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Abstract

We present a circle criterion which is necessary and sufficient for absolute stability
with respect to a natural class of sector-bounded nonlinear causal operators. This
generalized circle criterion contains the classical result as a special case. Furthermore,
we develop a version of the generalized criterion which guarantees input-to-state
stability.
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1 Introduction

The stability and convergence properties of Lur’e systems, a common and important
class of nonlinear feedback systems, are a much researched area. Absolute stability
theory seeks to conclude stability of the feedback system shown in Fig. 1 via the
interplay of frequency-domain properties of the linear component, given in state-space
by the matrix triple (A, B, C), and sector properties of the static nonlinearity ®. The
so-called circle criterion (a natural generalization of the sufficiency part of the Nyquist
criterion in the single-input single-output setting) is one of the best-known and most

B C. Guiver
c.guiver@napier.ac.uk

H. Logemann

h.logemann @bath.ac.uk

School of Engineering & the Built Environment, Edinburgh Napier University, Merchiston
Campus, 10 Colinton Road, Edinburgh EH10 5DT, UK

2 Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00498-022-00324-3&domain=pdf
http://orcid.org/0000-0002-6881-7020

462 Mathematics of Control, Signals, and Systems (2022) 34:461-492

(A,B,C)

Fig.1 Forced Lur’e system

used sufficient conditions for absolute stability. It is well known that the circle criterion
is not necessary for absolute stability with respect to real static nonlinearities.

Lyapunov approaches have been employed to deduce global asymptotic stability of
unforced (that is, u = 0) Lur’e systems (see, for example, [2, 11, 13, 14,16, 17, 19, 28,
29]), whilst input—output methods, pioneered by Sandberg and Zames in the 1960s,
have been used to infer L2 and L>® stability (see, for example, [5, 28]). More recently,
forced Lur’e systems have been analysed in the context of input-to-state stability (ISS)
theory, with attention focussed on the extent to which results from classical absolute
stability theory can be generalized to ensure certain ISS properties [1, 6-8, 10, 15,
16, 22-24]. Originating in the paper [25], ISS and its variants, such as integral input-
to-state stability, are properties of general controlled nonlinear systems and, roughly,
ensure a natural boundedness property of the state, in terms of initial conditions and
inputs, see also the survey papers [4, 26].

In the current paper, we consider the situation wherein the nonlinearity & of the
system shown in Fig. 1 belongs to a natural class of nonlinear causal operators which
are sector bounded in an L2-sense and satisfy a weak local Lipschitz-type condition. In
particular, the class generalizes the classical set-up and is sufficiently wide to account
for operators with unbounded memory (described by nonlinear integral equations, for
example) and for input—output operators of certain dynamical processes. We develop
a generalized multivariable circle criterion which is necessary and sufficient for global
asymptotic L>-stability (L>-GAS) of the closed-loop system shown in Fig. 1 for all
operators ® in the class under consideration. The L2-GAS property implies in particu-
lar, that, for every L?-input u and all initial conditions, the solution of the closed-loop
system converges to 0 as time goes to 0o, see Sect. 2 for details on the concept of L?-
GAS. Furthermore, we derive an ISS version of this result, namely a circle criterion
which is necessary and sufficient for ISS of the system in Fig. 1 for all nonlinear
operators @ satisfying an exponentially weighted L>-sector condition. By applying
the sufficiency part of the generalized circle criterion to the case wherein @ is the
Nemytskii operator induced by a static nonlinearity, the classical circle criterion is
easily recovered.

We emphasize that the nonlinearities considered are real in the sense that real input
signals are mapped into real output signals. The key condition of the circle criterion is
the positive realness of a certain rational matrix depending on G(s) := C(sI —A)"'B,
the transfer function of the linear system given by (A, B, C), and the (possibly
dynamic) sector data. As has already been indicated above, the main contribution of
the paper is the proof of the equivalence of the positive-real condition in the circle crite-
rion and absolute stability with respect to all real nonlinear causal operators satisfying
a suitable L2-sector condition, a result, which, in a sense, mirrors a well-known the-
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orem from stability radius theory: namely the identity rc (A, B, C) = rr 4(A, B, C),
where rc(A, B, C) is the stability radius with respect to complex static linear per-
turbations and rr_4(A, B, C) is the stability radius with respect to real nonlinear
causal L%-bounded perturbation operators, where it is assumed that A is asymptoti-
cally stable (see [13, Proposition 4.4] and [14, Theorem 5.6.20]). Furthermore, we
remark that, in the complex case, the sufficiency of the circle criterion is trivial (in the
sense that the proof carries over from the real case without change) and the necessity
has been established in [9, Theorems 6.8 and 6.11], where it is shown, in a general
infinite-dimensional systems setting, that stability with respect to all complex linear
static feedbacks satisfying a sector condition determined by two matrices K| and K5
implies the positive realness of (I — K1G)(I — K2G)~ L.

The layout of the paper is as follows. In Sect. 2, we discuss some preliminaries,
present a number of auxiliary results and introduce the class of Lur’e systems which
will be considered in the rest of the paper. Section 3 is devoted to small gain conditions
for L?-GAS and ISS for Lur’e systems with nonlinear causal L>-bounded operators in
the feedback loop. Contact will be made with the Aizerman conjecture and the work
by Hinrichsen and Pritchard [13, 14]. In Sect. 4, it is established that a natural gener-
alization of the positive-real condition familiar from the circle criterion is sufficient
for L?>-GAS (ISS) for all nonlinear causal operators satisfying a suitable (exponen-
tially weighted) L?-sector condition, whilst necessity of the positive-real condition
for absolute stability is proved in Sect. 5. Finally, a proof of an auxiliary result from
Sect. 2 is presented in Sect. 6.

2 Notation, terminology and auxiliary results

In this section, we present and discuss a number of preliminaries required for the
development of the main results of the paper.

Notation

The fields of real and complex numbers are denoted by R and C, respectively. We
set Ry :=[0,00) and, fora € R, Cy := {s € C : Res > «}. Let C,, denote the
closure of Cg, that is, C, = {s € C: Res > «}. Throughout, let F be the field of real
or complex numbers, R or C, respectively. The matrix space F"*? is endowed with
the operator norm induced by the 2-norm. For M € C"*?,let M and M* denote the
transposition and Hermitian transposition of M, respectively, and, if m = p, we set

1
Re M = E(M+M*)'

We say that the matrix M € C™*"™ is Hurwitz if all its eigenvalues have negative real
parts. For M € C"*P and N € C7*7, we write

col (M, N) := (%) e Cmtaxp,
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We say that ¢ : Ry x R? — R™ is a (real) locally Lipschitz Carathéodory function if
the function ¢ — ¢(¢, z) is Lebesgue measurable for every z € R? and z — ¢(¢, z) is
locally Lipschitz, uniformly in # on compact intervals. The set of all locally Lipschitz
Carathéodory functions Ry x R? — R™ is denoted by C(R x R?, R™).

We will make use of the Hardy spaces H 5, and H,%X . of holomorphic func-
tions Cy — CP* with respective norms given by

0o 1/2
[[Hl[goo := sup [H(s)|| and |[[H] 2 := sup (/ H(o +iw)||2dw> ,

seCy >0 —00

where the norm on the RHS is the operator norm induced by the 2-norm. We recall
that a holomorphic function is in H me if, and only if, it is the Laplace transform of
a square-integrable function.

Stability and stability radii in the frequency domain

Let H be a rational matrix (the coefficients of the entries are not required to be real)
of format p x m, frequently interpreted as the transfer function matrix of a finite-
dimensional linear time-invariant control system. If H € H ;‘;m, that is, H does not

have any poles in Co U {00}, then we say that H is stable. Let Rp H Iff( . be the set of all

rational matrices which are in H,5,, and the entries of which have coefficients in F.
Equivalently, Ry H‘f,"j< . 18 the set of stable rational matrices of format p x m which have
entries with coefficients in IF. For ease of notation, we set H*® := H 1"2 . H 2.—-H 12>< h
and Rp H™ := RpHY,.

It is said that K € R((;Hrioxp stabilizes H if HX := H(I — KH)™! is stable. It is
clear that HX is the transfer function of the feedback system with H and K in the
forward and feedback loops, respectively. We note that HEKHL = (HKYL = (HY)K for
all K,L € RcHS, p- For the special case wherein K(s) is constant, K(s) = K, we
introduce some convenient notation:

Sr(H) := {K € F"*? : K stabilizes H}.
If the rational matrix H is stable, we define the F-stability radius of H by
rr(H) := inf {||K|| : K € F"*P and HX is not stable}.

We shall refer to the [F-stability radius as the real or complex stability radius, depend-
ing on whether F = R or ' = C, respectively. If H is stable and (A, B, C, D) is
a stabilizable and detectable realization of H, then rr(H) coincides with the stabil-
ity radius rr(A; B, C, D; Cy) of A with respect to the weighting (B, C, D) and the
stability region Cy as defined in [14, Sect. 5.3]. It is clear that rg (H) > rc(H) and
if H(s) # 0, then there exists a destabilizing feedback K € F"*? with || K || = rp(H).
We note that rr(H) can also be expressed in the following form

re(H) = sup {p > 0: K € Sp(H) forall K € F"*Ps.t. |K| < p}.
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Furthermore, it is well known from [12, Proposition 2.1] or [14, Theorem 5.3.9] that
rc(H) = 1/|H|| goo.

The above identity implies that, in the context of linear output feedback with complex
gains, the small-gain condition is sharp in the sense that there exists a destabilizing
output feedback K € C"*? such that |H|| g || K| = 1 (provided that H(s)  0).

The following result shows that the complex stability radius plays a key role in the
context of stabilization and destabilization by real dynamic linear feedback.

Proposition 2.1 If H is a real-rational matrix of format p x m and K € RRH,ZOX,,
stabilizes H, then

sup{,o :H(I —-FH) ! ¢ H;,’f(mforallF € RRH,,C;OX,, s.t. |F =Kl g < ,o} = r@(HK).
2.1

Furthermore, assuming that H(s) # O, there exists ¥ € RRHSS, , such that |F —

mxp

K| g = 1/|H¥| g = rc(HX) and H(I — FH) ™! is not stable.

The key part of the proof of the above result relies on a construction from [27, Proof of
Theorem 4, Sect. 7.4]. For completeness, we have included a proof of Proposition 2.1
in Appendix.

Proposition 2.1 shows that, in the context of real dynamic linear output feedback,
the small-gain condition is sharp in the sense that there exists a destabilizing real
feedback K € RrH,5 , such that [|[H| g ||K| g = 1 (provided that H(s) # 0).

We recall that a square rational matrix H is positive real if Re H(s) is positive semi-
definite for all s € Co which are not poles of H. It is well known that if H is positive
real, then H is holomorphic in Cy. Furthermore, H is said to be strictly positive real
(strongly positive real) if there exists ¢ > 0 such that s — H(s — ¢) is positive real
(H — ¢1 is positive real). If H is strongly positive real and does not have any poles on
the imaginary axis, then H is strictly positive real.

The following characterization of positive-real properties in terms of norm condi-
tions will be used later on.

Lemma 2.2 Let H be a square rational matrix.
(1) H is positive real if. and only if. det (I+H(s)) #0and |(I —H)(I+H) || g~ < 1.
(2) H is strongly positive real and stable if, and only if, det(I + H(s)) % 0 and the
strict inequality ||(I — HY(I + H) ™| gy~ < 1 holds.

Statements (1) and (2) of the above lemma are special cases of [9, Corollaries 3.6 and
4.3], respectively.
We say that H € Rg HS, has the real supremum-value property if there exists s €

pxm
Co U {00} such that H(s") € RP*™ and |[H(s")|| = ||H| go. As the function s >
[[H(s)|| is subharmonic, the maximum principle for subharmonic functions implies
that if H has the real supremum-value property, then, without loss of generality, we may
assume that there exists o’ € R U {oo} such that Hiw') € RP*" and |H(io")| =
IH| oo
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Case 1 of the proof of Proposition 2.1 (see Appendix) shows that the following
lemma holds.

Lemma23 IfH € RRHI‘,X;M has the real supremum-value property, then rr(H) =
rc(H).

We describe a number of scenarios in which the real supremum-value property holds.

Example 2.4 (a) Let H be a stable real-rational transfer function matrix of format p xm,
andlet (A, B, C, D) be arealization of H, where A is Hurwitz. If the impulse response
of H is nonnegative, that is, Ce?'B € Rﬁxm forallt > OQand D € Rfixm, then, by
[21, Proposition 3], |[H||ge~ = |[H(0)||, and thus, H has the real supremum-value
property.

(b) Let A € R™" be Hurwitz, B € R*" and C € RY™". Assume that A is a
Metzler matrix (that is, all off-diagonal entries of A are nonnegative); thatis, (A, B, C)
is a positive and stable continuous-time controlled and observed linear system. Then,
CeMB e RY™ forall t > 0, and setting, H(s) := C(sI — A)~!B, it follows from
part (a) that | H|| g = ||H(0)||, showing that H has the real supremum-value property.

(c) Let A € R™" be symmetric and Hurwitz, b € R’| and consider the single-
input single-output symmetric system (A, b, b ) with transfer function H given by
H(s) := b7 (sI — A)~'b. It follows from the symmetry of A that e/’ is symmetric
and positive definite for all # € R, and so b eA’h > 0 for all ¢ € R. Consequently, by
part (a), ||H|| goo = |H(0)|. In particular, H has the real supremum-value property.

(d) Let H be a proper real-rational matrix of format m x m such that H has precisely
one pole in @0, namely a simple pole at 0, and the residue matrix Hp := lims_.o sH(s)
is symmetric and positive definite. Defining L(s) := H(s) —s ™' H, itis clear that L €
RrH®® . and so

mxm?

ik :=sup{k > 0: I+ 2kL is positive real} > 0.

The positive realness of the function s — s~! Hy implies that 7 +2kH is also positive
real for all k € (0, ), and thus, it follows from [20, Lemma 3.10] that ||H_k1 | oo =
1/kforallk € (0, k). AsH % (0) = (1/k)I, we see that H~*/ has the real supremum-
value property for every k € (0, k).

(e) In the previous examples, the supremum is achieved at s = 0. But there are
many examples of transfer functions having the real supremum-value property for
which the supremum is achieved at s = iwg for some wy € (0, co) and not at s = 0.
Here, we provide one such example. Let a, b > 0 and consider the strictly proper
stable rational function H given by

N

Hs)= ——.
(s +a)(s+b)

Routine calculations yield
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and

IH|| g = max |H(iw)| = H(+ivab) =
weR a

H(iw)| < 1 ovee R\{++ab},
a+b

showing that H has the real supremum-value property with the supremum achieved at
precisely two points in Cy, namely +iv/ab. O

Nonlinear operators

For ¢ € [1,00] and J C R an interval, let L9(J, R") denote the usual Lebesgue
space of functions defined on J with values in R". The local version of L7(J, R") is
denoted by L{ (J,R").For0 <t <ocoandt € [0, 1), let 7, : L{ ([0,7),R") —
L7(R4, R™) be the truncation operator; that is, for w € L?OC([O, 7), R"), mw is
the function in L9 (R, R") which is equal to w on [0, ] and equal to 0 on (¢, o).
We recall that an operator ® defined on L?(R,, R™) or L12OC (R4, R™) and mapping
into leoc (R4, R?) is said to be causal if 7, ® = 7, 7, for all # > 0. If an operator ®
defined on L2(R+, R™) is causal, then it naturally extends to a causal operator on

L} Ry, R™) via

(P (w))(s) := (P(m;w))(s) forevery w € LIZOC(RJr, R™) and all (s, 1)
suchthat) <s <t < o0.

The causality of ® guarantees that ® (w) is a well-defined function in Lf;c R4, RP).
Furthermore, we note that a causal operator @ : leoc R4, R — leoc (R4, R?) can
be “localized” as follows: for every T € (0, 0o) and every w € LIZOC([O, 7), R™), we
define ®(w) € L2 ([0, 7), RP) by setting

loc

(D (w))(s) := (P(m;w))(s) forall (s,7) suchthat0 <s <t < 7.

Again, this definition is meaningful by the causality of .
For t > 0, the shift (or delay) operator S; : LIZOC(R+, R™) — L%OC(R+, R™) is
defined by

0, 0<t<rt
(Srw)(®) = (2.2)

w(t — 1), t>T.

A linear operator H : L?>(Ry, R™) — L*(R4, RP) is shift-invariant if S;H = HS;
forall T > 0. Werecall that linear shift-invariant operators are causal. A bounded linear
shift-invariant operator H : L>(R,, R™) — L%*(R,, R?) has a transfer function H €
H 1??<m in the sense that, for every w € L>(R,, R™), the Laplace transform of Hw is
given by Hw, where w denotes the Laplace transform of w. Conversely, every H €

H I‘f‘;m such that H(s) is real for all s € (0, co) is the transfer function of a bounded

linear shift-invariant operator H : L?>(Ry, R™) — L*(R,, R?). Werecall that the L>-
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induced operator norm of a bounded linear shift-invariant operator equals the H*°-
norm of its transfer function.

We say that a causal operator ® : L (R, R™) — L (Ry,RP) is weakly
Lipschitzif, forevery tg > 0,z € RP and w € L2([0, to], R™), there exist/ > 0,7 > 0
and f; > fy such that, for all w, wy € LIZOC(R+,R”) satisfying wy = wy = w

on [0, fp] and ||w; (t) — z|| < r for almost every ¢ € [fg, t1], we have

|P(wy) — q)(wZ)”LZ(;O,;l) <Ilw; — w2||L°C(zo,tl)-
We set

[P (w)llz2

@] :=
weL2, w#0 lwllz2

and say that ® is linearly bounded if | ®|| < oco. Furthermore, if ® is causal, weakly
Lipschitz and ||| < oo, then ®(0) = 0.
The time-domain equivalent of R H;,Xi  isdenoted by FR Ly ; thatis, FRL pxp is
the space of all real shift-invariant linear operators with transfer function in Rr H 5,
The operators in FrL px, are precisely the input—output operators of asymptotically
stable finite-dimensional linear time-invariant real state-space systems with m inputs

and p outputs. Trivially, every operator in Fr Ly, p is causal and weakly Lipschitz.
In the following, let N'(R; x R™,RP) be the set of static nonlinearities ¢ €

C(R4+ x R™, RP) which are uniformly linearly bounded, that is,

o, )|

loll =
>0, 740 Izl
The symbol ||¢|| should not be confused with the function (¢, z) — |l¢(¢, 2)||.
We provide two classes of examples of operators which are causal and weakly
Lipschitz.

Example 2.5 (a) Nemytskii operators. For ¢ € N (R x R" RP), let N, denote
the corresponding Nemytskii operator acting on LIZOC(R+, R™) via (Ny(w))(t) =
@(t, w(t)). It is routine to show that N, (w) is measurable for measurable w, and

[Noll 2

[Nell =
weL?, wzo 1Wllz2

< llell < oo,

implying that N, maps L2(Ry, R™) to L>(Ry, R”) and L (R4, R™) to L2 (R,

loc loc
RP). Furthermore, N, is causal and weakly Lipschitz. It is not difficult to show
that [Nyl = ll¢ll if, for each z € RP, the function ¢ — |[l@(t, 2)| is lower semi-

continuous. Simple examples show that, in the absence of this lower semi-continuity
condition, it is possible that || Ny| < [l¢|. Finally, it is well known that N, is con-
tinuous as a map from L2(R+, R™) to L2(R+, RP?), see, for example, [18, Theorem
2.14].

@ Springer



Mathematics of Control, Signals, and Systems (2022) 34:461-492 469

(b) Fork : {(¢,0) : t > 0 > 0} — RP*P and kg € RP*? consider the correspond-
ing integral operator

t
(Jr(w))(t) = / k(t,)w(@)dO + kow(t), Vit =>0.
0

Assume that [° [ [Ik(z,0)[1?d0dt < oo or k(1,0) = I(t — 0), where [ €
L'(R,,FP*P), in which case J; is a causal bounded operator from LZ(R+, RP)
into itself. For ¢ € N(Ry x R™, RP), the operator Jx o N, maps L2(R+, R™)
to L2(Ry, RP). If k maps into R”>*™ and kg € R™*™, then the composition N, o Ji
is an operator which maps L*(R,,R™) to L*(R,,R”). Both of these operators
are causal, weakly Lipschitz and linearly bounded. Operators of the form K o N,
and Ny o H, where K € FRL,x, and H € FRL;;xm, are special instances of these
types of operators. O

Lur’e systems with nonlinear causal operators in the feedback loop

Throughout the paper, let (A, B, C) € R™" x R"*™ x RP*" and let G be the transfer
function of the linear system given by (A, B, C), that is, G(s) = C(s] — A)™'B
(a strictly proper real-rational matrix). Furthermore, let & : LIZOC(R+, RP) —
LZOC(R+, R™) be causal and weakly Lipschitz, (79, X9, v, u) € Ry x R" x

L=([0, t9], RP) x leoc([to, 00), R") and consider the following initial-value problem

x(t) = Ax(t) + B(CIJ([Cx]U))(t) +u(t), t>1, x( = %0, 2.3)
where the function [Cx], is defined as follows
[Cx]y(t) :=v(t)fort € [0, tp] and [Cx],(t) := Cx(t)fort > ty.

Note that the differential equation in (2.3) is a forced Lur’e system given by the linear
system (A, B, C), the nonlinearity ® and the forcing (or input) function u, see Fig. 1.
Considering (2.3) with ® = N, where ¢ € N (R xRP, R™), we obtain the standard
ODE initial-value problem

X(t) = Ax(t) + Bo(t, Cx(t)) +u(t), t>ty, x(to) = X0, 24

as a special case of (2.3). Obviously, as ¢ is memoryless, specification of the initial
segment v is redundant.

An absolutely continuous function x : [fg, T) — R”, where fy) < t < 00, is said to
be a solution of (2.3) on [fg, ) if x(f9) = x° and the differential equation in (2.3) is
satisfied for almost every ¢ € [f, 7).

By a suitable modification of the arguments used in [13] (where the uncontrolled
case u = 0 is treated), it can be shown that, for every (¢, X9 v, u) € Ry x R* x
L2([0, t0], R?) x L% ([to, 00), R™), there exists fyp < T < oo such that (2.3) has a

loc
solution on [#y, ) and that, for given 79 < T < 00, there exists at most one solution
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of (2.3) on the interval [fy, 7). Furthermore, if |®| < oo, then (2.3) has a unique
solution defined on [fy, 00).

Remark 2.6 The case wherein ty = 0 has a special feature which we wish to highlight.
In this case, the initial segment v is simply a point in R”. Assume that x is a solution
of (2.3) with #p = 0 and let 0 € R”, 0 # v. Then, the functions [Cx], and [Cx];
coincide on the open interval (0, 7), and so, they are equal almost everywhere in [0, 7).
Hence, ®([Cx],) and ®([Cx];) are also equal almost everywhere in [0, 7) and x
solves (2.3) with v replaced by v. Consequently, if 7o = 0, then the initial segment v
is irrelevant and, without loss of generality, we may assume that v = CxY, in which
case [Cx], = Cx. O

We say that (2.3) is globally asymptotically L*-stable ( L>-GAS), if, for every (1, x°,
v, u) € Ry x R* x L2([0, to], R?) x leoc([to, o0), R™), there exists a solution x =
x(-; 19, x9%, v, u) of (2.3) defined on [, 00) and the following two conditions are
satisfied:

(i) the origin is L? -stable in the large; that is, there exists k > 0 such that, for

all (19, x°, v, u) € Ry x R” x L2([0, 1p], R?) x L%([tg, 00), R™),

. 0 . 0
”X( 5 t()v X, 0, M)”Lz([o,t) + ”x(ts tOv X, 0, l/l)”

< k(IIX°0 + 10l 2009 + Nl z2¢9.0) V= to0:

(ii) the origin is globally L2-attractive, that is, x(¢; tg, x°, v, u) — 0 as t — oo for
all (19, x°, v, u) € Ry x R" x L3([0, 1p], R?) x L?([tg, 00), R™).

When the system (2.3) is considered without forcing (u = 0), then the origin is
said to be globally asymptotically stable (GAS) if there exists k > 0 such that, for
all (19, x°, v) € Ry x R x L([0, 1], RP),

(25 10, x°, v, O < ke (Ix°0 + 10l 120.00)) Y = 10,

and (ii) holds with u = 0. If property (ii) is satisfied with # = 0 and for some
(fixed) tp > 0, then the origin is said to be globally attractive at time ty.

Not surprisingly, if, in (2.3), ® € FrL,x p, then the above stability and attractivity
concepts are closely related to well-known frequency-domain properties.

Lemma 2.7 Let F € FRrLy;xp, withtransfer function denoted by ¥, and consider (2.3)
with ® = F.

(1) If the origin of (2.3) is globally attractive at time to for some ty > 0, then G¥
HOO

pxm*
(2) If (A, B, C) is stabilizable and detectable and G¥ € Hy%,,,, then (2.3) is L*-
GAS.

) If (A, B, C) is stabilizable and detectable and the origin of (2.3) is globally
attractive at time ty for some ty > 0, then (2.3) is L2-GAS.

We remark that if F is not stable, then statement (2) is in general not true.
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Proof of Lemma 2.7. Let (Ar, Br, Cr, D) be a minimal realization of F. We note
that A r is Hurwitz and

loc

t
(Fw)(1) =f CreFU="DBrw(0)dd + Drw(r) Vi >0, Vwe L2 (Ry, RP).
0

For arbitrary fo > 0, v € L2([0, to], R?), u € L?([ty, 00), R") and x* € R”, let x =
x(-; 1o, x9, v, u) be the solution of (2.3). Setting

t
2(t) := / AF=DBL[Cx],(0)d0 Vi >0, (2.5)
0

we have that, on [7y, 00), the function F([Cx],) can be written as
(FICx1y) (@) = Crz(t) + DrCx(r) Vi > 1.
We also note that there exists ¢ > 0 (not depending on fo, x9, vor u) such that
2G| < cllvll 2(0.0)- 2.6)
Consequently, on [#y, 00),
Xx=Ax+B(Crz+ DrCx)+u and 7= Arz+ BrCx.

Setting x,(t) = x(t + t9), z+(t) = z(t + tp) and u(¢) = u(t + to) for all t > 0, we
have that on [0, 00),

Xy = AXs + B(C]-'Z* + D]-'CX*) + s, x4(0) = xO’
Zw = Axze + BFCxy, z4(0) = z(to).

Using Laplace transformation, a routine calculation shows that

Cx4(s) = (I = GEF) ' [CT — AT a0 +u(9) + G CEGT — Ax) " 2(10)],
2.7

where x, and u, denote the Laplace transforms of x, and u,, respectively.
(1) Let v = 0 (and so, z(fp) = 0), u = 0 and let 7o > 0 be fixed, but arbitrary.
By (2.7)

Cx.(s) = (I — G(s)F(s)~'C(sT — A)~'x0. (2.8)
The components of Cx, are strictly proper rational functions, and so since Cx, () — 0
as t — oo (because, by hypothesis, x(r) — 0 as t — 00), we conclude that Cx,(t)
converges to 0 exponentially fast as ¢t — oo. This in turn implies via (2.8) that, for

every x° € R”, the function (I — G(s)F(s))~'C(sI — A)~'x" does not have any
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poles in Cy. Therefore, GF = (I — GF)~'G does not have any poles in C, showing
that G¥ € HSS

pxm:*
(2) Assume that (A, B, C) is stabilizable and detectable and GF € H ;ﬁm. Rear-
ranging (2.7) leads to

Cxi(s) = GF()Cr(sT — Ap) ™ 2(10) + (I — G(s)F(s)) ' C(sT — A) 7110 + ui(s)).
(2.9)

We proceed in two steps.

Step 1. Define a rational matrix H by H(s) := (I — G)F(s)~'C(s1 —A)~'. We
claim that H € H, N H?2_ . To this end, set T(s) := A + BF(s)C and note that

pxn pxn*

H(s) = C(sI — A)~' (I — BF(s)C(sI — A)—l)‘1
=C(sI —T(s))"! and GF¥(s) = C(sI —T(s)) 'B.

By stabilizability, there exists K € R™*" such that A+ BK is Hurwitz. Trivially, s/ —
T(s) — B(K —F(s)C =sI — A — BK and so,

(sI —T(s))(s] —A—BK)"' —B(K —F(s)C)(s] —A— BK) ' = 1.
Multiplying from the left by C(sI — T(s))~" gives
C(sI —A—BK)"'—GF(s)(K = F(s)C)(sI — A — BK) ' =C(sI = T(s)"!,

showing that C (s ] —T(s))~! = H(s) is stable, thatis, H € H;‘;n. AsH(s) = O(1/s)

as |s| — oo, itis clear that H is also in ng;r

Step 2. Using that G¥ is stable, the Hurwitz property of Az and Step 1, it follows
from (2.6) and (2.9) that there exists a constant » > 0 (not depending on #(, X, v Or u)
such that

ICxl 2 < b(1l + 191l 200, + N0sll2).
and thus
1Cx N 220,000 < DU + 101 £200,10) + 21l 22010,00)) -
By detectability, there exists H € R"*? such that A + HC is Hurwitz. As x satisfies
X)) =((A+HC)x()+ B(FICx],)(t) — HCx(t) +u(t) Yt>1o
and
IBFICx]y — HCx + ull 20 00y < a(Ix°1 + 101l 200,100 + 121 221,009
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for suitable a > 0 (not depending 7, xg, v or u), we conclude that (2.3) with ® = F
is L2-GAS.
(3) This is an immediate consequence of statements (1) and (2). O

3 Small gain conditions for L2-GAS and ISS

The first result in this section is a small-gain theorem for L>-GAS.

Theorem 3.1 Consider (2.3) and assume that (A, B, C) is stabilizable and detectable.

Let ® : L120C (R4, RP) — leoc (R4, R™) be causal and weakly Lipschitz, and let IC €
FrLy, % p have transfer function K. If GKkeH pxm and
[P w) — Kwl|;2 1
1o — K|l = L = =rc(GX), @31
weL?, w0 lwllz2 IG* | oo

then (2.3) is L>-GAS.

We note that (3.1) is equivalent to the small-gain condition IGK || g=|® — K| < 1,
where we adopt the common engineering jargon wherein the norms of operators or
transfer functions are referred to as gains of the corresponding systems.

Proof of Theorem 3.1 Let @ satisfy (3.1). We proceed in two steps.

Step 1. Assume that G € H5,, and K = 0. Note that, by stabilizability and
detectability, the matrix A is Hurwitz. Let (r9, x°, v, u) € Ry xR" x L2([0, to], R?) x
L2([to, 00), R™). As in [13, proof of Theorem 3.12], it can be shown that there exists

a constant ¢ > 0 (not depending on (%, X9, v, u)) such that
. 0 0
ICx (-5 t0, X7, v, )l p21,0) < c(Ix"1 + vl z2(0,6) + ||M||L2(to,[)) Vi =1,

and routine arguments using the variation-of-parameters formula, the Hurwitz property
of A and the linear boundedness of ® show that (2.3) is L2-GAS. We remark that [13,
Theorem 3.12] is about GAS in the uncontrolled case # = 0 and not about L2-GAS,
but an inspection of the proof shows that obvious modifications of the arguments in
[13] establishes L2-GAS.

Step 2. Let (Ax, B, Cxc, Dic) be a minimal realization of K (with state dimen-
sion ny) and set

A= <A + BDxC BC;C>
o BicC A )

Furthermore, define B = col (B, 0) and C = (C,0) and note that the trans-
fer function of (A, é é’) is GK. As GK and K are stable, it follows that I —
KG)™', K(I — GK)~! and (/ — GK)~! are also stable. Combining this with the
stabilizability and detectability of (A, B, C) and (Ax, Bxc, Cxc, Dxc) shows that Ais
Hurwitz [27, Lemma 17, Sect. 5.1]. Setting 7 := n + nyx and letting (19, ¢°, 0, 1) €
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Ry x R x L2([O, o], RP) x L? ([t9, 00), Rﬁ), it now follows from Step 1 that

loc

L) = A1)+ B((@UICE1) (1) — (KICE1) () + (D), 1> 1o, ¢(to) = ¢°

(3.2)
is L2-GAS.
Let x be the solution of (2.3). Obviously,
X(1) = Ax(1) + BIK[Cx],) (1) + B((@([Cx]y)) (1)
—(KICx1,)(1)) + u(t) ¥t > 10. (3-3)
Defining z as in (2.5) (with F replaced by K), we have that
z2(t) = Axz(t) + B Cx(t) Yt > 1, (3.4)
and there exists ¢ > 0 (not depending on (fg, x°, v, u)) such that
Izl < cllvllz2(0,4)- (3.5)

Moreover, Cxz(t)+DicCx(t) = (K[Cx]y)(t) forallt > ty. Combining this with (3.3)
shows

X(1) = (A+ BDxO)x(t) + BCxz(t) + B((®([Cx],)) (1)
—(K[Cx1)(0) +u(t) Vi = 1. (3.6)

With ¢ := col(x, z), we have that [é{]v = [Cx]y, and we conclude from (3.4)
and (3.6) that ¢ satisfies (3.2) with % = col(x?, z(f9)), 9 = vand & = col (u, 0). The
claim now follows from (3.5) and the L2-GAS property of (3.2). O

Corollary 3.2 Let KK € FrLxp with transfer function K, let p > 0 and assume

that (A, B, C) is stabilizable and detectable. If G¥ ¢ H]?‘;m for all F € RRH,Z"XP

such that |F — K| g < p, then (2.3) is L?>-GAS for all causal and weakly Lipschitz

nonlinearities ® : LIQOC(R+, RP) — leoc(R-ﬁ-’ R™) satisfying |® — K| < p.

Proof By Proposition2.1, p < r¢ (GK), and thus, the claim follows from Theorem 3.1.
O

Roughly speaking, the above corollary says that if we consider all real feedback
operators in the ball of radius p centred at /C, then stability for all real linear com-
pensators implies stability for all real nonlinear operators. As such, the corollary is
reminiscent of the Aizerman conjecture.

The next result is a straightforward consequence of Proposition 2.1, Lemma 2.7
and Theorem 3.1.
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Corollary 3.3 Let K € FrL,uxp with transfer function K, let p > 0, and assume
that (A, B, C) is stabilizable and detectable. System (2.3) is LZ—GASfor all causal
and weakly Lipschitz nonlinearities @ : LIZOC(}RJF, R?) — L%OC(RJF, R™) satisfying
I® — KIl < p if, and only if, p < rc(G¥).

Let®: L2 (Ry,R?) — L2 (R, R™)becausal and weakly Lipschitz, andlet v > 0.

Itisa roug)rcle exercise to sh(l)%f/ that the operator ®” : L} (R, ,R”) — L (Ry,R™)
defined by ®"(w) := e”" ®(e™" w) is also causal and weakly Lipschitz. The oper-
ator ®V is called the v-exponential weighting of ® and will play a key role in the
context of exponential input-to-state stability (ISS), a concept which we will now
define. We say that (2.3) is exponentially ISS if there exist positive constants I" and y
such that, for all (fo, x°, v, u) € R x R" x L2([0, fo], R?) x L ([t9, o0), R"), the

loc
solution x = x(-; 19, x°, v, u) of (2.3) satisfies
@) < TLe™ O (1O + [vll 120.00)) + Ntllzoooy] V=10 (3.7)

A sufficient condition for exponential ISS of (2.3) is provided by the next result.

Corollary 3.4 Let @ : L%OC(RJF, R?) — L2 (R4, R™) be causal and weakly Lips-

loc

chitz and K € FrLyxp with transfer function K. If (A, B, C) is stabilizable and
detectable, GK € H® and there exists > 0 such that

pxXm
sup ||d” — K| < b re(GX) (3.8)
0<v<p ||GK||H°° '

then (2.3) is exponentially ISS.

We identify a number of scenarios for which (3.8) is satisfied for sufficiently small
u > 0.

Example 3.5 (a) Let ¢ € N(Ry x RP,R™), K € R™*? and v > 0. Define ¢ €
N@R, x R?, R™) by ¢"(t, z) := e"'¢(t, e~"'z) and note that Ny = Ngv. As

lo”(t,2) — Kzl . o, z) — Kz
>0, 70 Izl t>0, 70 Izl ’
we conclude that if
t,z) — Kz
e, 2) Il e (GK),

120, 20 Izl

then
le"(t,2) — Kzl
INy = Nl = [Ng» = Nkl < sup —————— < rc(G"),
120, 20 llzIl

and so (3.8) is satisfied for & = Ny, K = Ng and all u > 0.
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Finally, we remark that whilst ||N(‘,j(w) — Ny(w)|| = |[Ny»(w) — Ny(w)|| — 0
as v — 0 for every w € L2(R+, R?), in general, ||N;j — Nyl does not converge to 0
as v — 0. In fact convergence in this sense is very rare: for time-independent ¢, it can
be shown that || N}; — Nyl — 0asv — 0if, and only if, ¢ is positively homogeneous
of degree 1.

(b) Let £ be a shift-invariant bounded linear operator from L2(R+, RP) into
itself such that the transfer function L of £ is bounded and holomorphic on C_,
for some ¢ > 0. Then, for every v € (0, ¢), L is a shift-invariant bounded linear
operator from L?*(R., RP) into itself with transfer function L(s) = L(s — v) and
thus || £ || = supre =, [IL(s)]. Itfollows from [3, Theorem 3.7] that [|[L” —L|| oo —
Oasv — 0,andso, |[£Y— L] — Oasv — 0.Letgp € N (Ry xR”, R™) and consider
the operator & := N, o L. Itis clear that ®” = Nyv o £ and thus

"1 = [(Ng 0 £)"II < llllIL"[I. (3.9

Consequently, assuming that G € H ;‘;m, the condition ||¢||[|£]| < rc(G) is sufficient
for (3.8) to hold with K = 0 and for sufficiently small & > 0.

(¢) In most instances, the inequality in (3.9) will of course be strict. Here, we
consider a special case of part (b) for which equality holds. Let ¢ be time-independent
and £ = S;, where 7 > 0 and S; is the delay (or shift) operator defined in (2.2). It is
clear that ||SY|| = e®" for all v > 0, and it can be proved that

[(Ng o Sl = llellIS 1| = e llgll.
Hence, assuming that G € HJ3,,, the condition ||¢|| < rc(G) is necessary and
sufficient for (3.8) to hold with ® = N, 0 S; and K =0 and for sufficiently small 1 > 0.

O

Proof of Corollary 3.4. Letv > 0and, for (19, ¢°, 0, 1) € Ry xR" x L2([0, 19], R?) x
leOC (R4, R™), consider the initial-value problem

L) = (A+vDi(t) + B(@"([CL1p)) (1) + (1), 1 = 10, ¢(ig) = ¢ . (3.10)

The transfer function GV of the linear system (A + vI, B, C) is given by G"(s) =
G(s — v). For sufficiently small v > 0, the linear system (A + vI, B,C) is
stabilizable and detectable, G¥(I — KG")~! is stable, and as v — 0, we have
that [|G” (1 — KG") 7! g= — ||GK| go. It follows from (3.8) and Theorem 3.1 that
system (3.10) is L?-GAS for all sufficiently small v > 0. Let x = x(-; o, x%, v, u)
be the solution of (2.3) and note that ¢ given by ¢(7) := e"'x(¢) satisfies (3.10)
with 0 = ¢"0x0 0(r) = e" () and 4(r) = e"'u(r). Consequently, choos-
ing v > 0 sufficiently small, there exists k > 0 such that, for all (¢, X9, v, u) €
Ry x R" x L2([0, o], R?) x L (R4, R"),

0 . .
e x @1 < (e x I + lle” vl 2010 + e ull 2p)) V1 = 0.
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NOW, ||€V'U||L2(O’[O) < evl() ”v”Lz(O,to) and

vt

lle” Vu”Lz(tO’t) < E

lull Lo ty,y Y = 1o,

and thus
Ix@1 < x[e O (Ix0 + 1l 20.09)) + @) ull o] Y1 = to.

Hence, (3.7) holds with I' = x max(1, (2v)~'/?) and y = v, showing that (2.3) is
exponentially ISS. O

The following result is an immediate consequence of Corollary 3.4 and part (a) of
Example 3.5.

Corollary 3.6 Let ¢ € C(Ry x RP,R™) and K € R™"*P_[f (A, B, C) is stabilizable
and detectable, GK € H® and

pxm

le(t.z) — Kzl 1
120, 70 [zl IGK || g

=rc(G"),

then (2.4) is exponentially ISS; that is, there exist positive constants I" and y such that,
for all (tg, x°, u) € Ry x R* x Ly ([to, 00), R™), the solution x = x(-3 10, x9, 1)
of (2.4) satisfies

lx@ll < T(e OO + llullzoowy.n) Yt = to.

4 The circle criterion

In this section, we formulate a number of circle criteria for Lur’e systems of the form
(2.3), including an ISS version. The textbook form of the circle criterion is contained
in our considerations as a special case.

Throughout, let Xy, K2 € FrLuxp be given and let & : leoc R4, R?) —
L} (Ry, R™) be causal and weakly Lipschitz. If

(i (P (w) — Krw), P(w) — Kow);2 <0 Yw e LZ(R+,R1’) V>0, 4.1)

then @ is said to satisfy a sector condition (determined by the sector data KC; and /7).
Similarly, we say that @ satisfies a strict sector condition if

(7 (P(w) — Kjw), P(w) — Kow),»
sup

3 < 0. “4.2)
wel?, m;w#0, t>0 ||7Ttw||L2

The next lemma relates the above sector conditions to L2 norm conditions and facili-
tates the proofs of the main results of this section
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Lemma4.1 Let Ky, Ky € FRLyxp and set
1 1
L= E(]CZ — K1) and M = E(ICI + k). “4.3)

(1) Assume that ker L = {0}. The operator ® satisfies (4.1) if, and only if,

19 w) = Mwl _

wel?, w#0 1wl

In particular, if (4.1) holds, then ® is linearly bounded.
(2) Assume that ker £ = {0}. If

(m (P(w) — Kyw), (w) — Kow),2 -

sup 5 < —¢ “4.4)
weL?, m;w#0, t>0 ||7Ttw||L2
for some ¢ > 0, then
10 = Mulyz _y__e @)
weL?, w0 ILwll;2 1Ll
(3) Assume that c == inf ||[Lw| ;2 > 0. If
lwll;2=1
d - M
[P (w) w2 <0 4.6)
weL?, w#0 ILwl L2
for some 6 € (0, 1), then
d - Kiw, ® -K
sup (D) Raw, ®w) —Rawhiz 2y g @7

2
wel?, w#0 ”w”Lz

Proof Noting that K1 = M — £ and Ky = M + L, a straightforward calculation
shows that

(CD(U)) — ]Clw, CD(U)) — ICQU))LZ(OJ)
= [®w) — Mwllf> ) — ILwlzg, Yw e L2Ry,RP), Vi =0.
(4.8)

©.0)

Statement (1) is an immediate consequence of this identity. Furthermore, if (4.1) holds,
then [|[®(w)| ;2 < (IM] + L) [wl| 2 forall w € L2(Ry, RP).
To prove statement (2), assume that (4.4) is satisfied. It then follows from (4.8) that

1@ w) — Mwl7, — |Lwll7, < —¢elwl;, Yw e L2 Ry, RP),
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implying that

|P@w) - Mwlg, e
Icwlz, — ~  ILI?

establishing (4.5).

Vw e LRy, RP), w #0,

We proceed to prove statement (3). Assuming that (4.6) is satisfied, (4.8) yields

(@(w) — Kjw), P(w) — Kaw) 2

lwll?,
I Lw|?
s—ﬂ—érmmfzi—ﬁﬂ—e)VweL%R%Rﬁ,w#Q
L2
showing that (4.7) holds. m]

It is convenient to define the following sets of sector-bounded operators:

S[KC1, K2] = set of all causal weakly Lipschitz operators L%OC(RJF,RI’) —

L2

loc

(R4, R™) satisfying the sector condition (4.1),

S(K1, K2) = set of all causal weakly Lipschitz operators LIZOC(R+,RP) —

leoc (R4, R™) satisfying the strict sector condition (4.2).
Obviously, S(K1, K»2) C S[Ky, Ka].

The following corollary is a straightforward consequence of Lemma 4.1.

Corollary 4.2 The following statements hold.

1) Ifker(fCp — K1) = {0}, then ® € S[Ky, K] if, and only if, <I>(L2(R+, RP)) C
L*(Ry, R™) and (d(w) — Kjw, ®(w) — KCow) ;2 < 0 forall w € L>(Ry, RP).
2) Ifinf”w”Lzzl Iy — KDwll2 > 0, then ® e S(K1, Ky) if, and only

if. ®(L*(Ry,RP)) € L>(Ry, R™) and

(P (w) — Kiw, P(w) — Kaw) 2 <0

sup 5
wel?, w#0 ”w”Lz

Letp € C(Ry x R”,R™) and K, K € R™*P and note that
o if
(p(t,z) — K1z, 9(t,2) — K2z) <0 YVt >0, Yz € R?,

then N, € S[Nk,, Nk, 1;
o if ¢ satisfies

sup <0,

120, 20 lIzII?

then N(p [S S(NK] s NKZ)'

(4.9)

(4.10)
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Throughout the rest of the section, let K; and K, be the transfer functions of the
operators Ky € FRL,,xp and Ko € FrL,xp, respectively.
To formulate the main result of this section, we introduce the following assumption.
(A) There exists an operator Kt e FrL pxm such that KKy — K1) =1 and || (K —
KoK*| < 1.

Assumption (A) is equivalent to the existence of a rational matrix K* € Rg H pxm Such
that K* (K, —K;) = I and || (K, —K{)K#|| g < 1.If assumption (A) holds, then, for
ally € im (;—K1), we have that (ICZ—ICl)IC#y =y, showing that || (Ko=) K I =
1, and consequently, ||(K; — K))K¥*| g~ = 1.

Below we describe some situations in which assumption (A) is satisfied.

Example 4.3 (a) Assume that the sector data Ky and K, are static, that is, 1 =
Nk, and Ky = Nk, for some K1, K, € R"*P_If ker(K> — K1) = {0}, then,
setting K := K, — K, the matrix KT K is invertible and K* := (KTK)"'KT is
a left-inverse of K. Moreover, K K* is the orthogonal projection onto im K along
ker K* = ker KT = (im K)*, and thus, || K K*|| = 1. It follows that assumption (A)
holds for N, and N,, provided that ker(K, — K1) = {0}.

(b) Assume that m = p. Invertibility of K, — K; in Rr HS,,, is equivalent to

mxm

inf | det(Ka(s) — K (s))| > 0. @.11)
seCo

Consequently, assumption (A) is satisfied if, and only if, (4.11) holds. In other words,
assumption (A) is equivalent to det(K; — K) being a unit in the ring Rr H*°.

(c) Assume that there exist K1, Ko € R™*? and I € FrLx, such that K; =
Nk, o K and Ky = Nk, o K. Assumption (A) holds if ker(K, — K1) = {0}
and infycc, | det K(s)| > 0, where K is the transfer function of K.

(d) Assume that there exist K € R™*Pand L1, £ € FRL ,xp suchthat C; = Ngo
Lyand Ky = Nk oL,. Assumption (A) holds if ker K = {0} and inf ¢, | det(La(s)—
Li(s))| > 0, where L; and L are the transfer functions of £ and £,, respectively. ¢

We are now in the position to state and prove the following circle criterion for Lur’e
systems of the form (2.3).

Theorem 4.4 (CIRCLE CRITERION: L2- GAS VERSION) Assume that (A, B, C) is sta-
bilizable and detectable and that assumption (A) holds. The following statements
hold.

M) If (I — Ki1G)(I — K2G) ™! is positive real, then (2.3) is L*>-GAS for all ® €
S(Kq, Ky).

QIrad-xG)JI - K,G) !is strictly positive real, then (2.3) is LZ—GASfor
all ® € S[Ky, K3].

Proof Let £ and M be as in (4.3). By assumption (A), the operator £* := 2K* ¢
FRL ,xm is aleft-inverse of £ and such that 1£L*| < 1.SettingH := (I —K;G)(I —
KQG)_I, then by positive realness of H, the rational matrix H + 7 is invertible (see
statement (1) of Lemma 2.2), and a routine calculation shows that

H-DMH+D"'"=LGUI -—MG)~' =LGM, (4.12)

where L and M are the transfer functions of £ and M, respectively.
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(1) Let ® € S(K1, K2). An application of statement (2) of Lemma 4.1 shows that
there exists 6 € (0, 1) such that

1®(y) = Myll2 <0ILyl2 Yy e L2Ry,RP).
Defining a causal weakly Lipschitz operator W : L>(R,, R™) — L*(R,, R™) by
U(w) = &(Lfw) — MLYw Yw e L2(R4, R™), (4.13)
we obtain that
W)z <O1LL w2 < Ollwll2 Yw e L2Ry, R™),
where we have used that ||[££*|| < 1. By hypothesis, H is positive real and thus it

follows from (4.12) that ||LGM lge <1 (see statement (1) of Lemma 2.2). We may
now conclude that

1
v < <
ILGM|l g~ ILGM| g

I = rc(LGM). (4.14)

Let (Ag, B, Cpr, D) and (Aaq, Bat, Caq, DAg) be minimal realizations of L
and M, respectively, with state dimensions denoted by n, and npq. Set n :=
n+ng + npq and define A € R™", B € R and C € RP*" by

B A+ BDpyC BCpq O B B _
A= BmC Ap 0, B:=|0), C:=(DgC,0,Cp).
BrC 0 Ap 0
(4.15)

For (19, ¢°, 7, 1) € Ry x R x L2([0, ], R?) x L?([19, 00), R™), consider the initial-
value problem

£(t) = AL(t) + B ([Clp) (1) + i), t > 1y, ¢(to) =0 (4.16)

We now proceed in two steps.

Step 1: (4.16) is L2-GAS. As LGM is the transfer function of (A, B, 0), it follows
from (4.14) and Theorem 3.1 that (4.16) is L2-GAS (where the roles of G and K
in Theorem 3.1 are played by LGM and 0, respectively), provided that (A, B,C) is
stabilizable and detectable. We will show that A is Hurwitz, which trivially implies
stabilizability and detectability of (A, B, C). To this end, define

»_ (A+BDxyC BCp ~ (B AL
i () 5 (%) ¢
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and note that GM is the transfer function of (A, é, C ). Now, LGM is stable and so GM
is stable because the transfer function of £* is a stable left-inverse of L. It now follows
as in Step 2 of the proof of Theorem 3.1 that A is Hurwitz which in turn implies that A
is also Hurwitz.

Step 2: (2.3) is L>-GAS. For (x°, v, u) € R" x L2([0, to], R?) x L ([t9, 00), R"),
letx = x(-; X9, v, u) be the solution of (2.3). Defining

t
m (1) :=/ eAMU=9 B [Cx),(0)d6 and
0
t
2 (1) :=/ A= B [Cx],(0)d0; Vi >0,
0

we have that

M) = Apmazm () + BpCx(t) and zp(f) = Apze(t) + BeCx(t); Vi > 1.

4.17)
Setting ¢ := col(x, zaq, 2r), we conclude that
MICx]) (1) = Cpzm (1) + DmCx(@). (LICx1w) (@)
=Crzo(t)+ DpCx(t) =Cs(t); Vit =>t. (4.18)
Furthermore, there exists ¢ > 0 (not depending on (%, X9 v, 1)) such that
lzam )l + Nz (o)l < cllvilz2(0,1)- (4.19)

It follows from (4.18) that [C‘;]Ev = L[Cx]y,. Consequently,

W([C¢ley) = PLACL2y) = MLHCL]L, = @(ICx]y) — MICx],,
implying that

(W(ICL1e)) (@) = (P(CxT))(@) — Cagzm () — DpCx(1), Vi = 1.
Therefore, on [fy, 00),

% = Ax + B®[Cx]y +u = Ax + BDpCx + BCprpzpm + BY[CC oy + 1,
and combining this with (4.17) shows that ¢ satisfies (4.16) with ¢* = col (x°, z\((19),
27(10)), 0 = Lv and it = col (u, 0, 0). Using (4.19) and the fact that (4.16) is L>-GAS
shows that (2.3) is L2-GAS.

(2) Set

K:=2L=Ky - K4, (4.20)
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denote the transfer function of K by K and, for p > 0, define
H, = (I — (K; — pK)G)(I — (K2 + pK)G) !,

The idea is to prove that, for sufficiently small p > 0, the conditions of statement
(1) hold with &y and /C; replaced by Ky — pK and K3 4 p/C, respectively. A routine
calculation shows that

H, — HH, + ) '=K, — K; +20K)GQ2I — (K +K2)G) ' =(1 +2p)LGM.

By hypothesis, Hy = H is strictly positive real and hence does not have any poles
in @0. As Hp(oco) = I, Hy is also holomorphic at co and we conclude that Hy is stable.
It follows from [9, Corollary 4.5] that Hy is strongly positive real, and an application
of statement (2) of Lemma 2.2 shows that

I(Ho — D)(Ho + D7 iy = ILGM | = < 1.

Consequently,
_ 1 _
IHy, — DM, + D)~ Yge <1 Vpel0,p*], where p* := 5(||LGM||HLQ —1),

and thus, H, is positive real for every p € [0, p*] by statement (1) of Lemma 2.2.
Furthermore, a straightforward calculation shows that, for arbitrary p > 0 and for
allw € L2(Ry, RP),

(@ (w) — (K1 — plOw, ®(w) — (K + pK)w)2
= (@w) — Kiw, ®(w) — Kaw) 2 — p(1 + p)[Kwl[3.

By assumption (A), there exists ¢ > 0 such that |[Cw|;2 > c|lw|;2 for all w €
L>(R,, RP), and thus,

(@w) — (K1 = plyw, D(w) — (Ka + pK)w) 2 < —p(l + p) w7,
Vw e L*(Ry, RP),

showing that ® € S(K; — pK, K2+ pK) forevery p > 0. An application of statement
(1) (with Ky and K replaced by K1 — pK and K, + pK, respectively, 0 < p < p*)
shows that (2.3) is L2-GAS. o

Let S°[K1, 2] be the subset of all operators ® in S[Kj, K] for which there
exists 4 = wu(®) > 0 such that ¥ € S[K,K,] for all v € [0, u]. Fur-
thermore, S¢(KCq, Kp) is the set of all operators ® € S(Ky, Ky) for which there
exists u = w(P) > 0 such that ®¥ € S(Ky, Ky) for all v € [0, u] and

(Y (w) — Krw, ¢¥(w) — Kaw) 2
sup < 0.

2
weL?, w0, ve[0, 1] lwll;,
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We now turn our attention to exponential ISS. Recall that (2.3) is said to be expo-
nentially ISS if there exist positive constants I' and y such that (3.7) holds for
all (19, x°, v, u) € Ry x R x L2([0, to], R?) x L. ([to, 00), R™).

loc

Corollary 4.5 (CIRCLE CRITERION: ISS VERSION) Assume that (A, B, C) is stabiliz-
able and detectable and that assumption (A) holds. The following statements hold.
M) If (I — K G)(I — KoG)~ ! is positive real, then (2.3) is exponentially ISS for
all ® € S¢(KCy, Ky).
Q) If (I — K1G)(I — K»G)~ ! is strictly positive real, then (2.3) is exponentially
1SS for all ® € S°[Ky, K»].

Proof (1) Let ® € S¢(Ky, K3). Then, there exist 4 > 0 and & > 0 such that ®" €
S(Ky, Kp) for all v € [0, u] and

(®V(w) — Kiw, OV (w) — Kow) 2 -

sup 5
wel?, w#0, vel0,u] ”w”Lz

Defining £ and M as in (4.3), an application of statement (2) of Lemma 4.1 shows
that there exists 8 € (0, 1) such that

19" (y) = Myll2 < 0Lyl2 Yy € PR, RP), Vv e [0, ul.
By assumption (A), there exists £* € FRL pxm such that LPL =1Tand |LLF|| < 1.

Defining ¥ as in (4.13), it is clear that W’ (w) = &' ((L*)"w) — M(L*) w for
allw € L?>(Ry, R™) and v € [0, u], and, furthermore,

W)l < OILELH w] + IMY = MIIELH [[w]]
Ywe L2(R4, R™), Vv e 0, ul.

Since 8 € (0, 1), [[LL¥*|| < 1and [MY — M| + [[(L*)” — L¥|| — 0asv — 0, we
conclude that there exist v© € (0, u] and 67 € (0, 1) such that

)| < 07wl Ywe L* Ry, R™), Yve[0,v].

As in the proof of statement (1) of Theorem 4.4, we have that || LGM| y~ < 1 (where L
and M are the transfer functions of £ and M, respectively) and thus

of 1
sup

W < < = rc(LGM).
0<pt ILGM g~ [LGM| g

An application of Corollary 3.4 to the system (4.16) (where the roles of ®, G and K
in Corollary 3.4 are played by W, LGM and 0, respectively) yields that (4.16) is
exponentially ISS. The exponential ISS property of (2.3) follows in the same way
as L2-GAS of (2.3) was derived in the proof of statement (1) of Theorem 4.4.

(2) Defining KC as in (4.20), denoting the transfer function of I by K and using the
arguments from the proof of statement (2) of Theorem 4.4, it can be shown that, for
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sufficiently small p > 0, the rational matrix (I — (K| — pK)G)(I — (K7 + pK)G)™!
is positive real and ® € S¢(IC; — p/C, K2 4+ pK). It now follows from statement (1)
that (2.3) is exponentially ISS. O

We note that if ¢ € C(Ry x RP,R™) and v > 0, then ¢" defined by ¢"(z, z) :=
e’o(t, e Vz)isin C(Ry x RP, R™). If ¢ satisfies (4.9), then, trivially, for all v > 0,

("(t,2) — K12, 9"(t,2) — K2z) <0 Vt >0, Vz € RP.
Similarly, if (4.10) holds, then, for all v > 0,

<(pv(tv Z) - KlZs (pv(t’ Z) - K2Z>

sup
>0, z#0 ||Z||2
(p(t,z) — K1z, (1, 2) — K22)
= sup 3 < 0.
1>0, 0 llzll

As N(‘; = Nyv,itfollowsthat N, € S°[Nk,, Ng,lor N, € S°(Ng,, Nk,), whenever ¢
satisfies (4.9) or (4.10), respectively. Combining this with Corollary 4.5 leads to the
following result.

Corollary 4.6 (CIRCLE CRITERION: ISS VERSION FOR STATIC NONLINEARITIES)
Let K1, K>, € R"™*P, Assume that (A, B, C) is stabilizable and detectable and
that ker (K, — K1) = {0}. The following statements hold.

() If (I — K1\G)(I — K»2G)~ ! is positive real, then (2.4) is exponentially ISS for
every ¢ € C(Ry x R?, R™) satisfying (4.10).

Q) If (I — K1G)(I — K2G)~ ! is strictly positive real, then (2.4) is exponentially
ISS for every ¢ € C(Ry x RP, R™) satisfying (4.9).

The textbook version of the circle criterion given in [2, 11, 17, 28] is essentially
statement (2) of Corollary 4.6 in the absence of forcing (1 = 0); that is, the stability
conclusion in the textbook version is global exponential stability for the unforced
version of (2.4). The proofs in [2, 11, 17, 28] are based on the positive-real lemma and
Lyapunov theory, whilst Corollaries 4.5 and 4.6 have been derived by a small-gain
argument.

If, in statement (1), the sector condition (4.10) is replaced by the weaker sector
condition

sup(p(t,2) — K1z, ¢(t,2) — Kpz) < —a(llzIDlzl Yz € RP, 4.21)
>0

where @ : Ry — Ry is an arbitrary K, function (that is, ¢ is continuous, strictly
increasing and surjective), then, in general, system (2.4) is not exponentially ISS,
but it is still ISS in the usual sense (see, for example, [4, 25, 26]) for all ¢ satisfy-
ing (4.21) [22, Corollary 3.10]. Furthermore, if in statement (1) of Corollary 4.5 the
sector condition (4.10) is further weakened to

sup(p(t, z) — K1z, 9(t,2) — K2z) <0 Yz e RP, 2 #0, (4.22)

t>0
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then it can be shown (by using Lyapunov methods) that (2.4) with # = 0 is GAS for
all ¢ satistying (4.22) [23, Corollary 11]. (We remark that [23] considers discrete-time
systems, but it is easy to see that the results carry over to the continuous-time case.)

5 Necessity of the circle criterion

Here, we will investigate scenarios in which the (strict) positive realness of (I —
KiG)( — K;G)lis necessary for absolute stability. In particular, we will show
that the positive real conditions in Theorem 4.4 are necessary for absolute stability
with respect to all real nonlinear causal operators satisfying the relevant L>-sector
condition. Throughout this section, let K1, K> € FrL,,x, and let K| and K; denote
the transfer functions of /C; and /C;, respectively

Proposition 5.1 Let (A, B, C) be stabilizable and detectable.

(1) Assume that inf||w||L2:1 (2 — Kn)wll 2 > 0. If the origin of (2.3) is globally
attractive at time 0 for all ® € FrLyxp, N S(K1, K2), then (I — K1G)(I — K,G)™ !
is positive real.

(2) Assume that ker(KCy — KC1) = {0}. If the origin of (2.3) is globally attractive at
time 0 for all ® € FrLyxp NSIKy, K2], then (I —K1G)({ — K>G)~ ! is strictly and
strongly positive real.

Proof Define the linear operators £ and M as in (4.3) with corresponding minimal
state-space realizations (Ag, Bz, Cr, Dr) and (Anq, Bat, Caq, DAg) and transfer
functions L and M, respectively. Let A, B and C be defined as in (4.15) and consider
the initial-value problem

¢ =AL() +BW(ECH)(®), t=0, ¢(0)=¢° (5.1
with W € FrLy, xm. Denoting the transfer function of (A, B,C ) by G, we have
that G = LGM. Setting H := (/ — K|G)(I — K»G)~!, (4.12) shows that (H —
DM+ I)~' = LGM = G. Define ® € FrLyx, by ®(w) := W (Lw) + Muw.

Let ¢ be the solution of (5.1). Partitioning ¢ = col (x, zpq, z2) and 0 =
col (xo, Z(/)\/l’ z%), we have
C¢=Crzp+DpCx = LCx +yp, where yo(r) i= Cre®c'z0 Vi >0,

Camzm + DpqCx = MCx + ypq, where yaq(1) i= Cpage M2, Vi >0,
and thus,

X = Ax + B(W(L(Cx) + yr) + M(Cx) + yum)
= Ax + B(®(Cx) + V(yz) + yMm)-

Setting f := B(W(yz) + yaq), we arrive at
X() = Ax(t) + B(®(Cx) () + f(1), >0, x(0)=x", (5.2)

which is (2.3) withfo = O and u = f € L2(R,, R").
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(1) Assume that ||| < 1. Then,

[P (w) — Muwl|2

wel?, w#0 ILwll L2

<1,

and statement (3) of Lemma 4.1 yields that ® € S(Ky, K3), whence ® € FrL,,xp N
S(K1, 7). By hypothesis, the origin of (2.3) is globally attractive at time 0, and
hence, (2.3) is also L2-GAS by Lemma 2.7. Since x satisfies (5.2), we conclude
that x(#) — 0 as ¢t — oo, which in turn implies that £ () — 0 as t — oo. This shows
that the origin of (5.1) is globally attractive at time O for every W e FrL;xm such
that ||| < 1, and so, in particular, A is Hurwitz and G € H o m- An application of

statement (1) of Lemma 2.7 to (5.1) shows that GF € H® for all F € Rg H>®

mxm mxXm
with |F||g~ < 1. Appealing to Proposition 2.1, we arrive at 1 < rc(G) = 1/||G||Hoo.
Therefore, ||(H — I(H + )7 !px = ||G||H°° < 1 which in conjunction with
statement (1) of Lemma 2.2 establishes that H is positive real.

(2) Assume that ||| < 1. Proceeding as in the proof of statement (1), with
statement (3) of Lemma 4.1 replaced by statement (1) of Lemma 4.1, shows that
GF € HY,,, forall F € RgH, mxm with [|[F||g~ < 1. Another application of Propo-
sition 2.1 yields that 1 < re(G) = 1/||G||Hw, whence [|[(H—DH+ 1) g~ =
|G|l g < 1.1t follows from statement (2) of Lemma 2.2 that H is strongly positive

real and H € H3, and therefore H is also strictly positive real. O

The following corollary shows that stability for all (real) nonlinear causal operators
in a sector and the corresponding positive realness property are equivalent.

Corollary 5.2 Assume that (A, B, C) is stabilizable and detectable and assumption
(A) holds. Set H := (I — K1G)(I — Ky2G) ™. The following statements hold.

(1) System (2.3) is L>-GAS for all ® € S(K1, K»2) if, and only if, H is positive real.

(2) System (2.3) is L>-GAS for all ® € S[K1, k2] if, and only if. H is strictly
positive real.

3) System (2.3) is GAS for all ® € S(K1, K2) if, and only if, H is positive real.

(4) System (2.3) is GAS for all ® € S[K1, K3] if, and only if, H is strictly positive
real.

(5) System (2.3) is exponentially ISS for all ® € S°(Ky, Ky) if, and only if, H is
positive real.

Proof Statements (1)—(4) are immediate consequences of Theorem 4.4 and Propo-
sition 5.1, and the sufficiency part of statement (5) follows from Corollary 4.5. To
prove the necessity part of statement (5), assume that (2.3) is exponentially ISS for
all ® € S°(Ky, K2). Then, trivially, the origin of (2.3) is globally attractive for all
® € FRLuxpNSS (K1, Ky). Since || F* —F|| — Oasv — Oforevery F € FRLyxp,
it follows from Lemma 4.1 that FRL,xp N S(K1, K2) = FrLpxp N S(K1, K2).
Invoking Proposition 5.1 shows that H is positive real. O

We remark that statement (1) of Corollary 5.2 has some overlap with [28, Theorem
126, Sect. 6.6] where, in a single-input single-output context, it is shown that stability
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(in the sense of L2-input—output theory) for all causal nonlinearities in a L>-sector
(defined by static sector data) implies the positive-real condition of the circle criterion.
The proof given in [28] relies on a result on minimal norm destabilization by linear
delayed feedback of the form pS;, where p € R (see [28, Lemma 112, Sect. 6.6])
and does not generalize to the general multivariable set-up considered in this paper.

Finally, we look at a scenario wherein, in the context of (real) static nonlinearities,
positive realness is necessary for absolute stability.

Proposition 5.3 Consider (2.4) and assume that (A, B, C) is stabilizable and
detectable. Let K1, K, € R™*P, define

1 1
L = E(Kz —Ky) and M = E(Kl + K»),

and assume that ker L = ker(K, — K1) = {0}.
(1) If the origin of (2.4) is globally attractive for all ¢ given by ¢(t,z7) = Kz
with K € R™*P satisfying

sup (Kz— Kz, Kz — K»z) <0, (5.3)

z€RP, |iz]=1

and LGM has the real supremum-value property, then (I — K1G)(I — K2G)™ ! is
positive real.

(2) If the origin of (2.4) is globally attractive for all ¢ given by ¢(t,z) = Kz
with K € R™*P satisfying

(Kz — K1z, Kz — K>z) <0 Vz eRP, (5.4)

and LGM has the real supremum-value property, then (I — K1G)(I — K2G)~ ! is
strictly and strongly positive real.

We remark that in general, on its own, global attractivity for all K € R™*? satis-
fying (5.3) does not imply positive realness of (I — K1G)(I — K»G)~!. Similarly,
global attractivity for all K € R"™*? satisfying (5.4) does not guarantee strict or strong
positive realness of (I — K1G)(1 — K>G)~L. The situation changes if complex feed-
back gains are considered: for example, if global attractivity holds for all ¢ given
by ¢(t, z) = Kz with complex K € C"*? satisfying

sup  Re(Kz— Kz, Kz — Kzz) <0,

zeCr, |Iz||l=1

then (I — K1G)(I — K»G)~! is positive real, see [9, Theorem 6.8].

Proof of Proposition 5.3. Note that (Mz — Kz, Mz — K»z) = —||Lz]|| forall z € R?,
and so, as ker L = {0}, (5.3) holds with K = M. Consequently, under the hypothesis
of statements (1) or (2), A + BMC is Hurwitz. This implies that M € Sr(G) and
thus, G:=LGM ¢ H®

mxm:
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(1) Let F be an arbitrary element in R™*™ such that ||F| < 1 and set K :=
FL + M € R™*P_ Then,

Kz — Mz||
zeRP, z#0 I Lz]]

andsince (Kz— Kz, Kz— K»z) = |[Kz— Mz||>—||Lz||* forall z € R?” and ker L =
{0}, we see that K satisfies (5.3). Now, the argument from the proof of statement (1)
of Proposition 5.1 can be used to conclude that all F € R™*™ such that | F|| < 1 are
in Sg(G), whence 1 < rr(G). As G as the real supremum-value property, Lemma 2.3
shows that rp(G) = rc((}), and so, 1 < rc((}) = 1/||G||Hw. As in the proof of
statement (1) of Proposition 5.1, it now follows that (I — K{G)(I — K»G)~ ! is
positive real.

(2) Arguing as in the prove of statement (1), we see that all F € such
that | F|| < 1 are in Sr(G), implying that 1 < re(G) = l/||é||Hoo. As in the proof
of statement (2) of Proposition 5.1, it can be shown that (I — K1G)(I — K>2G) s
strictly and strongly positive real. O

RH‘L xXm

In the remark below, we describe how Proposition 5.3 can be used in the context
of positive systems.

Remark 5.4 Let the matrices B and C be nonnegative and assume that there exists F' €
R™*P such that A + BFC is Hurwitz and Metzler. Let P € R™*™ be nonnegative
and set K| := F — P and K> := F + P. Then, defining L and M as in (4.3), we
see that LGM = PG is the transfer function of the stable positive system (A +
BFC, B, PC), and so, by part (b) of Example 2.4, has the real supremum-value
property. Proposition 5.3 shows that if the origin of (2.4) is globally attractive for all ¢
given by ¢(z, z) = Kz with K € R™*? satisfying (5.3), then (I — K1G)(I — K»G) ™!
is positive real (strictly and strongly positive real if global attractivity holds for all K
satisfying (5.4)). O
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6 Appendix

For completeness, we give a proof of Proposition 2.1.

Proof of Proposition 2.1. As (2.1) is trivially true in the case wherein H(s) = 0, we
may, without loss of generality, assume that H(s) # 0. Itis clear that if |F — K|/ g <

re(HX) = 1/||HX| 7=, then HF = (HX)F-K ¢ HY,,. It remains to show that there
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exists F € RRH,ZOX,, such that |[F — K| g~ = rc(HX) and HY is not stable. To this
end, we note that there exists 0 < o' < oo such that [HX((o")|| = |[H¥ || g~ =: y.

Let v € C™ be such that |[v|| = 1 and [|[HX(iw")v| = y. Defining

1 1
u:=—H¥(wHveCl and F:=—vu*eC™*P,
14 14

we have that ||u|| = 1 and Fw = (1/y){w, u)v forall w € C?, and so, | F|| = 1/y.
Furthermore,

. 1
(I — FEH oM )v = v — —(H¥(oHv,u)v=v—v =0,
%

showing that (I — FH¥)"! = FH¥(/ — FH¥)~! 4+ I has a pole at iw'. Conse-
quently, (H®)" = H¥(7 — FH¥)~! has a pole at iw'. Setting F := K + F, we
conclude that |F — K|/ g~ = 1/y and Hf = HX*F = (HX) hasapole atio'.

We now consider two cases; namely, HK (i a)T) is real (which happens, for example,
ifw' =0o0rw’ = o0o) and H¥ (iw") is not real.

Case 1: HK(i a)*) is real. In this case, v can be chosen to be real, and so u and F
are real and the claim follows with F(s) = K + F.

Case 2: H(iw") is not real. In this case, 0 < o' < 0o and v and u are in general
not real. Let v; and u; denote the components of v and u, respectively. Using a
construction from [27, Proof of Theorem 4, Sect. 7.4], we note that there exist real
vectors (D1, ..., )’ € R™ and (i1, ...,d,)" € R and ¥}, 6; € [0, 7) such that

— ~

vjzﬁje‘l’-f, j=1,...,m and ujzujeef, j=1,...,p.
Define

v1(s —a1)/(s +ar) (s —b1)/(s +b1)
: and u(s) := : ,

v(s) = :
ip(s —bp)/(s +Dbp)

f’m(s - am.)/(s + am)

where a; and b; are nonnegative real constants such that

it . it .

o' —aj v iw' —bj i0;

— =%, j=1,....m and ———=¢€"%, j=1,...,

io"+aj / io"+b;j / P
Setting

1 T
F(s) = K(s) + ;V(s)u(s) ,
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itisclearthatF € RpHY , and [[F—K| g~ < 1/y. AsF(io)—K(iw") = (1/y)vu*,
we conclude that |F — K|| gy~ = 1/y. Furthermore,

(I — (Fiiow") — K(io))HX (o)) = 0,

showing that HY = HX(J — (F — K)HX)~! has a pole at iw", completing the proof.

O
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