S

>

INT. J. CONTROL, 1982, vOL. 36, NO. 5, 845-850

A note on the generalized inverse Nyquist stability criterion

H. LOGEMANNY

The purpose of this paper is to provide a self-contained proof of the generalized inverse
Nyquist stability eriterion which is based on the theory of algebraic functions and
Riemann surfaces. It is shown how the fixed modes are related to the polynomial
determining the mverse characteristic gains.

Notation
R The field of real numbers.
R(s) The field of rational functions over R.
Rm<m(s)  The set of m x m matrices with entries in R(s).
C  The field of complex numbers.
C, := {seC: Re (s)20}.

C[s,g] The ring of polynomials (over C) in two indeterminates, s, g.

Let /< V< C, where V is an open set and let f: V—C be meromorphic ;
then

Z(f(s), U') The number of zeros (counting multiplicities) of fin .

P(f(s), ') The number of poles (counting multiplicities) of /in ['.

Let (/(s)eRm™m(s) and let the zero and pole polynomials of ¢(s) denoted by
2(s) and p(s): then

Z(G(s), U) := Z(z(s), U).
P(G(s), U) := P(p(s), U).

Let aeC and let I be a cycle in C\{a} ; then

v(I', @)  The winding number of the cyele I' about the point a (clockwise
convention).

1. Introduction

Postlethwaite (1977) and Postlethwaite and MacFarlane (1979) gave a proof
of the generalized inverse Nyquist stability criterion using the tools of algebraic
function theory and Riemann surfaces. Following Smith (1981) the main
difference from Postlethwaite and MacFarlane is the use here of the matrix
fraction decomposition of a transfer funetion and the absence of any reference
to a state space description.
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2. Some preliminaries
We will consider the feedback arrangement of the Figure, in which
G(s)e B"""'(s), where det G/(s)#0 and det (I, + G(s)) #£0. For a feedback k1,
we \?ﬂl need to assume that det (/,,+kG(s))#0. Let N(s)D-'(s) be a right
coprime factorization of ((s); then the closed-loop transfer function R(s) is
given by
R(s)=N(s)(N(s) + D(s))-* (1)

Ce —O

Multivariable feedback arrangement.

It can be shown (see, for example, Smith 1981), that the pole polynomial
p(s) and the zero polynomial z(s) of G(s) and the pole polynomial p’(s) of R(s)
are given by

p(s)=det D(s) (2)
z(s)=det N(s) (3)
p'(s)=det (N(s)+ D(s)) (4)

In the proof of the generalized direct Nyquist stability criterion (MacFarlane
and Postlethwaite 1977, Postlethwaite and MacFarlane 1979, Smith 1981,
Logemann and Schwarting 1981) the return difference matrix F(s) := I, + G(s)
is an important object of study. For the generalized inverse Nyquist criterion
we have to consider the matrix F(s):= I, + G(s), where G(s) := G-1(s). We
can express F(s) in the following form

F(s)=(N(s)+ D(s))N-1(s) (5)

Like Smith (1981) we define the characteristic gains by the following
expression

A(s, g) := det (gD(s)—N(s))=0 (6)
The inverse characteristic gains are defined by the equation
A(s, §) := det (§N(s)— D(s))=0 (7)

The relationship between A(s, ) and A(s, y) is given by

As, y)=(=1)mymA (3, 1]-/) (8)
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where y is a complex variable. We will express A(s, g) as follows
A3, g)=e(8)Ay(s, 9)Ay(8, g) ... Ay(s, g)elg) (9)

where A (s, g) are irreducible polynomials in the ring C[s, g], 1<i<l. The
term e(s) is the product of all irreducible factors which are independent of g.
The polynomial ¢(g) is the product of all irreducible factors independent of s.
Each A(s, g) determines an algebraic function g, defined on a corresponding
Riemann surface R, (see, for example, Janich 1980, Farkas and Kra 1980 or
Springer 1957).

Now let ¢ be the degree of ¢(g) and let ¢, be the degree of A,(s,g)ing, 1 <i<L
Certainly

1
t+ Y t;=m (10)

t=1

and we define

é(8) := (—1)me(s) (11)

1
é(y) := yle | - 12
éy) := y'e (g/) (12)
A(s, y) := yhA,; (s, 5) 1<i<l (13)

By definition (eqn. (11)), the zeros of é(s) are the fixed modes in the sense of
Smith (1981).
It follows from (8) and (9) that

As, ) =és)A,(s, DAy, §) .. Ails, §)(@) (14)

It is easy to check that the polynomials A,(s, §) are irreducible in C[s, §].
Therefore, each A,(s, §) determines an algebraic function §; and a corresponding
Riemann surface £,. Note that R, and R, are the same Riemann surfaces
(modulo a biholomorphic homeomorphism) and that, in a certain sense, §,
is the inverse of ¢, (see Appendix).

3. Two statements of the inverse generalized Nyquist stability criterion
Now consider

8(s, f) : = det (fN(s) — N(s)+ D(s)) (15)
=A@, f-1) (16)
=é(8)A (s, f-1) ... Ays, f-1)é(f-1) (17)

Since A (s, §) is irreducible, the polynomial Ays, f—DeC[s, f]is also irreducible.

Therefore each §,(s, f) : = A(s, f—1) defines an algebraic function f;. Let
§i(s, /) = b, D &)fmi+ ... +8D(s) (18)
then
ké(s) I_‘] b,,,V(s)=det N(s)
o (19)
kof(s) f] boW(s) = (— 1)™ det (N (s) + D(s))

i1=1
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for some k|, k,eR.  (19) follows from

det (f1,,— F(s))=fm+ ... +(—1)"det F(s)

det (N(s) + D(s))
det N(s)

:flrt + oo (= |) (h-\, (5))

and

(s, fy=det (fI,,— F(s)) det N(s) (by (5))

Now we draw on each Riemann surface R, a generalized Nyquist contour
N, (see, for example, Smith 1981), such that all poles and zeros of 4, + 1 lying
over C. are inside the contour Ny, I<i<l. (Note that the poles of ¢, + 1 are
the poles of §,, which are the zeros of ¢;). Under this assumption the following
theorem holds.

Generalized inverse Nyquist criterion (statement 1)
The feedback arrangement of the Figure will be closed-loop stable if and
only if

!
Y (§:ONg, —1)= —Z(G(s), C,)
i=1
Proof

We have chosen N, so that we can apply the generalized argument
principle to §;+1 and N, for each i. Then it follows from Smith (1981) or
Logemann and Schwarting (1981) that

v(§:ONg, —1)=v((§i+1)ONg,. 0)

=Z(by"s), C,) = Z(b,,, ), C,) (20)
Hence
! l
Y v(§ONg, =)= Y Z(b,“s), C.)+Z(é(s), C.)
i=1 im1
1
— Y 2(,,96), C,)-Z(Es), C,) (21
i=1

and from (19) we obtain

z’: WG, ONg,, —1)=2 (det (N(s)+ D(s)), C,)—Z (det N(s), C,) (22)
i=1

—Z(p'(s), C,)— Z(=(s), C,) (by (3) and (4)

— P(R(s), C,) - Z(G(s), C,) (23)

g

For a feedback of the form kI, the critical point is —k.  The criterion for

this case is obtained using the above arguments exactly with the alternative
definition F(s):= kI, + G(s).
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Now let us make the additional assumption, that all zeros of g, lying over (
are inside the contour N,, 1<i<l. Then we can apply the (generalized)
argument principle to §; and N, for each i and by analogous arguments leading
us to (23) we obtain

i
Y ug;ON,, 0)=P(G(s), C.)—Z(G(s), C,) (24)

=1

It follows from (23) and (24) that

{
E l'(!iio‘\‘(),' gk ])_
1

§ o

1]~

W, ON,, 0)=P(R(s), C,)— P(G(s), C.) (25)

i=1

Hence we have proved the following theorem

Generalized inverse Nyquist eriterion (statement 2)
Under the above assumptions the feedback arrangement of the Figure will
be closed-loop stable if and only if

I ]
Y v(dONg, —1)— Y v(§;ONg, 0)= — P(G(s), C,)
i=1 i=1

Appendix

In the following we shall use some terms and facts of complex analysis.
For definitions and details the reader is referred to Janich (1980), Farkas and
Kra (1980) and Springer (1957).

Let (k, p) be a germ, which satisfies the equation

A (s, h(s))=0

in a neighbourhood of p, where peC. The Riemann surface R, is the union of
the set of all analytic continuations of (A, p) and the set of the corresponding
branch points. R, is assorted with a certain topology and a certain atlas, such
that the conditions in the definition of an abstract Riemann surface are satisfied.
Now let (I, q)eR,, i.e. Ays, 1(s))=0in a neighbourhood of ¢. The algebraic
function ¢, : R,—CuU{oo} is defined by g,((1, 9)) = 1(g).

R, is the abstract Riemann surface determined by

X 1
Ais, y)=yh4, (s, -) —0
Y

Since A, (s, 1"1(s))=0 in a neighbourhood of ¢, we see that (1°1, )R, and we
realize that in general (in the sense of set theory) R, is not the same Riemann
surface as R,. Nevertheless, from an abstract standpoint of view, R; and R,
are the same surfaces, To see this, consider the map

®: R—R,
o((1, ¢)=(1"9)
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It is not difficult to show, that @ is a biholomorphic homeomorphism and
that the following equation holds

§iOP =g,

Therefore, in the sense of topology and complex function theory, &, and R, are
the same Riemann surfaces and ¢, is the inverse of ;-

REFERENCES

Farkas, H. M., and Kra, 1., 1980, Riemann Surfaces (New York : Springer).
JAnicn, K., 1980, Einfihrung in die Funktionentheorie, 2. Aufl. (Berlin : Springer).
LoceEmaxy, H., and Scuwarting, H.-G., 1981, Diplomarbeit (Universitat Oldenburg)
MacFArLANE, A. G. J., and PoSTLETHWAITE, 1., 1977, Int. J. Control, 25, 81.
PosTLETHWAITE, 1., 1977, Int. J. Control, 26, 325.
PosTLETHWAITE, 1., and MACFARLANE, A. G. J., 1979, 4 Complex Variable Approach
to the Analysis of Linear Multivariable Feedback Systems (Berlin : Springer).
Smrra, M. C., 1981, Int. J. Control, 34, 885.

SPRINGER, G., 1957, Introduction to Riemann Surfaces (Reading, Massachusetts :
Addison-Wesley).

e



