) is a continuous function from R, to X, and the output y(-)
isin L} (R4, Y).

We say that X is exponentially stable if the semigroup T is exponentially stable,
ie.,

1
w(T) := tlirgo Elog T <O.

If 3 is exponentially stable, then the operators ®; and ¥, are uniformly bounded.
It is clear that there exist unique operators ¥o, : X — L? (R;,Y) and Fo, :
L} (Ry,U) — L? (R4,Y) such that, for all 7 > 0,

v. =P, ¥, F,=P,F,.

It follows easily that P,Fo, = P,F, P, for all 7 > 0, i.e., F is a causal operator.
Moreover, if ¥ is exponentially stable, then ¥, is a bounded operator from X into
L?*(R.,Y) and F, maps L?(R,,U) boundedly into L?(R,,Y).

The generator of T is denoted by A. Let X; be the space dom (A4) endowed with
the graph norm. The norm on X is denoted by ||-||, while ||-||; denotes the graph norm.
Let X_; be the completion of X with respect to the norm ||z||_1 = ||(s] — A)~ 1z,
where s € p(A) is fixed. We have X; C X C X_;, and the canonical injections are
bounded and dense. The semigroup T can be restricted to a Cy-semigroup on X; and
extended to a Cy-semigroup on X_;. The exponential growth constant is the same on
all three spaces. The generator on X_; is an extension of A to X (which is bounded
as an operator from X to X_1). We shall use the same symbol T (respectively, A)
for the original semigroup (respectively, its generator) and the associated restrictions
and extensions. With this convention, we may write A € B(X, X_1). Considered as a
generator on X_1, the domain of A is X.

By a representation theorem due to Salamon [33] (see also Weiss [37, 38]) there
exist unique operators B € B(U,X_1) and C € B(X1,Y) (the control operator and
the observation operator of X, respectively) such that, for all ¢ > 0, uw € L} (R, U),
and xy € X1,

¢
i’tPtu:/ T; Bu(r)dr and (Peoxo)(t) =CTiag .
0

B is called bounded if B € B(U, X) (and unbounded otherwise), whereas C' is called
bounded if it can be extended continuously to X (and wunbounded otherwise). If T
is exponentially stable, then there exist constants a, 3 > 0 such that, for all t > 0,
u€ L?(Ry,U), and o € X1,

t
(2.3) |®Pul = H / T,_, Bu(r) dr
0

S a||u||L2(0,t;U) )
t 1/2

20 @Ol = ([ 10T alPar) < slao].
0

As in [38], the Lebesgue extension of C' is defined by

1 t
Crxo = lim C'— T,zodr,
t—0 t 0
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where dom (C,) is the set of all those xzp € X for which the above limit exists. Clearly
X1 Cdom (Cr) C X and, for any z¢ € X, we have Tixo € dom (Cp) for almost every
(a.e.) t > 0. Furthermore,

(Poomo)(t) = CLTxo forae. t>0.

It can be shown (see Weiss [36, 38]) that, if @ > w(T), 7o € X, and u € L2(R,,U),
then ¥ zg € L2(R4,Y), Foou € L2(R,,Y), and there exists a unique holomorphic
G : Cy(1) — B(U,Y) such that, for all s € Cq,

G(5)(Lu)(s) = [£(Foou)](s) -

In particular, G is bounded on C, for all & > w(T). The function G is called the
transfer function of 3.
3 and its transfer function G are said to be regular if, for any v € U, the limit
lim G(s)u= Du
s—00, SER
exists. It follows, from the principle of uniform boundedness, that D € B(U,Y’). The
operator D is called the feedthrough operator of 3. If ¥ is regular, then for any z¢p € X
and u € L? (Ry,U) the functions x(-) and y(-), defined by (2.1) and (2.2), satisfy

loc
the equations

(2.5) #(t) = Az(t) + Bu(t)

, z(0) =z,
(2.6) y(t) = Crz(t) + Du(t)

for a.e. t > 0 (in particular z(t) € dom (Cf) for a.e. t > 0). The derivative on the
left-hand side of (2.5) has to be understood in X_;. In other words, if we consider the
initial value problem (2.5) in the space X_1, then for any 2o € X and u € L} (Ry,U)
the classical solution of (2.5) is given by the variation of parameters formula

t
x(t) = Tz +/ T;_,Bu(r)dr.
0

It has been demonstrated in [36] that if X is regular, then (sI — A)"'BU C dom (C})
for all s € p(A) and the transfer function G can be expressed in the following way:

G(s)=Cr(sI —A)'B+D  forall s € Cyr),

which is familiar from finite-dimensional systems theory. The operators A, B, C, and
D are called the generating operators of 3.

The following lemma will be needed in section 3. Certainly, it should be well
known. However, since we could not find it in the literature, we include the proof.

LEMMA 2.1. Suppose that X = (T, ®, W, F) is exponentially stable. Then the
following statements hold:

(1) There exist o, 3 > 0 such that, for any xg € X and any u € L*(Ry,U), the

solution x(-) of the initial-value problem (2.5) satisfies

2]l 22y ) < allullL2@y vy + Bllzoll

(2) If u € L®Ry,U) and limi—oou(t) = us exists, then for any xo € X, x(-)
defined by (2.5) satisfies

tlim llz(t) + A Bus| = 0.
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Proof. By the exponential stability we may assume, without loss of generality, that
xo = 0. Consequently, we have z(t) = fg T,;_,Bu(r)dr for all t > 0. Let H*(Cp, X)
denote the usual Hardy space of holomorphic functions defined on Cy with values in
X. Appealing to the Paley-Wiener theorem, statement (1) will follow if we can show
that there exists o > 0 such that, for all u € L*(R,,U),

(2.7) €2l 72(co,x) < all€ullg2(co,vy -

To this end, set wp := w(T) and recall from [35] that for any w > wy there exists
M, > 0 such that, for all s € C_,

M
2.8 I-A"'B D
(2.8) [l (s ) Bllgw,x) < TRes—0

It is clear that s — (sI—A) !B is a holomorphic B(U, X _1)-valued function: using the
resolvent identity, it follows that it is also holomorphic as a B(U, X)-valued function.
The Laplace transform £z of = satisfies

(2.9) (Lx)(s) = (sI — A)"'B(Lu)(s) for all s € Cy, .

By hypothesis, wg < 0 and £u € H?(Cg, X). Therefore, choosing w; € (wp,0) and
combining (2.8) and (2.9) we see that (2.7) holds with, for example, « = M,,, /+/|w1]-
This establishes statement (1).

To prove statement (2), we proceed as follows. Choose t* > 0 such that || T;|| < 1/2
for all t > t*, let (t,,) be a sequence of real numbers satisfying

t* < tn-‘rl —tn < 2t* )
and set 3 = sup{||T¢| |0 <t < 2t*}. For ¢ > t,, we have

t
x(t) = T_g, x(tn) + / T;_,Bu(r)dr,
t

n

and so, by exponential stability, (2.3), and statement (1) above, there exists o > 0
such that, for all n € N,

(2.10) [z < Bllz@t)ll + av2t:|lullpoc(t, b,y 1t E [t tnt]
and

1
(2.11) 1zt )l < Slle(ta) ] + av2t|lull oo b a) -

We first consider the case when u., = 0. Then

=0

(2.12) Jm el zoo 6040

and (2.11) implies that

(2.13) lim ||z(t,)]| =0.
Combining (2.10), (2.12), and (2.13) shows that lim;_, ||z(t)|| = 0. Finally, if us # 0,
then, by writing u(t) = (u(t) — teo) + Uso, it is clear that it suffices to show that

(2.14) lim ‘

t—o0o

t
/ T, Buo, dr + AlBuOOH =0.
0
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Setting z(t) = fot T, Buso dr we have that
(2.15) lim [|2(8)]|—1 = lim | TyBuo|—1 = 0.
t—oo t—o0

The function z(-) is the classical solution of the initial-value problem 2(t) = Az(t) +
B, 2(0) = 0, considered in X_1, and so we may write

(2.16) 2(:) + A Bug = A712() .

Since A™! € B(X_1, X), (2.14) follows from (2.15) and (2.16). a

3. Integral control in the presence of nonlinearities. In the following,
let (A4, B,C, D) be the generating operators of a linear, single-input, single-output
regular system with state space X and transfer function G. Suppose that the system
is subject to an input nonlinearity ¢, where ¢ : R — R is locally Lipschitz. Denoting
the constant reference signal by 7, an application of the integrator

u(t) =uo + k/o [r — Crz(t) — Do(u(r))] dr,

where k is a real parameter (see Fig.1.2), leads to the following nonlinear system of
differential equations:

(3.1) & =Azx+ Bo(u), z(0)=uz9€ X,
(3.2) i =k[r—Crx— D¢(u)], u(0)=1up€R.

For a € (0, 00], a continuous function
[0,a) = X xR, tr (x(t),u(t))

is called a solution of (3.1)—(3.2) if (z(-), u(-)) is absolutely continuous as an (X_; XxR)-
valued function, x(t) € dom (Cp) for a.e. t € [0,a), (2(0),u(0)) = (xo,up), and the
differential equations (3.1) and (3.2) are satisfied a.e. on [0, a). Of course, the derivative
on the left-hand side on (3.1) has to be understood in X_;.!

An application of a well-known result on abstract Cauchy problems (see Pazy
[26, Thm. 2.4, p. 107]), shows that a continuous (X X R)-valued function (z(-),u(-))
is a solution of (3.1)—(3.2) if and only if it satisfies the following integrated version of
(3.1)—(3.2):

(3.3) dﬂzﬂm+ATLJwMﬂMn

(3.4) u(t) =uo + k/o [r — Cra(r) — Dé(u(T))] dr .

The next result shows that (3.1)-(3.2) has a unique solution.

PROPOSITION 3.1. For any pair (xo,up) € X xR of initial conditions there exists
a unique solution (z(-),u(-)) of (3.1)—(3.2) defined on a mazimal interval [0, amaz ). If
Amaz < 00, then

(3.5) lim sup [|(2(8), u())]| = oo

t—amaxzx

I Being a Hilbert space, X_1 x R is reflexive. Hence any absolutely continuous (X_; x R)-valued
function is a.e. differentiable and can be recovered from its derivative by integration; see [1, Thm.
3.1, p. 10].
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If ¢ is globally Lipschitz, then amqy = 00 .
For the proof of the above result it will be useful to consider the following initial-
value problem for w:

(3.6) U =klr—¥ozxo—Food(u)], u(0)=ug.

Clearly, (3.6) 2 is obtained from (3.2) on noting that Cpx(t)+Dé(u(t)) = (Pooz0)(t)+
(Foo®(u))(t). An absolutely continuous function u : [0,a) — R is a solution of (3.6) if
u(0) = up and the differential equation in (3.6) is satisfied a.e. on [0, a).

LEMMA 3.2. Let x¢g € X. For any initial condition ug € R there exists a unique
solution u(-) of (3.6) defined on a mazimal interval [0, Gmaz). If Gmaz < 00, then
(3.7 lim sup |u(t)| = oo .

t—amaxzx
If ¢ is globally Lipschitz, then amqy = 00 .

The proof of this lemma is relegated to the appendix.

Proof of Proposition 3.1. Let u : [0, dmaz) — R be the unique maximal solution of
(3.6) (whose existence is guaranteed by Lemma 3.2), and define z(-) to be the unique
solution of

&= Ax+ Bp(u), z(0)=uzo.

Then (x(-),u(-)) is the unique solution of equations (3.1)—(3.2), which satisfies equa-
tion (3.5) if @y < 00. Moreover, it follows trivially from Lemma 3.2 that a,e, = 00
if ¢ is globally Lipschitz. a

Henceforth, let M denote the set of all bounded measures on [0,00). A measure
1 € M can be written in the form

() = a(®)dt + " asbe, () + pa(a).
1=0

where a(-) € L'(0,00), Y oo, a;ibt;, and s, respectively, represent the absolutely con-
tinuous, the discrete, and the singular parts of p. In particular, §;, denotes the unit
point mass at ¢; > 0 and the a; are real numbers such that > :°  |a;| < co.

Furthermore, for A > 0, let A/(A\) denote the set of all nondecreasing globally Lip-
schitz nonlinearities ¢ : R — R with Lipschitz constant A. Finally, if G is holomorphic
and bounded on C,, for some o < 0 and G(0) > 0, then it is easy to show that

G
(3.8) 14 kRSB S0 foransecy
S

for all sufficiently small k > 0; see Lemma 3.10 in [17]. We define
K :=sup{k > 0] (3.8) holds} .

The main result of this section is the following theorem.
THEOREM 3.3. Let A > 0 and ¢ € N'(N\). Assume that Ty is exponentially stable,
G(0) >0, k€ (0,K/)), and r € R is such that

(3.9) ¢p := [G(0)]"'r € clos (im ¢) .

If C is bounded, then for all (xo,u0) € X x R the unique solution (xz(-),u(-)) of
(3.1)=(3.2) exists on [0,00) and satisfies

2 Strictly speaking, to make sense of (3.6) we have to give a meaning to Foov when v is a
continuous function defined on a finite interval [0, a) (recall that F o, operates on the space of locally
square-integrable functions defined on the infinite interval [0, c0)). This can easily be done using the
causality of Foo. Moreover, by slight abuse of notation, the expression ¢(u) on the right-hand side
of (3.6) denotes the function ¢ — ¢(u(t)).
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limy o0 p(u(t)) = ¢r,

lim; o ||z(t) + A~1Be,|| =0,

limi oo (r —y(t)) = 0, where y(t) = Cx(t) + Do(u(t)),
if ¢ € iIm ¢, then

P

B~ W N =
NN NN

(3.10) lim dist (u(t), ¢ (¢,)) =0,

t—o0

(5)  if ¢ € int (im @), then u(-) is bounded.
If C is unbounded, then the statements (1), (2), (4), and (5) remain true provided
that £7Y(G) € M and statement (3) remains true provided that zo € dom (A) and
£71G) e M.

In particular, statement (4) says that u(t) converges as t — oo if the set ¢~1(¢,)
is a singleton, which, in turn, is true if ¢, is not a critical value of ¢.

¢ (u)

N

Fic. 3.1. Nonlinearity with saturation and deadzone.

The conditions imposed in Theorem 3.3 on ¢ are satisfied by saturation and
deadzone nonlinearities and combinations of the two, as shown in Fig. 3.1. The as-
sumption that £71(G) € M is not very restrictive and seems to be satisfied in all
practical examples of systems with H-transfer functions (in applications one usually
has ps = 0). If C' is unbounded and xg ¢ dom (A), then statement (3) does not hold in
general. However, in that case, as an inspection of the proof of Theorem 3.3 will show,
the error e(+) = r —y(-) admits a decomposition e = e; +eq, where e; € L2 (R4, R) for
some o < 0 and ey is a continuous function satisfying lim;_, e2(t) = 0. Thus, while
the error does not necessarily converge asymptotically to 0 as t — oo, it is small for
large ¢ in the sense that for all §,e > 0 there exists T" > 0 such that

meas({t > T'||e(t)| > é}) <e,

where meas denotes the Lebesgue measure. In applying Theorem 3.3 it is important to
know the constant K or at least a lower bound for K. In principle, K can be obtained
from frequency-response experiments performed on the linear part of the plant; see
[15] for details.

For the proof of Theorem 3.3 two lemmas are required, the proofs of which can
be found in the appendix.

LEMMA 3.4. Suppose that Ty is exponentially stable and G(0) > 0. Define

If0 < 2k < K, then

1
(3.11) [H(1 + £H) | < -
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and there exists P € B(X), with P = P* > 0 and such that the Riccati equation

(3.12) (Axx1, Pxo) + (Pxq, Agxa) + 142<C'L:cl, Cras)
+ ((A™'B)* Pz, (A" 'B)*Pxy) = 0

is satisfied for all 1,22 € dom(A,) = dom(A), where A, := A — kA~'BC].
LEMMA 3.5. Let ¢ : R — R be locally Lipschitz and () be any sequence with
en > 0 and lim,,_,, &, = 0. Define the function ¢° : R — R by

¢°(€) = limsup w .

n— oo 51’7,

Then ¢° € L2 (—00,00) (¢° € L>®(—00,00) if ¢ is globally Lipschitz) and ¢° o u is
Lebesgue measurable for all Lebesgue measurable functions u : [0,00) — R. If u is

absolutely continuous, so is ¢ o u and

d o .
%(¢ ou)(t) = ¢°(u(t))u(t) for a.e. t€]0,00).

Proof of Theorem 3.3. By Proposition 3.1, there exists a unique solution of (3.1)—
(3.2) on [0, 00). We denote this solution by (z(-),u(-)) and introduce new variables by
defining

2(t) == 2(t) + A Bo(u(t)), wv(t) = ¢(u(t)) — ¢, forallt>D0.

By regularity it follows that z(¢) € dom (Cp) for a.e. t € [0, 00). Moreover, by Lemma
3.5, 0(t) = ¢°(u(t))u(t) for a.e. ¢ € [0,00). Therefore, an easy calculation yields

(3.13) 2 = Az — k¢® (W) A" B(Crz + G(0)v), 2(0) = 20 := o + A~ ' Bo(uo),
(3.14) v = —k¢®(u)(Crz + G(0)v), ©v(0) = vy := d(ug) — by -

The derivative on the left-hand side of (3.13) and (3.14) has to be understood in X _;.
Notice that, since ¢ is nondecreasing, ¢°(£) > 0 for all £ € R. We observe that, while
in these new variables we still have an unbounded operator A~ BCy, the operator
A~!B is in B(R, X). We will investigate the stability properties of (3.13) and (3.14)
using a Liapunov approach.

Since 0 < kA < K, it follows that there exists u > A/2 such that 0 < 2pk < K,
and therefore, by Lemma 3.4,

1
H(l + pkH) s < —.
(1 + kD) oo <

By the same lemma, the Riccati equation (3.12) with x = pk has a solution P € B(X)
satisfying P = P* > 0. Set

= P 0

P= (0 o)
and define

i < A— ukA=1BCr —ukA=*BG(0) >
k = )

- A-lB ~
e, e ) B=(")"), e=ccon.

1
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where dom(A;) = dom(A) x R. The operator Ay generates a Cp-semigroup. Using
(3.12), it is easy to show that

(3.15) (A1, PEo) 4 (Piy, Apa) + p?k?(C2y, CEy) + (B*Piy, B*Pis) = 0

is satisfied for all Z1,%2 € dom([lk).
Setting Z(-) = (z(+),v(+)), (3.13) and (3.14) can be reformulated as

(3.16) 2= Az +k(p—¢°(u)BCz, 2(0) = % = ( 53 ) ’

where the derivative on the left-hand side has to be understood in X_; x R. For an
intermediate step in the Liapunov analysis we need differentiability in X x R, and
therefore, we will use an approximation argument. To this end let T' > 0 be fixed but
arbitrary, and choose (w,) C W12(0, T;R) and (%) C dom(A;) such that

(3.17) nlirr;o k(e — ¢°(u))Cz — Wy 220,y =0, nan;O 120 — 20l xxr = 0.
Consider the system

(3.18) (1) = Aen(t) + Bun(t),  n(0) = .

(3.19) () =Cn(t).

The abstract initial-value problem (3.18) has a strong solution Z, on [0, 7] in the sense
that Z,(0) = zj and (3.18) is satisfied for a.e. t € [0,7T] (see Pazy [26, Cor. 2.10, p.
109]). Using (3.17) we obtain

(3.20) lim |12 = Z,|z2(0,1) = O; lim ||Z(t) — Z,(t)||xxg =0 for all t € [0,T].
Setting &, (t) = CZ,(t), it follows from the regularity of (3.18) that
(3.21) lim 1CZ — &ull 2oy = 0.

Differentiating the function
7+ V(1) = {(Zn(7), PZa(7))
shows that, for a.e. 7 € [0, T,
(3.22) Vou(7) = (2n(7), PARZn (7)) + (ApZn(7), P2n (7)) + 2(Bwn(1), P2, (7)) .

If ¢ € [0,T], then integrating (3.22) from 0 to ¢, taking limits as n — oo, invoking
(3.15), (3.17), (3.20), and (3.21), and setting

V(r) = (2(), Px(7))
we obtain
t t t
_ _ 212/ A2 B+ P32 % — (w5 P
VO -V = - [ 07— [ (BP2R +2 [ (Bhn— ()05 P)
Completing the square gives

V() —V(0) = - / 2K2 — k2(6° (u) — )?)(C2)° — / k(6 (u) — w)C3 + B P2,
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and hence

323) VIO =V(0) = <k [ o) - (¢)P)C

which holds for all ¢ € [0,7]. Since T' > 0 was arbitrary, it follows that (3.23) holds
for all ¢ > 0. Therefore, using (3.23) and the definition of C,

(3.24) k;2/0 (2ue° (1) — (¢°)*(u))(Crz + G(0)v)? < V(0) < oo forallt>0.

Now recall that 2u > X and [|¢°(u)|| o ®,) < A, so that

2u¢° (u) — (6°)*(u) > €(¢°)*(u)

for some € > 0. Therefore, (3.24) gives
¢
akQ/ (6°)*(u)(Crz + G(0)v)* < V(0) < 0 forallt > 0.
0

It follows that
(3.25) 6°(u)(Crz + G(O)) € I3(Ry).

Using this in (3.13) and appealing to the fact that A, A=!B, and C' are the generating
operators of a stable regular system we may conclude that

(3.26) Crz € L*(Ry).

Hence, by (3.25) and the boundedness of ¢°(u),

(3.27) ¢°(uv € L*(Ry),
and thus
(3.28) (Cr2)¢°(u)v € LY(Ry).

Using (3.24), (3.26)—(3.28), and the boundedness of ¢°(u) it follows that
(3.29) ¢°(u)v* € LY(R,).

Multiplying (3.14) by v(t), integrating, and then using (3.28) and (3.29) shows that

¢
lim v*(t) = v2 + 2 lim VO =V

t—o0 t—o0 0

for some v € [0, 00). By continuity of v(-) it follows that

lim v(t) =¥  or lim v(t) = —/v.
t—o0 t—oo
In the following we distinguish two cases: bounded and unbounded observation.
Let us first consider the case of bounded C'. In order to prove statement (1), we
have to show that v = 0. Seeking a contradiction, suppose that v > 0. Assuming
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that lim;_, o, v(t) = /v (the case lim;_,, v(t) = —/v can be dealt with in an entirely
analogous fashion), we obtain that

(3.30 oo = Jim H(u(t) > 6.

By Lemma 2.1, part (2), it follows that

(3.31) Jim |z (t) + A 'Béo|| =0.

Using the boundedness of C it follows from (3.2), (3.30), and (3.31) that
lim a(t) = k(r + CA ' Booo — Do) = kG(0)(¢r — o) < 0,

t—o0

and so

(3.32) lim u(t) = —c0.

t—o0o

Since ¢ is nondecreasing we obtain

b = Jim G(u(t) = inf(im o) < o
contradicting (3.30). Therefore, v = 0, and consequently lim; s ¢(u(t)) = ¢,, which
is statement (1). Statement (2) follows now from Lemma 2.1, part (2), and statement
(3) is a consequence of statements (1) and (2).

To prove statement (4), let ¢, € im¢. Seeking a contradiction, suppose that
the claim is not true. Then there exists a sequence of positive numbers (¢,) with
lim,, . t, = 00 and € > 0 such that

(3.33) dist (u(ty), o (é,)) > €.

If the sequence (u(t,)) is bounded, we may assume, without loss of generality, that
it converges to a finite limit uo,. By continuity of ¢ and statement (1) we have that
#(Uoo) = ¢y, and thus us, € ¢~1(¢,). This contradicts (3.33). So, suppose that (u(t,))
is unbounded. Without loss of generality, we may then assume that lim,_ . u(t,) =
oo. By monotonicity and statement (1) it follows that ¢, = sup ¢. Since ¢, € im ¢
there exists &* such that

P(§*) = ¢, =supd = max¢.

By monotonicity of ¢ we have

#(&) = ¢ = max ¢ for all £ > &*.

In particular, we see that u(t,) € ¢=1(¢,) for all sufficiently large n, contradicting
(3.33).

To prove statement (5) assume that ¢, € int (im¢). Again seeking a contradic-
tion, suppose that the claim is not true. Then there exists a sequence of positive
numbers (t,) with lim, . t, = 0o and lim, . |u(t,)| = co. Without loss of gen-
erality, we may assume that lim,_ ., u(t,) = co. By monotonicity it then follows
that

¢r = lim ¢(u(tn)) =sup¢,

contradicting the hypothesis ¢, € int (im ¢).
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Now let us consider the case of unbounded C with £71(G) € M. We will again
be seeking a contradiction, and hence assume that v > 0. It is clear that (3.30) and
(3.31) still hold. It only remains to show that (3.32) is also true in this case. To this
end, write (3.2) in the form

(3.34) 0= k[r — CpTyzo — £ H(G) * ¢(u)] .

Since lim; o d(u(t)) = ¢oo and £7HG) € M it follows that lim; . (£71(G) %
o(w)(t) = G(0)ps (see [8, Thm. 6.1, part (ii), p. 96]). Therefore, by (3.30) there
exists 6 > 0 and T" > 0 such that

(3.35) G(0)p, — (£7HG) x d(u))(t) < =6 forall t > T.

Integrating (3.34) from T to ¢ and using (3.35) gives
¢
(3.36) u(t) <u(T)+k [/ |CL T xo|ldr —6(t —T)
T

By exponential stability of T; we have that the map t — CrT;x¢ is in L2 (R, R) for
some a < 0, and hence in L' (R4, R). As a consequence, (3.36) yields

tlim u(t) = —o0,
which is (3.32). Statements (2), (4), and (5) then follow as in the case of bounded C.
Finally, write y(¢) in the form

y(t) = CLTemo + (£71(G) * d(u))(1).
Under the assumption that 2o € dom (A4) and £71(G) € M, we obtain

Jim y(t) = G(0) lim 6(u(t)).
Combining this with statement (1) yields statement (3). ad

One of the conditions imposed in Theorem 3.3 is that [G(0)]~!r € clos (im ¢).
The following proposition shows that this condition is necessary for solvability of the
tracking problem.

PRrROPOSITION 3.6. Let r € R, and suppose that ¢ : R — R is continuous, Ty is
exponentially stable, and G(0) # 0. If there exist an initial condition xg € X and a
continuous function u : [0,00) — R such that ¢(u(-)) is bounded and

Jim [Co(t) + D(u(t)] =1,

where z(t) = Tyxo + fg T, Bo(u(t)) dr, then ¢, = [G(0)] " r € clos (im ¢).

The proof of the above proposition requires some preparation. Recall the concept
of an w-limit point (and w-limit set §2(¢))) of a continuous function ¢ : [0,00) — R. A
point ¥* is an w-limit point of 1 if there exists an increasing sequence (t,) C [0, 00)
such that ¢, — oo and ¥(t,) — ¥* as n — oo. The set Q(¢)) of all w-limit points is
the w-limit set of 1.

The following lemma is probably standard; however, we were unable to locate it
in the literature and so include a proof for completeness.
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LEMMA 3.7. Let ¢ : [0,00) — R be continuous and bounded. Then

i BE6)] =0 = weaw).

Proof. It suffices to prove the result in the case w = 0 (if w # 0, then simply replace
P by ¥, t— Y(t) —w). It is well known that Q(¢)) is compact and is approached
by 1(t) as t — oo (see, for example, [10, p. 113]). Seeking a contradiction, suppose
0 & Q(1)). Then there exists € > 0 and T > 0 such that for all ¢ > T, |¢(¢)| > . Since
1) is continuous, we may restrict our attention, without loss of generality, to the case
¥(t) > e for all t > T. Then, for all s € (0,00), we have

oo T 9]
(3.37) (L) (s) = /0 e Stp(t) dt > /0 e St (t) dt + €/T e Stdt

T
(3.38) = / e Stp(t) dt + ,
0 S

whence the contradiction

0= lim s(Ly)(s)>e>0.

s—0,5>0

Proof of Proposition 3.6. For § € (0,7/2) define the open sector S(8) C Cy by
S(6) == {pe | p € (0,00), a € (—8,8)} .
Setting ¥ (t) = ¢(u(t)) and y(t) = Cra(t) + Dy(t) we obtain
(Ly)(s) = G(s)(Le)(s) + C(sI — A) "o,
and so by the final-value theorem (see [7, Satz 34.2] or [25, Thm. 14, p. 95])

= i = i = i .
r=lim y(t) Sﬁoﬁlgels(é)S(ﬂy)(S) Ho’lgs(&)sG(S)(ﬂw)(S)

Since G(0) # 0 it follows using Lemma 3.7 that

b =[G(0)]tr = lim  s(Ly)(s) € Q) C clos (im ). 0

s—0, s€S()

A result similar to Proposition 3.6 was stated without proof by Miller and Davison
[22] in a finite-dimensional context. However, their approach (as outlined by Miller
[21]) does not extend to infinite-dimensional regular systems.

4. Example: Controlled diffusion process with output delay. Consider a
diffusion process (with diffusion coefficient a > 0 and with Dirichlet boundary condi-
tions), on the one-dimensional spatial domain [0, 1], with scalar nonlinear pointwise
control action (applied at point x;, € (0,1) via a nonlinearity ¢ with Lipschitz con-
stant A > 0) and delayed (delay h > 0) pointwise scalar observation (output at point
z. € (0,1), . > xp.). We formally write this single-input, single-output system as

2i(t, ) = azge(t, @) + 6(x — xp)p(u(t)), y(t) = z(t — h,z.),
z(t,0) =0 = z(t,1) forallt > 0.
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For simplicity, we assume zero initial conditions as follows:
z(t,x) =0 for all (¢,2) € [—h,0] x [0,1].

With input ¢(u(-)) and output y(-), this example qualifies as a regular linear system
with transfer function given by

e~ sinh (xb (s/a) ) sinh ((1 — ) (s/a))
a\/Wsinh \/W '

In this case, a detailed analysis (see [15] for related investigations) yields

G(s) =

K :=sup{k > 0] (3.8) holds}
1 6a”
|G(0)]  @p(1 —ze)(6ha+1— a2 — (1 —x.)2)

Therefore, by Theorem 3.3, for each k& € (0, K/)), the integral control

u(t) = k/o [r—y(t)]dt

guarantees asymptotic tracking of every constant reference signal r satisfying

T ar .
G(0) = (1= € clos (im ¢) .

For purposes of illustration, we adopt the following values:
1 2
= 01’ = -, =
a Tp 3

We consider a nonlinearity ¢ of saturation type, defined as follows:

1, u>1,
w o(u) = { u, ue (0,1),
0, u<0
in which case A =1 and
243
K =— (=0.3919).
620( 0.3919)
For r =1, we have
r a

G = ol =) =0.9 €[0,1] = clos (im ¢) .

In each of the following three cases of admissible controller gains
(i) k=0.39, (ii)) k=0.26, (iii) &k = 0.13,

Fig. 4.1 depicts the output behavior of the system under integral control, while
Fig. 4.2 depicts the corresponding control input. These figures were generated using
SIMULINK Simulation Software within MATLAB wherein a truncated eigenfunction
expansion, of order 10, was adopted to model the diffusion process.
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T T T T T

@@

controlled output y(-)

L L L L

0 10 20 30
Fia. 4.1. Controlled output.
T T T T T
@)
1 - -
(i)
(iii)
i control input ¢(u(-)) i
0 1 1 1 1 1
0 10 20 30
Fic. 4.2. Control input.
Appendix.

Proof of Lemma 3.2. In proving Lemma 3.2, we will study an initial-value problem
which is slightly more general than (3.6). Let a > 0, and let w € C([0, o], R). Consider
the initial-value problem

(A1) u(t) = klr — (Woozo)(t) — (Fos(u))(t)], > ar,
(A.2) u(t) =w(t), telo,a].

LEMMA A.1. Let g € X. For any initial function w € C([0,a],R) there exists
e > 0 and a unique function u € C([0, + €], R) with u(t) = w(t) for all t € [0,q]
and such that u is absolutely continuous on (o, o + €] and (A.1) is satisfied for a.e.
tela,a+el.

Proof. Without loss of generality, we may assume that £ = 1. For § > 0 and
1> ||w|so, define

Csp={uecC(0,a+ 6], R)| |u(t) —w(t)| <n if 0<t<a;
lu(t) —w(a)| <n if a<t<a+b}.
Choosing 7 > ||w||« guarantees that Cs, contains the zero function. Using the causal-
ity of F,, the boundedness of the operators P;F,, and the Lipschitz continuity of

¢, it is clear that, for given numbers § > 0 and 7 > ||w||, there exists A > 0 such
that, for all € € (0,6] and all u,v € Cq ),

ate a+te
[ Faotn) = Fao@P <3 [ uop.
el 0
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Using Holder’s inequality we obtain the estimate

1/2

(A.3) / T Fat(u) — Fauo(v)] < M2 ( / " uv|2) ,

which holds for all u,v € C.,, and all ¢ € (0,6]. Moreover, if v = 0, then we may
conclude that, for all u € C.,, and all € € (0, ¢],

I A T (/ " |u|2)1/2 |

(o3

Set f(t) =1 — (Pooxo)(t), and choose p > 0 such that

a+p
(A5) [ U+ 1E<son ) dr < 2.

Now choose € > 0 such that

1 1 n 2
(AB) e<é, e<p, e<—, < ( ) .
A 4o+ p) \Amax{||wllos, [w(a)| +n}
Define the operator I" by
(Tu)(t) = w(t), 0<t<a,

Tu)(t) = wle) + [ f(r)dr - / Fot(w)(r)dr, t>a,

«
and set

Con={ucC,|ult)=wt) if0<t<al.

Clearly, C. , is a complete metric space, and the lemma follows if we can show that I"
is a contraction on C;,,].

We first show that T'(C. ) C Ce,,. Using (A.4)~(A.6) we obtain, for all u € C.,
and all t € [a, v +¢],

|(Tu)(t) —w(a)] < AWe (/OME lu(T)[? dr) v +

< 3+ AVe(a+ p) max{l|e]c, fw(a) +n}
m,

VIR

IN

which shows that T'(C.,) C C.,,. It remains to show that T' is a contraction on C. .
To this end, let u,v € C. . Using (A.3) we obtain

a+e 1/2
sup |(Tu)(7) — (To)(1)| < A\e (/ |u — v|2> <eX sup J|u(t)—o(7)|.

0<r<a+te 0<r<a+e

By (A.6) we have that e < 1, showing that I' is a contraction on C;m. d
Proof of Lemma 3.2. We proceed in several steps.
Step 1. Existence and uniqueness on a small interval.
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An application of Lemma A.1 with a = 0 shows that there exists an ¢ > 0 such
that (3.6) has a unique solution on the interval [0, ).

Step 2. Extended uniqueness.

Let u; be a solution of (3.6) on the interval [0,a;), ¢ = 1,2. We claim that u;(t) =
uz(t) for all ¢ € [0,a), where a = min(aq, az). Seeking a contradiction, assume that
there exists ¢t € (0, a) such that uy(t) # uz(t). Defining

t* = inf{t € (0,a) |ui(t) # ua(t)},

it follows that ¢* > 0 (by Step 1), t* < a (by assumption), and u; (t*) = wua(t*) (by
continuity of u; and usy). Clearly, the initial-value problem

W(t) = k[r — (Woozo)(t) — (Foop(u)) ()], =17,
u(t) ul(t) ’ te [07 t*] ’

is solved by w; and ug. This implies (by Lemma A.1) that there exists an £ > 0 such
that uq(t) = ua(t) for all t € [0,t* + ), which contradicts the definition of ¢*.

Step 3. Continuation of solutions.

Let u be a solution of (3.6) on the interval [0,a), a < co. In order to prove that
u can be extended to a maximal solution (which satisfies (3.7) if amar < 00), it is
sufficient to show that u can be continued to the right (beyond a) if u is bounded
on [0,a). Now u(t) = (Tu)(¢) for all ¢t € [0,a), where T is the operator defined in the
proof of Lemma A.1 with o« = 0. It is clear that lim;_,_ (Tu)(t) = v exists and is
finite. Consequently, lim; ,,— u(t) = 7, and hence setting u(a) = v makes u into a
continuous function on [0, a]. Finally, Lemma A.1 shows that the initial value problem

0 =k[r — Pooxo — Foop(v)], t>a,
’U(t) = u(t) , L€ [07 a] )
has a unique solution u* on [0,a + ¢) for some ¢ > 0. By the causality of the map
F ¢, the function u* is a solution of (3.6) on [0,a +¢), i.e., u* is a continuation of wu.
Step 4. Global existence if ¢ is globally Lipschitz.
Assume that ¢ is globally Lipschitz. Seeking a contradiction suppose that a,,q. <

oo. Let u be the solution of (3.6) defined on [0, aymaz). Multiplying (3.6) by w and
estimating we obtain that, for all 7 € [0, amaz ),

(A7) u(r)i(r) < klr? + (Poowo)*(7) +u?(7) + |(Food(w)) (r)u(r)]] -

Integrating (A.7) from 0 to ¢t and combining the estimate

/ot (Foct(u))u] < /O o (60) = 9(0)) 1l + 5 (/ot(F“’d)(O))z ' /0 UQ> |

the Cauchy—Schwarz inequality, and the global Lipschitz property of ¢, it can be
readily shown that there exists positive constants o and § such that, for all ¢ €
[O7amaa:)7

t
u?(t) < a—i—ﬁ/ u? () dr.
0
An application of Gronwall’s lemma then shows that u?(t) < ae® for all t € [0, amaz)-

Hence u is bounded on [0, @4z ), which by Step 3 is in contradiction to the maximality
of maz- O
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Proof of Lemma 3.4. Since 0 < 2k < K, it follows that there exists € > 0 such
that

1+2/<;Re%>5 for all s € Cy.
s

Hence
1+ 2xRe GZ,(Z“’) >e  forallweR, w0,
and thus
(A.8) 1+ 2kReH(iw) > ¢ for all w e R.
By considering
¢~ (142RReH(s) _ |—(1426H(s) |

applying the maximum modulus theorem, and using the fact that H(s) — 0 as |s| —
oo in Cy, it follows from (A.8) that

1+ 2kReH(s) > ¢ for all s € Cy.
Therefore, for all s € Cy,
e+ rx*H(s)H(s) < (1+ kH(s))(1 + H(s)).

Consequently, for all s € Cy,

_ _ 1
H(s)(1+ xH(s)) "H(s)(1 + xH(s)) ! < =

yielding (3.11).
By using the identity s(sI — A)~! = A(s] — A)~! + I, we easily obtain

H(s) = % (G(s) — G(0)) = Cu(sT — A)'A~'B.

Consider the state-space system given by the triple (A, A='B,Cy). For any T > 0, the
input-to-state map of this system maps L?(0,T) boundedly into X;. Consequently,
the triple (4, A™'B,C) defines a Pritchard-Salamon system with respect to the
spaces X1 and X; see Curtain et al. [4] or Pritchard and Townley [31]. Now, (3.11)
means in particular that the closed-loop system obtained from H by negative output
feedback with gain « is input-output stable. By the equivalence of input-output and
exponential stability (see [4] or [32]), we may conclude that the semigroup generated
by A, with 0 < 2k < K, is exponentially stable. Moreover, combining Theorem 2.4
in Pritchard and Townley [30] (or, alternatively, Theorem 1 in Logemann [12]) and
(3.11), it follows that the structured complex stability radius of A, with respect
to the weightings A~'B and Cp is greater than . Therefore, an application of
Proposition 1.5 in [31] shows that the Riccati equation (3.12) has a self-adjoint
positive-semidefinite solution P € B(X) such that (3.12) holds for all x1,zs €
dom(A,). a

Proof of Lemma 3.5. It is clear that ¢° € LS (—o0,00) if ¢ is locally Lipschitz

loc

and that ¢° € L% (—o00,00) if ¢ is globally Lipschitz. Moreover, as the limsup of a
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sequence of Borel functions, ¢° is a Borel function. Consequently, ¢° o u is Lebesgue
measurable for all Lebesgue measurable functions u. Let u be absolutely continuous.
Setting v = ¢ o u, it follows from the Lipschitz continuity of ¢ and the absolute
continuity of u that v is absolutely continuous. If ¢ € R is such that w is differentiable
at t, then we have

(A9) w(t+h)—o(t) = d(ut) + hi(t)) — d(u(t) + ¢(u(t + h)) — ¢(u(t) + hil(t)) .

Moreover, by Lipschitz continuity of ¢, there exists a constant L > 0 such that, for
all sufficiently small |A],

1

(A10) |1 [6(ult + h)) — d(u(t) + huam\ < ] -

; [ult -+ h) = u(®) — (t)

Let D C R be the set of all points ¢ such that both u and v are differentiable at t.
Then D is of full measure, and combining (A.9) and (A.10) yields

lim %[v(t +h) = o(t)] = Jim %[qb(u(t) + hi(t)) — p(u(t))] for all £ € D.

Therefore, for every t € D,

(A.11) b(t)=0  ifa(t)=0,
1) = 2RO~ 0l
(A.12) = ¢'(ut)a(t)  ifa(t) £0.

In particular, if t € Dy := {t € D|u(t) # 0}, then ¢ is differentiable at u(t). For
t € Dy we have, of course, ¢°(u(t)) = ¢'(u(t)), and thus it follows from (A.11) and
(A.12) that

0(t) = ¢ (u(t))u(t) for a.e. t € [0,00). O
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