
Chapter 14 

Low-Gain Integral Control of 
Infinite-Dimensional Regular 
Linear Systems Subject to 
Input Hysteresis 
Hartmut Logemann 
Adam D. Mawby 

ABSTRACT In the present chapter we introduce a general class of causal 
dynamic nonlinearities with certain mono tonicity and Lipschitz continu­
ity properties. It is shown that closing the loop around an exponentially 
stable, single-input, single-output, infinite-dimensional, regular, linear sys­
tem, subject to an input nonlinearity from this class and compensated by an 
integral controller, guarantees asymptotic tracking of constant reference sig­
nals, provided that (i) the steady-state gain of the linear part of the plant is 
positive, (ii) the positive integrator gain is smaller than a certain constant 
given by a positive-real condition in terms of the linear part of the plant, 
and (iii) the reference value is feasible in a very natural sense. The class of 
nonlinearities under consideration contains in particular relay hysteresis, 
backlash, and hysteresis operators of pro.ndtl and Preisach types. 

14.1 Introduction 

This chapter extends a sequence [12, 13] of recent results pertaining to 
integral control of infinite-dimensional systems subject to static input non­
linearities. Underpinning these results are generalizations of the well-known 
principle (see, e.g., [6, 15, 17]) that closing the loop around a stable, lin­
ear, finite-dimensional, continuous-time, single-input, single-output plant, 
with transfer function G compensated by a pure integral controller k/s, 
will result in a stable closed-loop system that achieves asymptotic track­
ing of arbitrary constant reference signals, provided that Ikl is sufficiently 
small and G(O)k > 0.1 This result has been extended to various classes 
of infinite-dimensional systems; see [11] and the references therein. In par-

ITherefore, under the above assumptions on the plant, the problem of tracking con­
stant reference signals reduces to that of tuning the gain parameter k. This so-called 
"tuning regulator theory" [6] has been successfully applied in process control (see [5, 14]). 
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FIGURE 14.1. Low-gain control with input nonlinearity. 

ticular, Logemann et al. [13J have shown that the above principle remains 
true for a single-input, single-output, linear, regular, infinite-dimensional 
system subject to a static, nondecreasing, globally Lipschitz input nonlin­
earity q> (such as, e.g., saturation), provided the reference value r is feasible 
in the sense that r IG(O) is in the image of the nonlinearity; see Figure 
14.1. Here we consider the same problem as in [13], but for a wider class 
of causal dynamic nonlinearities that satisfy a certain Lipschitz condition. 
This class encompasses, in particular, a large number of hysteresis nonlin­
earities important in applications such as relay (or passive), backlash, and 
plastic-elastic hysteresis. Generally speaking, hysteresis is a special type 
of memory-based relation between a scalar input signal u(·) and a scalar 
output signal v(·) that cannot be expressed in terms of a single-valued func­
tion, but takes the form of "hysteresis" loops; in particular, the operator 
u(·) ~ v(·) is causal and rate independent. This type of behavior arises 
in mechanical plays, thermostats, elastoplasticity, ferromagnetism, and in 
smart material structures such as piezoelectric elements and magnetostric­
tive transducers (see Banks et al. [IJ for hysteresis phenomena in smart 
materials). There exists a substantial literature on mathematical model­
ing and mathematical theory of hysteresis phenomena; see, for example, 
Brokate [3], Brokate and Sprekels [4], Krasnosel'skil and Pokrovskil [9], 
Macki et al. [16], and Visintin [19J. Of particular importance in a systems 
and control context is the pioneering work [9J. 

As in [13] we assume that the linear part of the system to be controlled 
(described in Figure 14.1 by the transfer function G( s)) is an exponen­
tially stable, single-output, single-input, regular, infinite-dimensional sys­
tem. This class, introduced by Weiss (see [23J through [22]), is rather gen­
eral and allows for highly unbounded control and observation operators. 
It includes most distributed parameter systems and time-delay systems of 
interest in control engineeering. 

The main result in this chapter shows that for the class of dynamic non­
linearities under consideration, the output y(t) of the closed-loop system, 
shown in Figure 14.1, converges to r as t ---> 00, provided that G(O) > 0, 
r is feasible in some natural sense, and k E (0, KIA), where A > 0 is a 
Lipschitz constant for the nonlinearity and K is the supremum of the set 
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of all numbers k > 0 such that the function 

is positive real. 

l+kRe G(s) 
s 

The chapter is organized as follows. In Section 14.2 we briefly discuss 
regular linear infinite-dimensional systems. In Section 14.3 we define a class 
of dynamic nonlinear operators for which, in Section 14.4, we show that 
the output y(t) of the closed-loop system (shown in Figure 14.1) converges 
to the reference r as t ~ 00. In Section 14.5 we introduce various hysteresis 
operators, such as relay, backlash, and elastic-plastic as well as hysteresis 
operators of Prandtl and Preisach types; we show that under a few natural 
assumptions they are contained within the class of nonlinearities introduced 
in Section 14.3. Section 14.6 contains simulations of two controlled diffusion 
process examples with input hysteresis nonlinearities. Finally, a number of 
technicalities have been relegated to the Appendix (Section 14.7), which, in 
particular, contains an existence and uniqueness result for the solutions of 
the nonlinear abstract Cauchy problem describing the closed-loop system 
shown in Figure 14.1. 

Notation: If Ie R is a compact interval, then AC(I, R) denotes the space 
of absolutely continuous real-valued functions defined on I; AC(R+, R) 
denotes the space of real-valued functions defined on R+ that are absolutely 
continuous on any compact interval I c R+; that is, a function 1 : R+ ~ 
R is in AC(R+, R) if and only if there exists a function g E Ll~c(R+, R) 
such that 

I(t) = 1(0) + lt g(T)dT, "It ~ 0. 

We call a function 1 : [a, bl ~ R piecewise monotone if there exist numbers 
a = to < it < ... < tn = b such that 1 is monotone on [ti- 1 , til for 
i = 1,2, ... , n. A function 1 : R+ ~ R is called piecewise monotone if 1 is 
piecewise monotone on each compact interval I c R+. We denote the space 
of piecewise monotone continuous functions 1 : R+ ~ R by Cpm(R+, R). 
It is straightforward to show that Cpm(R+, R) is dense in C(R+, R) in the 
sense that for all 1 E C(R+, R) and all c > 0, there exists g E Cpm(R+, R) 
such that 

I/(t) - g(t)1 ::; c, "It E R+. 

For a E R, we define the exponentially weighted LP -space 

L(X, Y) denotes the space of bounded linear operators from a Banach space 
X to a Banach space Y. Let N denote the nonnegative integers. For a E R, 
we define Co : = {s E C I Re s > a}. The Laplace transform is denoted by 
'c. 
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14.2 Preliminaries on Regular Linear Systems 

In Figure 14.1 the underlying linear system (Le., the system with transfer 
function G(s)) is assumed to be a single-input, single-output, continuous­
time, regular system E with state space X (a Hilbert space) and with 
generating operators (A, B, C, D). This means in particular that A gener­
ates a strongly continuous semigroup T = (Tdt20, C E L(XI,IR) is an 
admissible observation operator for T, B E L(IR, X-d is an admissible 
control operator for T, and D E IR is the feed through of the system. Here 
Xl denotes the space dom(A) (the domain of A) endowed with the graph 
norm and X-I denotes the completion of X with respect to the norm 
Ilxll-I = II(sol - A)-lxii, where So is any fixed element in the resolvent set 
of A. The norm on X is denoted by II . II, while II . III and II . 11-1 denote 
the norms on Xl and X-I, respectively. Then Xl <---> X <---> X-I and T 
restricts (resp., extends) to a strongly continuous semigroup on Xl (resp., 
X-I)' The exponential growth constant 

. 1 
w(T):= hm -In IITtl1 

t-->oo t 

is the same on all three spaces. The generator of T on X-I is an extension 
of A to X (which is bounded as an operator from X to X-I)' We use the 
same symbol T (resp., A) for the original semigroup (resp., its generator) 
and the associated restrictions and extensions. With this convention, we 
may write A E L(X, X-I)' Considered as a generator on X-I, the domain 
of A is X. 

We regard a regular system E as synonymous with its generating op­
erators and simply write E = (A, B, C, D). The regular system is said to 
be exponentially stable if the semigroup T is exponentially stable; that is, 
w(T) < O. The control operator B (resp., observation operator C) is said 
to be bounded if BE L(IR,X) (resp., C E L(X,IR)); otherwise, B (resp., C) 
is said to be unbounded. In terms of the generating operators (A, B, C, D), 
the transfer function G( s) can be expressed as 

G(s) = CL(sl - A)-I B + D, 

where CL denotes the so-called Lebesgue extension of C. The transfer func­
tion G(s) is bounded and holomorphic in any half-plane Res> a with 
a > w(T). Moreover, 

lim G(s)=D. 
8-->00,8EIR 

For any Xo E X and u E L?oc(IR+,IR), the state and output functions x(·) 
and y(.), respectively, satisfy the equations 

x(t) 
y(t) 

Ax(t) + Bu(t) , x(O) = Xo , 
CLx(t) + Du(t) , 

(14.1a) 

(14.1b) 
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for almost all t ~ ° (in particular, x(t) E dom(CL) for almost all t ~ 0). The 
derivative on the left-hand side of (14.1a) has, of course, to be understood 
in X-I. In other words, if we consider the initial-value problem (14.1a) 
in the space X_I, then for any Xo E X and U E Lfoc (lR+ , 1R), (14.1a) has 
a unique strong solution (in the sense of Pazy [18, p. 109]) given by the 
variation of parameters formula 

x(t) = Ttxo + it Tt_rBu(T)dT. (14.2) 

For any Xo E X and any U E Lfoc(IR+, 1R), (14.2) defines a continuous 
X-valued function. 

Denoting the input-output operator of (14.1) by F, we have that F is a 
shift-invariant (and thus causal) operator from Lfoc(IR+,IR) into Lfoc(IR+,IR). 
For a E IR and U E L~(IR+, 1R), 

('c(Fu))(s) = G(s)('c(u))(s) , Res> max(w(T), a). 

Finally, we introduce the state-to-output map lJI : X ---> Lfoc(IR+, 1R) defined 
by 

(lJIxo)(t) = CLTtxo, a.e. t E 1R+. 

For more details on regular systems see Weiss [23] through [22]. For details 
on regular systems in the context of low-gain control the reader is referred 
to [11] and [13]. 

For future reference we state the following lemma, the proof of which can 
be found in [13]. 

Lemma 14.1. Assume that T is exponentially stable and that BE L(IR, X-I) 
is an admissible control opemtor for T. 

[fu E LOO(IR+,IR) is such that limt~oou(t) = U oo exists, then, for all Xo EX, 
the state x(·) given by (14.2) satisfies 

lim IIx(t) + A-IBuooll = O. 
t~oo 

14.3 A Class of Causal Monotone Nonlinear 
Operators 

Let a E (0,00] and let J c 1R+ be an interval of the form [0, a) or [0, a]. For 
T E J, we define the operator Qr : C (J, 1R) ---> C (1R+, 1R) by 

(Qru)(t) = {U(t) for ° :S t :S T, 
u( T) for t > T . 

If the domain space of Qr is C(IR+,IR) (Le., J = [0,00)), then Qr is a 
projection operator. Let e c C(IR+, 1R), e i- 0. Recall that an operator 
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~ : e -+ C(JR.+, JR.) is called causal if for all u, vEe and all r ~ ° with 
u(t) = v(t) for all t E [0, r] it follows that (~(u»(t) = (~(v))(t) for all 
t E [0, r]. If e is invariant under Qt for all t E JR.+ (i.e., Qt(e) c e for all 
t E JR.+) then it is easy to show that ~ is causal if and only if for all u E e, 

(~(Qtu»(t) = (~(u))(t), "It E JR.+. 

Given an operator ~ : C (JR.+ , JR.) -+ C (JR.+ , JR.) and a number a > ° and 
denoting the space of all functions f : [0, a) -+ JR. by ~([o, a), JR.), we define 
an operator ~ : C([O, a), JR.) -+ ~([O, a), JR.) by setting 

(~(u))(t) = (~(Qtu»)(t), "It E [O,a). 

If ~ is causal, then for each r E [0, a) we have 

(~(u))(t) = (~(QTU»(t), "It E [0, r], 

implying in particular that ~(C([O,a),JR.) c C([O, a), JR.). In the follow­
ing, we use the same symbol ~ to denote the original operator acting on 
C(JR.+, JR.) and the associated operator ~ acting on C([O, a), JR.). 

Let u E C (JR.+ , JR.). The function u is called ultimately nondecreasing if 
there exists T E JR.+ such that u is nondecreasing on [T,oo); u is said to 
be approximately ultimately nondecreasing, if for all f: > 0, there exists an 
ultimately nondecreasing function v E C (JR.+, JR.) such that 

lu(t) - v(t)1 ~ f:, "It E JR.+. 

The numerical value set NVS~ of an operator ~ : C(JR.+, JR.) --+ C(JR.+, JR.) 
is defined by 

For 0: ~ 0, W E C([O, 0:], JR.), and 81,82> 0, we define e(w;8t,82 ) to be the 
set of all u E C(JR.+, JR.) such that 

u(t) = w(t) , "It E [0,0:] and lu(t) - w(o:)1 ~ 81 , "It E [0:,0: + 82]. 

We introduce the following assumptions on the nonlinear operator ~ 
C(JR.+, JR.) --+ C(JR.+, JR.). 

(Nl) ~ is causal. 

(N2) For all u E C(JR.+,JR.) and all r E JR.+, (~(QTU»)(t) = (~(QTu»(r) 
for all t ~ r. 
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(N4) <I> is monotone in the sense that for all u E AC(lR+,lR) with <I>(u) E 
AC(lR+,lR), 

~ (<I>(u»(t) u(t) ~ 0, a.e. t E lR+. 

(N5) There exists>. > 0 such that for all 0: E lR+, W E C([O, 0:], lR), there 
exist numbers 81,tJ2 > 0 such that for all u,v E e(w;81,82 ), 

sup 1(<I>(u»(t) - (<I>(v»(t)1 ::::; >. sup lu(t) - v(t)l· 
tE [O,O+62J tE [O,O+62J 

(N6) If u E C(lR+, lR) is approximately ultimately nondecreasing and fur­
thermore limt_oo u(t) = 00, then <I>(u)(t) and <I> ( -u)(t) converge to 
sup NVS <I> and inf NVS <I>, respectively, as t ~ 00. 

(N7) If u E C(lR+, lR) is such that limt_oo (<I> ( u»( t) E int NVS <I>, then u is 
bounded. 

(N8) For all a > 0 and all u E C([O, a), lR), there exist 0:, f3 > 0 such that 

sup 1(<I>(u»(t)l::::; 0: + f3 sup lu(t)l, 'tiT E [0, a) . 
tE[O,rJ tE[O,rJ 

Remark 14.1. (i) Assumption (N2) says that if the input u of the nonlin­
earity <l> is constant on [T,oo), then the output <l>(u) is constant and equal to 
(<l>(U))(T) on [T,oo). 

(ii) Hysteresis operators as defined in [4J are simply causal and rate indepen­
dent operators defined on Cpm (lR+, lR) (see [4, Definition 2.2.S and Proposition 
2.2.9]). Most hysteresis operators admit causal extensions to C(lR+, lR) satisfying 
(N2). In this sense, a large class of hysteresis operators satisfies the assumptions 
(N1) and (N2). This is in particular true for hysteresis operators that are Lip­
schitz continuous in the sense of Definition 14.2. We mention that none of the 
assumptions (N1) through (NS) imply rate independence. However, most of the 
operators satisfying (N1) and (N2) and which are of interest in the modeling of 
dynamic actuator nonlinearities will be hysteresis operators in the sense of [4J. 

(iii) Assumptions (N1) and (N5) ensure local existence and uniqueness of so­
lutions to the nonlinear closed-loop system shown in Figure 14.1; if (N1), (N5), 
and (NS) hold, then the solution of this closed-loop system exists and is unique 
on the time intervallR+ (see Section 14.4). 

(iv) If (N1) and (N6) hold, then NVS <l> is an interval. 

We show in Section 14.5 that the assumptions (Nl) through (NS) are sat­
isfied by a large class of hysteresis operators. Some of the implications of 
the assumptions (Nl) through (N5) are described in the following lemma. 

Lemma 14.2. For an operator <l>: C(lR+,lR) -> C(lR+,lR) the following state­
ments hold. 
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(i) If IP satisfies (N1), (N2), and (N5), then for all u E C(IR+,IR) and all 
a E 1R+, there exists 8 > 0 such that for all t E [a, a + 8], 

1(IP(u))(t) - (lP(u))(a)1 S..\ sup lu(r) - u(a)l. (14.3) 
TE[et,t) 

(ii) IflP satisfies (Nt) through (NJ) and (N5), then for allu E AC(IR+,IR), 

(14.4) 

(iii) If IP satisfies (Nt) through (N5), then for every u E AC(IR+, 1R), there exists 
a measurable function du : 1R+ -> [0,..\] such that 

:t (lP(u))(t) = du(t)u(t) , a.e. t E 1R+ . (14.5) 

Proof: To prove statement (i), let u E C(IR+, 1R) and a E 1R+ and define 
W E C([O, a], 1R) by w(t) = u(t) for all t E [0, a]. By (N5), there exist numbers 
81 ,82 > 0 such that for all Vl,V2 E e(w;81,82), 

sup 1(IP(VI))(t) - (IP(V2))(t) 1 s ..\ sup IV1(t) - v2(t)l· 
tE[O,et+02) tE[et,O+02) 

By continuity of u, there exists 8 E (0,82 ) such that QtU E e(w;81,82) for all 
t E [a,a+8]. Thus, using (N1) and (N2), we may conclude that for t E [a,a+8], 

1(IP(u))(t) - (lP(u))(a) 1 S sup 1(IP(u))(r) - (lP(u))(a)1 
TE[et,t) 

sup 1(IP(Qtu))(r) - (IP(Qetu))(r)1 
TE[et,et+02) 

S ..\ sup I(Qtu)(r) - (Qetu)(r)1 
TE[et,et+02) 

..\ sup lu(r) - u(a)1 , 
TE[et,tj 

which is (14.3). 
To prove statements (ii) and (iii), let u E AC(IR+, 1R), Let E be the set of all 

t E 1R+ such that u or lP(u) is not differentiable at t. By (N3), E is of measure 
zero. Using statement (i), we obtain for all t E 1R+ \ E, 

lim .:...:.1 ( IP_(,-u.:...:.))...:....( t_+_c..:....) _-.....:.( IP_(,-u.:...:.))...:....( t.:...:.) 1 
010 c 

S ..\lim sUPTE[t,t+ojlu(r) - u(t)1 
010 c 

S ..\lim ( sup I u(r) - u(t) I) = ..\lu(t)l, 
010 TE(t,t+oj r - t 
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which is (14.4). Finally, to prove statement (iii), let E' C R+ be of measure zero 
and such that E C E' and 

"It E R+ \ E'. 

The existence of such a set E' is guaranteed by statement (ii) and (N4). Set 
F = {t E R+ \Elti,(t) = O} and define 

d ( ) = { f£(4)(u))(t)/ti,(t) if t E R+ \ (E' U F), 
u t 0 if tEE' U F. 

By construction the function du is measurable, du(t) E [0, A] for all t E R+, and 
(14.5) holds. 0 

The following remark proves useful in Section 14.5. 

Remark 14.2. Consider the following assumption which is slightly stronger 
than Assumption (N4). 

(N4') 4> is monotone in the sense that for all u E AC(R+,R) with 4>(u) E 

!(4)(u))(t)ti,(t)?.O, VtER+\Eu, 

where Eu is the set of all t E R+ such that u or 4>(u) is not differentiable 
at t. 

If in statement (iii) of Lemma 14.2, (N4) is replaced by (N4'), then for every 
u E AC(R+,R), there exists a measurable function du : R+ -+ [0, A] such that 

:t (4)(u))(t) = du(t)ti,(t), "It E R+ \ Eu. 

This follows from the observation that E' = E in the proof of Lemma 14.2. 

We are now in the position to define the class of nonlinear operators 
we consider in the context of the low-gain integral control problem in Sec­
tion 14.4. If ~ : C(R.+, R.) -+ C(R.+, R.) satisfies (N5), then any number 
l > 0 such that (N5) holds for A = l, is called a Lipschitz constant of ~. 

Definition 14.1. Let A > O. The set of all operators 4> : C(R+,R) -+ 

C(R+, JR) satisfying (N1) through (NS) and having Lipschitz constant A is de­
noted by X(A). 

We next introduce a concept of Lipschitz continuity for operators from 
C(R.+, R.) to C(R.+, R.) and show that if ~ : C(R.+, R.) -+ C(R.+, R.) is 
Lipschitz continuous and satisfies (N1) and (N2), then ~ also satisfies (N3), 
(N5), and (N8). 
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Definition 14.2. Let e = C(lR+,lR) or e = Cpm(lR+,lR). An operator <I> : 

e ---> C(lR+, lR) is called Lipschitz continuous with Lipschitz continuity constant 
l > 0 if 

sup 1(<I>(u))(t) - (<I>(v»(t)1 S l sup lu(t) - v(t)l, 'Vu, vEe. 
tER+ tEIR+ 

For later convenience we define for every T ~ 0 a seminorm 

(Jr : C(lR+,lR) --+ lR+, U f-+ sup lu(t)l. 
tE[O,r] 

Remark 14.3. Let e = C(lR+,lR) or e = Cpm(lR+,lR). Then <I> : e ---> 

C(lR+, lR) is causal and Lipschitz continuous with Lipschitz continuity constant 
l > 0 if and only if 

Lemma 14.3. If <I> : C(lR+, lR) ---> C(lR+, lR) is Lipschitz continuous with Lip­
schitz continuity constant l > 0 and satisfies (N1) and (N2), then assumptions 
(N3), (N5) (with Lipschitz constant>. = l), and (N8) hold. 

Proof: Let <I> : C(lR+, lR) ---> C(lR+, lR) be Lipschitz continuous with Lipschitz 
continuity constant l > 0 and let <I> satisfy assumptions (N1) and (N2). To show 
that (N3) holds, let u E AC(lR+, lR), € > 0, and b > a ~ O. Then there exists 
6 > 0 such that 

n 

L IU(bk) - u(ak)1 S T' 
k=l 

for every finite family of pairwise disjoint subintervals (ak,bk) C [a,bj of total 
length 

n 

L(bk - ak) S 6. (14.6) 
k=l 

Since u is continuous, there exists Ck E [ak, bkj such that 

Using (N1), (N2), Lipschitz continuity, and Remark 14.3, we obtain for any 
71,72 E lR+ with 72 ~ 71 

1(<I>(QT2U»(72) - (<I>(QTl U»(T2)1 

S lO'T2(QT2U - QTlU) 

l max lu(t) - U(7dl. 
tE ITl ,T21 

(14.7) 
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Now suppose that the family of intervals (ak, bk) satisfies (14.6). Then 

n 

~:) Ck - ak) ~ 6 , 
k=l 

and so 

Using (14.7) and (14.8), we may conclude 

n n 

L I(cp(u»(bk) - (CP(u»(ak)1 ~ l L max lu(t) - u(ak)1 ~ e, 
k=l k=l tElak,bk) 

showing that cp(u) E AC(lR+,lR). 
By (Nt) and Lipschitz continuity (with Lipschitz continuity constant i), it is 

clear that (N5) holds with Lipschitz constant>. = i. Finally, we show that (N8) 
is satisfied. To this end let a > 0 and u E C([O, a), lR), then by (Nl), Lipschitz 
continuity, and Remark 14.3, 

u.,.(cp(Q.,.u) - cp(O» ~ lu.,.(Q.,.u), V'r E [0, a). 

Therefore, by (Nl) and (N2), 

sup l(cp(u»(t)1 ~ l sup lu(t)1 + l(cp(O»(O)I, Vr E [0, a) , 
tEIO,.,.) tElo,.,.) 

showing that assumption (N8) is satisfied with Q = (cp(O»(O) and f3 = i. 0 

For future reference we state the following lemma. 

Lemma 14.4. Let cP : C(lR+, lR) ---+ C(lR+, lR) be Lipschitz continuous. If for 
any ultimately nondecreasing u E C(lR+,lR) with limt_oo u(t) = 00, 

lim (cp(u}}(t) = supNVS cP and lim (cp( -u»(t) = infNVS CP, 
t-oo t--+oo 

then cP satisfies (N6). 

The proof of Lemma 14.4 is straightforward and is therefore omitted. 

14.4 Integral Control in the Presence of Input 
Nonlinearities Satisfying (N1) to (N8) 

In the following, let (A, B, C, D) be the generating operators of a linear 
single-input single-output regular system E with state space X and trans­
fer function G, and let cI> : C(lR+,IR) -+ C(IR+,IR) be a dynamic input 
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nonlinearity. Denoting the constant reference signal by r, an application of 
the integrator 

where k is a real parameter (see Figure 14.1), leads to the following non­
linear system of differential equations 

± 

it 
Ax + B<I>(u) , x(O) = Xo EX, 
k[r - CLx - D<I>(u)] , u(O) = Uo E lR. 

A continuous function 

[0, r) --> X x lR, t ....... (x(t), u(t)) 

(14.9a) 

(14.9b) 

is called a solution of (14.9) if (x(·),u(·)) is absolutely continuous as a 
(X-l xlR)-valued function, x(t) E dom (CL) for a.e. t E [0, r), (x(O), u(O)) = 

(xo, uo), and the differential equations in (14.9) are satisfied a.e. on [0, r). Of 
course, the derivative on the left-hand side of (14.9a) has to be understood 
in X_ 1 .2 

An application of a well-known result on abstract Cauchy problems (see 
pazy [18, Theorem 2.4, p. 107]) shows that a continuous (X x lR)-valued 
function (x(·),u(·)) is a solution of (14.9) if and only if it satisfies the 
following integrated version of (14.9), 

x(t) Ttxo + lot Tt_rB(<I>(u))(r) dr, 

u(t) Uo + k lot [r - CLx(r) - D(<I>(u))(r)] dr. 

The next result shows that (14.9) has a unique solution. 

Proposition 14.1. For any <1>: C(lR+,lR) ---> C(lR+,lR) satisfying (Nl), (N5), 
and (N8) and any pair (xo, uo) E X x lR of initial conditions, there exists a unique 
solution (x(·),u(·)) of (14.9) defined onlR+. 

For the proof of the above result it is useful to consider the following 
initial-value problem for u, 

it = k[r - wXo - F(<I>(u))] , u(O) = Uo, (14.10) 

2 Being a Hilbert space, X -1 X IR. is reflexive. Hence any absolutely continuous (X -1 X 

IR.)-valued function is a.e. differentiable and can be recovered from its derivative by 
integration; see [2, Theorem 3.1, p. lOJ. 
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where q, and F are the state-to-output and input-to-output operators of E, 
respectively (see Section 14.2). Clearly, (14.10) is obtained from (14.9b) on 
noting that CLX(t) + D(4.>(u))(t) = (q,xo)(t) + [F(4.>(u))](t). An absolutely 
continuous function u : [0, T) -+ lR is a solution of (14.10) if u(O) = Uo and 
the differential equation in (14.10) is satisfied a.e. on [0, T). 

Lemma 14.5. Let Xo E X. For any If> : C(R+,R) -+ C(R+,R) satisfying 
(Nl), (N5) and (NS) and any initial condition Uo E R, there exists a unique 
solution u(·) of (14.10) defined on R+. 

The proof of this lemma is relegated to the Appendix (Section 14.7). 

Proof: (of Proposition 14.1) Let u : R+ -+ R be the unique solution of 
(14.10) (the existence of such a solution is guaranteed by Lemma 14.5) and define 
x(·) to be the unique solution of 

x = Ax + BIf>(u) , x(O) = Xo. 

Then (x(·),u(·» is the unique solution of (14.9) defined on R+. o 

If G is holomorphic and bounded on Co: for some a < 0 (which is the 
case if T t is exponentially stable) and G(O) > 0, then it is easy to show 
that 

l+kRe G (s) ~O, 'isECo , 
s 

for all sufficiently small k > OJ see [11, Lemma 3.10]. We define 

K:= sup{k > 0 I (14.11) holds}. 

(14.11) 

(14.12) 

Henceforth, let M f (lR+) denote the space of all finite signed Borel measures 
on lR+. Recall that a signed measure Il on lR+ is called finite if 11l1(lR+) < 00, 

where IIlI denotes the total variation of Il. 
The main result of this section is the following theorem. 

Theorem 14.1. Let>. > o. Assume that If> E N(>'), .£-I(G) E Mf(R+), T t 

is exponentially stable, G(O) > 0, k E (0, K j >'), and r E R is such that 

If>r := r jG(O) E clos (NVS If» . (14.13) 

Then, for all (xo,uo) E X x R, a unique solution (x(·),u(·» of (14.9) exists on 
R+ and satisfies 

(i) limt ..... oo(lf>(u»(t) = If>r , 

(ii) limt ..... oo IIx(t) + A-I Blf>rll = 0, 
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(iii) limhoo[r - yet) + (wxa)(t)] = 0, where yet) = CLX(t) + D(<I>(u))(t) , 

(iv) if<I>r E int(NVS<I», then u(·) is bounded. 

Remark 14.4. (i) Since (Wxa)(t) converges exponentially to 0 as t ---> 00 

for all Xa E XI = dom(A), it follows from (iii) that the error e(t) = r - yet) 
converges to 0 for all Xa E dom(A). If C is bounded, then this statement is true 
for all Xa E X. If C is unbounded and Xa I/:. dom(A), then e(t) does not necessarily 
converge to 0 as t ---> 00. However, the proof of Theorem 14.1 shows that e(t) is 
small for large t in the sense that e(t) = el(t) + e2(t), where the function el is 
bounded with limt~oo el(t) = 0 and e2 E L~(R+,R) for some (} < o. 

(ii) The assumption that .£-I(G) E Mj(R+) is not very restrictive and seems to 
be satisfied in all practical examples of exponentially stable systems. In particular, 
this assumption is satisfied if B or C is bounded (see [10, Lemma 2.3]). 

(iii) In applying Theorem 14.1 it is important to know the constant K or at 
least a lower bound for K. In principle, K can be obtained from frequency/step 
response experiments performed on the linear part of the plant; see [12] for details. 

Proof: (of Theorem 14.1) By Proposition 14.1, there exists a unique solu­
tion of (14.9) on R+. We denote this solution by (x(·),u(·)) and introduce new 
variables by defining 

z(t) := x(t) + A-I B(<I>(u))(t) , vet) := (<I>(u))(t) - <I>r; vt ~ O. 

By regularity it follows that z(t) E dom (CL) for a.e. t E R+. Moreover, by 
Lemma 14.2 (iii), there exists a measurable function du : R+ ---> [0,'\] such that 
vet) = du(t)u(t) for a.e. t E R+. Therefore an easy calculation yields that for a.e. 
t E R+, 

.t(t) 

vet) 

where 

Az(t) - kdu(t)A- I B(CLZ(t) + G(O)v(t)) , z(O) = Za, (14.14a) . 

(14.14b) -kdu(t)(CLZ(t) + G(O)v(t)) , v(O) = va, 

za := Xa + A-I B(<I>(u))(O) , Va := (<I>(u))(O) - <I>r. 

The derivative on the left-hand side of (14.14a) has to be understood in X-I. We 
observe that, while in these new variables we still have an unbounded operator 
A-IBCL, the operator A-IB is in L(R,X). Since du is a measurable function 
satisfying duet) E [0,'\] for all t E R+ and k E (0, K/ ,\), it follows from the 
Lyapunov argument developed in [13] (see the proof of Theorem 3.3 in [13]) that 
the limit of vet) as t ---> 00 exists and is finite, and hence there exists a number 
L E R such that 

lim (<I>(u))(t) = L. 
t~oo 

The essence of the proof is to show that L = <I>r. Setting 

ya(t) = (WXa)(t) , YI(t) = [.£-I(G) * (<I>(u))](t) , 
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where * denotes convolution, we have 

u(t) = k[r - yo(t) - Yl (t)] , a.e. t E R. (14.15) 

Since limt ..... oo(<I>(u»(t) = L and ..c-1(G) E M,(R+), it follows that 

lim Yl (t) = G(O)L; 
t ..... oo 

(14.16) 

see [8, Theorem 6.1 (ii), p. 96]. Define a function iiI : R+ --+ R by setting 

iiI(t) = r - Yl(t) = G(O)<I>r - Yl(t). 

Seeking a contradiction, suppose that L =f <l>r. Then, either <l>r > L or <l>r < L. 
If <l>r > L, then by (14.16), there exists a number TO ~ 0 such that 

iMt) ~ ~G(O)(<I>r - L) > 0, \:It ~ TO. (14.17) 

Hence, integrating (14.15) yields 

u(t) = U(T) + k (jt iiI(s) ds - jt YO(S) dS), t ~ T ~ TO. (14.18) 

By exponential stability, Yo E L!(lR+, R) for some (} < 0, and thus Yo E Ll(R+, R). 
Therefore, for given c > 0, there exists Te ~ TO such that 

JOO C 

T. lyo(s)1 ds $ k· 

{ u(t) 
Ue(t) = U(Te) + k I:. ih (s) ds 

for 0 $ t $ Te , 

for t > Te , 

(14.19) 

it follows from (14.17) that U e is ultimately nondecreasing, and moreover, by 
(14.18) and (14.19), 

Iu(t) - ue(t)1 $ c, \:It E R+ , 

showing that u is approximately ultimately nondecreasing. Since u(t) --+ 00 as 
t --+ 00, we may invoke (N6) to conclude that 

<l>r > L = lim (<I>(u»(t) = supNVS<I> , 
t ..... oo 

which is in contradiction to (14.13). If<l>r < L, then a very similar argument shows 
that -u is approximately ultimately nondecreasing and limt ..... oo( -u)(t) = 00. 

Invoking (N6) gives 

<l>r < L = lim (<I>(u»(t) = infNVS<I> , 
t ..... oo 
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which again is in contradiction to (14.13). Therefore, we may conclude that L = 
<IIr and thus limt_oo(<II(u»(t) = <IIr, which is statement (i). Statement (ii) follows 
from statement (i) and Lemma 14.1. Statement (iii) is a consequence of statement 
(i), together with the identity 

r - y(t) + ('iixo)(t) = G(O)<IIr - [,£-l(G) * (<II(u»](t) , 

and the fact that limHOO[,£-l(G) * (<II(u»](t) = G(O)<IIr. Finally, to prove state­
ment (iv), let <IIr E int NVS <II. Then, boundedness of u follows immediately from 
statement (i) and (N7). D 

Remark 14.5. (i) For >.,5. > 0, define N(>', 5.) to be the set of all <II E N(>') 
such that for all u E AC (1R+ , 1R), there exists a measurable function du : 1R+ -+ 

[0,5.] such that (14.5) holds. Of course, by Lemma 14.2 (iii), N(>',5.) = N(>') if 
5. ;?: >.. The proof of Theorem 14.1 shows that if <II E N(>',5.), then statements 
(i) through (iv) of Theorem 14.1 are true for all k E (O,K/5..). If 5. < >., then 
K/5. > K/>., which means that in this case a wider range of gain parameters k 
may be used. This observation is relevant for Section 14.5, where we show that 
there exist >.,5.. > 0 with 5.. < >. and hysteresis operators <II E N(>', 5..) such that 
<II rt N(l) for alll E (0, >.). 

(ii) We see from the proof of Theorem 14.1 that (N7) is only needed for state­
ment (iv). 

14.5 Hysteresis Nonlinearities Satisfying (N1) to 
(N8) 

In this section we consider various classes of hysteresis operators and we 
show that under certain conditions these operators satisfy (Nl) to (N8). 

Static nonlinearities 
Although static nonlinearities do not describe hysteresis phenomena, we 
include them here because (i) they form a special subclass of hysteresis 
operators as defined in [4] and (ii) we would like to recover the main result 
in [13] whose content is essentially Theorem 14.1 for static nondecreasing 
globally Lipschitz nonlinearities. 

For a continuous function ¢ : lR ~ JR, define the corresponding static 
nonlinearity by 

The proof of the following proposition is straightforward and is therefore 
left to the reader. 



14. Low-Gain Integral Control 271 

Proposition 14.2. If cP : JR --+ JR is nondecreasing and globally Lipschitz with 
Lipschitz constant A > 0, then Sq, E N(A). 

By a combination of Theorem 14.1 and Proposition 14.2 we recover the 
main result of [13]. Note that saturation and deadzone nonlinearities satisfy 
the assumptions of Proposition 14.2. 

Relay hysteresis 

In relay (also called passive or positive) hysteresis, the relationship between 
input and output is determined by two threshold values al < a2 for the 
input. The output v(t) = (:Re(u))(t) moves, for a given continuous input 
u(t), on one of two fixed curves PI : [aI, 00) -+ JR and P2 : (-00, a2] -+ JR 
(see Figure 14.2), depending on which threshold, al or a2, was last attained. 
In the following we restrict our attention to "continuous" relay hysteresis 
nonlinearitiesj that is, the two curves PI and P2 join at al and a2. 

More formally, let aI, a2 E JR with al < a2 and let PI : [aI, 00) -+ JR 
and P2 : (-00,a2] -+ JR be continuous and such that PI(ad = P2(ad and 
PI (a2) = P2(a2). For u E C(JR+, JR) and t 2: 0 define 

() -l({ }) [ ] ( ) {maxs(u,t) ifS(u,t) 1-0, 
S u,t := u al,a2 n O,t , r u,t:= -1 if S(u,t) = 0. 

Following Macki et al. [16], for each e E JR, we define an operator :Re 
C(JR+, JR) -+ C(JR+, JR) by 

P2(U(t)) if u(t) ~ aI, 
PI(U(t)) if u(t) 2: a2, 
p2(U(t)) ifu(t) E (al,a2), r(u,t) I- -1, u(r(u,t)) =al, 
PI(U(t)) ifu(t) E (al,a2), r(u,t) I- -1, u(r(u,t)) = a2, 
PI(U(t)) if u(t) E (al,a2), r(u, t) = -1, e > 0, 
P2(U(t)) ifu(t) E (aI,a2), r(u,t) = -1, e ~ O. 

(14.20) 

The number e plays the role of an "initial state" that determines the output 
value (:Re(u))(t) if u(s) E (aI, a2) for all s E [0, t]. The operator:Re is called 
a relay hysteresis operator and is illustrated in Figure 14.2. 

Proposition 14.3. If Pl and P2 are both nondecreasing and globally Lipschitz 
with Lipschitz constant A > 0, then for each { E JR, the operator:R{ defined by 
(14.20) is in N(A). 

Proof: A straightforward consequence of the definition of the relay hysteresis 
operator is that:R~ satisfies conditions (Nl), (N2), (N5), (N6), and (N8). To show 
that (N3) and (N4) hold, let U E AC(JR+, JR). For any compact interval J C JR+, 
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~~(u) 

PI 

u 

P2 

FIGURE 14.2. Relay hysteresis. 

u is uniformly continuous on J, and therefore, using that al =1= a2, there exists 
{j > 0, such that for all h,t2 E J, 

As a consequence, there exist numbers ti i 00 as i ....... 00, with to = 0 and a map 
j : N --+ {l, 2} such that for all i E N, 

(14.21) 

It follows that ~{(u) is absolutely continuous on [ti, tHd for each i E N. Hence, 
by continuity of ~{(u), we may conclude that ~{(u) E AC(lR+, lR), showing that 
(N3) holds. Furthermore, since PI and P2 are nondecreasing and Lipschitz, (14.21) 
yields that for all i EN, 

which implies that (N4) holds. 
Finally, to show that (N7) is satisfied, note first that NVS ~{ = im PI U im P2. 

Let U E C(lR+,lR) and suppose limt_oo(~du))(t) = 1 E intNVS~{. Then there 
exist E > 0 and T ?: 0 such that Ie := (l- E, 1 + E) C int NVS ~{ and (~du))(t) E 
Ie for all t ?: T, which implies 

(14.22) 

But the set U is bounded since sup PI, inf P2 f/; Ie, and PI and P2 are non­
decreasing. Combining this with (14.22) shows that u is bounded. 0 

We remark that although the relay hysteresis operator ~~ as defined in 
(14.20) satisfies the Lipschitz condition (N5), ~~ is not Lipschitz contin­
uous in the sense of Definition 14.2. In fact, it is easy to show that ~~ is 



14. Low-Gain Integral Control 273 

u 

I 

2h 

FIGURE 14.3. Schematic representation of backlash. 

not even continuous with respect to the topology on C(IR+,IR) given by 
the family of seminorms {an In EN}. In particular, when we talk about 
"continuous" relay hysteresis, we simply mean that the output correspond­
ing to a continuous input is continuous, but not that the relay hysteresis 
operator is continuous with respect to any natural topology on C(IR+, 1R). 

Backlash hysteresis 

The backlash operator (also called play operator) has been discussed in a 
mathematically rigorous context in a number of references; see, for example 
[3, 4, 9, 19]. Intuitively, the backlash operator describes the input-output 
behavior of a simple mechanical play between two mechanical elements I 
and II shown in Figure 14.3. The position of element I at time t is denoted 
by u(t). The position v(t) of the middle point of element II at time t will 
remain constant as long as u(t) moves in the interior and it will change 
at the rate v=u as long as u(t) hits the boundary of element II with an 
outward directed velocity. 

To give a formal definition of backlash, define for each h E 1R+ the func­
tion bh : 1R2 -+ IR by 

bh(v,w) = max{v - h,min{v + h,w}}. 

The proof of the following semigroup property can be found in the Ap­
pendix (Section 14.7). 

Lemma 14.6. Let h < t2, u : [h,t2j -+ lR be monotone and w E [u(h)­
h,u(h)+hj. Then,jorallt,TE [h,t2j witht2:T, 

For all h E 1R+ and all .; E IR we introduce an operator ~ h, e on Cpm (1R+, 1R) 
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u 

FIGURE 14.4. Backlash hysteresis. 

by defining recursively for every U E Cpm(IR+,JR), 

for t = 0, 
for ti < t ::; tH 1, i EN, 

(14.23) 

where 0 = to < h < t2 < ... is a partition of JR+, such that u is monotone 
on each of the intervals [ti, ti+ll. Again, ~ plays the role of an "initial state." 
Using Lemma 14.6 it is not difficult to show that the definition of ~h,du) 
is independent of the choice of partition. Clearly, ~h,du) is continuous 
at each t E JR, t =1= ti for all i E N and is left-continuous at ti for all 
i E N\{O}. Moreover, an application of Lemma 14.6 shows that ~h,~(U) 
is right-continuous at ti for all i E N. Consequently, ~h, ~(u) is continuous 
for all u E Cpm(JR+,JR). The backlash operator ~h,~ is illustrated in Figure 
14.4. 

Proposition 14.4. Let (h, e) E R+ x R. The backlash operator 13h,~ has the 
following properties. 

(i) 23h,~ : Cpm(R+,R) -> C(R+,R) is Lipschitz continuous with Lipschitz con­
tinuity constant l = 1 and uniquely extends to a Lipschitz continuous oper­
ator 13h, ~ : C(R+, R) -> C(R+, R) with Lipschitz continuity constant l = 1. 

(ii) 13h,~ : C(R+,R) -> C(R+,R) satisfies (Nl) to (N3), (N4'), and (N5) to 
(NS). In particular, 23h,~ E N(l). 

Proof: Statement (i) follows from [4, p. 42J. For statement (ii), we first note 
that as an immediate consequence of the definition of 23h, { and statement (i), 
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(N1) and (N2) are satisfied. Combining statement (i) and Lemma 14.3, 'Bh,~ 
also satisfies conditions (N3), (N5), and (N8). To show that (N4') holds, let 
u E AC(lR+,lR) and let E be the set of all t E lR+ such that u or 'Bh,~(U) is not 
differentiable at t. Clearly, E has zero measure. We need to show that 

!('Bh,~(U))(t)U(t)~O, VtElR+\E. (14.24) 

Let t E lR+ \ E. If u(t) = 0, then (14.24) holds trivially. If u(t) > 0, then there 
exist tl > t and Un E Cpm(lR+,lR) such that O"tl(Un - u) --+ 0 as n --+ 00 and 
un(r) ~ un(t) for all r E (t, tt) and all n E N. It follows that ('Bh,~(Un))(r) ~ 
('Bh,{(Un))(t) for all r E (t, tt), which in turn implies ('Bh, {(u))(r) ~ ('Bh,{(U))(t) 
for all r E (t, tl)' Therefore 

dd ('Bh {(u))(t) = lim ('Bh,{(U))(t + c) - ('Bh, {(u))(t) ~ 0, 
t' dO c 

and so (14.24) holds. If u(t) < 0, then (14.24) can be obtained by a very similar 
argument. 

To show that (N6) is satisfied, note first that NVS 'Bh,~ = R Let u E C(lR+, lR) 
be ultimately nondecreasing with limt~oo u(t) = 00. Then there exists T E lR+ 

such that ('Bh, {(u))(t) = u(t) - h for all t ~ T. Thus, limt~oo('Bh,~(U))(t) = 00. 

Similarly, limt~oo('Bh, {( -u))(t) = -00. It follows from statement (i) and Lemma 
14.4 that (N6) holds. 

For (N7), let u E C(lR+,lR) and suppose limt~oo('Bh,~(u))(t) = l E lR. Then 
there exist c > 0, T E lR+ such that ('Bh,{(U))(t) E (l- c,l + c) for all t ~ T. 
Consequently, u(t) E (l - c - h, l + c + h) for all t ~ T, and hence, u is bounded. 
o 

Remark 14.6. Let (31, (32 : lR --+ lR be continuous and such that im (31 = im (32 
and (31 (v) ~ .82(V) for all v E R Setting 

b( v, w) = max{.81 (v), min{.82( v), w}} , 

we can define for each ~ E lR a genemlized backlash operator 'B{ : Cpm(lR+,lR)--+ 

C(lR+,lR) by (14.23) with bh replaced by b. Generalized backlash (also called 
genemlized play) was introduced in [9). If (31 and .82 are both nondecreasing and 
globally Lipschitz with Lipschitz constant>. > 0, then a suitably modified version 
of Proposition 14.23 holds for generalized backlash, in particular 'B~ E N(>'). An 
example of generalized backlash is illustrated in Figure 14.5. 

Elastic-plastic hysteresis 

The elastic-plastic operator (also called stop operator) models the stress­
strain relationship in a one-dimensional elastic-plastic element. As long as 
the modulus of the stress v is smaller than the yield stress h, the strain 
u is related to v through the linear Hooke's Law. Once the stress exceeds 
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13~(u) 

/31 

u 

FIGURE 14.5. Generalized backlash hysteresis. 

the yield value it remains constant under further increasing of the strain; 
however, the elastic behavior is instantly recovered when the strain is again 
decreased. As we show, elastic-plastic hysteresis is closely related to back­
lash hysteresis. 

To give a formal definition of the elastic-plastic operator, define for each 
h E lR+ the function eh : lR ---> lR by 

€h(U) = min{h,max{-h,u}}. 

Following [4], for all h E lR+ and all ~ E lR, we introduce an operator Ch, ~ 
on Cpm(lR+,lR) by defining recursively for every u E Cpm(lR+,lR), 

(c (u))(t) = { €h(U(O) - 0 for t = 0, 
h,e €h(U(t) - u(ti ) + (Ch,e(U))(ti)) for ti < t :S t H 1, i E N, 

(14.25) 

where 0 = to < t1 < t2 < ... is a partition of lR+, such that u is monotone on 
each of the intervals [ti, ti+ll. As with backlash we note that the definition is 
independent of the choice of partition and C h, e (Cpm (lR+, lR)) c C (lR+, lR). 
The elastic-plastic operator Ch, e is illustrated in Figure 14.6. 

To show that elastic-plastic hysteresis and the Preisach operator (intro­
duced later) satisfy (N1) through (N8), we need the following lemma. The 
proof is routine and is therefore omitted. 

Lemma 14.7. Let u E C(lR+, lR) be unbounded. Then there exists an increas­
ing sequence (t n ) C lR+ with limn~oo tn = 00 such that either 

u(tn ) = sup lu(t)l, 'in E N or u(tn ) = - sup lu(t)l, 'in EN. 
tEiO,tnl tEiO,tnl 

We recall the definition of N (A,).) from Remark 14.5. 
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h 

u 

-h 

FIGURE 14.6. Elastic-plastic hysteresis. 

Proposition 14.5. Let (h, {) E IR+ x IR. The elastic-plastic operator Ch, ~ has 
the following properties. 

(i) Ch, { : Cpm (IR+, IR) --+ C(IR+, IR) is Lipschitz continuous with Lipschitz con­
tinuity constant l = 2 and uniquely extends to a Lipschitz continuous oper­
ator Ch,{ : C(IR+,IR) --+ C(IR+,IR) with Lipschitz continuity constant l = 2. 

(ii) for H E IR+, globally Lipschitz ( : IR+ --+ IR with Lipschitz constant 1, 
u E C(IR+,IR), and t E IR+, 

(CH,«H)(U))(t) = H ===> (Ch,«h)(U))(t) = h, Vh E [O,Hl, 

and 

(CH,«H)(U))(t) = -H ===> (Ch,«h)(U))(t) = -h, Vh E [O,Hl. 

(iii) Ch,{ : C(IR+,IR) --+ C(IR+,IR) satisfies (Nl) to (N3), (N4'), and (NS) to 
(N8). Furthermore, Ch,{ EN(2,1) CN(2). 

Remark 14.7. In statement (i), l = 2 is the smallest possible Lipschitz con­
tinuity constant for Ch,~. To illustrate this, consider u,v E Cpm (IR+,IR) defined 
by 

u(t) = { t+{ 
h+{ 

t+{ 

for t E [0, h], 
for t > h, 

for t E [0,3h/2], 
v(t) ~ { 3h - t + { 

h/2+{ 
for t E (3h/2,5h/2]' 
for t > 5h/2. 
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Then O"1"(u - v) = h/2 and O"1"(Ch,e(U) - Ch,e(V» = h for all r 2 5h/2. 

Proof: (of Proposition 14.5) Statement (i) follows from [4, p. 44]. To prove 
statement (ii), note that by [4, p. 42] and the Lipschitz continuity of 'Bh,{, we 
have for every u E C(lR+,lR), 6,6 E lR, and t,h 1 ,h2 E lR+, 

(14.26) 

Also from [4, p. 44], 

(14.27) 

Now let H E lR+, ( : lR+ -> lR be globally Lipschitz with Lipschitz constant 1, 
u E C(lR+,lR), t E lR+ and suppose (CH,«H)(U»(t) = H. Then using (14.26) and 
(14.27), we have for all h E [0, H], 

H - (Ch,«h)(U»(t) = (CH,«H)(U»(t) - (Ch,«h)(U»(t) ~ H - h, 

and so since (Ch, «h) (u»(t) ~ h, we obtain (Ch, «h)( u) )(t) = h for all h E [0, H]. 
The second implication in statement (ii) can be proved in a similar way. 

To prove statement (iii), we first note that as an immediate consequence of 
the definition of Ch,e and statement (i), (Nl) and (N2) are satisfied. Therefore, 
combining statement (i) and Lemma 14.3, Ch, e also satisfies conditions (N3), 
(N5), and (N8). To show (N4') holds, let u E AC(lR+,lR) and E be the set of 
all t E lR+ such that u or Ch,e(U) is not differentiable at t. By (N3), E has zero 
measure. We need to show that 

(14.28) 

Let t E lR+ \ E, then by (14.27), u, Ch,e(U) and 'Bh,e(U) are all differentiable at 
t and 

Therefore, since 'Bh,e E N(l) and 'Bh,{ satisfies (N4'), it follows from Lemma 
14.2 (i), and Remark 14.2 that there exists a measurable function d" : lR+ -> [0,1] 
such that ! (Ch,e(U»(t) = (1 - d,,(t»u(t) , "It E lR+ \ E, 

and thus (14.28) holds. We note that 1 - d,,(t) E [0,1] for all t E lR+ (although 
the smallest possible Lipschitz constant of Ch, e is >. = 2; see Remark 14.7). It 
follows that Ch, e E N (2,1) C N (2) (cf. Remark 14.5 (i» once we have shown 
that (N6) and (N7) hold. 

To show that (N6) is satisfied, let u E C(lR+, lR) be ultimately non-decreasing 
with limt_oo u(t) = 00; then 

tlim (Ch,e(U»(t) = h = sUpNVSCh,e 
-00 
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and, similarly, limt-+oo(eh,{(-u»(t) = -h = infNVSeh,{. It follows from state­
ment (i) and Lemma 14.4 that (N6) holds. 

For (N7), let u E C(R+,R) and suppose 

lim (eh,{(u))(t) E intNVSeh,{ = (-h,h). t-+oo 

Seeking a contradiction, assume that u is unbounded. Then, by Lemma 14.7, 
without loss of generality, we may assume that there exists an increasing sequence 
(tn ) C R+ such that limn -+oo tn = 00 and u(tn ) - { = SUPtE[o,tn)lu(t) - {I. 
Moreover, again without loss of generality, we may assume that u( t n ) > h + { for 
all n E N. Define for each n E N, Hn := u(tn) - { > h; then (eHn, ({u»(tn) = Hn 
for all n E N. By statement (ii), (eh,{(u»(tn ) = h for all n E N, which is in 
contradiction to the assumption that limt-+oo(eh, {(u))(t) E (-h, h). 0 

Preisach Operators 

All the hysteresis operators considered so far model relatively simple hys­
teresis loops. The Preisach operator, introduced below, represents a far 
more general type of hysteresis which for certain input functions exhibits 
nested loops in the corresponding input-output graphs. 

In the following, let Mc(lR+) denote the set of all signed Borel measures 
JI. on JR.+ such that IJl.I(8) < 00 for all compact sets 8 C JR.+.3 Clearly, 
M,(JR.+) C Mc(JR.+). We denote the Lebesgue measure on JR. by Jl.L. 

Let Co(JR.+, JR.) be the set of all continuous functions ( : JR.+ --+ JR. with 
compact support. We define the set of Preisach memory curves 

For given ( E P, the Preisach operator, P ( : C (JR.+ , JR.) --+ C (JR.+ , JR.), is 
defined by 

[00 [('B h • «h) (u»(t) 

(Pdu»(t) = 10 10 w(h,s)dsdJl.(h)+wo, (14.29) 

where JI. E Mc(JR.+), w E Lloc(lR+ X JR.; JI. ® Jl.L), and Wo E JR.. It is clear that 
for fixed ( E P, u E C(JR.+, JR.), and t E JR.+, the map 

is in P: by (14.26), 'I/J is globally Lipschitz with Lipschitz constant 1, and 
as a direct consequence of the definition of the backlash operator, 'I/J also 
has compact support. Consequently, the right-hand side of (14.29) is finite 
for all U E C(JR.+, JR.) and all t E JR.+. 

3 If I-' E JV(c(lR+), then it follows that the measure 11-'1 is regular, and hence that I-' is 
a signed Radon measure; see [7, pp. 205-216]. 
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The following two lemmas are useful for the verification of (Nl) through 
(N8) for a large class of Preisach operators. 

Lemma 14.8. Suppose thatjJ, E Mc(lR+), wE L1oc(lR+ x lR;jJ,Q9jJ,L), Wo E lR, 
<: E P, and that :1\ is defined by (14.29). Let U E C(lR+,lR) and t E lR+. If 
u(t) = SUP'TE[o.tjlu(T)1 and <: = 0 on [U(t), (0), then 

(u(t) (u(t)-h 

(:J>dU))(t) = 10 10 w(h,s)dsdjJ,(h)+wo. 

Proof: Let U E C(lR+,lR), t E lR+, and suppose that u(t) = SUP'TE[o,tjlu(T)1 
and <: = 0 on [u(t), (0). Setting H := u(t), we have ('B H,(H)(U))(t) = 0 = u(t)-H 
and ('Bh,(h)(U))(t) = 0 for all h > H. Combining Proposition 14.5 (ii) and (14.27) 
shows that ('Bh,(h)(U))(t) = u(t) - h for all h E [0, H] and therefore by (14.29), 

r(t) r(t)-h 

(:J>(u))(t) = 10 10 w(h, s) dsdjJ,(h) + Wo· 

o 

The proof of the following lemma follows immediately from [4, pp. 58-
60J. 

Lemma 14.9. Let jJ, E Mc(lR+), w E L1oc(lR+ x lR;jJ,Q9jJ,L), and Wo E lR. 
Suppose that>. := Jooc sUP.ER Iw(h, s)1 dljJ,l(h) < 00. Then for all <: E P, the 
Preisach operator:J>( : C(lR+,lR) -> C(lR+,lR), defined by (14.29), is Lipschitz 
continuous with Lipschitz continuity constant>. and for u E AC(lR+,lR), 

(:J>((u))'(t) = 1°C w(h, ('Bh,«h)(U))(t))('Bh,(h)(U))'(t) djJ,(h) , a.e. t E lR+, 

where' denotes differentiation with respect to t. 

Remark 14.8. Let <: E :J> and u E AC(lR+, lR). It is implicit in Lemma 14.9 

that for jJ,L-almost every t E lR+, ('Bh,(h)(U))'(t) exists for 1jJ,I-almost every h E 
lR+. This result is proved in [4, Lemma 2.4.8]. 

Proposition 14.6. Let jJ, E Mc(lR+) be positive, let w E L10c (lR+ x lR; jJ, Q9 jJ,L) 
be nonnegative, and let Wo E lR. Suppose that>. := Jooc sUP.EIR w(h, s) djJ,(h) < 00. 

Then, for all <: E P, the Preisach operator :J> (, defined by (14.29), is in N (>.). 

Proof: By Lemma 14.9, :J>( : C(lR+,lR) -> C(lR+,lR) is Lipschitz continuous 
with Lipschitz continuity constant >. and, by its definition, satisfies conditions 
(Nl) and (N2). Therefore, by Lemma 14.3, :J>( also satisfies conditions (N3), 
(N5), and (N8). 

To show that (N4) holds, let u E AC(lR+,lR). By (N3) and Lemma 14.9 (see 
also Remark 14.8) there exists E c lR+ with jJ,L(E) = 0 and such that for all 
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t E 1R+ \ E, u'(t) and (::Pdu»'(t) exist, (23 h,({h)(u»)'(t) exists for JL-almost every 
hE 1R+, and 

(::P«(u»'(t) = 1'>0 w(h, (23 h,«h)(u»(t»(23h,«h)(u»'(t) dJL(h). (14.30) 

Let t E 1R+ \ E. If u'(t) = 0, (N4) immediately follows. If u'(t) > 0, then, since 
(N4') holds for 23 h,«h), we have (23 h,«h)(u»'(t) 2 0, whenever this derivative 
exists (which is the case for JL-almost every h E 1R+). Since wand JL are nonneg­
ative, we obtain from (14.30) that (::P«(u»'(t) 2 O. If u'(t) < 0, then (N4) can be 
shown to hold by a similar argument. 

To show that (N6) is satisfied, let u E C(IR+,IR) be ultimately non-decreasing 
with limt->oo u(t) = 00. Then there exists T E 1R+ such that for all t 2 T, 
SUP7'E[o,t]lu(r)1 = u(t) and (= 0 on [u(t),oo). So by Lemma 14.8, 

fu(t) r(t)-h 
(::P«(u»(t) = 10 10 w(h, s) ds dJL(h) + wo, Vt 2 T, 

and since limt->oo u(t) = 00, 

lim (::P«(u»(t) = foo foo w(h, s) dsdJL(h) + Wo E [wo,oo]. 
t->oo 10 10 

We note that because JL and ware nonnegative 

supNVS::P(~ 100 100 
w(h,s)dsdJL(h)+wo, 

and therefore, by (14.31), 

lim (::Pdu»(t) = sup NVS::P( = fOO fOO w(h,s)dsdJL(h)+wo. 
t-oo 10 io 

(14.31) 

(14.32) 

Similarly, limt->oo(::Pd-u»(t) = infNVS::P(. It follows from Lipschitz continuity 
and Lemma 14.4 that (N6) holds. 

For (N7), let u E C(IR+, 1R) and suppose that 

lim (::Pdu»(t) E intNVS::P(. 
t-+oo 

Let H E 1R+ be such that ( = 0 on [H, 00). Seeking a contradiction, suppose that 
u is unbounded. Then, by Lemma 14.7, without loss of generality, we may assume 
that there exists an increasing sequence (tn ) C 1R+ such that limn -+ oo tn = 00 

and u(tn ) = SUPtE[O,tn ] lu(t)l. Moreover, again without loss of generality, we may 
assume that u(tn ) 2 H for all n E N. By Lemma 14.8 

fU(t n ) fU(tn)-h 
(::P«(u»(t n ) = 10 10 w(h,s)dsdJL(h)+wo, VnEN. 

Since limn -+oo u(tn ) = 00, it follows from the second equation in (14.32) that 

lim (::P«(u»(t) = lim (::P«(u»(tn ) = supNVS::P(, 
t-oo n~oo 
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15 

~ ......... 
v 

E'-> 10 

FIGURE 14.7. Example of Preisach hysteresis. 

which is in contradiction to limt_oo(Pdu»(t) E int NVS P<. o 
As an example, we consider the operator Pc; obtained by setting ( = 0, 

J.L = J.LL, Wo = 0, and w = 2· X[O,5jx[O,5j, where xs denotes the indicator 
function of the set S. This operator is illustrated in Figure 14.7. 

If we set w = 1 and Wo = 0 in (14.29), we obtain the Prandtl operator 

(Pc;(u))(t) = 100 (~h,C;(h)(U))(t) dJ.L(h), Vu E C(lR+,lR), "It E lR+, 

(14.33) 

where ( E P and J.L E Mc(lR+) (cf. [4, pp. 54)). The following corollary is a 
special case of Proposition 14.6. 

Corollary 14.1. Let J.L be a finite positive Borel measure on R+. Then for all 
<: E P, the Pmndtl opemtor:J)<, defined by (14.33), is in N (A), where A := J.L(R+). 

For example, defining the measure J.L by J.L(E) = JE (sin(7rh) + l)x[O,lOjdh 
and setting ( = 0 yields the operator illustrated in Figure 14.8. 

Another example covered by Corollary 14.1 is backlash hysteresis. In­
deed, the backlash operator ~h,e can be obtained from (14.33) by setting 
J.L = Oh (where Oh is the unit point mass at h) and by letting ( : lR+ -+ lR 
be any continuous function with compact support and such that ((h) = e. 
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~~ 
o 5 w ~t ~ ~ ~ ~ 
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-6-4-202 
U 

6 10 

FIGURE 14.8. Example of Prandtl hysteresis. 

Let p E Ll(IR+, 1R); then setting IL = (Jooo p(h) dh) 60 - PILL in (14.33), 
we obtain, for ( E P, 

(:Pdu))(t) = 100 p(h)(eh,«h)(U))(t)dh, Vu E C(IR+,IR), Vt E 1R+, 

(14.34) 

where we have used (14.27) and the fact that for all .; E IR and u E 
C(IR+,IR), ~o,e<u) = u. 

Proposition 14.7. Let p E L1(R+,R) be nonnegative. Then for all (E P, 
the Prandtl operator P, : C(R+, R) -+ C(R+, R), given by (14.34), is in :N (A), 
where A := 2 Iooo p(h) dh. 

Proof: By Lemma 14.9, P, : C(R+,R) -+ C(R+,R) is Lipschitz continuous 
with Lipschitz continuity constant A = 2 Iooo p(h) dh and clearly satisfies condi­
tions (N1) and (N2) and therefore by Lemma 14.3, also satisfies conditions (N3), 
(N5),and (N8). 

To show that (N4) holds, fix u E AC(R+,R). By (N3), (14.27), and Lemma 
14.9 (see also Remark 14.8) there exists E C R+ with J.lL(E) = 0 and such that 
for all t E R+ \E, u'(t) and (P,(u))'(t) exist, (eh,«h)(U)),(t) exists for 1J.lI-almost 
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every h E R+, and 

(P((u))'(t) = 100 
P(h)(Ch,«h)(U))'(t) dh. 

Let t E R+ \ E. If u'(t) = 0, (N4) immediately follows. If u'(t) > 0, then, since 
(N4') holds for Ch,«h), we have (Ch,«h)(U))'(t) 2 0 whenever this derivative 
e~ists (which is the case for IJLI-almost every h E R+). Since p is nonnegative, we 
may conclude that (P((u))'(t) 2 O. If u'(t) < 0, then (N4) can be shown to hold 
by a similar argument. 

To prove that (N6) is satisfied, let u E C(R+, R) be ultimately non-decreasing 
with limt_oo u(t) = 00. Then there exists T E R+ such that for all t 2 T, 
sUPrE[O,t] IU(T)I = u(t) and (= 0 on [u(t),oo). So, by Lemma 14.8, with Wo = 0, 
W == 1, and JL = (Jooo p(h) dh) 60 - PJLL, we obtain 

(p«(u))(t) = (u(t) p(h)hdh + u(t)jOO p(h)dh, "It 2 T. (14.35) 
10 u(t) 

We note that because p is nonnegative, sup NVS p( ::; fooo p(h)h dh E [0,00]. Now 
using (14.35) and the fact that p is nonnegative 

100 p(h)hdh 2 supNVS p( 2 (p«(u))(t) 21U (t) p(h)hdh, 

Since limt_oo u(t) = 00, it follows that 

lim (p«(u))(t) = roo p(h)hdh = supNVSP(. 
t-(X) 10 

"It 2 T. 

Similarly, limt_oo(P«(-u))(t) = infNVSP(. Consequently, (N6) follows from the 
Lipschitz continuity of p( and an application of Lemma 14.4. 

For (N7), let u E C(R+,R) and suppose limt_oo(P((u))(t) E intNVSP(. Let 
H E R+ be such that ( = 0 on [H, 00). Seeking a contradiction, suppose that u 
is unbounded. Then, by Lemma 14.7, without loss of generality, we may assume 
that there exists an increasing sequence (tn ) C R+ such that limn_oo tn = 00 
and u(tn ) = SUPtE[O,t n ] lu(t)l. Moreover, again without loss of generality, we may 
assume that u(tn ) 2 H for all n E N. Then, by Lemma 14.8, 

(P((u))(tn) = (U(t n
) P(h)hdh+u(tn)jOO p(h)dh, 

10 u(tn ) 

"In E N. 

Combining this with limn_oo u(tn ) = 00, we may conclude as in the proof of 
(N6) that limt_oo(P«(u))(t) = limn_oo(P((u))(tn) = supNVSP(, which is in 
contradiction to limt_oo(P((u))(t) E intNVSP(. D 

14.6 Example: Controlled Diffusion Process with 
Output Delay 

Consider a diffusion process (with diffusion coefficient K > 0 and with 
Dirichlet boundary conditions) on the one-dimensional spatial domain [0, 1], 
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with scalar nonlinear pointwise control action (applied at point Xb E (0,1), 
via an operator ~ : C(R+, R) ---+ C(R+, R), as defined below) and delayed 
(delay T 2: 0) pointwise scalar observation (output at point Xc E (0,1), 
Xc 2: Xb). 

We formally write this single-input, single-output system as 

Zt(t,x) = KZxx(t,X) + 6(x - Xb)(~(U))(t), 
y(t) z(t - T, xc) , 

with boundary conditions 

z(t,O) =0 = z(t,l), "It> 0. 

For simplicity, we assume zero initial conditions 

z(t,X)=o, V (t,x) E [-T, 0] x [0,1]. 

With input (~(u))(·) and output y(.), this example qualifies as a regular 
linear system with transfer function given by 

e-sT sinh (Xby'(i[K)) sinh ((1 - xc) y'(i[K)) 
G ( s) = rr:::T::\ rr:::T::\ . 

Ky (sIK) sinh y (sIK) 

In this case, a detailed analysis (see [12] for related investigations) shows 
that K defined by (14.12) satisfies 

1 6K2 

K = IG'(O)I = xb(l - xc)(6TK + 1 - x~ - (1 - xc)2) . 

Therefore, by Theorem 14.1, if ~ E N (A) for some A> ° and k E (0, KIA), 
the integral control, u(t) = k[r - y(t)], with u(O) = 0, guarantees asymp­
totic tracking of all feasible constant reference signals r. For purposes of 
illustration, we adopt the following values 

K = 0.1, 
1 

Xb = 3' 

and so K = 243/620 ~ 0.3919. 

2 
Xc = 3' T= 1, 

We consider relay and Prandtl hysteresis operators. 
(i) Let ~ = :Re be a relay hysteresis operator defined by (14.20), where 

~ = 0, al = -1, a2 = 1, Pl(U) = .../u + 1.1, and P2(u) = viIT + V2.I -
.../1.1- u. Then ~ E N(A), where A = 1.6 and NVS~ = impl U imp2 = R. 
Hence KIA ~ 0.245 and taking r = 1.42 gives 

~r = Gr( ) = (rK ) = 1.278 E int(NVS~). ° Xb 1- Xc 

In each of the following cases of admissible controller gains 

(i) k = 0.24, (ii) k = 0.17, (iii) k = 0.1, 
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Figure 14.9 depicts the output behavior of the system under integral con­
trol, Figure 14.10 depicts the corresponding control input, and Figure 14.11 
shows the input to the hysteresis nonlinearity. We see from Figure 14.11 
that for (i), limt---+oo u(t) = Pl1(<<pr ) and for (ii) and (iii), limt---+oo u(t) = 
pi1(<<pr ). 

(ii) Let «P = P<; be a Prandtl operator, as defined in (14.33), where /L = 

(1/8)x[1,9J/LL and ( = O. Then «P E N (..\), where ..\ = 1, and NVS «P = lR. 
Then K/"\ = K;:::: 0.3919. For r = 1, we have 

r rK 
«Pr = G( ) = ( ) = 0.9 E int (NVS «p). o Xb 1 - Xc 

In each of the following cases of admissible controller gains 

(i) k = 0.39, (ii) k = 0.2, (iii) k = 0.1, 

Figure 14.12 depicts the output behavior of the system under integral con­
trol, Figure 14.13 depicts the corresponding control input, and Figure 14.14 
shows the input to the Prandtl operator. We see from Figure 14.12 that for 
(i) (the largest gain) the output exhibits a small overshoot, which does not 
occur in (ii) and (iii). The overshoot leads to the formation of a hysteresis 
loop. Hence in Figure 14.14, the hysteresis input converges to a different 
value as compared to the other two cases. 

Figures 14.9 through 14.14 were generated using SIMULINK Simulation 
Software within MATLAB wherein a truncated eigenfunction expansion, 
of order 10, was adopted to model the diffusion process. 

14.7 Appendix 

Proof of Lemma 14,5 

Let 0: 2: 0 and W E C([O, 0:], JR) and consider the following initial-value 
problem 

u(t) 

u(t) 
k[r - (\ltxo)(t) - (F«P(u))(t)] , t > 0:, 

w(t) , t E [0,0:], 

(14.36a) 

(14.36b) 

Lemma 14.10. Assume that <I> satisfies (N1) and (N5) and let Xo E X. For 
any initial function w E C([O, aj, JR), there exists c > ° and a unique function 
u E C([O, a + c], JR) with u(t) = wet) for all t E [0, aj and such that ul[Q,o+ej is 
absolutely continuous and (14.36a) is satisfied for a. e. t E [a, a + cj. 

Remark 14.9. For a = 0, the above initial-value problem is identical to the 
initial-value problem (14.10). Note that Steps 2 and 3 in the proof of Lemma 14.5 
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2r---.----,---.----~--_r--~----r_--._--_.--_. 

1.5 

0.5 controlled output y 

°OLL--~5----1~0--~15----2~0----2~5--~~----3~5--~40----4~5--~50 

FIGURE 14.9. Controlled output. 

control input (u) 

5 10 15 20 25 30 35 40 45 50 

FIGURE 14.10. Control input. 

(i) 

nonlinearity input u 

5 10 15 20 25 35 40 45 50 

FIGURE 14.11. Input to relay nonlinearity. 

1.5 r-----_.--------r-------~----___,r_----_.------__, 

controlled output y 

-0.5'---------'---------'--------'--------''-------'--------' o 100 200 300 400 500 600 

FIGURE 14.12. Controlled output. 

(see below) require the existence and uniqueness result given in Lemma 14.10 in 
the more general context of a 2 o. 



288 Hartmut Logemann, Adam D. Mawby 

control input cf>(u) 

200 300 400 500 600 

FIGURE 14.13. Control input. 

nonlinearity input u 

~~-----10~0------2ooL------3~OO------400~-----5~00----~600 

FIGURE 14.14. Input to Prandtl operator. 

For the proof of Lemma 14.10 it is convenient to introduce a "truncation" 
of the operator F acting on functions defined on a finite time interval. To 
this end let T > ° and define 7rT : L2([0,T],JR.) ----> L2(JR.+,JR.) by 

for ° ~ t ~ T, 

for t > T. 

Defining the linear operator F T : L2([0, T], JR.) ----> L2([0, T], JR.) by 

(FTv)(t) = (F(7rTV))(t), Vt E [O,T], 

we have that F T is bounded and IIF TIll ~ IIF T,II for all T2 ~ T1 > 0. 

Proof: (of Lenuna 14.10) Let w E C([O, a], lR). Then by (N5), there exist 
numbers 81 ,82 > ° such that for all u,v E e(w;81 ,82), 

sup I(cf>(u»(t) - (cf>(v»(t)1 ~ A sup lu(t) - v(t)l. (14.37) 
tEia,a+62J tEia,a+62J 

For e, 1] > 0 set 

et),e := {u E C([O, a + el, lR) I u(t) = w(t) if t E [0, al ; 
lu(t) - w(a)1 ~ 1] if t E [a, a + en . (14.38) 
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Let 1] E (0, 8I), e > 0, and u, v E e'l," Then 

and hence, by (14.37), we obtain for every 1] E (0,81 ) and every e E (0,82 ), 

SUPtE[o,o+.\I(<II(u))(t) - (<II(v))(t)1 

::; SUPtE[0,o+62\1(<II(Qa+.u))(t) - (<II(Qo+.v))(t)1 

::; '\SUPtE[0,0+62\I(Qo+.u)(t) - (Qo+.v)(t)1 

= '\SUPtE[o,o+.\lu(t) - v(t)l, 'iu,v E e'l," 

Using the causality of F and <II (<II is causal by (Nl)), the boundedness of F.,. for 
every r 2: 0, Holder's inequality, and (14.7), we conclude that there exists L > 0 
such that, for every e E (0,82 ), 

10+. 
IF<II(u) - F<II(v) I ::; eL sup lu(t) - v(t)l, 

o tElo.o+.\ 
'iu, v E e'l," (14.39) 

Moreover, an application of (14.39) for v = Qou shows that, for every e E (0,82 ), 

we have for all u E e'l," 

10+. 10+. 
IF<II(u)I ::; I(F<II(Qou))(r)1 dr + eL sup lu - w(a)l. (14.40) 

o 0 tElo,o+.\ 

Set J(t) = r - (>Itxo)(t) and choose p > 0 such that 

{o+P 
io (IJ(r)1 + I(F<II(Qou))(r)l) dr::; 2~1 . 

In the following let 1] E (0,8t) and choose e > 0 such that 

Define the operator r by 

(ru)(t) 

(ru)(t) 

w(a) + k (it J(r) dr - it (F<II(u))(r) dr) 

wet) , 0::; t ::; a. 

(14.41) 

(14.42) 

t 2: a, 

Clearly, e'l,' is a complete metric space, and the claim follows if we can show 
that r is a contraction on e'l,e. 

We first show that r(e'l,') C e'l," Using (14.40) through (14.42) we obtain, 
for all u E e'l,e and all t E [a, a + el, 

I(ru)(t) - w(a)1 ::; ~ + elklL sup lu(t) - w(a)1 ::; ~ + elkIL1]::; 1], 
tElo,o+e\ 
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which shows that r(e'7.e) c e'7.e. It remains to show that r is a contraction on 
e'7.e. To this end, let U,V E e'7.e. Using (14.39), we obtain 

sup l(rU)(T) - (rV)(T) I ~ elklL sup IU(T) - v(T)I. 
TE[o.o+e] TE[o.o+e] 

By (14.42) we have that elklL < 1, showing that r is a contraction on ee.'7' 0 

Proof: (of Lemma 14.5) We proceed in several steps. 
STEP 1. Existence and uniqueness on a small interval. 

An application of Lemma 14.10 with Q = ° shows that there exists an e > ° 
such that (14.10) has a unique solution on the interval [0, e). 
STEP 2. Extended uniqueness. 

Let Ui be a solution of (14.10) on the interval [0, ai), i = 1,2. We claim that 
Ul (t) = U2(t) for all t E [0, a), where a = min(al' a2). Seeking a contradiction, 
assume that there exists t E (0, a) such that Ul(t) of; U2(t). Defining 

it follows that a* > ° (by STEP 1), a* < a (by assumption), and ul(a*) = u2(a*) 
(by continuity of Ul and U2). Clearly, the initial-value problem 

u(t) k[r - ('ltxo)(t) - (FcfI(u»(t)] , t ~ a* , 

u(t) Ul (t) , t E [0, a*] , 

is solved by Ul and U2 on [O,a). This implies (by Lemma 14.10) that there exists 
an e > ° such that Ul(t) = U2(t) for all t E [O,a* + e), which contradicts the 
definition of a*. 
STEP 3. Global existence. 

Let 'J' c 1R+ be the set of all T > ° such that there exists a solution U T of 
(14.10) on the interval [0, T). Set t* := sup'J' and define a function U : [0, to) -> IR 
by setting 

U(t) = UT(t) , for t E [O,T) , where T E 'J'. 

By STEP 2 the function U is well defined (Le., the definition of u(t) for a particular 
value t E [0, to) does not depend on the choice of T E 'J' n (t,oo» and U is the 
unique solution of (14.10) on the interval [0, to). 

We claim that t* = 00. Seeking a contradiction, assume that t* < 00. Multi­
plying u by u, we obtain using (14.10), 

U(t)u(t) = ku(t) [f(t) - (FcfI(u»(t)], '<It E [0, n, 
where again f(t) = r - ('ltxo)(t). Integration yields 

(14.43) 
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For v E C([O, to), R) and t E [0, to), we define 

O"t{V) = sup Jv{r)J. 
1"E[O,t] 

Using (14.43), the boundedness of F t -, and applying Holder's inequality, shows 
that there exists 'Yl > ° such that for all t E [0, to), 

Denoting the map 

by O"~, we see that there exist suitable constants 'Y2, 'Y3, 'Y4 > ° such that for all 
t E [O,tO) 

(it ) 1/2 (it ) 1/2 (it ) 1/2 
O"~{u) ::; 'Y2 + 'Y3 0 O"~{u) dr + 'Y4 ° O"~{<P{u)) dr ° O"~{u) dr 

Using Assumption (N8), we may conclude that there exist numbers a, f3 > Osuch 
that for all t E [0, to), 

(i t ) 1/2 
O"~{u) ::; 'Y2 + 'Y3 0 O"~{u) dr 

From this we obtain that there exist numbers 'Ys, 'Y6 > ° such that 

O"~{u) ::; 'Y5 + 'Y61t O"~{u) dr, Ttt E [0, n, 
and an application of Gronwall's lemma then shows that 

O"~{u)::; 'Yse .... 6t, Ttt E [O,tO). 

Since, by assumption, to < 00, it follows that u is bounded on [0, to). Conse­
quently, the right-hand side of (14.43) converges to a finite limit as t i to, and so 
limtW u 2 {t) exists and is finite. By continuity of u, this in turn implies that there 
exists'Y E R such that limtW u{t) = 'Y, and hence setting u{t") = 'Y makes u into 
a continuous function on [0, tOJ. Finally, Lemma 14.10 shows that the initial value 
problem 

V k[r - 'ltxo - F<P{v)J, t ~ a, 

v(t) = u{t) , t E [0, tOJ , 
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has a unique solution il on [0, t* + c) for some c > 0. By the causality of the map 
F<I>, the function il is a solution of (14.lO) on [0, t* +c); that is, il is a continuation 
of u. But this means that t* + c E 'J, which is in contradiction to the definition 
of to. 0 

Proof: (of Lemma 14.6) Let t1 < t2, u : [t1' t2) --t lR be monotone and 
w E [u(td - h,U(t1) + h). Fix t,r E [lI,t2) with t 2: r. We first note that 
w = bh(U(td, w) since w E [u(tI) - h, u(tI) + h). Without loss of generality we 
may assume that u is nondecreasing and so w = bh(U(h),w) S bh(u(r),w). 
If w = bh(u(r),w), then, trivially, bh(U(t),w) = bh(U(t),bh(u(r),w». If w < 
bh(u(r),w), then bh(u(r),w) = u(r) - h and thus w < bh(u(r),w) S u(t) - h. 
Consequently, 

o 
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