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CONDITIONS FOR ROBUSTNESS AND NONROBUSTNESS OF THE
STABILITY OF FEEDBACK SYSTEMS WITH RESPECT TO SMALL
DELAYS IN THE FEEDBACK LOOP*

HARTMUT LOGEMANNT, RICHARD REBARBER}, AND GEORGE WEISSS

Abstract. It has been observed that for many stable feedback control systems, the introduction
of arbitrarily small time delays into the loop causes instability. In this paper we present a systematic
frequency domain treatment of this phenomenon for distributed parameter systems. We consider
the class of all matrix-valued transfer functions which are bounded on some right half-plane and
which have a limit at +oco along the real axis. Such transfer functions are called regular. Under the
assumption that a regular transfer function is stabilized by unity output feedback, we give sufficient
conditions for the robustness and for the nonrobustness of the stability with respect to small time
delays in the loop. These conditions are given in terms of the high-frequency behavior of the open-
loop system. Moreover, we discuss robustness of stability with respect to small delays for feedback
systems with dynamic compensators. In particular, we show that if a plant with infinitely many
poles in the closed right half-plane is stabilized by a controller, then the stability is not robust with
respect to delays. We show that the instability created by small delays is itself robust to small delays.
Three examples are given to illustrate these results.

Key words. small time delays, robust stabilization, linear distributed parameter systems,
regular transfer functions, dynamic stabilization
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1. The main results. Consider the linear feedback system shown in Fig. 1,
where w is the input function and y is the output function, both C™-valued. H is
the open-loop transfer function, with values in C™*™ which we assume to be regular
and in particular well posed. Wellposedness means that H is bounded on some right
half-plane, and regularity means that, in addition, H has a limit at +oco along the
real axis (see §2 for more detail on these concepts). The block with transfer function
e~°° represents a delay by e, where £ > 0. The transfer function of the closed-loop
system is given by

(1.1) Ge(s) = H(s) (I +e=°H(s)) .

G¢ can be obtained from G° by
(1.2) G(s) = G%s) [T - (1— e )G s)] .

To avoid possible complications with domains of transfer functions, we make the
following convention: If a meromorphic function is defined on some right half-plane
and can be extended meromorphically to a greater right half-plane, we will not make

any distinction between the initial function and its extension. This will not lead to
confusions.
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NONROBUSTNESS WITH RESPECT TO SMALL DELAYS 573

We say that G is L2-stable if G € H®(C™*™); i.e., G is a bounded analytic
function on the open right half-plane Cy = {s € C | Re s > 0}. Indeed, as is

well known, this property is equivalent to the one that u € L2([0,00), C™) implies
y € L*([0,00),C™).

u Y

() > H >
+T
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A

F1G. 1. Feedback system with delay.

In many engineering applications the aim is to stabilize a plant by a feedback
controller. Here, stability may have various meanings—for example, exponential sta-
bility in the state space. We may think of H as the transfer function of the plant and
the controller connected in cascade, and the stability of the corresponding closed-loop
system implies that G° is L2-stable. However, stability might be lost if tiny (and
often inevitable) delays are present in the feedback loop, leading to the feedback sys-
tem shown in Fig. 1. Indeed, it might be that for arbitrarily small € > 0, G¢ has
poles in Cy, which implies that the system cannot be stable in any reasonable state
space sense either. Our aim in this paper is to find conditions on H (necessary and/or
sufficient) for this phenomenon (observed by many authors) to happen.

We say that GO is robustly stable with respect to delays if there is an g9 > 0 such
that for any ¢ € [0,g¢], G° is L2?-stable. The absence of this property means that
arbitrarily small destabilizing delays can be found for GP°.

If the transfer function H is meromorphic on the half-plane Cg, then we denote
by Py the (discrete) set of its poles in Cy. (We say that p is a pole of H if p is a
pole of at least one entry of H.) We define

(1.3) v = lilr?_S:up r(H(s)) ,

s€Co\Pu

where 7(H(s)) denotes the spectral radius of the matrix H(s). It might happen that
v = oo—for example, if H is scalar and has an unbounded sequence of poles on the
imaginary axis. If G? is L2-stable, then from the formula H = G°(I — G%)~! it is
not difficult to see that H is meromorphic on Cy. Indeed, for s in the half-plane
where H(s) was originally defined, I — G%(s) = (I + H(s))™! so that det(I — G(s))
is not identically 0. Hence, if G° is L2-stable, then (1.3) makes sense. This fact is
used implicitly in the statement of our main result, which is the following theorem.

THEOREM 1.1. Let H be a C™*™-valued regular transfer function and suppose
that G® = H(I + H)™! is L2-stable. Let «y be defined by (1.3).

(i) If v < 1, then GO is robustly stable with respect to delays.

(i) If v > 1, then G° is not robustly stable with respect to delays.

The proof of (i) is much easier than the proof of (ii) and is in §6. It is shown in
the same section that (i) cannot be extended to multidelay perturbations. The proof
of (ii) is very involved, so in order to present the ideas clearly, without multivariable
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technicalities, we first give the proof for m = 1 in §§3 and 4. The multivariable case is
treated in §5. We were not able to prove a general result for the case v = 1. However,
trivial examples (e.g., H(s) = I) show that G° will in general not be robustly stable
with respect to delays if v = 1.

In §7 we show that the instability created by a small delay in the closed loop is
itself robust to small delays.

In §8 we discuss destabilization and robustness with respect to delays for systems
with dynamic feedback. Let P and K be meromorphic functions on Cg of appropriate
dimensions such that the products PK and KP exist. We say that K stabilizes P if

1 Pt
[k 7]
is L2-stable. Intuitively, this means that if we connect the plant P and the controller
K in a feedback loop with two external inputs, then all the possible transfer functions
in the loop are L2-stable (see §8 for details).

Let us denote K.(s) = e™**K(s). We say that K stabilizes P robustly with respect
to delays if there is an €9 > 0 such that for any € € [0, 0] K. stabilizes P. Intuitively,
this means that the introduction of sufficiently small delays into the feedback loop
mentioned earlier does not destroy its stability. By a corollary of Theorem 1.1 stated
in §8, if H = PK is regular and ~ is defined by (1.3), then v < 1 implies that K
stabilizes P robustly, while 4 > 1 implies that the opposite is true. Let C§' denote
the closure of Cy. Using the above mentioned corollary and a lemma of independent
interest, we prove (still in §8) the following theorem.

THEOREM 1.2. Let P and K be matriz-valued meromorphic functions on a right
open half-plane containing C§'. Assume that PK is reqular and K stabilizes P. If
P has infinitely many poles in C§, then K does not stabilize P robustly with respect
to delays.

Thus, roughly speaking, if a plant with infinitely many poles in C§' is given, we
cannot find a controller such that the resulting feedback system is robustly stable
with respect to small delays in the loop.

In §9 we give three simple examples.

2. Preliminaries and discussion of earlier results. There are many exam-
ples in the literature of systems described by partial differential equations which are
exponentially stabilized by a feedback but are destabilized by arbitrarily small time de-
lays in the feedback loop. The first example of this sort appeared in Datko, Lagnese,
and Polis [9], where a one-dimensional wave equation with boundary feedback was
studied. The same phenomenon has been subsequently described in many other ex-
amples; see Datko [10], Desch, Hannsgen, Renardy, and Wheeler [13], Hannsgen,
Renardy, and Wheeler [20], Bontsema and deVries [3] and Grimmer, Lenczewski, and
Schappacher [19]. In a more abstract framework, this destabilization by small de-
lays was demonstrated for classes of distributed parameter feedback systems in Datko
[10], [11] and Desch and Wheeler [12]. In these classes of systems the open loop semi-
group is unitary, and only one stabilizing feedback is considered for each given plant,
typically a type of co-located control.

In contrast with the works referred to above, we will take a frequency domain
approach here, which is not tied to a specific form for the stabilizing feedback. Our
approach is similar in spirit to that in the considerably older paper of Barman, Callier,
and Desoer [1]. In that paper, necessary and sufficient conditions were given for a
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class of single-input single-output (SISO) systems to be robustly stable with respect to
delays. The results in [1] are limited by several restrictions, including the requirement
that the open-loop transfer function has at most finitely many poles in the closed right
half-plane. These results were applied to some systems described by partial differential
equations in [3].

A more general class of perturbations of feedback systems, including small delays
in the loop, were considered by Georgiou and Smith [17], [18] (see also Curtain (8]).
Their concept of w-stability is considerably stronger than robust stability with re-
spect to delays; it covers a large class of perturbations which represent high-frequency
modelling uncertainties. The necessary and sufficient criterion for w-stability in [18]
resembles our Corollaries 8.2 and 8.4, especially in the SISO case. For multiple-
input multiple-output (MIMO) systems, there is a curious difference: the result for
w-stability is in terms of the norms of the transfer functions, while our result for
robustness with respect to delays is in terms of their spectral radius. The proof of
destabilization results for w-stability is considerably easier than for robustness with
respect to delays.

We will now recall some concepts and results needed in this paper. We will work
with finite-dimensional input and output spaces, but we mention that these concepts
and results have natural counterparts for Hilbert space-valued input/output functions,
which means operator-valued transfer functions.

Let a € R. We will use the notation

Co = {s€C| Res>a},

and HZ(CP*™) will denote the space of all bounded analytic CP*™-valued functions
on C,. We write H*® for Hg°. The norm ||G|e of a function G € HZ is the
supremum of ||G(s)|| over C,, the matrix norm being defined as the greatest singular
value. After the identification of functions with their meromorphic extensions, which
was mentioned in §1, we have that

HY c H if o< 8

DEFINITION 2.1. A well-posed CP*™-valued transfer function is an element of
one of the spaces HZ (CP*™).

Well-posed transfer functions correspond to shift invariant operators on L [0, 00)
with finite growth bound; see Weiss [32, §3]. In particular, the transfer function of
any abstract linear system is well posed, as follows from [32, Prop. 4.1]. Conversely,
for any well-posed transfer function H we can find an abstract linear system whose
transfer function is H, as follows from results in Salamon [29].

DEFINITION 2.2. A well-posed matriz-valued transfer function H is regular if the
limit limy_, oo H(A) = D exists (where X is real). Then D is the feedthrough matrix
of H.

Practically all well-posed transfer functions of interest are regular. (In fact, it is
a nontrivial exercise in complex analysis to construct an example of a well-posed and
nonregular transfer function.) If the transfer function of an abstract linear system is
regular (such systems are called regular), then the system has a simple and convenient
state space representation, like finite-dimensional systems; see [32, §2].

For SISO systems, we will use the term feedthrough value instead of feedthrough
matrix. We introduce a notation for angular domains in C: for any number 9 € (0, 7],

W) = {re’|re(0,00), ¢ € (—,%)}.
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We will need the following simple fact about regular transfer functions.
PROPOSITION 2.3. Let H be a regular matriz-valued transfer function, with
feedthrough matriz D. Then for any ¢ € (0,%),

lim H(s) = D.
|8]—o00
SEW(Y)

This follows from Duren [14, Thm. 1.3], after mapping the half-plane onto the unit
disk. It follows also from the results in {32, §5], where Laplace transform techniques
are used.

Remark 2.4. If H and G*€ are related as in (1.1) and € > 0, then it is easy to see
that H is well posed (regular) if and only if G€ is well posed (regular). If H and G°
are both well posed, then one of them is regular if and only if the other is. Similar
statements are true for operator-valued transfer functions but are more difficult to
prove; see Weiss [33].

3. Nonrobustness: The SISO case with |D| < 1. In this section we prove
(ii) of Theorem 1.1 for SISO systems and under the additional assumption that D,
the feedthrough value of H, satisfies |D| < 1. This situation is fairly typical for
transfer functions of unstable vibrating systems. Since we can say slightly more than
what is written in (ii) of Theorem 1.1, we restate the result.

THEOREM 3.1. Let H be a regular SISO transfer function and, for any e > 0, the

function G¢ be defined by (1.1). Let D denote the feedthrough value of H. Assume
that

(1) G® € H*, so0 that v can be defined by (1.3),
(2) v>1,

(3) |ID| < 1.

Then there exist sequences (gy,) and (p,) with

€n >0, €,—-0, p, € Cy, |Imp,|— o0

and such that for any n € N, p, is a pole of G*~.

Proof. From condition (1), using (1.1) we can see that the point —1 has a neigh-
borhood which does not intersect the range of H (regarded as a meromorphic function
on Cp). This implies that there exist 7 > 0 and 7; > 1 such that the set

S = {re* | reLim], -7 <n}
does not intersect the range of H:
(31) H(S) & S Vs € Cop.

Since we may choose 7, arbitrarily close to 1, by condition (2) we may assume

(32) l<m <7

The definition of v and (3.2) enable us to show that there exists a sequence (zy,)
in Cy with the following properties:
(a) |2n| — 00 as n — oo
(b) for any n € N,
[H(zn)| = 713
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(c) for any n € N, H is analytic on the ray

I = {zm+a | a€[0,00)}

(i.e., there are no poles on these rays).

By Proposition 2.3, for any v € (0, §) there exists an 7y > 0 such that for any s €
W(%) with |s| > ry, we have |H(s)—D| < y;—1. Using that |H(s)| < |D|+|H(s)— D]
and condition (3), we get that, for s as above, |H(s)| < ;. By property (b) it follows
that the sequence (2,) lies in the set {s € Co | |s| < ry or |args| > ¢}. Here and
in the rest of this proof, the argument of a (nonzero) complex number s is defined
such that args € (—m,n]. By property (a), for n sufficiently large, |z,| < 7y is
not possible, so that |argz,| > 9. Since the choice of 9 € (0,%) was arbitrary, we
conclude that

. ™
(3.3) nleréo |arg z,| = 5
Together with property (a) this implies that
(3.4) lim |Imz,| = oo.

n— 00

We may assume without loss of generality that for all n € N, Im 2, > 0. Indeed,
if such a subsequence does not exist, then a similar argument can be made assuming
that Im 2z, <0 for all n € N.

By property (c), H is continuous on each ray I',,, and by Proposition 2.3, H(s) —
D as s — oo on I',,. Since |D| <1 (by condition (3)), the numbers

a,, = max{a € [0,00) | |H(2zn + a)| > 1},
a; = min{a € [a,, 0] | |H(z + a)| < 1}

are well defined. (If |D| = 1, then it might happen that a!, = 00.) Put

/ n

! n
Zp = Zn+ay, Zy = Zn+a,.

(It might happen that z!! = c0.) We will be looking for poles of G¢ in the open
horizontal segments (z),,2))) C T'y,.

From the definition of 2z, and 2!/, using property (c) we see that the image of
[21,, z1;] through H is a curve II,, contained in {s € C | 1 < |s| < v1}. The possibility
that z]] = oo is not disturbing since (by Proposition 2.3) H is continuous at infinity
along the ray T',,. By (3.1) II,, cannot enter Sy, so it is confined to the set

Sy = {re’® | re[Lm], lp| <m—n};
see Fig. 2. Thus we have

(3.5) II, ¢ S, VneN.
Using (1.1) we see that p is a pole of G€ if and only if

e *PH(p) = -1.
A sufficient condition for this is

(3.6) logH(p) — ep = —im,
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F1G. 2. The sets S1,S2 and the curve Ily.

where we choose the branch of the logarithm to be logz = log|z| + ¢ arg z, with
arg z € (—m, |, as agreed earlier, and log|z| € R.
For each s € Co with Im s > 0, the ray R(s) = {logH(s) —es | € € [0,00)}
intersects the horizontal line L = {s € C | Ims = —n} in a point w(s) — ir. Indeed,

for € = 0 the corresponding point of R(s) is above L, while for large € > 0 the
corresponding point of R(s) is below L. Thus we can define the real-valued functions

w(s), e(s) for each s € Cy with Im s > 0 such that e(s) > 0 and
log H(s) —e(s)s = w(s) — im.

(3.7)
A simple computation shows that
_argH(s)+
(3.8) e(s) = Ims
(arg H(s) + m)Res

w(s) = log|H(s)| — Tms

(3.9)
CLAIM. For all n € N sufficiently large, there is a point p, € (2, z]) such that

w(pn) = 0.

Figure 3 is intended to give an intuitive picture of this claim. In this figure we see
the curve log II, which, according to (3.5), is contained in the rectangle log Sy. It is
assumed in the picture that 2/ is finite. The rays R(z},), R(z)), and R(p,) (dotted

lines) and the horizontal line L are marked.
Proof of the claim. We define

w(oo) = —oo.
Then, as a [—00,00)-valued function, w is continuous on each segment [z, 2,]. In-

deed, by (3.5) arg H(s) has no jumps on such a segment. If 2] is finite, then the
continuity of w is clear from (3.9). If 2!/ = oo, then it is easy to see from (3.9) that

lim,_,o0 w(8) = —o0, where s € (2),,2])).
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Jlms

FiG. 3. The claim (the existence of pn).

Next we show that for all n € N sufficiently large,
(3.10) w(z,) >0 and w(z2)) <O.

The sequence (z;,) shares with (z,) properties (a) and (b) (also (c), but this is not
needed now). By the exact same argument used to prove (3.3), and by the assumption
Im 2, > 0, we get that

. ;P
nll'ngo argz, = 3.

Hence
(3.11) lim (argH(2;) + m)Re 2}, —0

’ n—o0 Im 2!, )
On the other hand, it is clear that

" "

(3.12) (argH(2])) + m)Re 2, > 0.

"
Im 27!

By the definition of z/, and 2!/, |H(2})| = v1 > 1 and |H(2!)] = 1. Therefore
log |[H(z;,)| = logy1 > 0 and log |H(z;))| = 0. Combining this with (3.9), (3.11), and
(3.12) we see that for all n sufficiently large, (3.10) holds.

Since w(s) is continuous on [z}, 2)1], (3.10) implies that for all n € N sufficiently
large there exists p, € (2,,,2,) such that w(p,) = 0. (This is indicated in Fig. 3 by
having the ray R(pn) go through —in.) This completes the proof of the claim.

Returning to the main proof, we may now assume without loss of generality that
for each n € N there is a p, € (z],2)) such that w(p,) = 0. (If not, select an
appropriate subsequence.) We denote &, = e(p,). By (3.7) (with s = p,) we get
that p, and e, satisfy (3.6), so p, is a pole of G*». By (3.8), €, > 0. Since
Imp, = Im z,, by (3.4) we have |Imp,| — co. By (3.8) and (3.4) we have ¢, — 0.
|
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4. Nonrobustness: The SISO case with |D| > 1. In this section we prove
(ii) of Theorem 1.1 for SISO systems and under the additional assumption that D,
the feedthrough value of H, satisfies |D| > 1. Then obviously v > 1, so that this
does not have to be assumed. In fact, we will prove a stronger result, in which the
assumption that GO is L?-stable is not needed. We do not even need that H should
be meromorphic on Cg.

THEOREM 4.1. Let H be a regular SISO transfer function and, for any € > 0,
the function G be defined by (1.1). Let D denote the feedthrough value of H and
assume that

|D| > 1.

Then there exist sequences (€,) and (p,) with

En >0, €,—0, Rep,—00, Imp,— 00

and such that, for any n € N, p, is a pole of G*~.

Proof. If D is not a negative real number, then we define the argument of any
(nonzero) complex number s such that args € (—m, 7|, as in the proof of Theorem
3.1. If D is negative then it is more convenient to change the definition such that
args € (—%,3%] (to avoid a jump discontinuity at D). The function log is defined
by log s = log|s| + iarg s with log|s| € R.

For any r > 0, B, will denote the closed disk of radius r with center in D. Due
to |D| > 1 and the way in which we have defined the function log, we can find a
p > 0 such that (1) |z| > 1 for all z € B, and (2) arg (and hence log) is continuous
on B,.

The simple inequalities

i 0 in I 0
zrggi(argz+7r) > 0, ?Glg:, oglz| >

enable us to find numbers 0 < oo < 8 such that for any z € B,

(4.1) loglz] — ZBZET o log|s| - HEETT

a B

Let 1 € (0, %) be such that 8 < tgt. By Proposition 2.3, there exists a o > 0
such that

(4.2) H(s) € B, VseW)NC,.

(The notation C, was introduced in §2.) Let (z,) be a sequence of real numbers with
T, > o and such that z,, — 0o. Define

zh = (1+ia)z,, 2 = (1+iB)xn.

We will be looking for poles of G¢ in the open vertical segments (2}, z//).

The remainder of this proof resembles the part of the proof of Theorem 3.1 which
starts after (3.5), so we will be brief. Using (1.1) we see that p is a pole of G€ if and
only if e7*PH(p) = —1. A sufficient condition for this is that (3.6) holds.

For each s € Co with Im s > 0, the ray R(s) = {logH(s)—¢s | € € [0,00)} inter-
sects the horizontal line L = {s € C | Im s = —n} in a point w(s)—im, as explained in
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the previous proof. Thus we can define the functions w(s), e(s) for each s € Cy with
Im s > 0 such that e(s) > 0 and (3.7) holds. These functions are given by (3.8) and
(3.9). The following claim is almost identical to the one in the proof of Theorem 3.1.

CLAIM. For all n € N there exists p, € (2,,,25) such that w(p,) = 0.

The proof is simpler in this case: By (4.2) and property (2) it is clear that w is
continuous on each segment [2/, z//]. Moreover, (3.9), (4.1), and (4.2) imply (3.10),
from which the claim follows.

We return to the proof of the theorem. We denote e, = e(p,). By (3.7) (with
s = pp) we get that p, and &, satisfy (3.6), so p, is a pole of G°~. By the definition
of the function e(:), €, > 0. We have Re p, = z, so that Re p, — oco. Since Im
Pn > QZp, we also have Im p,, — oo. Now by (3.8) we have ¢, — 0. ]

5. Nonrobustness: The MIMO case. In this section we show that the results
in 8§83 and 4 extend to the multivariable case. In particular, we prove part (ii) of
Theorem 1.1 for m > 1. In order to do this, it is convenient to state some preliminary
facts and results. If V C U C C, we say that V is a discrete set in U if V' has no
accumulation points in U. Let H, denote the ring of holomorphic functions defined
on C, and M, denote the field of meromorphic functions on C,. The vector spaces
of CP*™_valued holomorphic functions and of CP*™-valued meromorphic functions
on C, will be denoted by H,(CP*™) and M,(CP*™), respectively. It is clear that
Ha(CPX™) = HP*™ and My (CP*™) = M,P*™. A complex number sg € C, is a
pole of H € M, (CP*™) if and only if s¢ is a pole of at least one of the entries of H.

In the following let H be in M, (C™>*™). The set of all poles of H is denoted by
PBu. Moreover, define

P(-, A) :=det(AI — H(:)) € Mq[N],

where M, [\] denotes the ring of polynomials over M. Since M, is a field, there exist
a unique £ € N and unique monic irreducible polynomials 1;(-, A) € M[A] such that

I3
¥(s,A) =[] wils, V).

1=0

Let A;(-) € M, denote the discriminant of ¥;(-, A) € My[A]. If so € Pu, then it
is not difficult to show that the coefficients of the polynomials 1;(- , A) are holomorphic
in a sufficiently small neighborhood of so (cf. Baumgértel 2, p. 397]) and hence A;(so)
is the discriminant of ¥;(so,A) € C[\]. Thus 9;(so,A) has only simple zeros if and
only if A;(so) # 0; see, for example, Cohn [7, p. 175]. Since ¥;(-, A) is irreducible, it
follows that A;(s) # 0 and hence the set €y of critical points of H defined by

¢
Cy = {s € Cqy| H Ai(s) =0}

1=0

is a discrete set in C,. We shall need the following lemma from Forster [15, p. 52].
LEMMA 5.1. Let sg € C, let U C C be an open neighborhood of sg, and suppose

that ¢1(8),...,cn(8) are holomorphic functions on U. If Ay € C is a simple zero of
the polynomial

A"+ ¢ (So))\n_l et Cn(SO) € C[)\],
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then there exists an open neighborhood V.C U of so and a function & holomorphic on
V' such that £(s9) = Ao and

E"(8) 4+ c1(8)™1(s) ...+ ca(s) =0 VseV.

For sg € Cqa, ¢ € [0,27), and 0 < a < 0o set ' := {so + €%t|0 < t < a}. Hence
T is a half-line (@ = 00) or a line segment (a # oo) with initial point sg.

PROPOSITION 5.2. Suppose that T C Co \ (Pu U €u). If Ao € o(H(so))
(the spectrum of H(sp)), then there exists a region V C C, satisfying T C V C
Co \ (PBu U Cx) and a function & holomorphic on V such that £(so) = Ao and

P(s,4(s)) = det(§(s)I —H(s)) =0 VseV.
Moreover, if a = 0o, then under the extra assumption that the limit

lim H(s) =DeC™™

|8]—o0, s€T

exists, it follows that

|s|-—nlarox,lsel"€(s) =: {oo € 0(D).

The above proposition remains true if I is replaced by more general curves. How-
ever, for our purposes Proposition 5.2 is sufficient.

Proof. Let Ao € o(H(so)). After a suitable renumbering we may assume that
0(80,Ao) = 0. Let us first consider the case when a # oco. Define y(t) := so + €'t
for t € [0,a]. It follows from the assumption that for any ¢t € [0,a] the polynomial
Yo(y(t),A) € C[A] has no multiple zeros. Let n denote the degree of o(-,A) and
Al,..., AT denote the n different simple zeros of ¥o(y(t),\) € C[A]. Moreover, for
t € [0,a] let B, denote the set of all open balls B; with center in +(t) such that
B; C C, \ (PBu U Cx) and such that there exist n functions & holomorphic on B,
satistying &(7()) = A,

€i(s) #&l(s) Vs € By, Vi,j€n,i#7j, and ¢o(s,€i(s)) =0 Vs€ By, Vi€ n,

where n denotes the set {1,...,n}. By Lemma 5.1 the set %B; is nonempty, and by
setting By == J B,em, Bt we obtain the maximal element of ;. Denoting the radius
of Et by o: we claim that

5.1 .= inf g;>0.
(5.1) o= inf o

Assume that (5.1) is not true. Then there exist numbers t; € [0, a] such that

j—o0
Since @ < oo, we may assume without loss of generality that lim; . t; =: t* €

[0,a] exists. By assumption 4(t*) € Co \ (Pu U €u) and hence g+ > 0. Using
lim; o ¥(t;) = ~(t*), we conclude that there exist jo € N and § > 0 such that
B(y(t;),8) C By for all j > jo, where B(7(t;),6) denotes the open ball of radius
6 with center in «(t;). But this implies that B(v(t;),6) € B;, for all j > jo and
therefore B(~(t;),8) C Btj for all j > jo (by the maximality of ﬁtj). Thus we obtain
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that g;; > 6 for all j > jo, which contradicts (5.2). It follows that (5.1) holds, and
therefore there exists a largest number m € N such that mg < a. Setting 7; := gj it
is clear that

B(’Y(Tj),Q)CBTj for j=0,...,m and T°C U B(y(7j),0) .

j=0,....m

Let jo € n be such that A0 = M° = X, and set

fo(s) == €53(s) = &(s).

Now Sp := B(y(0), 0) N B(y(11),0) # 0 is contained in C,, \ (Pu U €x), and hence,
for any s € Sp, the polynomial 1y(s,\) € C[\] has n different simple zeros, which are
given by £} (s),...,£7 (s). On the other hand we have

Yo(s,60(s)) =0 Vs € So,
and hence there must exist j; € n such that
&o(s) = ii(s) VseSy.

Setting

&1(s) == €31 (s) Vs € B(y(m1),0) and S; := B(y(11), 0) N B(v(2),0) # 0,
the same argument can be used to conclude that there exists jo € n such that
&i(s) = l;(s) Vse€ S.

Repeating the above argument shows that there exist m + 1 holomorphic functions
& : B(y(rj),0) = C (j = 0,...,m) such that &11(s) = §(s) for all s € §; :=
B(v(75),0) N B(¥(7j+1),0) #0 (j =0,...,m —1). On the region

vi= |J BO(m)e)

7=0,....m

we define a function £(s) by setting

&(s) :=&;(s) if s € B(v(r5),0).

By construction ¢ is a well-defined holomorphic function on V such that £(so) = Ao
and det(é(s)I —H(s)) =0forall se V.

Let us now consider the case when a = oo. For j € N define I'; := {so +
€'?t|0 < t < j}. The above construction shows that there exist regions V; satisfying
I“;l CcV; € Ca\ (PBuUCy) and V; C Vju; and functions &; holomorphic on V;
such that &;(so) = Ao, %0(s,&;(s)) = 0 for all s € V; and §j11|v; = &;. Hence on
V= U;’;l V; we obtain a well-defined holomorphic function £(s) with the desired
properties by setting

&(s) :==&(s) if seV;.

Finally, the last statement in the proposition is a consequence of the fact that the
eigenvalues of H(v(t)) are continuous in ¢; see Kato [21, p. 106]. O
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The next result extends Theorem 3.1 to the multivarable case.

THEOREM 5.3. Let H(s) be a C™*™-valued regular transfer function and define
foranye >0

(5.3) G*(s) := H(s)(I + e~ **H(s))" L.
Let D € C™*™ denote the feedthrough matriz of H and assume the following:
(1) GO € H°°((mem),
(2) limsuplsboo,seco r(H(s)) =1 v > 1,
(3) r(D) <1.
Then there exist sequences (€,) and (p,) with

€n>0, e, =0, p, €y, |Impn|——>oo

and such that for any n € N, p, is a pole of G¢=.
Remark 5.4. (i) Since 7(H(s)) is not defined, if s is a pole of H, condition (2)
in the previous theorem should be formulated more precisely as

limsup  r(H(s)) =: v > 1.
ISl—’OO,SGCo\‘:pH
To simplify the notation, we make the convention that if s € Py, then r(H(s)) = 0.
(ii) Suppose that lim, o H(y + iw) =: H(iw) exists for almost all w € R. (For

example, this is the case if H € H>°(C™*™).) Then condition (2) in Theorem 5.3 is
satisfied if

(5.4) el—i»r{.lo esssup{r(H(iw)) | |w| > o} > 1.

Under the extra assumption that H(iw) is almost periodic, (5.4) holds if
esssup{r(H(iw) |w € R} > 1.

For the proof of Theorem 5.3 we need the following simple lemma.
LEMMA 5.5. Let the set A C Cy be discrete in Co. Then for any € > 0 and
B € R, there exists yo € R such that

lyo— B8] <e and {z+iy|z>0}NA=0.

Proof. It is easy to see that A is countable, so we can choose yo € (8 —¢,8+¢€)
such that yo & Im A. O

Proof of Theorem 5.3. As in the SISO case it follows from the assumptions (1)
and (2) that there exist constants n > 0 and 71 € (1,7) such that the set
S1 = {re | rel,m], l¢—n| <n}
does not intersect o(H(s)) for all s € Co \ Pu :
(5.5) ocH(s))NS1=0 VseCy\Pu.

Since 1 < «, by assumption (2) there exists a sequence (s,) in Cp \ Pu such that
|sn| — oo and r(H(s,)) > v for all n € N. It is obvious that we can find numbers
6n € (0,1) such that the vertical segment J, := [s,, — i6,, sp + i, is contained in
Co \ Py and

r(H(s)) > v Vse U In -
neN
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It follows from Lemma 5.5 that there exists z, € J, such that the ray
I, ={2,+ala€[0,00)}
does not intersect the set Py U Cx :
(5.6) F,N(PuaUCy)#0 VneN.
Using assumption (3) it can be shown as in the SISO case that
(5.7 Jgrgo |Im z,,| = co.

Again, without loss of generality, we may assume that Im 2z, > 0 for all n € N.
By construction we have that »(H(z,)) > 71 and hence there exists A, € o(H(2p))
such that |A,| > v; > 1. Since (5.6) holds, an application of Proposition 5.2 shows
that for all n € N there exists a region V,, satisfying I'), C V,, C Cp \ (P U €x) and
a function &, holomorphic on V,, such that &,(z,) = A, and

&n(s) € o(H(s)) VseV,.
Moreover, by Proposition 2.3

lim H(s) =D,

|s]—o0, s€T,

and hence we obtain by Proposition 5.2 that

hmer,. &n(s) =1 &r e C

|s|—o0, s

exists and £ € o(D). As a consequence of assumption (3) we have that [£3°] < 1.
Therefore the extended real numbers

a, = max{a € [0,00) | |én(2n + a)| = M},
O'Z = min{a € [a;v o0} | [€n(2n + a)] < 1}

are well defined. (If r(D) = 1, it might happen that a], = 00.) Setting
z, =2n+ap, and 2 =z, +aj

(where 2z = 0o is possible), we will be looking for poles of G* in (2}, ;). Notice that
a sufficient condition for p € (2], 2]/) to be a pole of G€ is that

log&,.(p) —ep = —im.
By (5.5) it follows that for all n € N
(5.8) €n([2ny 7)) C Sz := {re” |r € [L,m], |¢| <7 —n}.

It follows that log £, and arg &, (where log and arg are defined as in §2) are continuous
functions on [z}, 2!/]. For s € [z}, 2]!] define

Ry (s) = {logé&n(s) —es|e € [0,00)} .
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Then for each n € N and s € [2],2]'] the ray R,(s) intersects the line L = {s €
C|Ims = —n} in a point w,(s) —im. Thus we can define functions w,, e, : [2},20] —
R such that e,(s) > 0 for all s € [2/,2]/] and

(5.9) log&n(s) — en(s)s = wu(s) —in Vs € [2),21], VneN.

As in the proof of Theorem 3.1 it follows that for all sufficiently large n there
exists p,, € (2},,217) such that w,(p,) = 0. Thus, by (5.9)

lOg {n(pn) - en(pn)pn = —iT.
Finally, it is clear that

_ arg&n(pn) +m
(5.10) en(Pn) = ~Imp,

The sequence (arg £, (p.)) is bounded, and by (5.7), we have that Im p,, = Im 2, — oo
as n — oo. Therefore we obtain from (5.10) that lim,_,oc en(pPn) = 0. Setting
€n = en(py) it follows that G*~ has a pole in p, € Cy. 0

Along the same lines a multivariable extension of Theorem 4.1 can be obtained.
We state this result without proof.

THEOREM 5.6. Let H be a C™*™-valued regular transfer function, and for any
€ > 0 let G° be defined by (5.3). Let D denote the feedthrough matriz of H, and
assume that

r(D) > 1.
Then there ezist sequences (ey,) and (p,) with
en>0, €,—0, Rep, —» 00, Imp,, — o0

and such that for any n € N, p,, is a pole of G*~.
Combining Theorem 5.3 and Theorem 5.6 yields part (ii) of Theorem 1.1.

6. Robustness of stability. So far we have proved only part (ii) of Theorem
1.1. In this section we conclude the proof. In fact, since for part (i) of Theorem 1.1 the
wellposedness and regularity assumptions are not needed and we obtain additionally
uniform boundedness for the matrices G¢, we restate our result.

THEOREM 6.1. Suppose G° € H®(C™*™) and denote H = G°(I — G%)~! (so
that H € My(C™>™)). If

(6.1) limsup r(H(s)) <1,

|s]—00, s€Co

then there exist numbersgg > 0 and M > 0 such that G¢(s) = H(s)(I+e **H(s)) ! €
H>(C™*™) and ||G¢||ec < M for all € € [0,&0).
Remark 6.2. Suppose that H € H>(C™>*™). Then, as is well known,

lim H(p + iw) =: H(iw)
nlo
exists for almost all w € R. It is easy to show that r(H(s)) is a subharmonic func-

tion on Cy. Using standard results on subharmonic functions (see, for example,
Narasimhan [25, p. 227]) it is not difficult to prove that

sup{r(H(s))|s € Co} = esssup{r(H(iw)) |w € R}.
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As a consequence, (6.1) will be satisfied if esssup{r(H(iw) |w € R} < 1.

The proof of Theorem 6.1 requires some preparation. If H € My(C™*™) and sg
is a pole of H, then trivial examples show that r(H(s)) does not necessarily blow up
as s — sg. However, the next lemma reveals that this phenomenon cannot occur if
H(I + H)™! is L?-stable.

LEMMA 6.3. Let U C C, suppose G is bounded and holomorphic on U, and
denote H = GO(I — G°)~1. If sup,cy r(H(s)) < 0o, then sup,cy ||H(s)|| < oco.

Proof. Assume the claim is not true; i.e., there exists a sequence (s,) in U such

that lim,—,eo |H(s,)|| = co. Using Cramer’s rule and the boundedness of G® on U,
it follows that

(6.2) Jim det(J — G%sy)) = 0.

Now (G9(s,)) is a bounded sequence in C™*™, and hence we may assume without
loss of generality that lim, o G%(s,) =: D° € C™*™ exists. From (6.2) it follows
that 1 € o(D°). This in turn implies that there exist eigenvalues A, € o(H(s,)) such
that lim, 00 [An/(1 + An)] = 1. But this leads to a contradiction, since the sequence
(An) is bounded by assumption. a

Proof of Theorem 6.1. Step 1: For ¢ > 0 set

(6.3) C¢ :={s € Co]| |3| > o}
By (6.1) there exists R > 0 and g € (0, 1) such that
(6.4) r(H(s)) <g¢<1VseCE.

Combining (6.4) and Lemma 6.3 shows that H(s) is bounded on C§.

Step 2: We claim that there exists a number L > 0 such that ||G*(s)|| < L for all
€ > 0 and for all s € C¥. Suppose the claim is not true. Then, since by Step 1 H(s)
is bounded on C{, it follows from Cramer’s rule that there exists a sequence (s,,) in
CE and a sequence (¢,,) of nonnegative numbers such that

3 —EnSn —_
(6.5) Jl{rgo det(I + e H(s,)) =0.

Now (H(s,)) is a bounded sequence in C™*™ and |e~¢»~| < 1 for all n € N, and
therefore (as in Step 1) we may assume without loss of generality that the limits
lim, o0 €77 =: d and lim,_,o, H(s,) =: E exist. Using (6.4) and the fact that
|d] < 1 we see that r(dE) < 1. On the other hand it follows from (6.5) that —1 €
o(dE), a contradiction.

Step 3: Choose €9 > 0 such that for any s € Cp with |s| < R and any € € [0, €]

1

l—e o< —— .
| < 6oL

The identity G¢(s) = G(s)(I — (1 — e7**)GP(s))~! shows that, for all s and € as
above, [|G*(s)|| < 2/|G|oc-

Combining Steps 2 and 3, we obtain that G € H®(C™*™) and ||G®|loc < M
for all € € [0,¢&¢), where M := max(L, 2||G°||o0)- 0

Theorem 6.1 deals with delay perturbations of the form e~%%. A natural question
to ask is whether it remains true for multidelay perturbations of the form diag; <<, (e=c'®),
where e/ >0, j = 1,...,n. The answer is no, as the following example shows.
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Ezample 6.4. Consider the transfer function H(s) = D, where D is given by

b= (2 1),

The matrix D is nilpotent; i.e., o(D) = {0} and hence G°(s) = H(s)(I + H(s))™! =
D(I + D)! belongs to H>®(C?*?%). Moreover

limsup r(H(s))=7r(D)=0,

|s]—00,8€Co

and thus, by Theorem 6.1, GO is robustly stable with respect to delays. Setting
A := diag(1,-1), a trivial computation shows that ¢(AD) = {—1,0}. Therefore,
defining €l := 27 /n and €2 := m/n, it follows that

det(I + diag(e™™"n, ™2 )D) = det(I + AD) =0 VneN.

As a consequence, for all n € N, p,, = in is a pole of the closed-loop transfer function
G*» with multidelay e, = (¢1,¢2), defined by

Ge(s) := H(s)(I + diag(e™*"*, e~ *)H(s)) " .
In order to give a sufficient condition for robust stability in the presence of mul-
tidelay perturbations, set
A := {diag;< ;< (s;)|s; € C} cC™™
and define the structured singular value pa (M) of M € C™*™ with respect to A by

(M) = :
HalP) = nin{JA[[TA € A, det(T — MA) =0} ’

unless no A € A makes I — MA singular, in which case pa (M) := 0 (cf. Packard
and Doyle [26]).

THEOREM 6.5. Suppose G° € H*®(C™*™) and denote H = G%(I — G%)~! (s0
that H € Mo(C™*m)). If

(6.6) limsup pa(H(s)) <1,

|8]—o00, s€Co

then there exist numbers § > 0 and M > 0 such that
(6.7) G*(s) := H(s)(I + diagy<j<pm (e °)H(s)) ™ € H®(C™™)

and |G®|loo < M for alle = (¢!,...,e™) € RT satisfying ||| < 6.
Using standard properties of structured singular values [26] the proof of Theorem

6.5 is a straightforward extension of the proof of Theorem 6.1 and is therefore left to
the reader.

Condition (6.6) holds if

(6.8) limsup |H(s)|| <1

|8]—00, s€Co
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is satisfied. Equation (6.8) is not necessary for robustness with respect to multidelay
perturbations, as the following simple example shows.

Ezample 6.6. Let hy, ho, and hg be in H*® with ||h1]jec < 1, ||h3]lec <1 and

limsup |ho(s)| > 1.

|s|—o00, s€Co

_( h h
= (5 )

then it is clear that lim sup|,_s, sec, IH(s)|| > 1, so (6.8) is not satisfied. Since

If we define

det(T + diag(e™="*, e~ *)H(s)) = (1 + e~ *hy(s))(1 + €7 *ha(s)) V (e}, &%) € R,

it follows that, denoting ¢ = (¢!,£%) € R%,

inf inf |det(I + diag(e=c *, e~ *)H(s))| > 0.
eler];i slélco| et(I + diag(e e ° °)H(s))|

Let G¢ be defined by (6.7). Using Cramer’s rule we obtain that G € H>(C?*2)
and sup,cgz IG¢|loo < o00; in particular, we have robust stability with respect to
multidelay perturbations.

It seems to be a difficult open problem whether the condition

limsup pa(H(s)) > 1

|s]—00, s€Co
implies lack of robustness with respect to small multidelay perturbations.

7. Robustness of instability. Given a transfer function H of size m x m, we
have shown in the previous sections that, under certain conditions, there exists a
positive sequence (¢,) with £, — 0 such that the closed-loop transfer function G&~
has at least one pole in Cy for all n € N. In this section we show that this property
is robust in the following sense: For any n € N there exists 6, € (0,&,) such that for
any € € RT with e = (¢*,...,e™) € Upen(€n — On,€n + 6,)™, G (defined by (6.7))
has a pole in Cy.

In the following we shall need the notion of a right-coprime (or left-coprime)
factorization of a matrix-valued meromorphic function.

LEMMA 7.1. Suppose H € M, (CP*™). Then the following statements hold:

(i) H admits a right-coprime factorization over Hy; i.e., there exist matrices
N € H,(CP*™), D,Y € Ho(C™*™), and X € Hy(C™*P) such that

H=ND""! and XN+YD=1.

The matrices N and D are unique up to multiplication from the right by a unimodular
factor. A number sg € C, is a pole of H if and only if det D(sp) = 0.

(i) H admits a left-coprime factorization over Hy; i.e., there exist matrices N e
Ho(CPX™), D,Y € Ho(CP*P), and X € Ho(C™*P) with

H=D"'N and NX+DY =1.

The matrices N and D are unique up to multiplication from the left by a unimodular
factor. A number sg € C,, is a pole of H if and only if det D(sg) = 0.
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(iii) If H = ND™! is a right-coprime factorization over H, and H = D"'N is a
left-coprime factorization over Ho, then the zeros of det D and det D in C, coincide
(counting multiplicities).

Proof. It is well known that the ring 3, is a Bézout domain; i.e., every finitely
generated ideal is principal (see, for example, Narasimhan [25, p. 136]). Now M,
is the quotient field of H,, and statements (i) and (ii) follow from Vidyasagar 31,
p. 330]. Statement (iii) is proved in [31, p. 76] for rational matrices. An inspection
of the proof in [31] shows that it only utilizes the fact that the elementary divisor
theorem holds for the ring of stable rational functions; i.e., any matrix with stable
rational entries is equivalent to its Smith form. Since this is also true for the ring 3,
(see [25, p. 139)), it follows that the proof in [31] carries over to matrices with entries
in Mg. 0

If f € My and V C Cy is compact, let Z(f,V) denote the number of zeros of
f in V, counting multiplicities. Moreover, if v : [0,1] — C is a closed curve and
a € C\ v([0,1]), we denote the winding number (index) of  around a by ind(v, a).

PROPOSITION 7.2. Let H be in Mo(C™*™) and suppose that H(s)(I + H(s))™!
has at least one pole in Cy. Then there exists § > 0 such that G" defined by

G(s) = H(s)(I + diag; << (e” *)H(s)) !

has at least one pole in Cy for alln = (nl,...,n™) € C™ satisfying ||n|| < 6.
Proof. Let H = ND™! be a right-coprime factorization over Hy and sq € Cq be
a pole of H(I + H)™!. Set V := {s € C| |sp — s| < ¢} and choose g > 0 such that

(7.1) V CCo and Z(det(D+ N),8V)#0 Vs € V.

Let vy : [0,1] — C be the continuous parametrization of OV given by t — so + ge?™**.
For n = (n%,...,n™) € C™ set

Ny(s) := diaglgjsm(enjs)N(s) )
Ly (t) := det[D(yv (t)) + No(yv (8))] -
It is clear that

(7.2) lim ( sup |To(t) — I‘,,(t)|) =0.
10 \ tefo,1]
Now it follows from (7.1) that

, éf%fu ITo(?)| > 0,

and therefore we may conclude, using (7.2), that there exists § > 0 such that

(7.3) teif})fl] [Ty(t)] > 0 for all n € C such that ||n|| < 6.

Choose n € C™ with ||n|| < é, and define the map
A:[0,1] x [0,1] = C, (t,7) — Try(t).
Then A is continuous and, by (7.3), 0 & A([0,1] x [0,1]). Trivially, it holds that

A(t,0) =To(t) Vte [0’ 1] )
A(t,1) =Ty(t) Ve € [0,1),
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and furthermore we obtain for all 7 € [0, 1] that
A(0,7) =T7,(0) =T+, (1) = A(1, 7).

Thus we have shown that Ty and T',, are homotopic in C \ {0}, and therefore (cf.
Rudin [27, Thm. 10.40]) it follows that

(7.4) ind(I'y, 0) = ind(T",,0) .
Using the principle of the argument we obtain
(7.5) Z(det(D + Np), V) = ind(I';,0) = ind(T,0) = Z(det(D + N),V).

Now, so € V C Cy is a pole of H(I + H)™! or equivalently det(D(so) + N(so)) = 0,
and thus, by (7.5)

(7.6) Z(det(D + N,),V) = Z(det(D + N),V) # 0.

It is easy to see that G7 = N(D + N,)~! is a right-coprime factorization over Hj,
and thus it follows from (7.6) that G” has a pole in V C Cy. 0

Combining Proposition 7.2 and Theorem 5.3 we obtain the main result of this
section, a “robust” version of Theorem 5.3.

THEOREM 7.3. Let H(s) be a C™*™-valued regular transfer function and, fore =
(e}, ...,e™) € RT, G be given by (6.7). If the conditions (1)-(3) of Theorem 5.3 are
satisfied, then there exist sequences (en) and (6,) with e, > 0, €, — 0, 6, € (0,&,)
and such that G* has poles in Co for all € € |J,cn(€n — Onyen + 61)™.

It is clear that Theorem 5.6 can be strengthened in a similar way.

8. Dynamic output feedback. In this section we apply our results to systems
with dynamic output feedback. In particular we show that—roughly speaking—for
a plant with infinitely many unstable poles there does not exist any stabilizing (dy-
namic) output feedback compensator such that the stability of the closed-loop system
is robust with respect to small delays.

DEFINITION 8.1. If P € M (CP*™) and K € My(C™*P) for some o € R, we
say that K stabilizes P if det(I + P(s)K(s)) # 0 and

-1
T oo ( (m+p)x(m
(8.1) ( K I ) cH (C( +p)x(m+p))

It follows from a well-known formula of Frobenius (see Gantmacher [16, p. 73])
that K stabilizes P if and only if det(I + P(s)K(s)) # 0 and the transfer function

K(I+PK)"! -KP(I+KP)!
(82) F(P,K) = ( PK(I + PK)~! PEI +KP;’1 )

is in H(C(m+p)x(m+p)) Note that F(P,K) is the transfer function from (uy,us)
to (y1,y2) of the feedback system shown in Fig. 4, if we take there e = 0. f K €
H>(C™*P), then K stablizes P if and only if P(I + KP)~! € H>®(CP*™). The next
result follows trivially from Theorems 5.3 and 5.6.

COROLLARY 8.2. Let P and K be matriz-valued transfer functions of size p x m
and m x p, respectively. Suppose that PK is regular, and for € > 0 set K.(s) :=
e~ **K(s) and define

. [ KI+PK)1 —K.P(I+K.P)-l
(8.3) Fi(P.K) := ( PK(I + PK,)"! P(I + K.P)~! ) :
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Then, if K stabilizes P (i.e., FO(P,K) € H®(C(m+p)x(m+p))) gng

limsup r(P(s)K(s)) = limsup r(K(s)P(s))>1,

|s]— 00, s€Co 8|—o00, s€Co
there exist sequences (€,) and (py) with
en>0, €,—0, p, €Cy, |Imp,|— o0

and such that for any n € N, p,, is a pole of PK(I +PK. )~! and hence of the
overall closed-loop transfer function Fe~(P,K).

()

uy hn + Y2

e—ES

A

F1G. 4. Feedback system with plant, compensator, and delay.

The feedback system corresponding to F'(P,K) is shown in Fig. 4; in particular
we have that (y1,y2)7 = F¢(P,K)(u1,u2)T. It is clear that F(P,K.) is L?-stable if
F*(P,K) is. Conversely, under the assumptions that P and K are well posed and P
stabilizes K,! it is easy to show that F¢(P,K) is L?-stable if F(P,K,) is.

In order to apply Theorem 6.1 to systems with dynamic output feedback we need
the following lemma.

LEMMA 8.3. For some a € R let P and K be in My(CP*™) and My (C™*P),
respectively, and suppose that K stabilizes P. If U C Cy and

sup |[P(s)|| = 0o or sup [[K(s)|| = oo,
seU seU

then it follows that sup,cy ||P(s)K(s)|| = oo

Proof. From the assumption that K stabilizes P it follows that the entries of P
and K belong to the the quotient field of H; i.e., they can be written as the fraction
of two H°-functions. Moreover, it follows from Smith [30] that P and K both have
right- and left-coprime factorizations over H*. This means in particular that there
exist matrices Np, Dp, Xp, Yp, Nk, Dk, XK, and Yk with entries in H*° satisfying

P =Dg'Np, NpXp + DpYp = I,
K = NxDg',  XxNk +YxDk =1I.

Moreover, since by assumption the closed-loop system is stable, it follows trivially that
I stabilizes PK. Therefore, using again the result in Smith [30], we conclude that

1 1f PK is well posed and P stabilizes K, then Lemma 8.3 shows that P and K are well posed.
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PK admits a right-coprime factorization over H°; i.e., there exist matrices N, D, X,
and Y with entries in H® such that

(8.4) PK=ND"!, XN+YD=1I.

It is well known (see Vidyasagar [31, p. 364]) that closed-loop stability is equivalent
to

(8.5) siélg | det(Dp (s) Dk (s) + Np(s)Nx(s))| > 0.

0
Let us assume that sup,cy ||P(s)|| = 0o. Then there exists a sequence (s,) in U such
that lim,_, ||P(s,)|| = 0o, and hence, using the boundedness of Dp(s) and Np(s),
we obtain
(8.6) nlgglo det(Dp(s,)) =0.
Realizing that

det(DpDg + NpNk) = det(Dp) det(Dx ) det(I + PK)

_ det(Dp) det(Dk)
(8.7) = 3et(D) det(D + N)
and combining (8.5)—(8.7) we see that
(8.8) lim det(D(s,)) =0.
Moreover, using (8.4), it follows that
1

Finally, (8.8),(8.9), and the boundedness of the matrices X(s) and Y (s) imply that
limy, o ||P(sr)K(sn)|| = oo and thus sup,cy ||[P(s)K(s)|| = oo. With a similar
argument we can prove the claim if we assume that sup,¢; |K(s)|| = oo. 0

COROLLARY 8.4. Let P € M, (CP*™) and K € My(C™*P) for some a € R. If
FO(P,K) € H®(Cm+p)x(m+p)) gnd

(8.10) limsup 7(P(s)K(s)) <1,

|8]—00, s€Co

then there exist numbers g9 > 0 and M > 0 such that F¢(P,K) € Ho(C(m+p)x(m+p))
and ||F¢(P,K)|loc < M for all e € [0,¢0].

Proof. For ¢ > 0 let Cg be defined by (6.3). Combining (8.10), the fact that
PK(I + PK)™! € H>(CP*P), and Lemma 6.3, we see that there exists numbers

R; > 0 and L; > 0 such that
IP(s)K(s)|| < Ly Vs e CR.
Hence we obtain using Lemma 8.3 that

(8.11) IP(s)ll < Lo and |K(s)l| < Lz Vs € C?,
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where L, and R are suitable positive constants. By Theorem 6.1 there exist numbers
€1 > 0 and M; > 0 such that

(8.12) IIPK(I + PKe)“llloo <M; Veel0,&]
and so

(I +PK.) Moo <1+ M; Ve [0,e1].

Therefore, and by (8.11), there exists My > 0 such that
(8.13) IK(s)(I + P(s)K(s)) Y| < My VseCle, Vee[0,].

Setting L. := K(I + PK.)™!, we have Ly € H®(C™*?) and PLy € H>®(CP*P).
Choosing €2 € (0,¢1] such that for any s € Cy with |s| < R, and any € € [0, &)

1
1 - e-—es S —
| < FPLala

and realizing that

Le(s) = Lo(s)lI — (1 — e™*)P(s)Lo(s)] 77,
we obtain that for all s and ¢ as above
(8.14) [Le(3)Il < 2/[Lolloo -
Combining (8.13) and (8.14) shows that
(8.15) IK(I +PKe) oo < Mz Ve € [0,e2],

where M, := max(Ma, 2||Lol|os). Finally, using similar arguments, it can be shown
that

(8.16) IK:P(I +K.P) oo < M3 Ve € [0,€3)
and
(8.17) ”P(I + KEP)_luoo <My Vee [0, 84] y

where M3, My, €3, and €4 are suitable positive numbers. The claim now follows from
(8.12) and (8.15)—(8.17). a

Using Corollary 8.2 and Lemma 8.3 it is easy to give the proof of Theorem 1.2.
More precisely, we prove the following result which is slightly stronger than Theorem
1.2.

THEOREM 8.5. Let P € My(CP*™) and K € M(C™*P) for some a € R, and
suppose that PK is regular. Then, if K stabilizes P and lim sup|, o, sec, [P(s)| =
00, there erist sequences (€,) and (py) with

€n >0, e, —0, pp € Cy, IImpnI—)OO

and such that, for any n € N, p,, is a pole of PK(I + PK. )~! and hence of the
overall closed-loop transfer function F*~(P,K) given by (8.3).

Proof. Since lim sup|_00, sec, IP(s)|| = co and K stabilizes P, it follows from
Lemma 8.3 that lim sup),_,s0, sec, IIP(8)K(s)|| = co. Now, by assumption, PK(I +
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PK)~! € H°°(CP*P), and hence an application of Lemma 6.3 and Corollary 8.2 yields
the claim. ]

The following remark shows that for a large class of transfer functions which are
bounded at high frequencies there always exists a stabilizing compensator such that
the stability of the closed loop is robust with respect to small delays.

Remark 8.6. Define T := (J, o H3® + Rspu, where Ryp,, denotes the ring of
strictly proper totally unstable rational functions, i.e., Repu = {f € C(s)]| f(o0) =
0 and f(s) # oo for all s € C\ C§'}. Note that if P € TPX™, then

limsup ||P(s)|| < oo,

|s|—o00, s€ECy

which implies in particular that P has at most finitely many poles in C§. The ring T
contains the so-called Callier-Desoer ring of transfer functions (cf. Callier and Desoer
[4],[5]). It is known that for any P € TP*™ there exists a strictly proper rational
compensator K such that F(P,K) € H®(C(m+p)*(m+p)); see Logemann [24] and the
references therein. Combining this result with Corollary 8.4, it follows that for any
P € TP*™ there exists a compensator K € T7™*? and a number g9 > 0 such that
Fe(P,K) € H®(Cmtp)x(m+p)) for all € € [0, £o).

Remark 8.7. We claim that the conclusions of Theorem 8.5 do not remain true if
the assumption lim supy|_,c0, sec, IIP(8)|| = oo is replaced by the weaker assumption
that there exist a sequence of poles of P in the open left half-plane going to oo

tangentially along the imaginary axis. To this end let P be the transfer function of
the following neutral system:

(i 780y )= (73 ) (28)+ (5 )uo
y(t) = z2(t) ,

ie.,

1 1
s+1s(l—eh)+a’

P(s) =

where a,h > 0. It is shown in Logemann (23] that P € H*. Trivially, for any com-
pensator K € H* satisfying |PK||o < 1 the closed-loop transfer function F¢(P,K)
is in H>°(C?*2) for all ¢ > 0. However, using Rouché’s theorem, it is not difficult to
show that there exist a sequence of poles p, € C\ C§' of P and numbers ¢, € N with
£, — o0 as n — 0o such that

. 2w
nango [P — zfm =0.

9. Examples. In this section we illustrate Theorem 1.1 with three examples.
Ezample 9.1. In this example we analyze the robustness with respect to delays

for a damped wave equation. For z € (0,1) and t > 0 we consider the following
system:

(9.1) Wit (T, ) — Wan(z, t) + 20we(z, t) + a*w(z,t) =0,

(9.2) w(0,t) =0, wy(1,t) = u(t),
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(9.3) y(t) = kwy(1,¢).

We assume here that the viscous damping parameter a is nonnegative and the bound-
ary damping parameter k is positive. It is known that the feedback control

(9.4) u(t) = —y(t)

exponentially stabilizes the system (see, for instance, Chen [6]). Hence, if the transfer
function of (9.1)—(9.3) is denoted by H, then it follows that H(I + H)™! € H®. An
easy computuation shows that H is given by

ks [1—e2(sta)
H(s) = .
(s) s+a <1 + 6“2(3"'“))

In Datko, Lagnese, and Polis [9] the robustness of the closed loop system (9.1)—(9.4)
with respect to small delays was analyzed. We will obtain frequency domain versions
of their results, using Theorem 1.1. We need to compute ~y as defined by (1.3) for this
system.

CLAIM.

e +1
v= limsup |H(s)|=k .
|8|—00,5€Co l ( )‘ e —1

Proof. The following simple estimates are clear for Re s > 0:

S
s+a

|1 —e 20+ <1 4720 |14+ e72(4a)| > 1 —¢720 <1

These estimates show that v < k(e?*+1)/(e22 —1). To obtain the opposite inequality,
let s, = (1/n) +i(2n + 1)7/2 for n € N. Then

. . ksp 14enem2e e* +1
Jim o) = Jim P =

This shows that v > k(e2? + 1)/(e?* — 1), completing the proof of the claim. 0
Let us apply Theorem 1.1 to this system. We consider two cases.
Case 1: k > 1. In this case v > 1 for any a > 0, so the transfer function
H(s)(I + e **H(s))~! has poles in C, for arbitrarily small ¢ > 0.
Case 2: k < 1. In this case v > 1 if and only if

a<11n1+k
2 71—k

If a satisfies this estimate, then the same conclusion as in case 1 holds. When

21—k’

the delayed feedback system is L2-stable for all sufficiently small delays.
Ezxample 9.2. We consider the following first-order neutral system:
z(t) — az(t — h) = —bx(t) + u(t),
y(t) = ca(t —h).
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Here a > 1,b > 0, c € R, and h > 0. We consider the feedback u(t) = —y(t), so the
free dynamics of the closed loop are described by

z(t) + (c— a)x(t — h) = —bx(t).

This system is exponentially stable if |c — a| < 1. The open-loop transfer function is

sce™hs

H(s) = s(1 —ae=sh) + b

H is clearly well posed and regular with feedthrough 0. If a > 1, then the equation
1—ae™*" = 0 has a zero at s = log(a)/h, which is in Cy. Hence, by a result in Salamon
[28, p. 160], the characteristic equation s(1 — ae™*"*) 4+ b = 0 has infinitely many zeros
in Cp. (This follows also directly from the periodicity of 1 —ae~"* and an application
of Rouché’s theorem.) As a consequence v = 0o > 1, so the closed-loop stability is
destroyed by arbitrarily small delays. If @ = 1, then the equation 1 — e~** = 0 has
a zero at s = 0. It is easy to see that H(s) has no poles in C§!. However, as shown
in Logemann [23], we have that limsup,,_, ., |H(iw)| = co. Hence v = o0 > 1, and so
the closed-loop system is not robustly stable with respect to delays.

Ezample 9.3. In this example the input space and the output space are R?. We
consider two coupled vibrating strings, one with spatial extent 0 < z < 1 and the
other with spatial extent 1 < x < 2. Each string satisfies the damped wave equation

Wit (2, 1) — Wae (2, t) + 20ws(z,t) + a®w(z,t) =0, =z € (0,1)U(1,2),

where the viscous damping parameter a > 0. At the linkage we assume the displace-
ment is continuous, so

U)(l-—,t) = ’LU(1+,t) ’
and we set the discontinuity of the vertical tension force equal to a control variable:
we(17,t) — ww(1+,t) = ul(t) .

We take the right endpoint fixed, and at the left endpoint we set the vertical tension
force equal to another control variable, leading to

w(2,t) =0, wz(0,t) = ua(t).

We take one observation proportional to the velocity at the linkage, and the other
observation negatively proportional to the velocity at the left endpoint, leading to

yl(t) = klwt(lat), y2(t) = _k2wt(0’t)’

for ki,k2 > 0. Let u(t) = [u1(t),ua2(t)]” and y(t) = [y1(t),y2(t)]T. The transfer
function H for this system can be computed to be

k1 e—4(s+a) _ 1 . e—(3+a)(e—2(s+a) _ 1)
_? —4(s+a) 41 1 —4(s+a)
H(s) = s e + e +1

s+a e—(s+a) (6—2(s+a) _ 1) 1 — e~4(s+a)
ko ko | —tera
e—4(s+a) +1 e—4(sta) 41
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TABLE 1
Values of v for given values of a, k1, and k2.

(ki,k2) |a=.1 | a=25|a=.5] a=3 [ a=10
(1, 1) | 7562 | .3146 | .1755 | .1005 1
(.1,.5) | 2.7790 | 1.1714 .6881 .5003 5
(.1, 1) 5.3112 | 2.2513 | 1.3426 | 1.0090 1
(.5,.1) | 1.7647 .7348 .4120 .2508 .25
(.5,.5) | 3.7810 | 1.5730 8777 .5024 .5
1
5
00
1

(.,5,1) | 6.3051 | 2.6337 | 1.4992 | 1.0016
'(1,.1) | 3.0278 | 1.2673 7274 .5006 .
(1,.5) | 5.0410 | 2.0957 | 1.1633 | .5351 .5
(1,1) 7.5621 | 3.1461 | 1.7553 | 1.0049

Clearly, H is regular with feedthrough matrix

_( k/2 0
p=(" 5)

It is not hard to show that for any valuesof a > 0, k1 >0, ks >0, a+ k1 +ke >0
the closed-loop transfer function H(I +H)~! is in H°(C?*2). In the case when a = 0
this follows also from the fact that the closed-loop semigroup is shown in Liu, Huang,
and Chen [22] to be exponentially stable.

There are some values of k1, k2, and @ where no further computation needs to
be done in order to apply the results in the preceeding sections. If k1 > 2 or ke > 1,
the spectral radius of D is greater than 1, so Theorem 5.6 implies that there exists
€n | 0 such that G®»(s) = H(s)(I + e *»*H(s))™! has poles p, € Cy such that
the real and imaginary parts of p, go to infinity as n goes to infinity. Another
simple case is when a = 0 and k; + ko > 0. In this case G° is stable and H has
poles at s = mi(1l + 2n)/4 for all integers n. Thus we obtain from Lemma 6.3 that
v = imsup|4| 00, scc, T(H(s)) = 00, and hence, by Theorem 1.1, G0 is not robustly
stable with respect to delays.

In the case where a > 0, 0 < k1 < 2, 0 < k2 < 1 we need to compute 7. First
note that v is the same for H(s) := ((s + a)/s)H(s) as it is for H(s). To compute
the spectral radius of H(s), we need to compute the eigenvalues of H(s). These are
found to be

ki 2ky 1 —etleta) 1

4 1 + e4(s+a) + 4(1 + 64(3+a)) \% g(kl,k2,8,a),

nﬂ:(kla k21 S, Cl,) =

where

g(k1, ko, s,0) = (ky — 2ko)? + 16k1kee®(5t®) — 245+ (k2 L 12k kg + 4K2)
+16k1 koeb(sTe) 4 e8ls+a) (k) — 22,

Since 1+ (k1, k2, s + i, a) = n(k1, ko, 5,a) and H is in H*(C2*?), we obtain, using
Remark 6.2, that

v = limsup r(H(s)) = sup r(H(s)) = sup r(H(iw)) = sup r(H(iw)).
|8]—00,8€Co s€Co w€R 0<w<m

Thus, computing v is a fairly straightfoward numerical problem. Using Mathematica,

we obtain Table 1, giving values of v for some values of k1, ko, and a. As we see

from the table, the possibility of robustness increases as a increases and decreases as
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ki and ko increase. Note that the last column, with a = 10, is almost the same as
that obtained by taking the limit of v as a — oo, which is easily computed to be
max{ke, k1/2}. Thus, for large values of the viscous damping coefficient a, robustness
is determined in a simple way by k; and ks.

Acknowledgments. We would like to thank Bengt Martensson (Bremen) for a
helpful discussion on Example 6.4 and Fabian Wirth (Bremen) for some useful remarks
which led to an improvement of an earlier version of Theorem 6.5.

REFERENCES

[1] J. F. BarMAN, F. M. CALLIER, AND C. A. DESOER, L2-stability and L2-instability of linear
time-invariant distributed feedback systems perturbed by a small delay in the loop, IEEE
Trans. Automat. Control, 18 (1973), pp. 479-484.
[2] H. BAUMGARTEL, Analytic Perturbation Theory for Matrices and Operators, Birkhauser, Basel,
1985.
[3] J. BoNTsEMA AND S. A. DE VRIES, Robustness of flezible systems against small time delays,
in Proc. 27th Conference on Decision and Control, Austin, Texas, Dec. 1988.
[4] F. M. CALLIER AND C. A. DESOER, An algebra of transfer functions for distributed linear time-
invariant systems, IEEE Trans. Circuits Systems, 25 (1978), pp. 651-662. (Correction: 26
(1979), p. 360.)
, Simplifications and clarifications on the paper “An algebra of transfer functions for dis-
tributed linear time-invariant systems,” IEEE Trans. Circuits Systems, 27 (1980), pp. 320—
323.

[6] G. CHEN, Energy decay estimates and ezxact boundary value controllability for the wave equation
in a bounded domain, J. Math. Pures Appl., 58 (1979), pp. 249-274.

(7] P. M. CoHN, Algebra, Vol. 1, Wiley, New York, 1974.

[8] R. CURTAIN, A synthesis of time and frequency domain methods for the control of infinite-
dimensional systems: A system theoretic approach, in Control and Estimation in Dis-
tributed Parameter Systems, H. T. Banks, ed., Frontiers in Applied Mathematics, Vol. 11,
Society for Industrial and Applied Mathematics, Philadelphia, 1992, pp. 171-224.

[9] R. DATKO, J. LAGNESE, AND M. P. PoLIS, An example of the effect of time delays in boundary
feedback stabilization of wave equations, SIAM J. Control Optim., 24 (1986), pp. 152-156.

[10] R. DATKO, Not all feedback stabilized hyperbolic systems are robust with respect to small time
delays in their feedbacks, SIAM J. Control Optim., 26 (1988), pp. 697-713.

, The destabilizing effect of delays on certain vibrating systems, in Advances in Com-
puting and Control, W. A. Porter, S. C. Kak, and J. L. Aravena, eds., Lecture Notes in
Control and Inform. Sci. 130, Springer-Verlag, New York, 1989.

[12] W. DEsScH AND R. L. WHEELER, Destabilization due to delay in one-dimensional feedback, in
Control and Estimation of Distributed Parameter Systems, Internat. Ser. Numer. Math.,
Vol. 91, F. Kappel, K. Kunisch and W. Schappacher, eds., Birkhduser-Verlag, Boston,
1989.

[13] W. DEscH, K. B. HANNSGEN, Y. RENARDY, AND R. L. WHEELER, Boundary stabilization of
an Euler-Bernoulli beam with viscoelastic damping, in Proc. 26th Conference on Decision
and Control, Los Angeles, CA, Dec. 1987.

[14] P. L. DUREN, Theory of HP Spaces, Academic Press, New York, 1970.

[15] O. FORSTER, Lectures on Riemann Surfaces, Springer-Verlag, New York, 1981.

[16] F. R. GANTMACHER, Matrizentheorie, Springer-Verlag, Berlin, 1986.

[17] T. GEORGIOU AND M. C. SMITH, w-Stability of feedback systems, Systems Control Lett., 13
(1989), pp. 271-277.

, Graphs, causality and stabilizability: linear, shift-invariant systems on L2]0, 00), Math.
Control, Signals, Systems, 6 (1993), pp. 195-223.

[19] R. GRIMMER, R. LENCZEWSKI, AND W. SCHAPPACHER, Well-posedness of hyperbolic equations
with delay in the boundary conditions, in Semigroup Theory and Applications, P. Clement,
S. Invernizzi, E. Mitidieri, and I. Vrabie, eds., Lecture Notes in Pure and Appl. Math. 116,
Marcel Dekker, New York and Basel, 1989.

[20] K. B. HANNSGEN, Y. RENARDY, AND R. L. WHEELER, Effectiveness and robustness with respect
to time delays of boundary feedback stabilization in one-dimensional viscoelasticity, SIAM
J. Control Optim., 26 (1988), pp. 1200-1234.

[21]) T. KATO, Perturbation Theory for Linear Operators, 2nd ed., Springer-Verlag, Berlin, 1976.

(5]

(11]

(18]




600 HARTMUT LOGEMANN, RICHARD REBARBER, AND GEORGE WEISS

[22] K. S. Liu, F. L. HUANG, AND G. CHEN, Ezponential stability analysis of a long chain of coupled
vibrating strings with dissipative linkage, SIAM J. Appl. Math., 49 (1989), pp. 1694-1707.

[23] H. LOGEMANN, On the transfer matriz of a neutral system: Characterizations of exponential
stability in input-output terms, Systems Control Lett., 9 (1987), pp. 393-400.

, Stabilization and regulation of infinite-dimensional systems using coprime factoriza-
tions, in Analysis and Optimization of Systems: State and Frequency Domain Approaches
for Infinite-Dimensional Systems, R. F. Curtain, A. Bensoussan, and J. L. Lions, eds.,
Lecture Notes in Control and Inform. Sci. 185, Springer-Verlag, Berlin, 1993.

[25] R. NARASIMHAN, Complez Analysis in One Variable, Birkhiuser, Boston, 1985.

[26] A. PACKARD AND J. DOYLE, The complex structured singular value, Automatica, 29 (1993),
pp. 71-109.

[27] W. RUDIN, Real and Complez Analysis, 2nd ed., McGraw-Hill, New York, 1974.

[28] D. SALAMON, Control and Observation of Neutral Systems, Pitman, Boston, 1984.

[29] , Realization theory in Hilbert space, Math. Systems Theory, 21 (1989), pp. 147-164.

[30] M. C. SMITH, On stabilization and ezistence of coprime factorizations, IEEE Trans. Automat.
Control, 34 (1989), pp. 1005-1007.

[31] M. VIDYASAGAR, Control System Synthesis: A Factorization Approach, MIT Press, Cambridge,
MA, 1985.

[32] G. WEss, Transfer functions of regular linear systems, PartI: Characterizations of regularity,
Trans. Amer. Math. Soc., 342 (1994), pp. 827-854.

, Regular linear systems with feedback, Math. Control Signals Systems, 7 (1994), pp. 23—
57.

(24]

(33]




Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



