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The Effect of Small Time-Delays on the Closed-Loop
Stability of Boundary Control Systems*
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Abstract. It has been observed that for many stable feedback systems, the intro-
duction of arbitrarily small time-delays into the loop causes instability. In this
paper we present a systematic treatment of this phenomenon for a large class of
boundary control systems which allows for in-span control. Our approach is
based on a combination of input-output methods and modal analysis. We give
a number of sufficient conditions for robustness/nonrobustness of closed-loop
input—output stability with respect to delays. Our framework includes a large
class of ill-posed systems, ie., systems whose open-loop transfer function is
unbounded on any right half-plane. We then analyze the relationship between
the poles of the transfer function and the exponential modes of the underlying
boundary-value problem to derive internal stability properties from external ones.
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1. Introduction

It is well known that for many stable feedback systems the introduction of smalt
delays into the feedback loop can cause instability. While this phenomenon even
occurs in finite-dimensional feedback systems, it becomes considerably more com-
plicated in infinite dimensions due to the rich high-frequency behaviour exhibited
by many distributed parameter systems. In the last decade various authors have
presented specific partial differential equations (PDEs), or classes of related PDEs,
which are exponentially stabilized by some feedback, but destabilized when arbi-
trarily small delays are introduced into the feedback loop, see, for example, [4]-
[71, [9], and [11]. More precisely, it was shown that there exists a sequence of
delays ¢, > 0 with lim,,_, g, = 0 such that the feedback system with delay ¢, in the

* Date received: March 14, 1995, Date revised: March 13, 1996. This work was supported by the
British Council/DAAD (ARC project 464), by the Human Capital and Mobility programme (Project
number CHRX-CT93-0402), by the National Science Foundation (Grant DMS-9206986) and by NATO
(Grant CRG 950179).

1 School of Mathematical Sciences, University of Bath, Claverton Down, Bath BA2 7AY, England.
hl@maths.bath.ac.uk.

I Department of Mathematics and Statistics, University of Nebraska-Lincoln, Lincoln, Nebraska
68588-0323, U.S.A. rrebarbe@math.unl.edu.

123



124 H. Logemann and R. Rebarber

loop has an unstable mode. By “mode” we mean a solution of the form ¢*'¢p, where
¢ % 0is a function of the space variable. A mode is called unstable if the exponent
5y satisfies Re s, > 0. We say that a system described by PDEs is modally stable if
it has no unstable modes. While the above papers are based on PDE and related
techniques, the problem of robustness/nonrobustness in the presence of small
delays has also been investigated using frequency-domain approaches, see [1] and
[15]. Closely related to these papers is the work by Georgiou and Smith [10].
However, their concept of w-stability is considerably stronger than robust stability
with respect to small delays; it covers a large class of perturbations which represent
high-frequency modelling uncertainties including small time-delays.

In the frequency-domain a linear time-invariant system is described by a transfer
function matrix H. Applying negative unity feedback in the presence of a delay ¢ > 0
in the loop leads to the closed-loop transfer function G,(s) = H(s)(I + ¢ *H(s))"".
A transfer function is called spectrally stable if it is holomorphic in the closed right
half-plane and it is called L*-stable if it is holomorphic and bounded in the open
right half-plane. If G, is spectrally stable or L?-stable, then either form of stability
is called robust with respect to small delays if it is preserved for all sufficiently small
delays, i.e., if there exists ¢* > 0 such that G, is stable for all ¢ € (0, ¢*). In [15]
conditions are given (in terms of the high-frequency behaviour of H) for robustness
and nonrobustness of L?-stability if the open-loop transfer function H is in the
class of regular transfer functions, defined in Section 3. This class contains all
well-posed transfer functions which are relevant in the applications to PDEs and
functional differential equations,! where well-posedness means that H is bounded
on some right half-plane. While the frequency-domain approach in [15] is quite
general in the sense that it is not tied to specific classes of PDEs and boundary
conditions or specific feedback laws, the results obtained are external in the sense
that the conclusions are in terms of G,, and not in terms of the solutions of the
PDE.

The purpose of this paper is twofold. The resuits in [15] apply to regular transfer
functions. However, examples in the PDE literature (in particular, see [5] and [9])
seem to indicate that systems with open-loop transfer functions which are ill-posed
(that is, not well-posed) are even more likely to be destabilized by delays than
well-posed systems. Thus the first goal in this paper is to present destabilization
results for systems with ill-posed open-loop transfer functions. We find that if the
open-loop transfer function is ill-posed, then G, is not well-posed, and hence not
L2-stable, for all ¢ > 0. Moreover, in Theorem 3.7 we identify a class of ill-posed
transfer functions for which there exist delays ¢, — 0 and complex numbers s, with
Re s, — o0 such that G, has a pole at s,,.

The second goal of this paper is to identify a large class of multivariable systems
described by PDEs for which results about robustness/nonrobustness of spectral
stability translate to results about robustness/nonrobustness of modal stability.
The class we consider consists of linear PDEs of spatial dimension 1, where on

! For an application of the frequency-domain results in [15] to neutral functional differential equa-
tions, see [16].
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different parts of the space interval different PDEs are satisfied. The coefficients
may depend on the spatial variable. The boundary conditions are generai enough
to allow all natural coupling conditions and in-span control, including some dy-
namic control. It is not assumed that the controlled, observed system has any
useful (A, B, C, D) state—space representation, and in fact many systems in our
class do not. Moreover, we do not even assume that the free dynamics are de-
scribed by a strongly continuous semigroup. In order to relate modat stability of
the PDE to the spectral stability of the transfer function, a relationship between the
modes of a PDE and the poles of the associated transfer function is needed. A
natural relationship, expected for systems which have a state—space representation,
is that a pole s, of the transfer function leads to a mode with exponent s, of the
corresponding free dynamics and we find this to be the case for our class of
systems. Of course, as in finite dimensions, it is possible that a mode will not
appear as a pole of the associated transfer function, since any possible effect of the
mode on the output might be anijhilated by the observation and control operators.
However, the results in Section 2 will be used to show that for any system in our
class the exponents of the unstable modes and the unstable poles of the transfer
function coincide, provided the closed-loop system (without delay) is modally
stable. This resuit will in turn be applied to prove that for a large class of systems
robustness of spectral stability implies robustness of modal stability.

The paper is organized as follows. Section 2 contains preliminaries about factori-
zations of matrix-valued meromorphic functions, which are needed later in the
paper. In Section 3 we prove a number of robustness and destabilization results for
ill-posed systems in a frequency-domain setting. We emphasize that most of the
results in Section 3 cover not only single-delay perturbations but also muitidelay
perturbations of the form diag(e ™, ..., e ). In Section 4 we discuss robustness/
nonrobustness of modal stability for a class of systems described by PDEs with
boundary and in-span control. Finally, in Section 5 we present three examples
illustrating the results in the previous sections.

2. Coprime and Bi-Coprime Factorizations of Matrix-Valued
Meromorphic Functions

Let « € R. We use the notation C, := {s € C|Re s > «}. Furthermore, we define
H_ = {f:Q; - C|Q, open, Q; > C§ and f holomorphic},
M_ = {f:Q; - C|Q, open, Q; > C§ and f meromorphic}.

Letm, e N and let He .#™*%. A number p e CZ is called a pole of H, if p is a pole
of at least one entry of H. We say that He .#™*™ is invertible if det H(s) % 0.
The inverse H™' is then in .#™*™ and is given by Cramer’s rule, ie, H™! =
(1/det H) adj(H), where adj(H) denotes the adjugate of H. Obviously, H is
invertible if and only if det H(s,) 5 O for some s, € C§.

A matrix H e £ *™ is called unimodular if it is invertible and H™? belongs to
A <™ as well. Clearly, H is unimodular if and only if det H(s) # O for all s € Cg.
Two matrices N e 27" and D e #'*! are called right-coprime if there exist
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Xe#'*™ and Ye#'*! such that XN + YD = I. Similarly, two matrices
Ne#m ! and D e #"*" are called left-coprime if there exist X € #*™ and
Y € o™ *™ such that NX + DY = I.

The following lemma can be found in [16].

Lemma 2.1. Suppose He 4™ *', Then the following statements hold.:

() H admits a right-coprime factorization (N, D) over H#_, i.e., there exist right-
coprime matrices N € #™*! and D € #* *! such that det D(s) # 0 and H =
ND ™. The matrices N and D are unique up to multiplication from the right
by a unimodular factor. A number p e C% is a pole of H if and only if
det D(p) = 0.

(ii) H admits a left-coprime factorization (D, N) over ., i.e., there exist left-
coprime matrices D € #™ ™ and N e ™ ** such that det D(s) = 0 and H =
DN, The matrices D and N are unique up to multiplication from the left
by a unimodular factor. A number p e CY is a pole of H if and only if
det D(p) = 0.

(iii) If (N, D) is a right-coprime factorization of H over #. and if (D, N) is a
left-coprime factorization of H over #_, then the zeros of det D and det D in
C¢ coincide (counting multiplicities).

For he #_ and s € C§ we define

serow(h) = 0 if h(s) #0,
SUU T | multiplicity of s i h(s) = 0.

Let He .#™*! and let (N, D) be a right-coprime factorization of H over #._. For
s € C¢ we define

pole,(H) := zero,(det D).

If p e C¢ is a pole of H, then we define its multiplicity to be pole,(H). Lemma 2.1
shows that we obtain the same concept if in the definition of pole,(H) the matrix D
is replaced by the “denominator” D of a left-coprime factorization of H.

Suppose that He .#™*), Ne #™*" D e #"*" and N e #"*!, where neN.
The triple (N, D, N} is called bi-coprime if N and D are right-coprime and if N and
D are left-coprime. We say that the triple (N, D, N) is a bi-coprime factorization of
H over #. if (N, D, N) is bi-coprime, det D(s) # 0, and H = ND !N, Let 5, € CZ.
If

rank(N7 (so), D% (so)) = rank(N(s,), D(s0)) = 1, 2.1)

then we say that (N, D, N) satisfies the generalized Hautus conditions in s,.

Remark 2.2. It is not difficult to show that (N, D, N) satisfies the generalized
Hautus conditions in s, € C§ if and only if there exist an open neighbourhood U
of s, and matrices X, Y, X, and Y whose entries are holomorphic on U and such
that the Bezout identities X(s)N(s) + Y(s)D(s) = I and N(s)X(s) + D(s)¥Y(s) = I
hold for all s € U. In fact, while it is trivial that the Hautus conditions are necessary
for the solvability of the Bezout equations, sufficiency follows from the fact that the
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elementary divisor theorem holds for holomorphic matrices, i.e., any holomorphic
matrix is equivalent to its Smith form (see p. 139 of [18]). Moreover, the same
argument applies globally, and thus (N, D, N)is bi-coprime if and only if it satisfies
the generalized Hautus conditions in s for all s € C%.

Proposition 2.3. Let N € #7*" D e #7*", and N e #" %! suppose that
det D(s) # 0 and set H = ND'N. If (2.1) holds for some s, € C, then
pole, (H) >0 < zero, (det D) > 0. (2.2)

In particular, if the triple (N, D, N) is bi-coprime, then (2.2) holds for all s, € CZ.

The above proposition follows from a considerably stronger result by Pandolfi
[20] which says that, for any s, € C%,

pole, (H) = zero, (det D) < (2.1) holds.

For sake of completeness we give a simple direct proof of Proposition 2.3 which

does not rely on Pandolfi’s result.

Proof of Proposition 2.3. Clearly, if pole, (H) > 0, then zero, (det D) > 0. Con-
versely assume that zero, (det D) > 0. By Remark 2.2 there exist an open
neighbourhood U of s, and holomorphlc matrices X, Y, X, and Y on U such that

X(s)N() + Y(s)D(s) =1 and N(5)X(s) + D(s)¥(s) = I, VseU. (2.3)
By the first equation, XND ! + Y = D!, and it follows that

pole, (ND™!) > 0. (2.4
Multiplying the second equation in (2.3) with ND™ from the left we obtain
HX + NY = ND~'. Combining this with (2.4) shows that pole, (H) > 0. |

Finally, we prove a simple lemma which will be needed in Section 4.

Lemma 24. Let Ne #7*", D e A" "", Ne#"* and F e A1 *™, suppose that
det D(s) % 0 and set H = ND N, Then the following statements are true:

(i) The matrix I + FH is invertible if and only if D + NFN is invertible. If this
is the case, then
H(I + FH)™' = N(D + NFN)'N. (2.5)
(i) Let s, € C. The triple (N, D, Nl_satisﬁes the generalized Hautus conditions in
s if and only if (N, D + NFN, N) does.

Statement (i) implies that if det(D(s;) + N(so)F(so)N(so)) # O, then
(N, D, N) satisfies the generalized Hautus conditions_in so. In particular, if
det(D(s) + N(s)F(s)N(s)) # 0 for all s € Cg, then (N, D, N) is bi-coprime.

Proof. (i_)_ If I+ FH is invertible, then it is not difficult to show that
D™'(I — N(I + FH)'FND™) is the inverse of D + NFN. Conversely, if D +
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NFN is invertible, then I — FN(D + NFN)™'N is the inverse of I + FH. The proof
of formula (2.5) is straightforward and is left to the reader.
(ii) Let x € C". The claim follows from the following two equivalences

NG\, o - N(so) B
(D(so)> x=0 <D(s0> + N(so)F(so)N(so>> x=0
xT(N(so), D(s0)) =0 < xT(N(so), D(so) + N(so)F(so)N(s5)) =0. W

The above lemma is purely algebraic. If has, however, a control interpretation:
If H is the transfer function of a linear system and if F is the transfer function of a
feedback law, then (2.5) is the corresponding closed-loop transfer function. More-
over, in many cases the stability of the feedback system is determined by the zeros
of det(D + NFN). In Section 4 and 5 we combine Proposition 2.3 and Lemma 2.4
to relate external and modal stability.

3. Robustness and Nonrobustness with Respect to Small Delays in
the Frequency-Domain

Let o € R. The field of all meromorphic function on C, is denoted by .#,, while J,
denotes the algebra of all holomorphic functions on C,. H denotes the algebra of
all bounded holomorphic functions defined on C,. We write H* for H{. If f € .4,
and g € My, where o < B, and if f(s) = g(s) for all s € C;, then we identify f and g.
Consequently, we have

My My, K, A HP cHp if a<fB.

Let Q < C. A function H: Q — C™ *™ is called a (C™ *™-valued) transfer function® if
there exists « € R such that C, = Q and H|, € .4, *™.
Let H be a transfer function and for € = (¢4, ..., &,) € [0, 00)™ set

E;(s) := diag, sjsm(e_sjs)-

Consider the feedback system shown in Fig. 3.1, where u is the input function, y is
the output function, and the block with transfer function E;(s) represents a delay
by & > 0 in the the jth feedback loop, j = 1, ..., m. If det(I + E;(s)H(s)) # O, then
the function G; defined by

G;:(s) := H(s)(I + E;(s)H(s))* (3.1)
is a transfer function, the so-called closed-loop transfer function of the feedback

system shown in Fig. 3.1.

Definition 3.1. G; is called L-stable if G; e (H*)"*™ G; is called spectrally
stable if G; € A7 ™,

2 We assume that all transfer functions are square. If we want to apply feedback and the plant H is
not square, we use a compensator K such that HK is square, and absorb K into H.
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Fig. 3.1. Feedback system with delay.

It is well known that L2-stability of G; is equivalent to the existence of a
constant K > 0 such that

1220, 0) < Kllull 20,0 Y€ L*(0, 00; C™),

where u and y are related as in Fig. 3.1. Moreover, notice that G; is spectrally
stable if and only if G; € 4™ *™ and G; has no poles in C%.

It is easy to see that if Gy is L*-stable for some g, € [0, co)™, then H e .47 *™.
Similarly, if there exists &, € [0, co)" such that G; is spectrally stable, then
He. 4™

Definition 3.2. Let H be a transfer function. H is called well-posed if H e (HF )™ *™
for some a € R. Moreover, H is called regular if it is well-posed and if the limit
lim,., . H(£) = D exists (where £ e R). The matrix D is called the feedthrough
matrix of H. If H is not well-posed, we say that it is ill-posed.

Well-posed and regular transfer functions play an important role in the theory
of abstract infinite-dimensional control systems, see [22] and [23].

Nonrobustness Results
For a transfer function H let Py denote the set of its poles. We define

yH):= limsup r(H(s)), (3.2)
|s|— 0,5 Co\ By
where r(H(s)) denotes the spectral radius of H(s). As usual, the spectrum of H(s) is
denoted by o(H(s)).
The following destabilization result for regular transfer functions was proved by
Logemann and Townley [16]. We write G, for G; if the components of g satisfy
g=¢>0foralli=1,...,m

Theorem 3.3. Let H be a transfer function and suppose that H is regular with
feedthrough matrix D. Then the following statements hold true:
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(i) If G, is L?-stable, and if y(H) > 1, then there exist sequences (s,) and (p,) with

g, >0, lime, =0, p.€Cy, lim {Im p,| = oo,
mdel R0
and such that, for any ne N, p, is a pole of G,
(ii) If r(D) > 1, then there exists sequences (¢,) and (p,) with
& >0, lime,=0, p,eC,, lim Re p, = o0, lim [Im p,| = 0,

n-—>o0 n=—w n=>0

and such that, for any ne N, p, is a pole of G,

There are many PDE models of physical and technical systems which have
transfer functions which are not well-posed. In the following we show that if H is
not well-posed, then the robustness properties of G, with respect to small delays
are extremely poor (as has been observed in [9] for a class of systems governed by
skew-adjoint generators), in fact they are worse than in the regular case. First we
show that if H is not well-posed, then G; is not well-posed (and hence in particular
is not L2-stable) for any € e (0, oo)™.

Proposition 3.4. Suppose that H is a transfer function. If H is well-posed, then
G; is well-posed for all €€ (0, co)". Conversely, if Gg is well-posed for some
8o € (0, o)™, then H is well-posed.

Proof. If H is well-posed, then it is clear that for any g€ (0, o) the transfer
function G; is also well-posed, since |Eis)H(s)| <1 in C, for large enough «.
Conversely, assume that G, is well-posed for some &, € (0, co)™. Then the transfer
function (I — G;, E; )™ is well-posed, and so is H = (I — Gz E; ) ' G;,. n

€0

The following corollary is a trivial consequence of Proposition 3.4.

Corollary 3.5. Let H be a transfer function. If H is not well-posed, then G;¢
(H®y" =™ for all € € (0, o0)™

The corollary says in particular that if H is not well-posed and if G, is L“-stable,
then any positive time-delay will destroy the L>-stability of the undelayed closed-
loop system. Note that Corollary 3.5 does not ensure the existence of poles of G;
in the open right half-plane. The following simple example shows that there exist
transfer functions which are not well-posed and which have the property that the
delayed closed-loop transfer function is spectrally stable for all sufficiently small
delays.

Example 3.6. Consider the transfer function H(s) = 2¢* which clearly is not well-
posed. The delayed closed-loop transfer function

H{(s) 2¢*

G = =
) = T ) T4 20

isin #_ for any e € (0, 1).
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The next theorem shows that for a large class of ill-posed transfer functions
arbitrarily small delays lead to closed-loop poles with arbitrarily large real parts.
In order to state the theorem we introduce some more notation. For 4 € (0, 7]
define the open sector & (d) by

F(8) = {Le™| L€ (0, w0), ¥ €(—5,d)},
and for y, € [—m, n) set

P, 8) 1= Vo (5).

Theorem 3.7. Let H be a transfer function and assume the following:

(1) There exist 0 € (0, n/2) and a > O such that H(s) is holomorphic in ¥ (0) n C,.
(2) There exist numbers p > o, v > 0, € [—x, ), 6 € (0, 8), and n € (0, ©/2) such

that
lim r(H(s)) = oo, (3.3)
Is|]>00,5€ F(8)
r(H(s)) < |s|’, Vse £(0)nC,, (3.4)
a(H(s)) =« C\¥ W, 1), Vse £(0)nC,. (3.5)

Then there exist sequences (g,) and (p,) with
g, >0, &, 0, pa€ Co, Im p, — o, Rep,— x
and such that, for any n e N, p, is a pole of G, .
Condition (3.3) guarantees that H is not well-posed. If G, is L?-stable, then it
follows from Lemma 6.3 in [16] that ,
lim H$)| =0 = lim  rH(s)) = oo.

|s| 700,58 L(0) |s|>0,5€ L(3)

Therefore Theorem 3.7 remains true if r(H(s)) is replaced by |H(s)||, provided that
G, is L2-stable. Condition (3.5) says that the spectrum of H(s) does not spiral
around the origin as s moves in a sector of sufficiently small angle.

Proof of Theorem 3.7. Let H(s) be of size m x m and let s € &#(6)  C,. Moreover,
let £ be the largest nonnegative integer such that det(1] — H(s)) can be written in
the form

det(AI — H(s)) = (A" + by, (A" + - + hy(s)),

where the h; are holomorphic functions defined on #(0) ~C,. By (3.3),/ <m — 1,
and by the maximality of / we have that hy(s) & 0. Clearly, £ > 0 if and only if
det H(s) = 0. For s € #(0) n C, define

hs(l) = lm—( + hm—{’—-l(s)im—f—1 + o + hO(S)s C(hs) = {l € C“ls(}') = 0}
Obviously, for given s, € #(0) n C, we have

0el(h,) < holse) =0. (3.6)
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Moreover,
{hy) co(H(s), Vse&FO)nC,. (3.7)

Set W, := {Ae'¥°|A > 0} and let arg: C\W, — (Y, ¥, + 27) be a continuous branch
of the argument on C\W,. Then, by (3.5), arg A is well defined for any Ae
o(H(s))\{0}, where s € #(6) n C,. For all such s we define

A, = {arg A € a(H(s))\{0} }.
In the following let 8 € (0, tan §). By (3.3) there exists R > p such that 4, # J for
all s e #(8) n Cpg, and
sup A, + 3n
B

For a, beC, let [a, b] denote the closed segment in the complex plane with
endpoints a and b. We define p := inf;_ 4 ¢, (inf 4; + 37) > 0 and

log r(H(s)) — >0, VseF(©d)nCy (3.8)

(3.9)

U
X, = ,
2vlog(/1 + B*x,)

where (x,) is a sequence in R with lim,_  x, = c0. We choose the x, such that
x, > max(x, R) and o, < f for all n e N and

ho(s) # 0, Vs € [x,, x, + 18x,], VneN. (3.10)
Note that by the choice of f and x,
X, + 10,%, € [X,, X, + 16x,] = FL(0) N Cyg, VYne N.
Using (3.4) and (3.9) we obtain that, for all s € [x,, x, + 18x,],

inf A, + 3n

log r(H(s)) — < log |s|* — aﬁ

< vlog(y/1 + f*x,) — 2viog(y/1 + B*x,)

<0. (3.11)
Setting z,, := (1 + w,)x, and z, := (1 + if)x, we have that
[Zr/u Z;ll] < [xn’ Xn + lﬁxn] = ly(é) M CR, Vne Na

and, moreover,

n

Rez, 1 Rez, 1
Imz, « Imz' §
Hence it follows from (3.11) and (3.8) that
(inf 4,, + 31)Re z,
Im z,

log r(H(z,)) — <0, Vne N, (3.12)

(sup 4, + 37} Re z,
Im z,

log r(H(z,)) — >0, VneN. (3.13)
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An application of Proposition 5.2 in [16] shows that there exists a holomorphic
function 4, defined on an open set U, o [z, z,] such that |1,(z;)] = r(H(z})) and
Au(s) € {(hy) for all s € U,.> A combination of (3.6) and (3.10) shows that 4,(s) # 0 for
all s e U, provided we choose U, small enough. It then follows from (3.12) and
(3.13) that

(arg A(z;) + 37) Re z,
Im z,

(arg A(z,) + 37} Re z,
Im z,

log|A,(z))] — <0, YneN, (3.14)

log|A,(z")] — >0, VneN. (3.15)

We show that there exist sequences (g,) in (0, o) and (p,) in C, with ¢, | 0 and
P, € [2,, z,] and such that

log 4,(p,) — &,p, = —3ix, VneN, (3.16)

where we choose the branch of the logarithm to be log z = log|z| + 1 arg z, with
ze C\¥, and log|z| € R. Since, by (3.7), 4,(s) € o(H(s)) for all s € U,,, it is easy to
see that (3.16) is a sufficient condition for G, (s) = H(s)(I + e **H(s))™' to have a
pole at p,.

For each n € N and each s € [z, z, ] the ray

R,(s) := {log 4,(s) — es|e € [0, o0)}
intersects the horizontal line
L:={seC|Ims = —3n}.

Indeed, for e = 0 the corresponding point of R,(s) is above L, while for large e > 0
the corresponding point is below L.

Thus, for each n € N, we can define real-valued functions w,(s) and e,(s) > 0 for
s € [z;, z, ] such that

log 4,(s) — e,(s)s = w,(s) — 3im. (3.17)
Taking real and imaginary parts in (3.17) it follows that, for all n e N and for all
se [z, 2,0,

_arg A,(s) + 3n
h Ims

e,(s) , (3.18)

(arg A,(s) + 3m) Re s

1
Ims (3.19)

w,(s) = log|,(s)| —

Using (3.14) and (3.15) we see that, foralln e N,

wy(z,) <0, w,(z) > 0.

® This is only true if U, n €y = &, where € denotes the set of critical points of H as defined in [16].
However, since € is a discrete set, we can choose the x, such that [x,, x, + 18x,]1 "€y = . Conse-
quently, U, n €y = ¢ for sufficiently small sets U,.
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Hence, since w, is continuous on [z, z, ], there exists p, € [z,,z,] such that
w,(p,) = O for all n e N. Setting ¢, := e,(p,} > 0 it follows from (3.17) that p, and &,
satisfy (3.16). Finally, Re p, = x, — ©0, and, moreover,

1,
Imp,>a.x, = - o0 (3.20)
2vlog(/1 + B*x,)
Combining (3.18) and (3.20) shows that &, — 0. |

The next result gives a sufficient condition for assumption (2) in Theorem 3.7 to
be satisfied.

Proposition 3.8. Let H be a transfer function and suppose that assumption (1) in
Theorem 3.7 is satisfied. Moreover, assume that there exist a number o € R and a
transfer function H such that

H(s) = (a + bsyH(s), VseC,,
where a,be C, b # 0, and v > 0. If there exists & > 0 such that

lim HE)=D, DeCm*m

|s| > o0,5€ F(3)

with det D # 0, then H(s) satisfies assumption (2) in Theorem 3.7.

The proof of Proposition 3.8 is straightforward and is left to the reader.
Finally, we give a simple instability result which applies to regular, well-posed
as well as to ill-posed transfer functions.

Propesition 3.9, Let H be a transfer function and assume that He .47 ™ If
liminf o,,(H(tw) <1 and limsup o, (H(@w)) > 1, (3.21)

000,10 ¢ By w0, 10 ¢ Py

ax and ;. denote the maximal* and the minimal singular value, respectively,
then there exist sequences (e,) and (w,) in (0, 0o) with

where o,

lime, =0, Iim w, = o,

R0 n—rw

and such that, for any n € N, 1w, is a pole of G, .

We obtain a similar result if in (3.21) oo is replaced by —oo. For the proof of
Proposition 3.9 we need the following lemma.

Lemma 3.10. Suppose that H is a transfer function and suppose there exists
£> 0 such that G, e M4™*™. If sq€ CY is a pole of H, but not a pole of G,, then
limg_, r(H(s)) = oo.

4 Recall that the maximal singular value of a matrix is equal to the operator norm induced by the
Euclidean norm.
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The above lemma is a slight generalization of Lemma 6.3 in [16] whose proof is
extended easily to the present situation.

Proof of Proposition 3.9. First notice that
Omin(H(s)) < 7(H(5)) < 0,0 (H(s), V5 Ch, s¢ Py (3-22)

By assumption there exist sequences (w;) and (w)) in (0, c0) with

w, < wy, lim w, = lim o, = oo,
and such that
OmaxH(0,)) < 1, 04, (H(w,)) > 1. (3.23)

There are two cases: either the transfer function H is continuous on [1w,, 1, ] or it
is not. In the latter case the segment [1w,, 1w, ] contains poles of H.

Case 1. If H(s) is continuous on [1w,, 10,7, then so is r(H(s)). Therefore, it follows
from (3.22) and (3.23) that there exists @, € (w,, @) such that r(H(iw,)) = 1. This
shows that there exist numbers y, € [0, 2n) such that e € 6(H(iw,)). Defining
&, .= (Y, + m)/c,, we obtain

—1 = e™ne™"% ¢ g(e” " sH(1w,)),

which in turn implies that G, has a pole at 1w,. By construction, lim,_, , », = o,
and therefore lim,_, ¢, = 0.

Case 2. If H is not continuous on [iw,, 1w, ], then there exists @&, € (w,, ;) such
that 1@, is a pole of H. Moreover, we may choose &, such that H is continuous
on [, 1®,). If lim,_; r(H(w)) = oo, then, by (3.22) and (3.23), there exists
w, € (o, @,) such that *(H(w,) = 1 and we can argue as in Case 1. If
lim,,, 5 r(H(w)) # co or if this limit does not exist, then an application of Lemma
3.10 shows that i1, is a pole of G, for any ¢ > 0. ]

Robustness Results

The following result complements Theorem 3.3.

Theorem 3.11. Let H be a transfer function and suppose that G is L*-stable
(spectrally stable). If y(H) < 1, then there exists e* > 0 such that G, is L*-stable
(spectrally stable) for all ¢ € (0, &¥).

The part of the theorem which relates to L2-stability is proved in Theorem 6.1 of
[16]. Robustness of spectral stability can be shown in a similar way and is therefore
left to the reader.

Theorem 3.11 deals with perturbations of the form e™*. In a multivariable
setting it is natural to consider the more general class of multidelay perturbations of
the form E;. There are simple examples which show that Theorem 3.11 does not
remain true for multidelay perturbations, cf. Example 6.4 of [16]. A robustness
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result for multidelay perturbations can be derived by using structured singular
values (see, e.g., [19]). To this end set

A = {diag, _; (5|5, € C} = C™ ™
The structured singular value u,(M) of M € C™ *™ with respect to A is defined by

1

maM) = o TATTA € A, det(l — MA) = 0}’

unless no A e A makes I — MA singular, in which case p,(M):=0. For any
M e C™*™ we have that r(M) < u,(M) < |M]], see [19].

Theorem 3.12. Let H be a transfer function and suppose that Gy, is spectrally stable
(L2-stable). If
limsup . (H(s)) < 1, (3.24)

Is|—=w0,5e Co\ By
then there exists e* > 0 such that the transfer function G; is spectrally stable
(L2-stable) for all € = (¢, ..., &,) € [0, 00)™ satisfying || < &*.

Proof. In the following sections we do not use the L2-stability part of the theo-
rem. Therefore we prove only the part which relates to spectral stability. So we
assume that (3.24) holds and that G, is spectrally stable, ie., G, € #” ™ As
already mentioned, the latter implies that H € .#™ *™ We proceed in three steps.

Step 1. By (3.24) there exist numbers R > 0 and p € (0, 1) such that

r(H(s) < paHE) < p,  Vse Eg\Pu, (3.25)

where Eg := {s € C,||s| > R}. Since G, is spectrally stable, it follows from Lemma
3.10 that H has no poles in E¢.

Step 2. By Step 1, E4n Py = &, and hence we obtain from (3.25) using the
continuity of u,(-) (cf. [19])

uaHE) <p<1, VseEd (3.26)
Clearly, |E;(s)| < 1 for all € € [0, o)™ and all s € E, and hence
det(] + E:(s)H(s)) #0, Vée[0,0)", VseES%.

Combining this with the result of Step 1, we see that, for any € e [0, )", G; has
no poles in E%.

Step 3. It remains to show that there exists ¢* > 0 such that, for all €€ R? with
|Z]l < &*, G; has no poles in the set Dy := {s € C§||s| < R}. To this end let (N, D)
be a right-coprime factorization of H over #_. Then G; = N(D + E;N)™%, and it
is easy to show that (N, D + E;N) is a right-coprime factorization of G; over #_.
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Since G, € #™ *™, it follows via Lemma 2.1(i) that

inf |det(D(s) + N(s))| > 0. (327
seDg
By the compactness of Dy it is clear that E;(s) converges uniformly to I on Dy as
€]l = 0. Consequently, (3.27) yields that there exists ¢* > 0 such that, for all € e RY
with ||8)} < &*,

inf |det(D(s) + Ez(s)N(s))| > 0,

seDp

which in turn implies that for all € as above G; has no poles in Dy. ||

It seems to be a difficult open problem whether the condition

lim sup u,(H(s)) > 1

Is|>,se Co\ By

implies a lack of robustness with respect to small multidelay perturbations.

4. Robustness and Nonrobustness Results for PDEs with Boundary and
In-Span Control

In the following we introduce a class of multiple-input multiple-output controlled
and observed PDEs which are linear in time and of spatial dimension 1, with
coefficients which may depend upon the spatial variable. Our choice of class is
motivated by our desire to include any such system that arises in the control
literature, including dynamic control. We wish to include coupled systems, so we
break up the space interval so that on different parts of the interval different PDEs
are satisfied, and we allow natural in-span coupling conditions. The control is
allowed to be applied, through general linear boundary operators, on the bound-
ary or at the in-span coupling points. These boundary operators are sufficiently
general to allow higher-order differential equations at the boundary and in-span
points. The observation operators are even more general, since we allow distrib-
uted observation as well. Distributed control requires a different analysis, which
can be found in [14].

The class of systems in this section includes all of the systems considered by
Datko and collaborators [4]—[8] which have spatial dimension 1. For instance, we
can use this approach to explain fully the modal destabilization results in [6] and
[7]. On the other hand, the destabilization described in [8], Example 2 of [4], or
Section 3 of [4] cannot be analyzed by the methods in this paper, since the control
space in these systems is infinite dimensional.

We suppose that the space variable x belongs to some closed interval [a, b].
Without loss of generality we assume that [a, b] = [0, 1]. Let A e N, and {x,}}; <
(0, 1), where x; < x, < '+ < x;. These numbers determine a decomposition of
(0, 1) into A + 1 open intervals {I,}{_,. Let 1e N. Forj=0,...,7and k=0, ..., 4,
let p¥ be polynomials and let af be continuous functions on If. The class of PDEs
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we consider is of the form

Z af(x)p} (@) (x t)= xel, t>0, @.1
=
where 2 denotes differentiation with respect to x. Set n, := max, <, deg pf and let
Pi(x, 5) be the coefficient of 2™ in the expression

Y. af(x)s'pf(2),
j=o
where s is a complex variable. We introduce the following assumption:

(A1) There exists an open set Q = C§ such that, forany k=0, ..., 4,
(% s)#0, Vxeld, VseQ

This condition guarantees that when the Laplace transforms of the PDE in I, are
taken, the resulting ordinary differential equation is not degenerate.

To define boundary operators for the PDE (4.1), we note that, by (A1), the PDE
has spatial order n; in I, so we need

A
= Z nk
k=0

boundary conditions. While the boundary for { Ji_o 1, is {x;}}-, v {0, 1}, for the
purpose of defining boundary conditions each x; should be represented by x;” and
x; . This allows coupling conditions (for example, 2w(0.57, t} = Iw(0.5", t)) and
in-span control (see, for instance, [2], [13], and [21]). Therefore, we consider
the boundary set to be {x; }, v {x;}L, u {0, 1}, which we rename as {z}},,
where u = 2(4 + 1). For any piecewise continuous function f: [0, 1] — C and for
I=1,..., 2 wedefine

o) = lim fx),  fG) = lim f(3)
X Xy XN Xy
so that f(z,) is a well-defined complex number for all I =1, ..., u.
Let q{,j be polynomials for i=1,...,n,j=0,...,4 =1, ..., p. We define
boundary operators B; on solutions w(x, t) of (4.1) by
i

gz i 0
Bw)O = 3, 3. 1(2) 55776 D) (42)

We need to impose bounds on the order of the spatial derivatives in (4.2). In
particular, we do not wish to take spatial derivatives at the boundary of I, which
are of order larger than n, — 1. To this end it is useful to introduce the function
k:{l,...,u} = {0,..., A} given by

0 if z,=0,
. if z=1,
k(l):= I itz =i, 4.3)

Ih—1 itz = x,.
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We assume that, foranyi=1,...,n,j=0,...,,1=1,..., 4
deg qi ; < ny — 1. (4.4)

The boundary operators (4.2) are sufficiently general to allow higher-order differ-
ential equations at the boundary, as in the “hybrid systems” in [12].

Let m be a positive integer with m < n. We consider the following boundary
conditions for the PDE (4.1):

(Bw)(t) = uy(t), i=1,...,m, 4.52)
(Bw)(t) =0, i=m+1,...,n (4.5b)

where u(t) := [u,(?), ..., u,(t)]* € C™ is the control input. We need to impose a
suitable independence condition on the boundary operators. This is done later in
the section, when its relevance can be made clear.

The observation operators for the system are more general than the boundary
operators B, since we allow a distributed component. Fori=1,...,m,j=0,...,1,
I=1,..., ulet r{ ; be polynomials, let £ e L*(0, 1; C), and define the observation

_operators by

R A S Ky ! T o
(Cw)(t) = 12‘1 ';o rllvf(@)gﬁw(z” )+ jZO JAO ﬁ'(x)ﬁw(x, t) dx. 4.6)

We assume that, foranyi=1,...,m,j=0,...,,1=1,..., 4,
deg rli’J S nk(l) - 1. (4.7)

The observation for the system given by the PDEs (4.1) and the boundary condi-
tions (4.5) is y(t) = [y1(2), ..., ¥m(®)]" € C™, where

y{) = (Cw) (1), i=1,...,m 4.8)

We refer to the observed boundary control system given by (4.1), (4.5), and (4.8) as
the open-loop system. In the following it is denoted by (OBC).

Application of output feedback of the form u,(t) = v,(t) — y,(t — &), i=1,...,m,
leads to

(Bw) (1) + (Cw)(t — &) = (D), i=1..,m, 4.9)

where the ¢, > 0 are time-delays and v(t) = [v,(t), ...v,(t)]T denotes the input of
the feedback system. We set € := (g4, ...&,) and refer to the system given by (4.1),
(4.5b), (4.9), and (4.8) as the closed-loop system with delay %. In the following it is
denoted by (CBC:;). If € = 0, then we call (CBC,) the undelayed closed-loop system.
If u(t) = 0 (resp. v(t) = 0), then we refer to (OBC) (resp. (CBC;)) as the uncontrolled
open-loop system (resp. uncontrolled closed-loop system with delay 2).

Existence of Exponential Solutions
Let s € C. We are looking for exponential solutions of the form

w(x, t) = e"p(x), where ¢@eL?0,1;C), ¢ =0, (4.10)
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of the uncontrolled open and closed-loop systems. A solution of the form (4.10) is
called a mode of (OBC) (resp. (CBC;)). The complex number s is called the exponent
of the mode. We say that a mode is stable if Re s < 0, otherwise we say it is
unstable.

In the following we first derive a necessary and sufficient condition for the
existence of modes for (OBC). To this end suppose that (4.10) is a solution of the
uncontrolled system (OBC). Since ¢ in general depends on s, we write ¢(x) =
o(x, 5). Now w(x, t) solves the underlying PDE (4.1), and hence it follows that
¢(x, s) satisfies

J=0

(ZI: a}‘(x)sjp}‘(g)) o(x,8)=0, xel,. 4.11)

Using assumption (A1), we see that, for every se Q > C% and every k=0, ..., 4,
(4.11) is an ordinary differential equation of order n, on I’. Let {ef}; be a basis
of C™ and let {¢f(-, 5)}}<, be solutions of (4.11) on I satisfying

((pjk(xka S)a 9qojk(xk: S)y LR} @nk—l(pjk(xk: S)) = eJk’ J = 15 ey, SE Q,

where x, := 0. Clearly, for any k = 0, ..., A and any s € Q, the functions ¢/ (-, s) are
linearly independent, and hence span the solution space of (4.11) on I{. In particu-
lar, for every se Q, ¢f(-, s) e L*(I¢, C), and every solution of (4.11) in I, can be
written in the form

I3
Zl A;(S)(pjk(xa S)a X e Ika
f=
for some coefficients A}‘(s). Fork=0,...,Aandj=1,..., n,, we define

k f Ié
<I)j-‘(x, 5= @5 (x, s) or xel, .
0 for xe[0, 1\I{"

It is convenient to rename these n vectors as {®,(x, s)}5=;. It is clear that any
solution of (4.11) can be written as

n A
P(x,5) =Y, A ()P,(x,s), xe {J L, (4.12a)
p=1 k=0
(p(Zl: S) = Zl AP(S)(DP(ZZ, S)a l= 19 cees Hy (412b)
=

for some coefficients A,(s).
Lemma 4.1. The following statements hold true:
(i) Foranyp=1,...,nand anyl =1, ..., u, the function
Q-C, S DD (24, 5)

is holomorphic, provided that i < n,q — 1, where « is given by (4.3).
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(ii) For any p = 1,...,n and any function f € L*(0, 1; C), the function

1
Q-C, sr-—»f Sx)@,(x, 5) dx
0
is holomorphic.

Proof. There exists ke {0, ..., 4} and p, € {1,..., n;} such that @, = @} . It is
convenient to define x§ := 0 and x;,, = 1.

In order to prove statement (i), assume first that z; € {x;, xi1} = 0I,. Then
k(l) = k, and therefore i < n, — 1 by hypothesis. Consequently, the claim follows
from a well-known result on parameter-dependent ordinary differential equations
—see Theorem 8.4 in Chapter 1 of [3]. If z, ¢ {x{, x;;1}, then there exists
x* € {xy,...,x;} u{0, 1} such that, for allie N and all s € Q,

DO, (z),5) = D'V (z;,8) = lim D' (x,5) =0,
x—x* x ¢ Ig!
showing that the claim is true in this case also.
To prove statement (ii), recall from Chapter 1, Theorem 8.4, of [3] that <I>’l‘,D is
continuous in (x, s) for x € I and s € Q and holomorphic in s for each fixed x € I¢.

The result then follows from a standard argument using theorems of Morera and
Fubini. |

Making use of (4.12b), the boundary conditions (B;w)(t) =0,i =1, ..., n, of the
uncontrolled open-loop system can be expressed as follows:

Y A,0B0)S) =0, i=1,...n (4.13)
p=1
where
B®,)(s) = z ;sfq:,j(9)®p(z,, 9. (4.14)

Let D(s) be the n x n matrix

D(s):=(B®,)() ip=1..,n (4.15)

Notice that, by (4.4) and Lemma 4.1, D(s) is holomorphic on Q. Setting A(s) :=
(A((s)s - .., A,(s)T, (4.13) can be written as D(s)4(s) = 0, and we see that if the
system (OBC) has a mode with exponent s, € Q, then

det D(s,) = 0. (4.16)

It is easy to show that the above argument can be reversed, ie., (4.16) guarantees
that (OBC) has a mode with exponent s,.
Summarizing our discussion we obtain the following result.

Propesition 4.2. Suppose that (Al) is satisfied and let s, € Q. Then (OBC) has a
mode with exponent s, if and only if (4.16) is satisfied.
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In order to prove a similar result for the closed-loop system (CBC;), suppose
that (4.10) is a solution of the uncontrolled system (CBC;). Again we indicate the
dependence of ¢ on s explicitly by writing ¢(x) = @(x, s). Since the underlying
PDE (see (4.1)) is the same as for the open-loop system (OBC), it follows that
@(x, s) is of the form (4.12). Consequently, the boundary conditions (4.5b) and the
closed-loop boundary conditions (4.9) with v; = 0 lead to

S A,6BO)6) + e COY) =0, i=1,...m, @.17)
p=1

Y A,OBO)H=0, i=m+l..n  (@418)

where

g . ! (.
(Ci®p)(s) = zZi ;) s’ri (DD (2, 8) + -Zb s/ L fix)®,(x, s)dx.  (4.19)

Let N(s) be the m x n matrix
N@©) = (C@,)(), i=1,...m p=1,..,n (4.20)
and set
N Im xm
N(s) = ( > 4.21)
O(n—m) xm,

It follows from (4.7) and Lemma 4.1 that N(s) is holomorphic on Q. Equations
(4.17) and (4.18) can be written in the more compact form

(D(s) + N(s)Eg(s)N(s))A(s) =0, 4.22)
where E;(s) = diag, ;.,,(e"**). Setting
D;(s) := D(s) + N(s)E;(s)N(s), (4.23)

we obtain the following closed-loop counterpart of Proposition 4.2.

Proposition 4.3. Suppose that (A1) is satisfied and let sq € Q. Then (CBC;) has a
mode with exponent s, if and only if det D;(s,) = 0.

While by construction D and D; depend on the choice of the basis for the
solution space of (4.11) on I, it is a routine exercise to show that the zeros of det D
and det D; do not. Since the basis {¢(-, )}, is not always easy to compute, we
can use a different, more convenient, choice of basis in order to compute the zeros
of det D and det D;.

Transfer Functions

We shall need the following assumption:

(A2) det D(s) £ 0.
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For a given s, € Q, let & denote the vector space of all functions y: (Uk=o L) x
[0, o0) = C of the form xp(x £) = e*"j(x), where : {U#=o I = C solves the ordinary
differential equation (4.11) for s = s,. It is easy to see that assumption (A2) is
equivalent to

(A2} There exists s, € Q such that the restricted boundary operators B; [5
linearly independent, ie., if a;, ..., a,€ C are such that Y ) a;Byy =0 for all
Y € &, then o; = 0 for a11i= 1,...,n

Remark 4.4. We illustrate (A2) and (A2) in a simple situation. Suppose that there
are no in-span points (i.e, I, = [0, 1]) and that n = ny = 2. Let the boundary
operators B; and B, be given by (B, w)(t) = w(0, 1) and (B,w)(t) = w,(a, t), where
a € {0, 1}. Then it is easy to show that (A2’), or equivalently (A2), is satisfied if and
only if a # 0. Notice, however, that B, and B, are linearly independent on the
solution space of (4.1) even if a = 0.

If (A2) is satisfied, then we can define
H(s) := N(s)D ' (s)N(s), (4.24)

where D, N, and N are given by (4.15), (4.20), and (4.21), respectively. While N and
D depend on the choice of the basis for the solution space of (4.11) on I, it is a
routine exercise to prove that the product N(s)D~*(s) does not (the corresponding
transformation matrices cancel). Consequently, H is independent of the choice of
{oF 11y, k ., 2. Since D, N, and N have all their entries in #_, it follows from
(A2) that H € /ZT *™, In particular, H is a transfer function in the sense of Section
3. We say that H is the transfer function of (OBC).

In order to show that H admits the usual dynamical interpretation, let the
Laplace transform be denoted by the superscript “ = and let u(-) be a Laplace
transformable input function. Moreover, let w(x, t; u) denote the solution of (OBC)
with initial conditions given by

of
aTJ.W(’,O;L:):(), j=0,...,t— 1

Then W(x, s; u) satisfies the ordinary differential equation (4.11), and, consequently,
the function W(x, s; u) is of the form (4.12). Hence, the boundary conditions (4.5)
then imply

n

Y A)BO)6) =ds), i=1,....m,

Y ABO))=0, i=m+1,...,n
p=1

This is equivalent to

D(s)Als) = N(s)a(s),
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s0, by assumption (A2)
A(s) = D L(s)N(s)d(s) . (4.25)

for all s € Q such that det D(s) # 0. Since Pi(s) = Y r=; Ap(s)((fich)(s), we can write
P(s) = N(s)A(s). Therefore, by (4.25), we see that

(s) = N()D*(s)N(s)i(s) = H(s)a(s).
As in Section 3 we define
G;=H(I +E:H)™. (4.26)
Using Lemma 2.4(i), G; can be written in the form
G;(s) = N($)(D(s) + N©E:(s)N(s) 'N(s) = N)D7 (9N(s).  (4.27)

Of course, (4.27) only makes sense if det D;(s) #0, or, equivalently, if
det(I + E;(s)H(s)) # 0, see Lemma 2.4(i). We call € € [0, co)™ an admissible delay
for (OBC) if det D;(s) # 0. If € is an admissible delay for (OBC), then G; € 4™ *™,
and we say that G; is the transfer function of (CBC;). Going through the above
steps with D replaced by D;, we see that the response y(-) of (CBC;) to the input
function v(-) under zero initial conditions is given by $(s) = G;(s)0(s).

Modal Stability and Small Delays

We say that (CBC;) is modally stable if (CBC;) has no unstable modes. This is the
kind of internal stability which is considered in the literature on robust stabiliza-
tion of PDEs, see [4]-[9] and [12]. The following corollary shows that spectral
stability combined with bi-coprimeness is equivalent to modal stability.

Corollary 4.5. Suppose that (A1} and (A2) are satisfied and let €€ [0, c0)”. Then
the following statements are equivalent:

(i) (CBC;) is modally stable.
(ii) €is an admissible delay for (OBC), G; given by (4.26) is spectrally stable, and
the triple (N, D, N) is bi-coprime.

The proof of Corollary 4.5 follows immediately from Proposition 2.3, Lemma
2.4, Proposition 4.3, and (4.27). In the following we write (CBC,) for (CBC;) and D,
for D; if the components ¢; of € satisfy ¢, = e foralli=1,..., m.

It follows from (4.27) and the analyticity of N, N, and D that if G;(s) has a pole
in C%, then the closed-loop system (CBC;) has an unstable mode. Therefore, by an
application of Theorem 3.3, Theorem 3.7, and Proposition 3.9, we immediately
obtain conditions which guarantee the existence of unstable closed-loop modes.
We give a precise formulation of these conditions in the following three corollaries.

Corollary 4.6. Assume that (A1) and (A2) hold and suppose that H given by (4.24)
satisfies one of the following two conditions:

(i) H is regular and the feedthrough matrix D of H satisfies r(D) > 1.
(ii) H is not well-posed and satisfies conditions (1) and (2) in Theorem 3.7.
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Then there exist sequences (g,) and (s,) with

&g, >0, lim ¢, =0, s, € Co, lim |Im s,| = oo, lim Re s, = oo,
(4.28)

and such that, for any ne N, det(D, (s,)) =0, i.e, for any ne N the closed-loop
system (CBC, ) has a mode with exponent s,.

Corollary 4.7. Assume that (A1) and (A2) hold and suppose that H given by (4.24) is
regular. If G given by (4.26) is in (H®)" *™ and if y(H) > 1 (where y(H) is given by
(3.2)), then there exist sequences (s,) and (s,) with

g, > 0, lim ¢, =0, s, € Cy, lim |Im s,| = oo,
and such that, for any ne N, det(D, (s,)) = 0, i.e, for any ne N the closed-loop
system (CBC, ) has a mode with exponent s,,.

Corollary 4.8. Assume that (A1) and (A2) hold and suppose that H given by (4.24)
satisfies (3.21). Then there exist sequences (g,) and (w,) in (0, 00) with

lim ¢, =0, lim w, = oo,
and such that, for any ne N, det(D, (@,)) = 0, i.e.,, for any ne N the closed-loop
system (CBC, ) has a mode with exponent 1,.

On the other hand, when there exists e* > 0 such that G; is spectrally stable for
all g€ [0, oo)" with ||| < e*, we cannot immediately conclude modal stability of
(CBC;) for all such . However, the following result shows that modal stability can
be obtained by using Lemma 2.4 and Corollary 4.5.

Corollary 4.9. Assume that (A1) and (A2) hold and suppose that (CBC,) is modally
stable. If H given by (4.24) satisfies (3.24), then there exists ¢* > 0 such that (CBC;)
is modally stable for all € € [0, co)™ satisfying ||€] < &*.

Proof. Since (CBC,) is modally stabile, it follows from Proposition 4.3 that
det(D(s) + N(s)N(s)) #0,  VseCZ, (4.29)

and it follows from (4.27) that G, is spectrally stable. It follows from (3.24) that
I+ E.H, and hence, by Lemma 2.4, also D + NE;N, is invertible for all £e
[0, co)™. Thus all € € {0, o)™ are admissible delays. Moreover, by Theorem 3.12
there exists ¢* > 0 such that G; is spectrally stable for all £ e [0, co)" with ||g]| <
¢*. From Lemma 2.4 and (4.29) we obtain that (N, D, N) is bi-coprime. An applica-
tion of Corollary 4.5 shows that (CBC;) is modally stable for all € e [0, co)" with
|€]l < &* and all s € C¢. |

Remark 4.10. In [17] the robustness of modal stability with respect to small
delays is proved for a class of boundary controlled systems with arbitrary spatial



146 H. Logemann and R. Rebarber

dimension; the class of systems dealt with in [17] requires an analytic semigroup,
and is hence less general (in all regards except spatial dimension) than the systems
considered here.

5. Examples

In this section we illustrate Theorem 3.7, Proposition 3.9, and the corresponding
Corollaries 4.6(ii) and 4.8 with some simple examples. Theorem 3.3 and Corollaries
4.6(i) and 4.7 are illustrated by the examples in [15].

Example 5.1. In the first example we consider an equation for two coupled
vibrating strings, with two observation and two controls. This example is similar
to Example 9.3 in [15], except instead of incorporating viscous damping into the
model we use Kelvin—Voigt damping, and we draw very different conclusions. We
assume that each string satisfies the damped wave equation

W (X, £) — Wy, (X, 1) — awq(x, 1) = 0, xe(0,1)u(l,2), t>0, 5.1)

where a > 0. As in [15] we consider the following boundary conditions:

w(l™, ) =w(", 1), w(2,t) =0, (5.2)
with boundary controls
we(17, 1) — w, (17, 1) = uy (1), w0, 1) = u, (1), (5.3)
and boundary observations
i) =kw(l, 5,  y.(0)=—k,w(0,0), (5.4)

where k,, k, > 0. Since a > 0, it is easily checked that assumption (A1) is satisfied.
Let u(t) := [u,(2), u()]" and y(t) := [y,(2), y2(1)]" and set

s
r(s) i= ————,
1+ as
where . /s denotes the principle branch of the square root. Setting
e4r(s) -1 er(s) _ e3r(s)

A= oty BO= e

a routine calculation shows that assumption (A2) is satisfied and that the transfer
function for (5.1)—(5.4) is given by

H(s) = /1 + asH(s),

where

ki A(s) le(S))
k,B(s) 2k,A(s))

Note that, for any 6 € (0, 7/2), Re r(s) = o as |s| = oo in F(9). This implies that
lim  A(s) =14, lim  B(s)=0,

[s|>o0,5€ F(3) |s|~>o0,s€ F(J)

H(s) == <
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SO

lim H(s) = <k1/2 0).

|s|—00,5€ F(J)

Consequently, H satisfies the conditions in Proposition 3.8, and hence conditions
(1) and (2) in Theorem 3.7, provided that k,k, # 0. Therefore, the conclusions of
Corollary 4.6(ii) hold for this example. In particular, we find that there exist
sequences (g,) and (s,) with ¢, | 0 and Re s, — o0 as n — o0 and such that the system
(5.1)~(5.4) with feedback u(t) = — y(t — ¢,) has a mode with exponent s,

We can contrast this to the situation in [15], where the damping term aw,.,(x, £)
is replaced by the viscous damping term 2aw,(x, t) + a?w(x, ). In [15] it is found
that for every a > 0 there are values of k, and k, such that the input—output
system is robust with respect to delays. In the viscous damping case all of the
modes oscillate and decay with the same exponential rate, whilst in the Kelvin—
Voigt case only finitely many modes oscillate and the rest have exponents which
are negative real (pure exponential decay). So, even though, in this sense, Kelvin—
Voigt damping is “stronger” than viscous damping, the present example shows
that it also causes the system to be ill-posed, destroying robustness of the closed-
loop system.

Example 5.2. 1In this example we consider a one-dimensionai beam equation with
structural damping (also known as AY/2 damping). This type of damping causes the
underlying semigroup to be analytic. The partial differential equation for the
displacement w(x, t) is

W (x, 1) + 2aw,,(x, 1) + W (X, 1) = 0, xe(0,1), t>0, (5.5)

with the damping parameter a € (0, 1). We consider the following boundary
conditions:

w(0, ) =0, w(l,t)=0, w,(0, 1) = 0, (5.6)
with boundary control
W (1, 8) = u(t) (5.7
and boundary observation
y(t) = cwy, (1, £) + dw,(1, 1), (5.8)

where we assume that ¢, d € R and ¢ 0. Trivially, assumption (A1) is satisfied.

If there is no damping, i.e., a = 0, it is well known that this system is ill-posed in
the sense that its transfer function is ill-posed. We will find that in spite of a positive
damping term a € (0, 1), the system is still ill-posed, and in fact satisfies the condi-
tions in Proposition 3.8. Let \/E denote the principle branch of the square root,
define 0 € (r/2, m) by e”® = —a + 1./1 — a2, and set y := ¢'*2. Computing the trans-
fer function H of (5.5)—(5.8), we find that (A2) holds and we obtain

H(s) = /sFi(s),
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where
(cn + d//5)e™" + (] + dj/9)e™g4(s)
[n%e™* + 72675, () + n2e1V5g,(s) + 7Pe1Vg5(s)]
L (e + I /9e7g5(9) + (=il + dn/9)e Vg ()
e 1 g (5) + e oga(s) + e gy (9)]
and the functions g, g,, and g5 are given by

(n — Me™* + (g + Me™"V* — e TV5

H(s) =

) e & (1 + e — 2
i 20,05)
gols) = 1T+ 2191
n—n
sy < 2 0= D)
n—n

We first note that n/4 < 6/2 < 7/2, so in particular Re # > 0. Since Re(n — 27) < 0,
there exists 8 > 0 such that e™"v?, e=1v5, and e~ 205 a1l go to zero as s goes to

infinity in &(d). Setting
£(9) 1= g, (s) + "V,
it is easy to see that

lim  &(s)=0, im  e(s)e™ Vs =0. (5.9)

s~ o0,5e F(9) Isi20,5e F(8)
Therefore

lim gz(s)e_"\/;

Is|—~+o0,5€ L8}

= lim <’7+'1 s n "’\/+8(s) e "\/>=
n—n 'I—’I -7

|s|> 0,5 F(6)

and, similarly,

im  gs(s)e™™V* =0.

|s| 00,5 F(d)

Thus, by (5.9)

lim H(s)= lim (cn + d//s)e™* — (cif + d/\ﬁ)(e'l\ﬁ — g(s)e™5)

Isj> 0,5 F(3) 5|~ @,5€ #() n2e™T — 2(emVE — g(s)e™V")
c
n+1

Since Re # # 0 and ¢ # 0, this limit is finite and nonzero. Consequently, H satisfies
the conditions in Proposition 3.8, and hence conditions (1) and (2) in Theorem 3.7.
Therefore, the conclusions of Corollary 4.6(ii) hold, so there exist sequences (g,)
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and (s,) with ¢, 0 and Re s, > o0 as n — o0 and such that the system (5.5)—(5.8)
with feedback u(t) = — y(t — ¢,) has a mode with exponent s,.

Example 5.3. In this example we illustrate Proposition 3.9 by considering ro-
bustness with respect to delays for the coupled beam example from [21]. Let
x, € (0, 1) and consider the following system:

WX, ) — WX, ) =0, x€(0,x,)U(x;, 1), £>0, (5.10)
w0, 1) = w0, 1) = (L, ) = w,,(1, 1) = 0, (5.12)

WD, ) =wxi, 0, W ) =Wl WXy, ) = w670, (5.12)
WarlX15 1) — wXT, ) = (), p(0) = kwi(xy, ), (5.13)

where k > 0. Clearly, (A1) is satisfied and it is shown in [21] that the feedback
u(t) = — y(t) renders the system exponentially stable. We show that this stability is
not robust with respect to delays.

Let s = 1w?, where we choose w € {re”|r > 0,0 e [ —x/2,0]} for Re s > 0, and
let

sinh(wx,) — cosh(wx,) tanh w(x, — 1)
hix,, ) = -

cos(wxy) tan w(x, — 1) — sin(wx,)

Computing the transfer function for (5.10)—(5.13) we find that (A2) holds and we
obtain

w[cosh{wx,) + h(x,, ®) cos(wx,)]
(—21) [sinh(wx;) — cosh(wx,) tanh w(x; — 1)]

H(s) =

From Section 4, we see that the poles of H(s) are contained in the set of expo-
nents of the modes of (5.10)—(5.13) with u(z) = 0. This set of exponents is the set of

eigenvalues of the operator
0 I
A= 5.14
(2] 18

where, as in Section 4, & denotes spatial differentiation. Here the state space is
X = {(wy, wp)" € H*[0, 1] ® L[0, 17w, (0) = w; (1) = 0},
and the domain of A is given by
dom(A4) = {(w;, w,)T € H*[0, 1] @® H?[0, 1]} w;(0) = w,(1)
= 2w (0) = 22w, (1) = w,(0) = w,(1) = 0}.

It is well known that A is skew-adjoint and has compact resolvent, hence the
spectrum of A consists of purely imaginary eigenvalues. Moreover, there are infi-
nitely many eigenvalues, with oo being the only accumulation point. As already
mentioned, an application of the feedback law u(t) = — y(t) to (5.10)—(5.13) results
in a closed-loop system which is exponentially stable, and hence modally stable. A
combination of Lemma 2.4 and Proposition 2.3 then shows that each eigenvalue of
A is a pole of H, and hence H has infinitely many poles on the imaginary axis.
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The zeros of H(s) are contained in the set of exponents of the modes of the zero
dynamics of (5.10)—(5.13). The zero dynamics are given by the uncontrolled inverse
system of (5.10)—(5.13), i.e., the system which is obtained by interchanging the roles
of u and y. Clearly, the transfer function of the inverse system is given by 1/H. The
exponents of the modes of the zero dynamics are identical to the eigenvalues of the
operator A", where A'™ is given by the right-hand side of (5.14) with

dom(A™) = {(wy, w,)" e X Wi lio,x, € H*[O, x,), w, lx, 11 € H*(x4, 1],
w, € H*[0, 11, 2°w,(0) = 2w, (1) = w,(0) = w,(1) = 0,
Dw,(x1) =0, 93W1(X1—) = 93W1(XD}-

It is shown in [21] that this operator is skew-adjoint and has compact resolvent,
and so the spectrum of A™ consists of purely imaginary eigenvalues. Moreover,
there are infinitely many eigenvalues, with oo being the only accumulation point.
Since the feedback y(-) = —u(-) applied to the inverse system leads to an exponen-
tially stable closed-loop system, we can argue as above to show that H has infi-
nitely many zeros on the imaginary axis.

Combining our findings, it follows that H satisfies (3.21). So there exist sequences
(¢,) and (w,) in (0, o0) with lim,_, &, = 0 and lim,_, @, = c© and such that the
system (5.10)—(5.13) with the feedback u(t) = — y(t — ¢,) has a mode with exponent
10,
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