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Abstract. We study smooth curves on abelian surfaces, especially for genus 4, when the
complementary subvariety in the Jacobian is also a surface. We show that up to translation
there is exactly one genus 4 hyperelliptic curve on a general (1, 3)-polarised abelian surface.
We investigate these curves and show that their Jacobians contain a surface and its dual as
complementary abelian subvarieties.

1. Introduction

A smooth curve C in an abelian surface A over the complex numbers cannot be of genus 0,
and if it is of genus 1 then A is isogenous to a product C × C ′ of genus 1 curves. A smooth
genus 2 curve can be embedded only in one abelian surface, namely as the theta divisor in
its Jacobian. For curves of higher genus, we do not know much. There is one well known
example: étale degree n cyclic covers of genus 2 curves, which provide curves embedded in
(1, n)-polarised surfaces. On the other hand, a general section of a polarising line bundle on
a (d1, d2)-polarised surface de�nes a smooth curve of genus g = 1 +d1d2. In general we know
little about the geometry of these curves. For (1, 2) polarisation, W. Barth [B] shows that
all curves in the linear series of a polarising line bundle are double covers of elliptic curves
branched in 4 points. For E × E with a (1, 3) polarisation, Ch. Birkenhake and H. Lange
[BL2] listed the types of curves in the linear series.
In this paper, we describe a distinguished family of curves in (1, 3)-polarised abelian sur-

faces. As the construction is similar to the construction of the theta divisor on a principally
polarised surface and their properties are similar, we call them (1, 3) theta divisors.
The paper is organised in the following way. Section 2 �rst provides some notation and

background. Then, assuming that fC : C → A is an embedding of a smooth complex curve of
genus g > 2 in an abelian surface, we show (Lemma 2.6) that fC induces an exact sequence
with connected kernel

0 −→ K −→ JC −→ A −→ 0.

Thus JC is non-simple and contains K and Â as complementary abelian subvarieties. More-
over, the restriction to Â of the natural principal polarisation on JC is dual to the polarisation
c1(OA(fC(C))) on A.
Section 3 focuses on the case g = 4, where there is additional symmetry. Firstly, g =

1 + d1d2, so the type of polarisation has to be (1, 3), and secondly dim(JC) = 4, so K is
also a (1, 3)-polarised surface. One main result of the paper (Theorem 3.7) is that a general
(1, 3)-polarised abelian surface contains, up to translation, exactly one smooth hyperelliptic
curve of genus 4. This result is consistent with the number 9 of hyperelliptic genus 4 curves
on a (1, 3)-polarised surface given by the counting function hA,FLSg,β de�ned in [BOPY]: see
Remark 2.
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Moreover, in this case of g = 4 we show that K = A, and indeed we characterise Jacobians
of such curves as hyperelliptic Jacobians that contain a surface A and Â as complementary
abelian subvarieties: see Theorem 3.8.
Some results of this paper are contained in the PhD thesis of the �rst author.

2. Preliminaries

2.1. Theta functions. We recall very brie�y some basic facts about theta functions, char-
acteristics and theta constants. For simplicity of notation we shall immediately restrict
our attention to (1, 3)-polarised surfaces (A,H). A line bundle denoted L will always be
a polarising line bundle, i.e. c1(L) = H. For generalisations (to higher degree and higher
dimension), proofs and details, we refer to [BL]. For Z ∈ h2 (the Siegel upper half-plane),
we denote by AZ the complex torus C2/(ZZ2 + diag(1, 3)Z2), always with the polarisation
H ∈ NS(AZ) whose Riemann form, also denoted by H, is given by H = Im(Z)−1. We take
the standard decomposition C2 = ZR2 ⊕ diag(1, 3)R2.
Because we use both Riemann canonical and Riemann classical theta functions, we will

have to abuse notation in the following way. For a canonical theta function we think of its
characteristic as a point c ∈ C2 (a complex characteristic) and write c = c1 + c2, where
c1 ∈ ZR2 and c2 ∈ R2. For a classical theta function its characteristic will be a pair (c1, c2)
(a real characteristic), where c1, c2 ∈ R2, and we put c = Zc1 + diag(1, 3)c2 ∈ C2.
Any 2-torsion point x ∈ AZ [2] can be written as the image of x = Zc1 + diag(1, 3)c2 for

some c1, c2 ∈ 1
2
Z2.

De�nition 2.1. De�ne e∗(c1, c2) = exp(4πi tc1c2) ∈ {±1}. A 2-torsion point x = Zc1 +
diag(1, 3)c2 is called even or odd depending on the parity of e∗(c1, c2).

A simple computation shows that there are exactly ten even and six odd 2-torsion points.
On AZ there exists a unique polarising line bundle of characteristic 0, which we denote

L0. Any other polarising line bundle is of the form L = t∗cL0 for some c ∈ AZ unique up to
K(L) = {x ∈ AZ : t∗x(L) ∼= L} ∼= Z/3Z.
The classical Riemann theta function of real characteristic (c1, c2) is (see [BL, Section 3.2])

(1) θ
[
c1
c2

]
(v, Z) =

∑
l∈Z2

exp
(
πi t(l + c1)Z(l + c1) + 2πi t(v + c2)(l + c1)

)
.

The canonical Riemann theta function of complex characteristic c is

θc(v) = exp
(
− πH(v, c)− π

2
H(c, c) +

π

2
B(v + c, v + c)

)
·
∑
λ∈ZZ2

exp
(
π(H −B)(v + c, λ)− π

2
(H −B)(λ, λ)

)
.

(2)

where H is a Riemann form and B is the bilinear extension of H|Z2 . For any η ∈ K(L)1 =
K(L)|ZR2 , we de�ne

θcη = aL(η, ·)−1θc(·+ η)

For details, again see [BL, Section 3.2].
In the case of (1, 3)-polarised abelian surfaces, K(L)1 is generated by ω = Z(0, 1

3
) which,

when we write classical theta functions, becomes ω = (0, 1
3
) by the above convention. Then

H0(L0) can be identi�ed with a space of classical theta functions and θ
[
0
0

]
, θ
[
ω
0

]
, θ
[−ω

0

]
form

2



a basis. It can also be identi�ed with a space of canonical theta functions and in this case
θ0
0, θ

0
ω, θ

0
−ω form a basis.

De�nition 2.2. A polarising line bundle on A = AZ is said to be symmetric if (−1)∗L ∼= L.

For odd degree, the characteristic of a symmetric line bundle L can be chosen uniquely
to be a 2-torsion point on A. If L is symmetric, then (−1) acts on H0(L), acting on (either
kind of) theta function by (−1)∗θ(z) = θ(−z). The Inverse Formula [BL, Inverse Formula
4.6.4] gives this action in terms of the basis of canonical theta functions.

Proposition 2.3 (BL, Inverse Formula 4.6.4). Let L be a symmetric line bundle of charac-
teristic c = c1 + c2. Then for η ∈ K(L)1 we have

(−1)∗θcη = exp
(
4πi ImH(η + c1, c2)

)
θc−η−2c1

.

We denote the (±1)-eigenspaces by H0(L)± and call the corresponding theta functions
even and odd theta functions.

2.1.1. Divisors. Let D be an e�ective ample divisor on an abelian surface A. We say that
D is symmetric if (−1)∗D = D. By multx D we denote the multiplicity of D in x ∈ A. Then
D is called even or odd depending on the parity of mult0 D.
We need to understand the behaviour of a symmetric divisor in A[2].

De�nition 2.4. De�ne

A[2]+D = {c ∈ A[2] : multc(D) ≡ 0 mod 2},
A[2]−D = {c ∈ A[2] : multc(D) ≡ 1 mod 2}.

[BL, Exercise 4.12.14] gives us the following.

Proposition 2.5. If D is an e�ective symmetric divisor on (A,H) such that O(D) = L0,
of type (1, 3), then

#A[2]±D =

{
2(4± 1) if D is even

2(4∓ 1) if D is odd.

Moreover, there are ten (respectively six) symmetric bundles L such that #A[2]−D = 6 (re-
spectively #A[2]−D = 10) for all even symmetric divisors with O(D) = L.

2.2. Embedded curves. Suppose that fC : C → A is an embedding of a smooth curve of
genus g > 1 in an abelian surface. Let (JC,Θ) denote the polarised Jacobian of C. Without
loss of generality, we can choose a point O ∈ C such that fC(O) = 0. Then, by the universal
property of Jacobians, we have the following diagram:

(3)

C A

JC

K0

-
fC

@
@@R

αO �
���
f

�
���
k
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where αO is the Abel-Jacobi map, f is the canonical homomorphism de�ned by the universal
property and K0 is the identity component of the kernel of f .
The image fC(C) generates A, so f must be surjective, and hence K0 is an abelian sub-

variety of dimension g − 2. The following lemma tells us that in fact K0 = ker(f).

Lemma 2.6. The kernel of f is connected. Hence, dualising the exact sequence

0 −→ ker(f) = K0 k−→ JC
f−→ A −→ 0

we get an embedding f̂ : Â ↪→ JC.

Proof. The kernel of f is a reduced e�ective 2-cycle in JC consisting of a �nitely many con-
nected components K0, . . . , Kt, each Ki being a copy (a translate) of the identity component
K0, and in particular numerically equivalent to K0.
Each P ∈ A de�nes Abel-Jacobi map αP : C → JC, given by αP (Q) = OC(Q − P ). We

de�ne the di�erence map δ : C × C → JC by

δ(P,Q) 7→ O(P −Q) = αQ(P ) ∈ JC.
We claim that the image δ(C × C) is an e�ective 2-cycle. Certainly the image is e�ective
and irreducible, and has dimension at least 1 because it contains δ(C ×{O}) = αO(C) ∼= C.
Indeed it contains αP (C) for every P ∈ C, so if it is of dimension 1 then αP (C) = αO(C)
for every P ∈ C. But then the isomorphism

⊗OC(O − P ) : αO(C) −→ αP (C),

which is the restriction of t[O(O−P )], becomes an automorphism of αO(C); moreover, the group
of automorphisms acts transitively on αO(C) because αO(P ) = −αP (O) is sent to αO(Q)
by t[O(Q−P )]. This is impossible, because a curve of genus g > 1 does not have transitive
automorphism group.
Next, we show that δ(C ×C)∩ ker f = {0}, and in particular is connected. One inclusion

is obvious. For the other, choose a point O(P −Q) ∈ δ(C × C) ∩ ker(f). It is obviously in
the image of αQ. Now, from the universal property of the Jacobian, f makes the following
diagram commutative

C A

JC A

-
fC

?

αQ

-
f

6
tf(Q)

But C is embedded in A and in JC so f |αQ(C) has to be injective. Hence ker(f)∩αQ(C) = {0}
and therefore O(P −Q) = 0.
That means that δ(C × C) has non-empty intersection with exactly one of the connected

components of ker(f); but the connected components are all numerically equivalent, so there
can only be one of them. �

2.2.1. Polarisations. Because g > 1, the bundle OA(fC(C)) is ample, of some type (d1, d2)

with g = 1 + d1d2. Recall that the dual abelian variety Â of a polarised abelian variety
(A,H) carries a uniquely de�ned dual polarisation, denoted Ĥ [BL, Prop. 14.1.1].

Proposition 2.7. In Lemma 2.6, we have f̂ ∗Θ ≡ ̂O(f(C)) as classes in NS(Â).
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Proof. This is a direct application of the following proposition. �

Proposition 2.8. [BL2, Proposition 4.3] Let C be a smooth curve and (JC,Θ) its Jaco-
bian. Let (A,H) be a polarised abelian surface and suppose fC : C → A is a morphism and
f : JC −→ A is the canonical homomorphism de�ned by the universal property. Then the
following are equivalent:

(1) f̂ ∗Θ ≡ Ĥ;
(2) (fC)∗[C] = H in H2(A,Z).

Corollary 2.9. If g(C) = 2, then f is an isomorphism, so (A,O(f(C))) = (JC,Θ) is the
Jacobian of C.

Proposition 2.8 allows us to invert the construction in the following way.

Proposition 2.10. Let C be a smooth curve of genus g whose Jacobian contains an abelian
surface, denoted Â. If Θ|Â is of type (d1, d2) and d1d2 = g − 1, then C can be embedded in

the dual surface A =
ˆ̂
A and we recover Diagram (3).

Proof. Let f̂ : Â −→ JC be the inclusion. We can dualise it to get a map f : JC −→ A.
Choose a point O ∈ C and consider the Abel-Jacobi map αO. Then fC = f |αO(C) : C → A
is a morphism and by construction and Proposition 2.8, c1(OA(fC(C))) has to be of type
(d1, d2). As the arithmetic genus of the image equals 1 + d1d2 = g we get that fC has to be
an isomorphism onto its image, and therefore an embedding. �

As in [Bo] we denote by IsgD the locus in Ag of principally polarised abelian varieties of
dimension g containing an abelian subvariety of dimension k on which the restricted po-
larisation has type D = (d1, . . . , dk). The restriction k ≤ g

2
, which is imposed in [Bo] to

exclude empty cases, is not needed here, but note that Is3
(1,2) = Is3

(2) because the comple-
mentary abelian subvariety to a (1, 2)-polarised surface is an elliptic curve with restricted
polarisation of type (2).

Theorem 2.11. For every g ≥ 3 and any D = (d1, d2) such that g = 1 + d1d2, there is a
(g+1)-dimensional family of non-isomorphic smooth curves of genus g that have non-simple
Jacobians belonging to Isg(d1,d2).

Proof. For a general (d1, d2)-polarised surface (A,H), we have h0(A,L) = d1d2 and the zero
set of a general section is a smooth curve of genus g = 1 + d1d2. The moduli space AD of
(d1, d2)-polarised abelian surfaces is of dimension 3. We claim that a given genus g curve
has only �nitely many embeddings of this kind, up to translation. More precisely, if O ∈ C
is a base point, the set

ΦD = {fC : (C,O)→ (B, 0) | fc an embedding, (B,HB) = (B, [O(f(C))]) ∈ AD}
is �nite. This follows because Propositions 2.8 and 2.10 give a bijection between ΦD and

ΨD =
{
f̂ ∈ Hom(B̂, JC) | f̂ injective, f̂ ∗Θ = ĤB

}
.

But JC contains only �nitely many abelian surfaces such that Θ restricts to a polarisation
of type (d1, d2), and Aut(B̂) is also �nite, so ΨD is �nite.
Hence the family of curves that arises in this way is of dimension d1d2− 1 + 3 = g+ 1. �
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In genus 3, we have recovered a result by W. Barth [B, Prop 1.8].

Corollary 2.12. The following conditions on a smooth genus 3 curve C are equivalent:

• C can be embedded in a (1, 2)-polarised abelian surface
• JC ∈ Is3

(2) = Is3
(1,2)

• C is bielliptic, i.e. a double cover of an elliptic curve branched in four points.

The family of such curves is irreducible of dimension 4.

Remark 1. If a genus 3 curve C is both bielliptic and hyperelliptic then C has to be an étale
double cover of a genus 2 curve, say T : see [Bo, Proposition 5]. Then there exists a polarised
isogeny π : A→ JT such that C = π−1(T ). The converse also holds: any étale double cover
of a genus 2 curve is hyperelliptic and bielliptic [M, page 346]. In particular, as the number
of non-zero 2-torsion points in the kernel of the polarisation on A is three, there are exactly
three hyperelliptic curves in the linear system of a (1, 2)-polarising line bundle on a very
general abelian surface [Bo, Proposition 6].

3. Genus four curves and (1, 3) theta divisors

Now we focus on genus 4 curves. They have special properties because, �rstly, they can
be embedded only in (1, 3) polarised surfaces and, secondly, the complementary abelian
subvariety is also a (1, 3)-polarised surface. Using the additional symmetry, we have the
following theorem.

Theorem 3.1. Let C be a smooth genus 4 curve. The following conditions are equivalent.

(i) JC ∈ Is4
(1,3).

(ii) C can be embedded in an abelian surface A.
(iii) C has two non-isomorphic embeddings into abelian surfaces A1 and A2.

(iv) JC contains two complementary abelian surfaces Â and B̂ with restricted polarisation
of type (1, 3). �

We say that two embeddings ϕi : C → Ai are isomorphic if there is a polarised isomorphism
ψ : A1 → A2 such that ϕ2 = ψϕ1.
There is a well-known family of curves that ful�ll the conditions of Theorem 3.1. We

will follow results from [Ri]. Let π : C −→ C ′ be an étale triple cyclic cover of a genus 2
curve, de�ned by a 3-torsion point η ∈ JC ′. Choose σ, a lift to C of the hyperelliptic
involution of C ′. Then E = C/σ is an elliptic curve. Moreover, A = JC/η is embedded
in JC, and by [Ri, Thm. 1], the Prym surface P (C/C ′) is E × E with a polarisation given
by O(E × {0} ∪ {0} × E ∪ ∆), where ∆ is the diagonal: see also [BL2]. Moreover, A and
P (C/C ′) are complementary to each other and of type (1, 3).

3.1. Theta divisor. Let A = AZ be an abelian surface with a (1, 3) polarisation H, as in
Section 1. There is a unique odd section (up to scalar) of L0, given in terms of classical theta
functions by θA = θ[−ω0 ]− θ[ω0 ] or, in terms of canonical theta functions, by θA = θ0

−ω − θ0
ω.

De�nition 3.2. The (1, 3) theta divisor of A is the curve CA = (θA = 0) in A.

We made a few choices to de�ne CA, but it is well-de�ned up to translation, as the following
(essentially [BL, Prop. 4.6.5]) shows.
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Proposition 3.3. Suppose L is a symmetric polarising line bundle of type (1, 3) and char-
acteristic c = c1 + c2 with respect to some decomposition on an abelian surface A, so that
K(L)1 = {0, η,−η}, for some η ∈ A[3]. Let h0

± be the dimensions of the (±1)-eigenspaces of
the (−1) action on H0(L). Then

• if c is even then h0
+ = 2, h0

− = 1;
• if c is odd then h0

+ = 1, h0
− = 2.

In both cases

θA,L := θcη − exp(4πi Im(H)(η, c2))θ
c
−η

generates the 1-dimensional eigenspace, and so for every characteristic c we have

(θA = 0) = t∗c(θA,L = 0).

The following lemma gives us a few basic properties of CA.

Lemma 3.4. Let A be a (1, 3)-polarised surface and CA be the (1, 3) theta divisor. Then:

(i) CA is of arithmetic genus 4.
(ii) CA passes through at least ten 2-torsion points on A.
(iii) If A is a general abelian surface, then CA is smooth.
(iv) If CA is smooth then it is hyperelliptic.
(v) For A = E×F with the product polarisation OE(1)�OF (3), where E, F are elliptic

curves, the curve CA is reducible and consists of one copy of F and three copies of E.

Proof. (i) follows from adjunction and Riemann-Roch, (ii) is a consequence of Proposi-
tion 2.5, and (iii) follows from the work of Andreotti and Mayer: see [AM, Prop 6] or
[ACGH, Ch. 6.4] for details.
For (iv), the involution (−1) on A restricts to CA and the quotient C ′ = CA/ ± 1 is a

smooth curve. The quotient map CA → C ′ is rami�ed at the 2-torsion points of A lying on
CA, of which there are b ≥ 10 by (ii). The Hurwitz formula now gives

2g(CA)− 2 = 2(2g(C ′)− 2) + b

and since g(CA) = 4 and b ≥ 10, the only possibility is g(C ′) = 0 and b = 10.
In the situation of (v), the matrix Z can be chosen to be diagonal, so the theta function

is of the form θ(v1, v2) = f(v1)g(v2), where f ∈ H0(OE(1)) and g ∈ H0(OF (3)). Therefore,
f has exactly one zero and g has three zeros, which gives the assertion. �

3.2. Product of elliptic curves. If (A,H) is a product, we can compute more details. Let

E = C/τ1Z + Z, F = C/τ2Z + Z, Λ =

[
τ1 0 1 0
0 τ2 0 3

]
, A = C2/Λ.

Then A = E × F , with the product polarisation. We can take a standard decomposition

C2 =

[
τ1 0
0 τ2

]
R2 + R2

and write theta functions explicitly: for v = (v1, v2) ∈ C2 we have

θ
[±ω

0

]
(v, Z) =

∑
l1,l2∈Z

exp(πil21τ1 + πi(l2 ±
1

3
)2τ2 + 2πil1v1 + 2πiv2(l2 +

1

3
)).
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For the computations, let us denote

al = exp(πil2τ1 + 2πiv1l),

b±l = exp(πi(l ± 1

3
)2τ2 + 2πiv2(l ±

1

3
)).

Then, since the series converge absolutely

θA = θ[ω0 ]− θ[−ω0 ] =
∑
l1,l2

al1b
+
l2
−
∑
l1,l2

al1b
−
l2

=
∑
l1

al1(
∑
l2

b+l2 −
∑
l2

b−l2).

For v1 = 1
2

+ 1
2
τ1 we have

al = exp(πil2τ1 + πilτ1 + πil)

= exp(πi(l +
1

2
)2τ1 −

1

4
πiτ1 + πil)

= (−1)l exp(πi(l +
1

2
)2 − 1

4
πiτ1).

Now, al = −a−l−1, so
∑

l al = 0 and therefore for any v2 we �nd θA(1
2

+ 1
2
τ1, v2) = 0. The

image of this component of {v | θA(v) = 0} in A is a curve isomorphic to F .
Similar computations can be carried out for v2 = 0, v2 = 3

2
and v2 = 1

2
τ2. For v2 = 0

and v2 = 3
2
, we have b+l = b−l . For v2 = 1

2
τ2 we have b+l = b−−l−1. In all three cases we get∑

l b
+
l =

∑
l b
−
l . The images in A of those zeros are isomorphic to E, so by Lemma 3.4, we

know we have found all zeros of θA.
This gives us some more information about CA in general.

Proposition 3.5. For a general (A,H) of type (1, 3), the (1, 3) theta divisor CA is not a
�nite cover of a curve of lower positive genus.

Proof. If not, then 3E ∪ F would be specialisations and so they would be covers of possibly
singular curves. The only nontrivial case is to show that 3E ∪ F is not a triple cover of a
genus 2 curve. Then the intersection points of F and the copies of E would be 3-torsion
points on F , but they are in fact 2-torsion points. �

In [BL2], Ch. Birkenhake and H. Lange consider E × E with the polarisation given by
E × {0} ∪ {0} × E ∪ ±∆, where ±∆ is the diagonal or antidiagonal respectively. They
prove that both polarisations are of type (1, 3) and that they are dual to each other. As CA
is characterised as the only symmetric divisor that passes through ten 2-torsion points with
odd multiplicity, it is easy to see that in this case both of E × {0} ∪ {0} × E ∪ ±∆ are
(1, 3) theta divisors (for di�erent polarised surfaces).

3.3. Jacobian of CA.

Proposition 3.6. Let C be a smooth hyperelliptic genus 4 curve. Then JC contains a
(1, 3)-polarised surface Â if and only if C can be embedded into A as the (1, 3) theta divisor.

Proof. In view of Theorem 3.1 and Lemma 3.4, it remains to prove that if C is hyperelliptic
with JC ∈ Is4

(1,3) then C = CA is the (1, 3) theta divisor of A. For i : Â→ JC the inclusion
of a surface with restricted polarisation of type (1, 3), we write ı̂ : JC → A for the dual
map, ι for the hyperelliptic involution, and α for the Abel-Jacobi map, and identify C with
α(C) ⊂ JC. Then (−1)∗C = C is a symmetric curve because α(P ) = −α(ι(P )). Therefore
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the image ı̂(C) is also symmetric in A. Note that by Proposition 2.8, ı̂(C) is isomorphic to
C.
Let πJC : JC −→ JC/(−1) be the Kummer map. Then πJC(C) is isomorphic to P1,

because (−1)|C = ι. Let πA be the Kummer map of A. Because ı̂ is a homomorphism, it
descends to a map j making the diagram

JC A

JC/(−1) A/(−1)

-ı̂

?
πJC

?
πA

-
j

commute, given by j(±x) = ±ı̂(x). Now, j(πJC(C)) has to be a rational curve, equal to
πA(̂ı(C)). As πA is a 2-to-1 map, by the Hurwitz formula it has to be branched in ten points.
The only possible branch points are 2-torsion points, so ı̂(C) has to go through ten 2-torsion
points of A. By Proposition 2.5, ı̂(C) ∼= C is the zero locus of an odd global section, which
�nishes the proof. �

From Proposition 3.6 we get the following.

Theorem 3.7. A general (1, 3)-polarised surface contains exactly one hyperelliptic curve up
to translation.

Remark 2. The authors of [BOPY] use Gromov-Witten theory of K3 surfaces to count
hyperelliptic curves of arithmetic genus g on a �xed linear system of a (1, d)-polarised abelian

surface: see also [Ro]. These numbers, called hA,FLSg,β , are presented in [BOPY, Table 1]. The
numbers on the diagonal of that table, where d = g + 1, are of particular interest because
then the curves have to be smooth. These numbers are non-zero only for g = 2, 3, 4 and 5,
and we can explain them as follows.
For g = 2, the surfaces are principally polarised so the number hA,FLSg,β = 1 corresponds to

the curve embedded in its Jacobian.
For g = 3, there are six hyperelliptic curves according to [BOPY], yet by Remark 1 there

are only three such curves up to translation. The di�erence follows from the fact that we
can translate any curve by an element of the kernel of the polarisation and still stay in the
�xed linear system. In this case, although the kernel has order four, we get only two copies
of each curve in this way, because both copies are invariant under translation by a 2-torsion
point that de�nes the polarised isogeny π : A→ JT described in Remark 1.
For g = 4, the order of the kernel of the polarisation is 9. By Proposition 3.5, we know

we get exactly 9 translates of the (1, 3) theta divisor.
The number for g = 5 is explained by forthcoming work of the �rst author and A. Or-

tega [BO], in which it is shown that such a curve is unique up to translation. The situation
is similar to the g = 3 case: the kernel has order 16, but hyperelliptic curves are invariant
under a subgroup of order 4.

Now we will prove the main result of this paper.

Theorem 3.8. Let C be a smooth hyperelliptic genus 4 curve. Then JC contains a pair of
complementary (1, 3)-polarised surfaces A and Â if and only if C can be embedded in A as
the (1, 3) theta divisor.
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Proof. One implication follows from Proposition 3.6.
Now, recall from [BN] that a (desingularised) Kummer surface of a general (1, 3)-polarised

abelian surface A, denoted Km(A), can be embedded as a H22-invariant quartic surface in
P3 containing a (32)(10) con�guration of lines. That means that there are 16 pairwise disjoint
lines, called odd lines, and 16 pairwise disjoint lines, called even lines, such that every odd
line intersects exactly 10 even lines and every even line intersects exactly 10 odd ones. It
is easy to see that the two groups of lines are exactly images of hyperelliptic curves CA
translated by 2-torsion points, and 2-torsion points blown-up.
Moreover, Km(A) = Km(Â) and the surfaces can be reconstructed by choosing which set

of 16 disjoint lines are to be blown down. Now, the fact that CA ∼= CÂ follows from the fact
that there exists an involution in the extended Heisenberg group that changes odd lines to
even ones: see [BN, Section 4]. Restricting the involution to a line with 10 points marked,
we obtain the desired isomorphism. As CA ∼= CÂ, we have JCA = JCÂ and, as A can be
chosen to be simple, we get the assertion. �

Remark 3. Theorem 3.8 shows that the kernel K0 that occurs in Diagram (3) is in fact

isomorphic to Â. We can draw two diagrams for embeddings in A and Â respectively.

(4)

C A

JC

Â

-
fC,A

@
@@RαO �

���
fA

�
��
kÂ

C Â

JC

A

-
fC,Â

@
@@RαO �

��
fÂ

�
���
kA

From the construction, we see that kA = f̂A and kÂ = f̂Â, so the diagrams are dual to
each other. In particular, the rational map

Φ: A(1,3) 99K A(1,3), given by Â −→ K0,

de�ned by the construction and Diagram (3), is the dualisation in the moduli space.

This construction raises several questions. We should like more information about the
locus Is4

1,3 and more generally about the loci IsgD in the moduli spaces of abelian varieties.

Some answers are given in [Bo]. Alternatively, one could look at the loci in M4 or M4

determined by the curves CA, and ask for the class of the corresponding cycle in cohomology
or the Chow ring. One could also ask for a description of the sets of ten points in P1 that
form branch loci of the hyperelliptic involutions of the CA.
One could also ask about the genus 4 curves whose Jacobians contain (1, 3)-polarised

surfaces. What are their properties? The question seems to be interesting, because on the
side of Jacobians, the locus is naturally de�ned, whereas onM4, it contains disjoint subloci
of hyperelliptic curves and covers of genus 2 curves. Those loci seems to be completely
di�erently treated in the moduli of curves theory.
Finally, we ask whether it is possible to �nd genus 4 curves whose Jacobian contains a

pair of complementary abelian subvarieties that are isomorphic to each other. If so, what
are their properties?

10



References

[AM] A. Andreotti, A. L. Mayer, On period relations for abelian integrals on algebraic curves,

Ann. Scuola Norm. Sup. Pisa (3) 21 (1967), 189�238.

[ACGH] E. Arbarello, M. Cornalba, P. A. Gri�ths, J. Harris, Geometry of Algebraic Curves I,

Grundlehren der Mathematischen Wissenschaften 267. Springer-Verlag, New York, 1985.

[B] W. Barth, Abelian surfaces with (1,2)-polarization, in Algebraic Geometry Sendai 1985

(T. Oda, Ed.) 41�84, Adv. Studies in Pure Math. 10, 1987.

[BN] W. Barth, I. Nieto, Abelian surfaces of type (1, 3) and quartic surfaces with 16 skew lines,

J. Algebraic Geom. 3 (1994), 173�222.

[BL] Ch. Birkenhake, H. Lange, Complex abelian varieties, Second edition. Grundlehren der

Mathematischen Wissenschaften, 302. Springer-Verlag, Berlin, 2004.

[BL2] Ch. Birkenhake, H. Lange, Moduli spaces of abelian surfaces with isogeny, in Geometry

and analysis (Bombay, 1992), 225�243, Tata Inst. Fund. Res., Bombay, 1995.

[Bo] P. Borówka, Non-simple principally polarised abelian varieties, to appear in An-

nali di Matematica Pura ed Applicata, First Online: 08 August 2015, 1�19,

http://dx.doi.org/10.1007/s10231-015-0527-6.

[BO] P. Borówka, A. Ortega, Hyperelliptic genus 5 curves, in preparation.

[BOPY] J. Bryan, G. Oberdieck, R. Pandharipande, Q. Yin, Curve counting on abelian surfaces

and threefolds, arXiv:1506.00841

[M] D. Mumford, Prym varieties I, Contributions to analysis (a collection of papers dedicated

to Lipman Bers), Academic Press, New York, 1974, 325�350.

[Ri] J. Ries, The Prym variety for a cyclic unrami�ed cover of a hyperelliptic Riemann surface,

J. reine angew. Math. 340 (1983), 59�69.

[Ro] S.C.F. Rose, Counting hyperelliptic curves on an Abelian surface with quasi- modular

forms, Commun. Number Theory Phys. 8 (2014), no. 2, 243�293.

P. Borówka, Institute of Mathematics, Jagiellonian University in Kraków, ul. prof

Stanisªawa �ojasiewicza 6, 30-348 Kraków, Poland

E-mail address: Pawel.Borowka@uj.edu.pl

G.K. Sankaran, Department of Mathematical Sciences, University of Bath, Bath BA2 7AY,

England

E-mail address: G.K.Sankaran@bath.ac.uk

11


