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Introduction

In this article we consider the decomposition of a compact homogeneous
space of a complex semisimple group G into orbits via the action of a
Cartan subgroup. The geometry of these orbits is very interesting. Even
more interesting is the decomposition of a manifold into orbit fibres with
the same geometry.

The first part of the article (§ § 1, 2) is devoted to the case of the
Grassmann manifold Gk(C

n) of /^-dimensional subspaces of «-dimensional
space. Most of the results in the first part were simultaneously and
independently obtained by Goresky, MacPherson, and the authors [17].
The strata on the Grassmannian can be defined in three different ways:
a) the union of all the orbits of the Cartan subgroup whose images under
the moment mapping give the same polytope (see [4]); b) the collection of
projective configurations that give the same combinatorial geometry; c) the
intersection of the Schubert cells for all Borel subgroups that contain the
given Cartan subgroup.

We note particularly that strata and their application to the Grassmannian
are important for the general theory of hypergeometric functions (see [15],
[11], [18], [19]). With each non-degenerate stratum on the Grassmannian
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there is associated a hypergeometric function having singularities on the
strata adjacent to the given one.

Strata on the Grassmannian are studied in another context by Vershik and
Mnev.

The first part can be read without any specialist knowledge. It seems to
us that an elementary exposition has the advantage of explaining the
geometrical essence of the subject in more detail.

The decomposition of the Grassmannian that we construct turns out to be
closely connected with the theory of matroids or of combinatorial geometries.
In particular, the problem of describing all strata on the Grassmannian
reduces to that of the representability of matroids (see [6] -[8]) . In 2.1
and 2.3 we present the necessary standard facts of matroid theory (see, for
example, [6] -[8]) . We particularly recommend the book of Crapo and
Rota [8] for further reading on this fascinating theory.

In §2 we study the important connection between matroids and convex
polytopes of a special type, which apparently does not occur in the
literature on matroid theory.

In the second part of the paper (§ §3-9) the results of the first part are
extended to the case of the compact homogeneous space connected with an
arbitrary complex semisimple Lie group. It also contains a survey of results
connected with toric varieties, the moment mapping, and hypersimplexes.

The Grassmannian Gk(C") is a compact homogeneous space via the action
of the group SL(n). It is clear that Gk(C") = SL(n)IP, where Ρ is a parabolic
subgroup of SL(n) preserving some ^-dimensional subspace of C".

Now let G be an arbitrary complex semisimple group, acting transitively
on a compact manifold M. Then Μ can be identified with the homogeneous
space G/P, where Ρ is a parabolic subgroup of G, that is, a subgroup
containing a maximal soluble subgroup of G.

In the case G = SL(«) every compact homogeneous manifold can be
expressed as a flag manifold (incomplete, in general) in C". Here the
Grassmannians correspond to the maximal parabolic subgroups.

There exists a Kahler metric χ on the manifold Μ = G/P which is
invariant under the action of the compact form Κ of G. The imaginary part
of χ gives a symplectic form on M, regarded as a real manifold. This
symplectic structure allows us to construct a moment mapping μ: Μ -*• !*,
where f is the Lie algebra of Κ (see [2], [3], [10], [16]). Using the
mapping μ we can determine the orbits of a Cartan subgroup Η in M, whose
closures are isomorphic toric varieties, and thus define a decomposition of Μ
into strata.

The classical notion of a matroid is connected with the action of SL(«, C)
on the Grassmannian. Replacing SL(«, C) by another semisimple group, and
the Grassmannian by another homogeneous space, we obtain new
combinatorial geometries, which we call general matroids. Thus, for
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example, replacing the Grassmannian by an arbitrary flag manifold gives rise
to supermatroids (see [7 ]) with special restrictions, which are described in §9.

All the necessary information about toric varieties and the moment
mapping (see [1], [5], [10]) is contained in §3, and about the geometry of
homogeneous manifolds of complex semisimple groups in §4.

In §5 we give the definition of strata in the general case, and in §6 we
study their connection with the decomposition into Schubert cells.

Just as in the Grassmannian case, the strata on an arbitrary homogeneous
space G/P give rise to convex polytopes, which we call hypersimplexes. All
the edges of the hypersimplexes are parallel to roots of the Lie algebra @ of
G. In the Grassmannian case this property is equivalent to the replacement
axiom for matroids. In the general case it provides a possible definition for
matroids connected with a pair (G, P), where G is a semisimple group and Ρ
a parabolic subgroup.

In §8 we define the (W, £?)-matroid for an arbitrary Coxeter group W and
an arbitrary subset Q of generators, which agrees with the usual definition
of a matroid in the case where W — Sn> and Q generates a maximal parabolic
subgroup. In the case of an arbitrary parabolic subgroup of Sn, the notion
of (W, (2)-matroid is closely related to the recently introduced notion of a
greedoid (see [20], [21]). This connection will be described in more detail
in future publications. It seems to us that the notion of a (W, g)-matroid is
of independent interest in combinatorics.

In §9 we consider examples of strata on homogeneous spaces of the
semisimple groups SO(w), Sp(2«), and G2.

The authors are grateful to A.V. Zelevinskii for his interest in the work
and his advice, and to A.B. Goncharov and B.L. Feigin for useful comments.

§ 1 . Torus orbits and strata on the Grassmannian

1.1. Let Gk{E) denote the manifold of all A:-dimensional subspaces of the
«-dimensional complex space E.

The group GL(is) of all linear transformations on Ε acts in a natural way
on the Grassmannian Gk(E). The essential part for us is the action of a
Cartan subgroup Η C GL(E). Let us fix a basis {elt . . ., en} in E, that is,
we identify Ε with the coordinate space C". Then we may take Η to be the
subgroup of all diagonal matrices with respect to the chosen basis. Let H'X
denote the orbit of a point X £ Gfc(C") under the action of H, and H'X its
closure in Gk(Cn). It can be shown that H'X is a compact algebraic variety
consisting of finitely many orbits of H, where Η·Χ is the unique everywhere
dense open orbit in H'X. Moreover, Η·Χ is a toric variety (see §3 for a
definition).

Each orbit H'X in Gk(C") is isomorphic to (C*)r for some r < n — 1. An
orbit of dimension η - 1 will be called ηοή-degenerate. The fixed points
under the action of Η are the A>dimensional coordinate subspaces of C".
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In this section we study submanifolds of Gk(C) consisting of orbits of Η
whose closures are isomorphic as toric varieties.

1.2. Definition of stratum.
Let /„ = {1, . . ., n}. Let B(In) denote the set of subsets of /„. We put
Bp(In) = {J € B(In) \\J \=p}. F o r a n y J = {H iP} € Bp(In) l e t
C7 denote the coordinate subspace of C" spanned by eit, . . ., eip.

We call two subspaces X and Υ equivalent if dim (Χ η CJ) = dim (Υ Π CJ)
for all / 6 B(In).

Definition 1. The equivalence classes of subspaces in Gk(C") are called
strata.

It is clear that every stratum Γ can be given by a function s : B{In) -*• Ζ as
follows: Γ = {X e Gft(Cn) I dim(X CICJ) = s(J)}. From now on we define
a stratum in terms of a different function r, putting

It is sometimes convenient to define a stratum via the function r*:

Γ* = {X£ Gh (Cn)| dim (CJ/CJ Π X) = r* (/)}.

Both of these methods are equally valid, and as we shall see later (§2)
they give rise to dual combinatorial geometries.

The functions s, r, and r* that define the same stratum are related by the
following formulae:

r(/) = k - s (/ n \/) = | / | + r*(/ n \/) +k-n.

Example. Let ro(J) = min(fc, \J\). Then the stratum Γνο in Gk(C") consists
of those subspaces that are in general position with respect to all coordinate
subspaces. TTl> is the unique everywhere dense stratum in Gk(C"). We call it
the general stratum.

We call a function r: B(ln) ->• Ζ admissible for the Grassmannian Gk(C") if
the set Γ\ is non-empty.

Proposition 1. Suppose that the function r .B(ln) -* Ζ is admissible for
Gk(Cn). Then:

1 )/·(/„) = *,
2) 0 < /·(/) < l/l,
3) ifJ£l, then r(J) < r{l),
4) /·(/) + r(J) > r(l nj) + r(l U /).

The proof is obvious.

1.3. The connection between strata and Schubert cells.
I It is traditional to decompose the Grassmannian Gk(C") into Schubert cells.

This is done by choosing a coordinate flag 0 c : C J ' cz . . . cz CJn = C",
I where \Jt\ = i. The Schubert cells corresponding to the given flag consist of

subspaces in Gfe(C") having a fixed dimension of intersection with each C J f .
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For each of the n\ coordinate flags in C" we choose precisely one of the
corresponding Schubert cells. We call the intersection of all these Schubert
cells a small cell.

Proposition 2. The decomposition of the Grassmannian into small cells
coincides with the decomposition into strata.

The proof is almost obvious (see [17]).

1.4. Configurations.
Let F be a A>dimensional complex vector space. Every ^-dimensional
subspace of C" can be defined as the image under a non-singular linear
transformation χ : F -*• C". Two transformations xx and x2 have the same
image if and only if there is a g G GL(F) such that xl = x2°g.

With respect to the basis {e1, . . ., en},x has the form x(v) = Σ xj(v)ej,
where x\ ..., x" span F\ · κ > < »

Let Cn k denote the manifold of collections of η vectors lying in a given
A>dimensional space and spanning it. We call the points of Cn,ft modulo the
action of GL(k) configurations. In this way we have a principal GL(fc)-bundle
q: Cn,h — Gfc(C")·

Let X be given by the configuration xl, ..., xn in F*. Then

AimXI(X i l C J n X J ) = rk{&>, . . ., X*P)

for any / = fa, . . ., jj,} cr In.
Choosing a basis in F*, we can identify £„,& with the manifold of η χ k

matrices of rank k. Thus the points of Gk(C") can be defined as η χ k
matrices of rank k up to right multiplication by a non-singular square matrix
of order k. By using configurations we can determine the points of
Gk(C")/H. We introduce an action of Η on Cn,h as follows: Hx1, ..., x") =
= (hxx\ ..., hnx"), where (x1 x")eCn>k, h = diag(/zi, .... hn)GH. Then the
actions of Η on Cnk and Gk(C") are compatible in the sense that qoh — h°q
for all h EH. Hence the projection q: Cn k -*- Gft(Cn) induces a map
q: Cn,h/H-»Gh(Cn)/H.

Consider the open subset Cn.h of CUih consisting of collections of non-zero
vectors. Then C£ik/H can be identified with the manifold of collections of η
points in projective space OP*'1. We call a collection of η points in CP*" 1

modulo the action of PGL(&) a projective configuration. Thus every
projective configuration determines some orbit of Η in Gk(C").

1.5. Plucker coordinates.
Let P(Ak(E)) be the projectivization of the k-th exterior power of E. We
recall the construction of the Pliicker embedding ρ : Gk(E) -*• P{Ak{E)). Let
I C £ b e any /r-dimensional subspace. Then Ak(X) is a one-dimensional
subspace of Ak(E), in other words, a point of P(Ak(E)). We put p{X) = Ak(X).

We choose a basis in Ak(E) of the form

ieJ = eh Λ- • - M * I J = ih h] 6 Bh(In), / , < . . . < jk}.
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Then p(X) can be written in the form p(X) — 2 P3(X)eJ> where the
JeBkUn)

pJ(X) are determined up to a scalar. The numbers pJ{X) are called the
Plucker coordinates of the subspace X.

If the subspace X G Gk(Cn) is given by an η χ k matrix, then
p}(X) = p> ih (X) is equal to the minor of this matrix consisting of the
rows with indices j \ , ..., j k -

The image of Gk(C") is given in Plucker coordinates by the equations
(see [14]):

ft

2 (-l)V1 Wi.pO h jft = 0
1=0

for all {iu . . . , » * _ , } € * » - , ( / » ) , {/<,, ..., ih}^Bh+i(In).

1.6. Affine coordinates.
Let J = {jlt . . ., j\} be a /oelement subset of /„. Let Cj be the set of all
η χ k matrices such that the minor consisting of rows/1( ..., j k is the
identity matrix. Then q induces an isomorphism from Cj onto an open
everywhere dense subset of Gfc(C"). The manifold q(Cj) is called an affine
chart in Gk(C"), and the entries of the matrix q~\X) & Cj are called the
affine coordinates of the point X G Gfc(C"). It is clear that Gfc(C") is
covered by the affine charts q(Cj) as / runs over all A:-element subsets of /„.

1.7. The moment mapping in Gk(Cn).
With each subset J C ln we associate the point 8j in R" with coordinates

Consider the mapping μ(Χ): Gfc(C") ->• R" that sends a point X G Gk(C")
with Plucker coordinates pJ(X) into the convex combination

(1) μ(Χ)= Σ \pJ(X)\*-f>j/ 2 \PJ(X)\2-
'«*<'») JEAdn)

It is clear from the formula that M(Gfc(C")) is the convex polytope in R"
given by

2 h = k,

Let us denote this by Δ η ^ . This polytope was first considered in [4],
where it'was called a hypersimplex. The mapping μ was constructed in [4]
for the real Grassmannian G>(R") and the closure of a general orbit of (R + )"
in Gfc(R") was shown to be mapped homeomorphically onto An,fc.

In [2] and [3] a generalization of μ was constructed for an arbitrary
compact Kahler manifold with an action of the torus (C*)". This mapping
is called the moment mapping (see §3). A very important convexity
theorem was also proved in these articles, greatly generalizing the results
of [4].
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Theorem 1. Let H-X be the orbit of X e Gk(C") under the action of H.
Then μ(Η·Χ) is a compact polytope in R" with vertex set Vert μ(Η·Χ) =
= {&j I PJ(X) Φ 0}. The mapping μ induces a one-to-one correspondence
between the p-dimensional orbits of Η in Η·Χ and the open p-dimensional
faces ζϊΠ

All the assertions of Theorem 1, other than the description of Vert μ(Η·Χ),
hold in greater generality, so we will not give a proof here (see [2], [3],
3.2, 4.3).

Definition 2. Two orbits H'X and ΗΎ are called equivalent if μ(Η'Χ) =
= μ(Η·Υ). The equivalence classes of orbits of Η in Gk(C") are called strata.

Note that, for any stratum Γ, the image μ(Γ) is the interior of a convex
polytope. We denote this by Δ Γ .

Proposition 3. Definitions 1 and 2 are equivalent.

The proof involves the important combinatorial notion of a list.
The list of an arbitrary subspace X €= Gk(C

n) is the subset

Lx= {JtBh(In)\X nC J»N ;= {0}}.

Now let Γ be a stratum in Gk(C") in the sense of Definition 1, and let
X £ Γ. It is clear that the list Lx is uniquely determined by the function r
defining the stratum (see 1.2). On the other hand, it is clear from the
definition of the list that Lx = {/ € Bh(In) | pJ(X) φ 0}. Hence, by
Theorem 1, Γ coincides with some stratum in the sense of Definition 2.

In the other direction we must show that the function

rx{J) =

is uniquely determined by the list Lx. This follows from the next lemma.

Lemma 1. rx (J) = max \B[\J\.
B€L

Suppose that X is defined by the configuration of vectors JC1, ..., x" G F*.
Then ^ ( { ^ , . . ., ip}) = rk(x4>, . . ., x'p). But rk(x'·, . . ., xh) is equal
to the maximal number of independent vectors among a;'·, . . ., X'P. Let
arV, , . . ., zV« be some maximal independent subsystem of vectors. We
complete this to a basis using vectors from the configuration. This can be
done becausexkfx1, . . ., xn) = k. Let Β be the set of indices of vectors in
this basis. Then clearly rk(x{·, . . ., X*P) = | Β f\ {ilt . . ., ip}\. On the
other hand, it is clear that rx{J) > \B Π J\ for all Β in Lx.

This proves Lemma 1 and Proposition 3.
As we shall see in §2, Lemma 1 has a purely combinatorial generalization

relating to arbitrary matroids. We' note that the stratum Γ in Gk{C") is
defined by the list Lr. Specifically:

Γ = {X£C»(C«) \Lx = Lt}.
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1.8. Non-degenerate strata.
A stratum Γ in Gk(Cn) consisting of non-degenerate orbits of Η (that is,
orbits of dimension n— 1) is called non-degenerate. If Γ is non-degenerate,
then the quotient group of Η over the subgroup of scalar matrices acts
freely on Γ.

Proposition 4. The following conditions are equivalent:
a) the stratum Γ C Gk(C") is degenerate;
b) there is a J G B{ln) such that any X G Γ can be expressed in the form

χ η c j Θ χ η cj»\j.

This proposition will be proved in §2.
It is clear that non-degenerate orbits are always defined by projective

configurations.

Example. Suppose that the orbit H-X C G3(C") is defined by a projective
configuration in CP2. Then Η·Χ is non-degenerate if there exist four points
in the configuration in general position.

1.9. Admissible polytopes and hypersimplexes.
A polytope Δ in R" is called admissible for Gk(Cn) if Δ = Δ Γ for some
stratum Γ C Gk(C"). It follows from Theorem 1 that any face of an
admissible polytope is again an admissible polytope.

A polytope Δ in R" is called an (n, k)-hypersimplex if all its edges and
vertices are edges and vertices of An,h. Note that every edge of Δη > Λ is
parallel to a vector δ,·- δ; for some i, j G /„.

Figure 1 shows all (4,2)-hypersimplexes up to the action of the symmetry
group of the octahedron: the octahedron Δ 4 ι 2 , its top half, and all its faces.

Proposition 5. An admissible polytope is an (n, k)-hypersimplex.

Proof. By Theorem 1 every face, in particular an edge /, of an admissible
polytope is an admissible polytope.

Let δ/ and δ/be the vertices of /. Then LY = {I, J} for some Υ G Gfe(C").
Suppose that / is not an edge of An,k. Then 1/ Π / Κ k— 2. Hence there
exist i, j G 7\/ and ρ G /\7. Then it follows from Lemma 1 that
rT({i> P}) = rT({J, p}) = 1 = rT({p}) and rY({i, h p}) = 2. But then
{i, p} and {/, p} violate condition 4) of Proposition 1, which contradicts the
admissibility of /.

Remark. Not every («, fc)-hypersimplex is an admissible polytope (see the
example in 2.2).

1.10. Examples.
It is not difficult to describe the strata in G2(C"), since this reduces to the
description of projective configurations in CP1. The strata are indexed by
decompositions of /„ as a union of disjoint sets Ao, Ay, ..., Ap, where ρ > 3.
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Fig. 1

2 S 3

7

8

13

11 / ' 12

15 ·

Fig. 2. Non-degenerate strata in G3(C
e). The symbol = denotes coincidence of points
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The function r r is defined as follows:

f 0 if JczA0,
r r(/)=< 1 if JczAoijAi, ΪΦ0,

[ 2 otherwise.

We enumerate all non-degenerate strata in G3(C6) (degenerate strata
correspond to lower-dimensional Grassmannians). To each non-degenerate
stratum there corresponds a configuration type of six points in CP2. These
are enumerated in Fig. 2. (Lines are drawn in the diagrams if they contain
more than two distinct points of the configuration.)

1.11. Adjacency of strata. _
Let Γ be a stratum in Gfc(C"). It turns out that its closure Γ is not always a
union of strata, although this holds in G2(C") and G^C6).

Example 1. Consider the single orbit stratum Γ in G3(C7) defined by the
projective configuration depicted in Fig. 3. It is clear that Γ is adjacent to
the orbit defined by the configuration with supplementary condition x 7 = 0.
But this orbit lies in a one-parameter family of orbits, forming a stratum in
which no other orbit is adjacent to Γ.

Example 2. Consider the stratum Γ in G3(C8) obtained from the previous
example by adding another point with index 8 at the intersection of the
lines (64) and (135) (Fig. 4). The adjacent configuration in which the
points 1 and 6, 5 and 7, and 4 and 3 are identified, defines a stratum of
6-dimensional orbits (Fig. 5). Here the orbit lies in Γ only if the duality
relation (| x V | -1 χ8*» |)/(| Λ : 8 |· 11 1* 8 | ) = 1 holds.

Adding one more point in general position to both configurations (see
Figs. 4 and 5), we obtain an example in which all the strata are non-
degenerate.

2

5 3

Fig. 4

5=7 3=4

Fig. 5
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§2. Matroids and strata on the Grassmannian

2.1. Matroids, the basic definitions.
Definition 1. A matroid of rank A: is a pair (S, r), where S is a set and r is
an integer-valued function on B(S) such that:

\)r(S) = k;
2) 0<r(A)< \A\-
3) if A C B, then r(A) < r(B);
4) r(A) + r(B) > r{A U £)4-rC4 η 5).
The term matroid is sometiems replaced by combinatorial pregeometry

(see, for example, [8]). The function r is called the rank function of (S, r).
We consider only finite sets S.

It follows from Proposition 1 of § 1 that to every stratum Γ in Gk(C")
there corresponds a matroid (/„, rr), where rr is the admissible function
defining Γ.

We say that two matroids (Su rj and (S2> r2) are isomorphic ((51 ( A )̂ =
— (^2, ̂ 2)) ̂  there is a bijection from 5\ onto 5 2 transforming rx to r 2.

Example. A configuration of « vectors x1, ..., x" in a vector space JP* over
any field determines a matroid (/„, r) with rank function r ({i,, . . ., tp})
= r * ( A . . ., **ρ).

A matroid is said to be representable over a field F if it is isomorphic to
a matroid defined by a configuration of vectors in a vector space over F.
In particular, the description of all strata in Grassmannians reduces to the
description of all matroids representable over C. This is a very difficult
combinatorial problem, which has not yet been solved.

We remark that not every matroid is representable over a field, or even
over a division ring. (For examples, see [6], [7].)

We enumerate certain basic notions from matroid theory ( [ 6 ] - [ 8 ] ) , and
the corresponding facts about the geometry of orbits of the torus group on
the Grassmannian.

A set A C S is said to be closed, or a flat of the matroid, if r(A U a) >
> r(A) for all α £ S\A. The set of flats of a matroid (S, r) will be denoted
by FIGS, r). It follows from the properties of the rank function that FIGS', r)
is closed under intersections. We introduce an operation

V: A V Β = Π
Jen(S)

on FIGS', r). Then FIGS', r) becomes a geometrical lattice, that is,

r(A) + r(B) > r(A Q B) + r(A V B).

Let X €E Gk(C"). Let R(X) denote the geometrical lattice of all subspaces
of X obtained by intersecting X with the coordinate subspaces CJ, and let
R*(X) denote the lattice of subspaces of X* that are dual to subspaces in
R(X). The following assertion is easy to verify:

Proposition 1. R*(X) = Fl(/n, r r) for any I G T .
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A set A Q S is called independent if r(A) = U I. A maximal independent
set is called a basis of (5, r). The set of all bases of (S, r) is denoted by
B{S, r).

Consider a stratum Γ C Gk(C"). Then it is clear that its list Lr coincides
with # ( / „ , r r ) . We proved in 1.7 that a stratum is uniquely determined by
its list. It turns out that this assertion generalizes to arbitrary matroids: a
matroid (S, r) is uniquely determined by its set of bases. Moreover, the
properties of the set of bases can be used as a basis for the definition of a
matroid.

Proposition 2. Let (S, r) be a matroid of rank k. Then
1) \B\ = k for all Β £<B{S, r).
2) Let Β, Β' 6 9(S, r). For any b G B\B' there is a b' G B'\B such

that (B\b) U b' £ 9(S, r). (Exchange axiom.)
If a set % c B(S) satisfies conditions 1) and 2), then it is the set of bases

of a uniquely determined matroid (S, r).

For a proof see [8].

2.2. Hypersimplexes and matroids.
Just as for a stratum on the Grassmannian, we can associate with every
matroid (5, r) a poly tope Ar. Let X (S) be the vector space of all real-
valued functions on S. We define the polytope Δ,. to be the convex hull of
the characteristic functions 6B for all bases Β of (S, r). We define a scalar
product on X(S): (/, g) = 2 1(a)-g{a). Then the function r on B(S) is

defined by the formula

r(J) = max (δ,, | ) .

We remark that matroids are isomorphic if and only if the corresponding
polytopes are congruent.

The question arises, which polytopes in %{S) correspond to matroids?
A polytope in X (S) with vertices of the form ύΒ, where Β G Bk(S), and

edges parallel to vectors 8a~ 5b for a, b G S, is called an (S, k)-hy per simplex.

Theorem 1. A polytope Δ in X(S) corresponds to some matroid (S, r) of
rank k if and only if Δ is an (5, k~)-hy per simplex.

The proof of Theorem 1 follows immediately from Lemma 1.

Lemma 1. Let &} be a collection of k-element subsets of S, and Aas the

polytope in X(S) consisting of the convex combination of the characteristic
functions δΒ for all Β 6 &'• Then condition 2) of Proposition 2 is equivalent
to the condition that A is an (S, r)-hy'petsimplex.
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Proof. Let / be an edge of A*» with vertices δ Β ΐ and δ Β ΐ . There is a linear

function χ on X(S) that is constant on / and such that its values at all other

points of ΔΛ, are less than that on /. Suppose that χ = J\ vfc6J. We choose

δ 6 (B1 U B2)\(B1 Π 5 2) so that vb is minimal. We may assume without
loss of generality that b G Β χ. Then it follows from condition 2) that there
is an a G B2 such that Β = (B^b) (J α £ .#. Then χ(δΒ |) =ζ χ(δΒ). Thus
Β — B2 and / is parallel to δ α - 8b.

Conversely, suppose that A^ is a hypersimplex. Consider two of its

vertices δ Β ι and δΒ, and an arbitrary a G B1\B2-

Let A'™ be that face of A^ on which the linear function χ = 2 ^*

attains its maximum. It is clear that A'm is a hypersimplex, and that

}

Consider the linear function δ^ for a G B^\B2. Since δί(δΒι) > δ;(δΒ ι),

there is an edge I sA'/gj with 6B ias a vertex, on which δ^ is decreasing. Let

δΒ be the second vertex of /. Since δ!(δΒ) < δ£(δΒι), we have δ?(δΒ) = 0,

that is, a <fc B. But / is parallel to 5b - δα, so Β = (,Βλ\α) υ b. Here
b G Β ι U B2, so b G B2. This proves the assertion.

Example. Consider the matroid corresponding to the configuration of all
points in the projective plane over the field F2 of two elements (Fig. 6).
The configuration is not realizable over C or R. The corresponding
hypersimplex AF has full symmetry group PGL(3, F2) and the following
numbers of faces in each dimension:

D i m e n s i o n o f f a c e 0 1 2 3 4 . 5 6

N u m b e r of faces 2 8 1 2 6 2 4 5 2 3 8 1 1 2 2 1 1
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Note that to each face there corresponds a configuration of points in RP 2 ,
that is, each face is an admissible polytope. All the types of configurations
obtained in this way are depicted in Fig. 7.

By taking configurations of points in projective space over a finite field Fq,
we obtain a series of hypersimplexes A(m, Fq) with full symmetry group
?GUm, Fq).

5-dimensional faces

f

4-dimensional faces

f

• f
(21)

3-dimensional faces

(84

f

(2/)

f

2-dimensional faces

« (ξΐ)

• f

1-dimensional faces

Fig. 7. The numbers in circles are the numbers of faces of a given type

2.3. Operations on matroids.
The restriction of a matroid (S, r) to A Q. S is the matroid (A, r) obtained
by restricting the rank function r of (S, r) to B(A). The matroid (A, r) is
called a submatroid of (S, r).
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The contraction (S, r)/A of a matroid (S, r) over A C S is the matroid
(S\A, 7) with rank function? defined on B(S\A) as follows: 7(7) =
= r(J U A)-r(A). The matroid (S, r)/A is called a quotient matroid.

Suppose that Γ is a stratum in Gk(C"), (!„, rr) is the corresponding

matroid, / £. ln, and /</) = p. Consider the strata Γ\ C GP(CJ) and

T2czGh_p(C2^J) obtained by projecting Γ onto CJ along C J " X J and by

intersecting it with Cln^J respectively. Then the matroids (/, rr,)and

( 7 n \ / , r r,) are isomorphic to the restriction of (/„, rr) to / and its

contraction over / respectively.
Suppose that (S, r) is a matroid of rank k and \S\ - n. The matroid

(S, r*) of rank n — k with rank function r*{A) = \A \- k+r(S\A) is called
the dual matroid to (S, r). The duality between the strata Γ C Gk(C") and
Γ* = {Z-1- 6 Gn_h((Cn)*), where Ζ 6 Γ} clearly corresponds to a duality of
matroids.

Let (£•,, r t) and (S2, r2) be given matroids. Then their product
(Sl, rx) χ (S2, r2) is the matroid (Sx V S2, r) with rank function r(J) —
= rx{J η 5 0 + r C / n S j ) .

If Γ, and Γ2 are arbitrary strata in Gp(C") and G^CC"), then

Γ, Χ Γ2 = {X 6 G p + g (C" φ C"1) | X = Χ, φ X2 for Zj 6 Γ,, Z 2 6 Γ2}

is a stratum. Clearly (In U -̂ π» ΓΓ,ΧΓ.) = (7n>
 r r.) Χ (Λη> r r ,) .

2.4. Dimension of a hypersimplex.
Let Δ, be the hypersimplex corresponding to the matroid (S, r). We shall
compute its dimension. To do this, we need a few more concepts from
matroid theory.

A subset U C S is called a separator of ( £ r) if (S, r) = (U, r) χ (5\ί7, r),
that is, r(y4) = /-(Λ Π i/)+r(,4\£/) for all ^ C 5 .

Proposition 3 (see [6]). The union and the intersection of separators, and
the complement of every separator in S, is also a separator. The collection
of non-empty minimal separators forms a partition of S.

Let K(S, r) denote the number of minimal non-empty separators of (S, r).
A matroid (S, r) is said to be connected if K{S, r) = 1.

Proposition 4. Let (S, r) be a matroid with collection of bases $8 and rank
function r, and let Ar be the corresponding hypersimplex. Then dim Ar =
= -K(S, r)+\S\.

Proof. Consider the subspace W of X(S) spanned by vectors α- β, where a
and β are vertices joined by an edge. It follows from Theorem 1 that every
edge of Ar has the form δα— δ 6 . We introduce an equivalence relation on
S : a ~ b if and only if δα — δ 6 is an edge of Ar. Consider the partition of S1
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into a disjoint union of equivalence classes Ju ..., Jq. Clearly
dim W = dim Ar = η - q, and W is defined as a subspace by q equations

Let (//( r{) = (/,·, r), let ΔΓ be the hypersimplex corresponding to (Jh /·,·),

and let !% t be its collection of bases. Clearly (Jit r f) is a matroid of rank kh

and for any Β £ % we have Β f| Ji € #<· Hence ΔΓ = ΔΓ> χ . . . χ ATg. If

aj χ ... χ α, 6 Δ, is a vertex, and β{ is a vertex of AT{ joined by an edge to

otf, then a t χ ... χ β,· χ ... χ α , 6 Δ , because ΔΓ is a hypersimplex. From
this it is easy to deduce that ΔΓ = ΔΓ Χ . . . Χ ΔΓ , that is,

9 = { 5 , U · ..· U Bq\Blt9l).

Thus (S, r) = (/,, Τι) χ ... χ (/,, rq). So Ju .... Jq are separators of (S, r).
To the matroid (/,·, r,·) there corresponds a hypersimplex of maximal

dimension. We show that (/;, rt) is connected. Indeed, suppose U is a
separator of (/,, r,), Jt Φ U, ψ Φ U. Then the function χ(ζ) = (δν, ζ) is
constant on Δ Γ , which contradicts the assumption that ΔΓ has maximal

dimension.
Thus Jlt ..., Jq are the minimal separators of (S, r), q = K(S, r), and

dim Ar = n-q.
Note that Proposition 4 of §1 follows from Proposition 4 of this section.

2.5. Description of the faces of a hypersimplex.
Let (5, r) be a connected matroid. A non-empty subset A C S is called
non-degenerate if (S, r)/A and (A, r) are connected.

Theorem 2. Let (S, r) be a connected matroid, and Ar its hypersimplex.
The collection of faces of codimension 1 of Ar is in one-to-one correspondence
with the set of non-degenerate subsets A of S. To the non-degenerate subset
A there corresponds the face ΔΓ , where {S, rA) = {A, r) χ (S, r)\A.

Proof As we showed in the proof of the previous theorem, a face of Δ, is
defined by an equation 2 !& = kt, where fcx is the maximum value of the

function (bA, | ) on Δ,.. Clearly this face is the hypersimplex corresponding
to some matroid (51, rA). The set J? A of bases of (5, rA) consists of elements
of the form Bx V.B2, where Βγ and B2 are bases of {A, r) and (S, r)/A
respectively. Thus, (5, rA) = (A, r) χ (S, r)/A. Since dim Δ Γ Α = | S | — 2,

we have K(S, r) = 2. Hence A is non-degenerate.

2.6. The exchange axiom and ordering on B(In).
We introduce a partial order on Bk(ln) as follows. Let A, B e Bk(ln), where
A = {ij, . . ., ift}, h < ··· < ik and Β = fo jk}, j\ < ... </ f e . Then
A < Β if and only if ip < j p for all ρ = 1, ..., k.
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Let Sn be the group of permutations of the elements of /„. Then we can

associate an ordering of Bk(ln) with each s G Sn by putting A < Β if and

only if s~\A) < s'^B). Clearly < is just < .
Suppose that *% cr Bh(In). An element Β 6 # is called s-minimal in 35 if

Β ^ / for all / ζ 35. We say that 35 satisfies the minimality condition if
there is an s-minimal element in 35 for all j £ S n .

Proposition 5. The exchange condition in Proposition 2 is equivalent to the
minimality condition.

We shall need this reformulation of the exchange condition later. The
minimality condition is equivalent to the convergence condition for the
greedy algorithm (see [21]).

§3. The moment mapping and toric varieties

3.1. Let Μ be a real symplectic variety, that is, a non-degenerate closed
2-form ω is defined on Μ. Suppose that a compact Lie group Κ with Lie
algebra f acts on M, preserving the form ω. Let TM denote the Lie algebra
of vector fields on M, and Ω'Λί the set of 1-forms on M. Then there is a
natural Lie algebra homomorphism a: t -*- Τ Μ and a dual map a*: Q}M -*-1*.

Furthermore, the 2-form ω defines, at each point Χ Ε Μ, an isomorphism
between the tangent space TXM and the cotangent space Ώ,χΜ as follows:
ωχ(υ)(.υ') = ωχ(ν, ν') for all υ' G TXM.

For any smooth mapping θ \Ml -*• M2, let dBx denote the differential of θ
at X.

Definition 1. A mapping μ: Μ -*• f* is called a moment mapping if
1) μ is equivariant under the action of K;
2) άμχ — α*ο ωχ at each point X £ M.

Remark. From now on we shall always consider the case where Μ is a
complex manifold with a .^-invariant Kahler metric χ. Then by definition
the imaginary part ω of χ is a symplectic form on M, regarded as a real
manifold. Clearly ω is invariant under the action of K. Hence we can
define a moment mapping in this case.

Example. Let Κ = U(n) and Μ = CP". Clearly there is a ΛΓ-invariant

Kahler form χ on Μ given by χ = 2 dzt dzt/^ zjzt in homogeneous

coordinates. We put zt = χ,+γ/—Ly,-. Then the 2-form ω = Im χ is given

by ω = 2 dxt Λ ^ί/ί^Σ Ι Ζι I2· We identify f* with the set of Hermitian

matrices of order n+ 1. Then the moment mapping μ sends a point

X G CP" with coordinates (z 0, zu ..., zn) to the Hermitian matrix

where zl3 = ΖίΖ}/"Σ I Zj I2·
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Let Κ be an arbitrary compact Lie group and Μ a symplectic manifold on
which Κ acts transitively. Then the moment mapping μ: Μ -*• Ϊ* enables us
to identify Μ with some orbit of Κ in its coadjoint representation on !*.

3.2. Convexity theorem.
Let Μ be a compact Kahler manifold. Suppose that a complex group Η
isomorphic to (C*)" acts on Μ so that the Kahler metric χ is invariant with
respect to the compact form Τ of H. Suppose we are given a moment
mapping μ :M -* R" (in this case the Lie algebra of Τ is isomorphic to R").

Theorem 1. The image of Μ under the moment mapping is a convex
poly tope. The closure H'X of a general orbit of Η in Μ is mapped onto
μ(Μ). The mapping μ induces a one-to-one correspondence between the set
of orbits of Η in H'X and the set of faces of the poly tope μ(Μ), whereby a
q-dimensional {over C) orbit of Η is mapped onto an open q-dimensional
(over R) face of μ(Μ).

For a proof see [2] and [3].

Example. Let Μ — CP" and let Η be the subgroup of diagonal matrices in
SL(M+ 1). Then μ(Μ) is an η-dimensional simplex in R".

Remark. Theorem 1 also holds for compact Kahler manifolds with
singularities.

3.3. Toric varieties.
A complex algebraic variety Μ is called toric if the group Η = (C*)" acts on
it in such a way that there is a single open everywhere dense orbit isomorphic
toH.

We assume that there is a Kahler metric χ on the compact toric variety M,
which is invariant under the action of the compact form Τ of H. Suppose
we are given a moment mapping μ :Μ -*• R". Then clearly all the assertions
of Theorem 1 apply to Μ (see [5]).

A fan Σ in R" is a collection of convex polyhedral cones in R" such that
Σ contains all the faces of each of its cones, and any two cones can intersect
only in a common face. A fan Σ is called integral if all the one-dimensional
cones in Σ are spanned by vectors with integer coordinates.

It is known (see [ 1 ]) that any toric variety is defined by an integral fan
Σ Μ . One can show that the fan ΣΜ is dual to the polytope μ(Μ), that is,
every cone of ΣΜ in R" consists of linear functions that attain their
maximum on some face of μ(Μ).

The moment mapping enables us to reformulate many of the properties of
compact toric varieties in terms of convex polytopes (see [5]).

A convex polytope in R" is called simple if precisely η edges emanate
from each vertex.

Proposition 1. A toric variety has no singularities if and only if its image
under the moment mapping is a simple polytope.
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See [5] for a proof.
The F-polynomial of a simple «-dimensional polytope A is the generating

polynomial: F= 2 Ft* > where Ft is the number of /-dimensional faces

of the polytope. We put H{t) = F(t~ 1). The /^-polynomial of μ(Μ)
enables us to compute the Betti numbers of M.

Proposition 2. The polynomial Η of a simple polytope is symmetric, that is,
Hi = Hn.t. A smooth toric variety Μ has only even non-zero Betti
numbers b2t, where b2l = Ht for the Η-polynomial of μ(Μ).

A proof of Proposition 2 is given in [5]. It uses the following beautiful
theorem. Let ipbea general linear function for a polytope Δ, that is, φ is
not constant on any edge of Δ. The index ΐφ(ρΐ) of a vertex α of the simple
polytope Δ is the number of edges emanating from a on which ψ is
decreasing. Clearly 0 < ϊφ(α) < η. Let ht denote the number of vertices of
index /.

Proposition 3. The Η-polynomial of a simple polytope has the form

H(t)= Σ Μ*.
0<ύ

Example. Let G be a complex semisimple Lie group, and Β a Borel
subgroup. Let Μ — G/B and let Η be a Cartan subgroup of G. Then Μ
admits a Kahler metric invariant with respect to the compact form Τ of H.
We can define a moment mapping μ:Μ -*- ί)ρ, where £)R is the real form of
the Lie algebra Ijof//. Let Δ = μ(Μ). In 5.1 we show that Δ is the convex
hull of the points Wm\, where λ £ i){j is a point in general position, and W·\
is the orbit of λ under the action of the Weyl group W.

Consider a general orbit HmX of Η in M. Then μ(Η·Χ) = Δ. Every
vertex α of Δ lies in a Weyl chamber, and hence uniquely determines a
system of simple roots σι(α), ..., ση(α) in fyj-j, defined by the condition
(σ,·(α), a) > 0 for all / = 1, ..., n. It is easy to verify that all edges of Δ
that contain a have as their other vertex a point of the form r 0 (β)(α), where

ra is reflection with respect to the root a. Hence Δ is simple, and so H'X
is a smooth compact variety. We compute its Betti numbers, using
Proposition 3. (This was done in [12].)

Let a be an arbitrary vertex of Δ, let σ1 ; ..., an be the associated system
of simple roots, and let /?(±) be the set of positive (negative) roots in this
system. Any other vertex of Δ has the form w(a) for some w G W. Let
*p(£) = (£> a) f° r all | 6 I)R· We compute the index of w(a). The edges
emanating from w(a) are multiples of the roots w(Oj). Hence

= | {σ,- | (w(oj), c t ) < 0} | = | {a, \ w(a,) 6 R~) |.

Thus the coefficient ht of the //-polynomial is the number of elements of
the Weyl group that send precisely i simple roots to negative roots.
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§4. The geometry of compact homogeneous spaces

4.1. Parabolic subgroups.
Let G be a complex semisimple Lie group with Lie algebra <S and let Η be a
fixed Cartan subgroup of G. Let i) denote the Lie algebra of Η and I)R its
real part. We also fix a Borel subgroup Β containing H. The choice of Β
defines a simple root system σ^ ..., an in i)R for the Lie algebra ©. A closed
subgroup of G containing Β is called a standard parabolic subgroup.

Any compact homogeneous space Μ with respect to the action of G has
the form G/P, where Ρ is some standard parabolic subgroup of G.

Let W be the Weyl group of G, that is, the subgroup of motions of ifc
generated by the reflections ru ..., rn with respect to the roots σ,, ..., an.
Let S be some subset of the simple roots. The subgroup Ws C W generated
by the elements r,· for all s,· e 5 is called a parabolic subgroup of W.

Let N(H) be the normalizer of Η in G. Then W is canonically isomorphic
to N{H)jH. Let Ρ be a standard parabolic subgroup of G. It can be shown
that (N(H) Π P)jH is a parabolic subgroup of W. Every standard parabolic
subgroup Ρ can be uniquely recovered from the intersection (N(H) Π Ρ)/Η.
Thus there are one-to-one correspondences between standard parabolic
subgroups in G, parabolic subgroups in W, and subsets of the simple roots.
Let us agree to denote the subset of simple roots corresponding to a
standard parabolic subgroup Ρ by SP, and the parabolic subgroup WSp by WP.

4.2. Generalized Pliicker coordinates.
Let Ρ C G be a standard parabolic subgroup. Consider a finite-dimensional
irreducible representation ρ of G on a space V with principal weight
λ = 2 ®i, where ω; is the fundamental weight corresponding to the

Si £ p

simple root σ,-. Then the homogeneous manifold Μ = G/P can be identified
with the orbit of a principal vector in the projectivization P(V) of V.

Let Λ be the set of weights of ρ taken with multiplicity. We choose a
weight basis {ea | α 6 oi} in V. Then any point X £ G/P determines,
uniquely up to a scalar d, a collection of numbers pa(X), where
X = d- Σ ρ*(ΧΚ-

Let PV*X be the orbit of the principal weight λ in i)R under the action of W.
Then W-\ can be identified with the set Wp of left cosets W/WP. The points
of W'\ lie at the vertices of some convex polytope Δ ρ ζ Ι)ρ. The other
points of Λ lie inside Δ^ (see [2]).

The numbers {pa(X) \ α ζ W-λ}, defined up to a scalar, are called the
generalized Pliicker coordinates of X G M.

Example 1. Let G = SL(«) and Μ = Gk(C"). Then W = Sn, WP= Sh χ Sn_h,
and V = Λ ^ , where Ε is the canonical representation of SL(n). The set
Λ = Wp can be identified with Bk(ln). The basis elements e a are
eiif\- • · Aeih> where α = {ilt . . ., ift}, and p a(X) are the ordinary Plucker
coordinates o f i e Gfc(C") (see 1.5).
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Example 2. Let G = SL(«) and Ρ = Β. Then Μ is the manifold of
complete flags in C". In this case Wp = {!}, and Wp s Sn. The elements
of W'X can thus be identified with permutations. Hence the generalized
Pliicker coordinates of a flag are indexed by permutations. Let X be a flag

of subspaces Xx C ... C Xn, then pUi jn>(X) = ph^xj, ... , ρ >' ; » i J n )
for any permutation (j\, ..., /„) G 5 η .

4.3. Kahler structures on G/P.
We choose a compact form ΛΓ of G that contains the compact form Τ of # .
Then there is a .ίΓ-invariant Hermitian metric χ on V. It induces a Kahler
metric on the projective space P(V). We denote the restriction to Μ by χ.
The metric χ defines a Kahler structure on M.

It is easy to show that we can choose a weight basis {ea} in V such that

χ(Σ />?««, Σ Ρ Κ ) = ΣρΐΚ. where α £^.
From now on we shall always use the weight basis chosen in this way.

4.4. Definition of stratum.
Let Χ G G/P. The tor of X is the subset Lx C W-λ defined by
L x = {a 6 W-λ | pa(X) =^0}. Two points Ζ and Υ in Μ are said to be
equivalent if Lx = L Y.

Definition 1. The equivalence classes Γ in Μ are called strata.

The set Lr = Lx for any I G T i s called the list of Γ.
Note that the definition of the list Lx does not depend on the choice of

weight basis in V, because the weights a G W-λ have no multiplicity.

§5. Definition of a stratum via the moment mapping

5.1. The moment mapping in the case Μ = G/P.

In 4.2 we constructed a Kahler form χ οηΛί = G/P. The imaginary part of

X is a symplectic form on Μ and invariant under the action of K, in

particular under the action of the compact part Τ of H. We identify the Lie

algebra of Τ with 1)R. It is not hard to verify that the mapping μ: Μ -»- i>R

given by μ(Ζ) = 2 I P*(X) Ι 2 · α / Σ Ι Ρα(Χ) \\ where X = d-Σ P*(XK,

is a moment mapping.

5.2. The images of orbits of H.
Let X G M. Let Η·Χ denote the orbit of X under the action of H, and Η·Χ
its closure.

Proposition 1. The image μ(Η·Χ) is a convex polytope with vertices at the
points a for all α G Lx.

Proof. Since Η·Χ is a compact Kahler variety (possibly with singularities),
Theorem 1 of §3 applies to it. Hence μ(Η·Χ) is a convex polytope, and all
its vertices are the images of fixed points of Η·Χ under the action of H.
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Let va denote the line spanned by the weight vector ea. Then the only
fixed points of Η in Μ are va, where α Ε W ·λ. Since μ(υα) = α, it remains
to see when we have va Ε TFx. Clearly, if pa(X) = 0 then pa(Y) = 0 for
all Υ G H-X. Suppose that pa(X) Φ 0. Note that, since J, s Δ ρ , there
exists h £ l)R such that α(Λ) > /3(A) for all β 6 ^ , |S ¥= a. Consider the one-
parameter subgroup ht = exp ht of H. A simple calculation shows that
lim ht(X) = va. Hence va Ε H-X.
i-»eo

We say that two orbits H-X and H-Y are equivalent if μ(Η-Χ) = μ(Η·Υ).
Then immediately from Proposition 1 we have the following result.

Proposition 2. A class of equivalent orbits of Η in Μ is a stratum.

§6. Strata and Schubert cells

6.1. Schubert cells in Μ = G/P.
Let C be a Borel subgroup of G containing H. The Schubert cells on
Μ = G/P associated with C are the orbits of C in M. In other words, a
Schubert cell is a double coset in C\G/P. It is known (see, for example, [9])
that there are as many Schubert cells as cosets W/WPi and hence they have
the form C-a-P, where α G Wp = W/WP. For brevity we denote the
Schubert cell C-a-P by C-a.

6.2. The connection between strata and Schubert cells.
For each Borel subgroup C D Η we choose precisely one Schubert cell in Μ
associated with C. We call the intersection of all the chosen cells a thin cell
if it is non-empty.

Theorem 1. The partition of Μ into thin cells is the same as the partition
into strata.

Proof. Suppose that two points X and Υ lie in the same thin cell. We
prove that Lx = LY. Suppose not; then there i s a n a E ^ · λ such that
pa(X) = 0 but pa(Y) Φ 0. We choose a Borel subgroup C D Η with respect
to which a has least weight. Then pa(c(X)) = 0 for all c Ε C. Thus Υ and
X cannot lie in the same orbit of C, and hence not in the same thin cell.
Conversely, suppose that Χ, Υ G Μ and Lx = LY. Assume that X and Υ lie
in distinct thin cells. Then there is a Borel subgroup C, containing H, such
that X G C-ot, Υ G C-β, α Φ β. Let alf ..., an be the system of simple roots
of the Lie algebra @ connected with the given Borel subgroup C. There is
an h 6 ^R such that a,(h) < 0 for all / = 1, ..., η and α(Λ) Φ β(Λ). We put
ht = exp h-t. Then lim htch;' exists and lies in Η for all c E: C. Hence

f-oc

lim ht(X) = va, and lim ht(Y) = yp. But it follows from the proof of
t-»oo f-»oo

Proposition 1 of § 5 that lim ht(X) = vy, where 7 G Lx is such that

γ(Λ) > b{h) for δ G Lx, δ Φ y. Since Ζ,χ = LY, we have 7 = a = β,
contrary to hypothesis.
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§7. Polytopes corresponding to strata

7.1. We study in more detail the combinatorial properties of the polytopes
corresponding to toric varieties in G/P.

A polytope Δ in I>p is said to be admissible for G/P if it is the image of
the closure of some orbit H'X in Μ = G/P under the moment mapping
μ: Μ -*• f)&. It follows from Proposition 1 of §5 that Vert Δ C W-λ for
any admissible polytope Δ, where W·λ is the orbit of the principal weight λ
of the representation ρ under the action of the Weyl group, and Vert Δ is
the set of vertices of Δ.

Definition 1. A polytope Δ with vertices in W'\ is called a (G, Pyhyper-
simplex if all its edges are parallel to roots of the Lie algebra ® of G.

Definition 1 is a generalization of the definition of hypersimplex for the
Grassmannian Gk(C") given in 2.4.

Theorem 1. Every admissible polytope for G/P is a (G, P)-hypersimplex.

Proof. Let Δ be an admissible polytope. Then any edge / of Δ is also
admissible. Consider an orbit Η·Χ C Μ such that μ(Η·Χ) = I. Let Hx be
the subgroup of Η that fixes X, and t)x the corresponding Lie subalgebra.
Clearly dim ljx = dim t) — 1, and the subspace t)x of § is defined by the
equation y(h) = β(Ιι) for all h 6 ϊ)χ, where β and y are the vertices of /.

On the other hand, to a point Χ G G/P there corresponds a coset gP.
Then the condition h £ ΐ)χ can be expressed in the form (exp ht)'g €=.g'P.
Since exp ht Ε. Ρ we have

(1) (exp ht)-g(iexpht)-1egP

for any t £ C.
Let % be the Lie algebra of P, R a root system of (3, ga a root vector in

@ of weight a, and Rp = {α ξ, R \ ga 6 1β}. Then every g G G can be

expressed in the form g = \\ (exp ga)-Poi where p 0 e Ρ and g a is some
ο e H\«

 p

vector, possibly zero. We put g0 — JJ exp ga. Then condition (1) is

equivalent to the following condition on g0: (exp /ii)-go-(exp /ii)"1 =
This can be rewritten as

Π (expfti)-expg'a--(exp/ii)~1 = Π exp [ht, ga]
p p

= Π exP a(h)t-ga

a 6 H\RP

= Π ^ P ga·
aER\Bp

Since this equality must hold for any t G C, it is clear that a(/z) = 0 for
a G R\RP, ga Φ 0. Since/? has no repeated vectors and dim IjA- = dim I) — 1,



156 IM Gel'fand and V. V. Serganova

only one vector ga is distinct from 0. It follows that the weight of β - 7 is
a multiple of a, which proves Theorem 1.

Theorem 1 enables us to state a necessary condition for a polytope with
vertices in W'X to be admissible. As we showed in 2.2, in the case
Μ = Gfc(C") this condition is equivalent to the exchange axiom for bases of
a matroid.

§8. The general (W, Q)-matroid

8.1. Definition of a (W, Q)-matroid.
Let W be a Coxeter group. We recall that a Coxeter group is a group with a
finite set of generators R, subject to the relations: r2 = 1 for all r G R,
irirj)

mlriT}) = 1 for all rt, r, G /?, where m(ru rf) G Ν U 00.
Let w G W. The minimal number of factors in a factorization w = r,,..., rh

where rt G R, is called the length of w and denoted by /(w). The Bruhat
partial order on W is defined as follows: wt < w2 if there exist st and s J 6 ( t '
such that w2 = SjW^ and /(w2) = l(.s{)+ l(wl) + l(s2).

With each w G W we associate a new ordering on W thus: u>j^ w2 if
iv^u?! <: w~lw2. Clearly the Bruhat ordering introduced above coincides

1
with ^ .

Let L be an arbitrary subset of W. An element s G L is called w-minimal

in L if s ^ u for all u G L. We shall say that L satisfies the minimality
condition if there is a w-minimal element in L for all w G W.

Definition 1. A flag W-matroid is a pair (W, L), where W is a Coxeter group
and L is a subset of W satisfying the minimality condition.

The set L is called the set of bases of the flag matroid (W, L).
Let Q be an arbitrary subset of/?. Let WQ denote the subgroup of W

generated by Q. The subgroups WQ are called parabolic subgroups of W.
Let WQ denote the set of left cosets W/WQ. Let α G WQ; then a satisfies
the minimality condition as a subset of W, For any class α G W°-, let a,,

«τ

denote the w-minimal element of a. We introduce a partial ordering ^ on
w w

WQ by putting α ^ β if aw ^ βω . Then the minimality condition makes
sense for subsets L Q WQ.

Definition 2. A (W, Q)-matroid is a triple (W, Q, L), where W is a Coxeter
group, β is a subset of generators, and L is a subset of H^ satisfying the
minimality condition.

The set L is called the set of bases of the given (W, Q)-matroid.
A flag W-matroid {W, L) is said to be Wg-invariant if WQ-L = L.

Proposition 1. Let W be a Coxeter group and Q C /?. The natural projection
from W onto W® induces a one-to-one correspondence between Wg-invariant
flag W-matroids and (W, Q)-matroids.
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8.2. Examples.
Example 1. Let W = Sn be the group of permutations of /„ = {1, . . ., n},
let/? be the set of transpositions (i, /+ 1), i = 1,...,«, and let Q = R\(k, k+ 1).
Then WQ = {w £ W \ w(Ih) = Ih}. We show that in this case the definition
of a (W, Q)-matroid coincides with that of an ordinary matroid.

The set WQ of left cosets W/WQ can be naturally identified with the set
BkUn) of all ^-element subsets of /„. Here the Bruhat ordering in WQ takes
the following form: for all A, B £ Bk(ln), A = {a,, . . ., ah},
Β = {6lt . . ., bh}, where αλ < ... < ak and b1 < ... < bk, A < Β if at < bt

for all / = 1, ..., k (see 2.6). Any element w £ W defines a new linear
IP

ordering in /„ : w(l ) < . . . < w(n), which defines an ordering < | in Bk(ln).

Proposition 2. Suppose that L £Bk(ln) = WQ. A triple (W, Q, L) is a
{W, Q)-matroid if and only if L is the set of bases of some matroid (/„, r)
of rank k.

The proof follows immediately from Proposition 5 of §2.

Example 2. Let W = Sn as before, and let

Q = Qt= {(1 + 1,1 + 2) (n - 1, n)}.

In this case the notion of {W, Q,)-matroid is closely related to that of
greedoid (see [20], [21]).

Suppose we are given some set S of letters (an alphabet). We consider
only the case I Si < °° and identify S with /„. A word is an arbitrary
sequence of letters from S. The length of a word α is denoted by Ι α I. An
arbitrary collection X of words is called a language. A language X is called
a greedoid if the following conditions are satisfied:

D0 ex;
2) any word α ζ χ contains no repeated letters;
3) for any α € X, if « = 07, then β 6 X;
4) if α, β 6 X, and ΙαΙ < Ij3l, then there is an χ G |3 such that ax e # -
It follows from axiom 4) that all the maximal words of a greedoid have

the same length, which we call the rank of χ. The maximal words of X are
called the bases.

Let X be a greedoid of rank / with alphabet ln. Then the set L of its

bases is naturally identified with some subset of the set W®1 of left cosets.

On the other hand, from each subset L Ξ WQl we can construct a language
L, consisting of all words obtained from words in L by discarding their ends.

Proposition 3. a) Let L be the set of bases of an (W, Q{ymatroid. Then L
is a greedoid of rank I b) Let X be a greedoid of rank I with alphabet ln

such that ί ζ X for all i G /„. Then the set of bases L of the greedoid is the
set of bases of some (W, Qt)-matroid.
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Example 3. Let / „ = {1, . . ., n, 1*, . . ., n*}, and let * be the involution
in /„ such that (/)* = Γ, (Γ)* = /. A subset A QJn is called admissible if
A n A* = φ. Let R(Jn) denote the set of all admissible subsets of /„, and
Rk{Jn) the set of all ^-element admissible subsets.

Suppose that L QRk(Jn). The pair (/„, L) is called a symplectic matroid
of rank k if the following conditions hold:

1) for any A, B G L and a^ A\B there is a b £ A such that either

2) for any A, B G Z, and 6 G £\G4 U Λ*) there is an α G A such that

The set X is called the set of bases of (/„, L).
Let W be the group of permutations of/„ that commute with *, that is,

the Weyl group of the Lie algebras sp(2«) and o(2n+ 1). Then R consists
of the permutations rt — (i, i+ l)#(z*, (i+ 1)*) (i = 1, ..., n— 1) and the
transposition («, n*). Let Q == /?\{r h}. Then H Q̂ = {u? 6 TV | u;(/ft) = /„}
and WQ is naturally identified with i?fc(/n). The linear ordering 1 < . . . < « <
<n* < ... < 1* on /„ induces a partial ordering on Rk(Jn), just as in
Example 1. Under the identification of Rk(Jn) with W@, this coincides with
the Bruhat ordering. As in Example 1, there is an ordering on Rk(Jn)
associated with each w G W.

Proposition 4. LetLCRk(Jn) = wQ. The triple (W, Q, L) isa(W, Q)-matroid
if and only if L is the set of bases of some symplectic matroid of rank k.

It turns out that a symplectic matroid can be defined in terms of a rank
function by analogy with an ordinary matroid (see 2.1). Here the role of
the Boolean algebra B(In) is played by the set R(Jn) of admissible subsets,
which becomes a lattice after adjoining a maximal element 1. With each
symplectic matroid (/„, L) we associate the rank function r -R(Jn) -*• Z,
where r(A) = max \ A (] Β \.

aez.
A symplectic matroid (/„, L) is called loop-free if, for each a G /„, there

is an A G L such that a E. A.

Proposition 5. a) Let (/„, L) be a loop-free symplectic matroid. Then its
rank function satisfies the following conditions:

1) 0 < r(A) < 1 for all A G R{JH)\q>;
2) r(A) < r{B) for A Q.B;
3) r(A) + KB) > r(A η B) + r(A U B) for all A, B G R(Jn) such that

A U Β €/?(/„).
b) Conversely, suppose that r :R(Jn) ->· Ζ satisfies l)-3). 77zen r zs z7ze

rank function of some loop-free symplectic matroid (/„, I ) .

Remark. The lattice i?(/n) U 1 is dual to the lattice of faces of the
«-dimensional cube. This lattice can be defined axiomatically [22]. Other
interesting non-distributive lattices can apparently be associated with the
matroids of other Coxeter groups.
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Example 4. A symplectic matroid of rank k is called orthogonal if, for any
A G L and a G A such that (A\{a}) [} {a*} 6 L, there is a b Ε A U A*
with(i4\{o}) U {b} 6 L and (Λ\{α}) U {&*}€£•

Let W be the subgroup of permutations of /„ commuting with * such that
IwiAJV/i I is e v e n for w G ^ (the Weyl group of the Lie algebra o(2n)). In
this case R = {rlt . . ., rn}, where rx, . . ., rn_j are as in Example 3, and
rn = («*. η - 1)·(/ΐ, (η - 1)*). Let Q = R\rk. Then WQ = {w 6 ΡΓΙ ΙΡ(/*) = /*}
if A: * /i- 1, while iFQ = {w € W7 I w(I') = / '} if A: = n- 1, where
/ ' = fl, . . ., η — 1, η*}. The set WQ of left cosets can be identified with
Rk(Jn) for k < n— 1, and with R%(Jn) (respectively 7?~(/n)) for A: = «
(respectively A: = n - 1), where

i?;(-'(^n) = {Χ6Λη(/η) | |XN/ n | =0(l)mod2}.

The set i?n_i(/n) is identified with PVe for Q = i?\{rn_1( rn}. Under these
identifications the Bruhat ordering on Rk(Jn) is induced (just as in Examples
1 and 3) by the partial ordering on /„:

1 < . . . < n, n* < . . . < 1*. 1 < . . . < η - *,
(n and n* are incomparable).

Proposition 6. Let L C Rk(Jn) = WQ. A triple (W, Q, L)isa (W, Qymatroid
if and only if L is the set of bases of some orthogonal matroid of rank k.

8.3. Let W be the Weyl group of the Lie algebra of G. Let Q Ξ {α1, ..., ση},
where σ1( . . ., ση £ I)p is a simple root system. Consider the point ω̂ · 6 ^R
defined by

(ω0, σ,) ί 1 for-Ιί(σ(, σι) { 0 for

Since WQ is the subgroup fixing ω 2 , we can define a mapping μ: Η7<? -»- f>R

that sends w · WQ to νν(ωρ). With any subset L C ^/δ W e associate a
polytope AL, the convex combination of points in ~fi(L). Let Ρ be the
standard parabolic subgroup of G such that SP = Q (see 4.2). Then ωρ = λ,
and the moment mapping μ sends Μ = G/P onto AWQ.

The mapping μ identifies the elements of WQ with the orbits W'IUQ. This

identification enables us to define the partial ordering <I geometrically. Let
η

Cw be the convex cone in i)R consisting of vectors y = 2 m-iW (Oj)such that
i l

w

> 0 for all / = 1, ..., n. We define an ordering <! on Ijp by putting

x ^ y if y-χ E; Cw. The restriction of this ordering to W'CUQ agrees with

the ordering ^ on Wu.
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Theorem 1. Let W be the Weyl group of a semisimple group G, and let Ρ be
a standard parabolic subgroup of G. Then the following conditions are
equivalent:

1) (W, SP, L) is a (W, SP)-matroid;
2) Δ^ is a (G, P)-hypersimplex.

Proof. 1)=*2). Suppose that (W, SP, L) is a (W, S^-matroid, and that AL

is not a hypersimplex. Then there is an edge / with vertices α and β that is
not parallel to any root. Consider a linear function χ on 1)R which is
constant on / and takes greater values on the other points of AL. There is a
unique simple root system o^, ...,'an such that χ(σ,·) > 0. Since the Weyl
group acts transitively on simple root systems, there is a w G W sending
{a2, . . ., ση} to {alt . . ., σ η } . Then for any γ φ <x, y G L, the vector
α— γ has at least one negative coefficient with respect to the basis o?l5 ..., "on.
The same holds if we replace α by )3. Hence L contains no w-minimal
element, contrary to hypothesis.

2) =» 1). Suppose that AL is a hypersimplex and let w be any element of W.
We put ô  = w(oi), ..., Ί}η = νν(σπ). We choose a linear function χ on fyp
such that χ(σί) > 0 for all / = 1, ..., n. Let α be a vertex of Δ ,̂ on which χ
attains its minimum. Let β 1 } ..., βη be the vertices of AL that are joined to
α by edges. Since every edge of AL is parallel to a root, we have /3,· - a = kfft,

η

where γ,- is a root and kt > 0. Then for any j3 G L we have β — α = 2 aftiyi,
i=l

where at > 0.
Since χ(α) is the minimum of χ, we have χ(7,·) > 0. Hence all the roots

are 7,-positive relative to the simple root system Oj, ..., Tsn. This implies that

β — α = 2 *<σι· where b{ > 0. Thus β ^ a, so a is a w-minimal element.
The next result follows from Theorem 1 of this section and Theorem 1

of §7.

Theorem 2. Let Γ be an arbitrary stratum in G/P with list LT. Then
(W, SP, LT) is a (W, Sp)-matroid.

Example 1. Consider the polytope Δ ^ corresponding to an open everywhere
dense stratum on G/B. The polytope Δ ^ was studied in [23] and [12]. It
can be shown that there is a bijection between the set of its faces and the
set of all left cosets of all parabolic subgroups of W: (J WQ, where the

Q<=R
dimension of the face corresponding to WWQ is \Q\. In combinatorics Δ ^
is called a Coxeter complex (see [24]).

For W = S 3 , Δ ^ is a regular hexagon, and for W = 5 4 , Δ ^ is a semiregular
polyhedron in R3 with 24 vertices, 8 hexagonal and 6 square faces.

Example 2. Let (/„, L) be a symplectic matroid of rank k. Then the
hypersimplex AL has as vertices some of the vertices of the cube
£ n = {I € R" I I if I ̂  1}, and its edges are either edges of the cube or
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diagonals of its 2-dimensional faces. The symplectic matroid constructed on
AL will be orthogonal if and only if all the edges of AL are diagonals of
two-dimensional faces of the cube.

8.4. Non-degeneracy of (W, Q)-matroids and strata.
Let (W, Q, L) be a (W, Q)-matroid. A subgroup W Q W containing some
parabolic subgroup of W is called a separator of (W, Q, L) if L C Wma for
some a £ L.

Proposition 7. Let W be a separator of the (W, Q)-matroid (W, Q, L),

L = W-wWQ, WQ = W~f] wWQW-i^.and L= {aw-1 f\ W | α ζ L). Then

(W, Q, L) is a (W, Qy-matroid.

A (W, Q)-matroid is called non-degenerate if it has no separators other
than W. A stratum Γ C GjP is called non-degenerate if Γ consists of orbits
of a torus Η of maximal dimension.

Proposition 8. A stratum Γ C G/P is non-degenerate if and only if the
corresponding (W, SP)-matroid is non-degenerate. Every degenerate stratum
Γ C G/P is isomorphic to some stratum Γ" C G'/P', where G' is a regular
semisimple subgroup of G and Ρ' = Ρ Π G'.

§9. Examples of strata

9.1. Strata on flag manifolds.
Let Ffc, ., Λ^ (Ε) (&! < ... < km) denote the flag manifold of subspaces
(X1 C ... C Xm) of dimensions ku ..., km respectively of a complex
«-dimensional space E. In particular, Gk(E) = Fk{E). We choose a basis
{e1, . . ., en} in E, thereby identifying Ε with C", and a diagonal subgroup
Η of GL(«) with respect to this basis. We consider various ways of defining
strata in this case.

It follows from Theorem 1 of §6 that any stratum Γ in Fhl k (C") is

an intersection of the Schubert cells for all the coordinate flags. We recall
that the Schubert cell for a coordinate flag C» cz . . . cz C1", /,• £ Bj{ln),
consists of flags (Xx, ..., Xm) such that dim Xt Π C1/ is fixed for all
/ = 1, ..., m, j = 1, ..., n.

Hence any stratum Γ on a flag manifold is determined by the dimension
of the intersection of subspaces in the flag with all the coordinate subspaces.

Just as in the Grassmannian case, we shall define a stratum Γ by the
functions rlt .... rm :B{ln) ->· Ζ given by r {(/) = &im(XilXt Π CIn^J) for
any (Xlt ..., Xm) £ Γ. Consider the embedding

Fk, * m ( C " ) c _ Gkl (Cn) χ . . . X Ghm(Cn).

In 1.4 we described a principal fibration q: Cn,k -*-Gh(Cn). Let q denote the
natural fibration Cn, h χ ... χ Cn, km^-Ghl(C-) χ . . . χ Ghm(Cn). We shall

describe q-*(Fhl h m (Cw)).
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Definition 1. A sequence of collections of η vectors

{*', i = 1, . . ., n, j = 1, . . . m)

in spaces Flt .... Fm of dimensions ku ..., km is said to be concordant if

λ]Χ> = 0 implies that 2 λ ^ ' = 0 f o r a 1 1 i<P-
9 Ki<n

We denote the submanifold of all concordant sequences in

Cn,h, x . . . X Cn,hm by CFnM k m . It is not hard to verify that
q-1^ k m(C*)) --=CFn,hi fcm.

The fibration q: CFn>kl hm -»- Fhi km(Cn), just as in the Grassmannian

case, descends to a fibration

q: CFn,t XJH - F*,.....fcm(Cn)/ff.

Whereas in the Grassmannian case a stratum is a matroid, it is clear from
the above that a stratum on a flag manifold can be defined as a sequence of
matroids.

Definition 2. A sequence of matroids (S, rt), ..., (S, rm) with collections of
closed sets ¥\x, ..., Fl m is said to be concordant if Fl t C ... C F l m .

Proposition 1. Let Τ be a stratum in Fh fcro(Cn), defined by a sequence of
functions rx, ..., rm. Then the matroids (!„, rx),..., (/„, rm)form a concordant
sequence.

The proof is obvious.
For any A £ S let A' denote the closure of A in the matroid (S, r,-), that

is, A* = Π C.
Fl

Lemma 1. Let {S, rx), ..., (S, rm) be a concordant sequence of matroids, of
ranks ku ..., km. Then:

a) A' C A' fnr any A QS and j < i;
b) r, < ... < rm.

Proof, a) follows from the definition.
b) Suppose that there exist i and / with / < / such that /•,•(/) > rf(J) for

some / C S. Among all such / we choose one Jo with the minimum number
of elements. Note that Jo Φ φ. Then for any b €Ξ JQ, r^J^b) =
Hence b ς ( / 0 \ 6 ) j and b φ (/ Ο \6) 4 , which contradicts a).

Let (ATj, ..., Z m ) = A" be a flag in C", and let pf be the Pliicker coordinates

of X,. The numbers pJi J™ (X) = Π ρί*, where / , 6 Bh (In), ^ C ... C / m

are called the generalized Pliicker coordinates of the flag. From the
generalized Pliicker coordinates we can uniquely recover the Plucker
coordinates of each Xt.

The list of a flag Χ ζ Fhi *m(Cn) is the set

Lx= < '
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It follows from §4 that every stratum Γ in Fh h (C) can be defined by
a list Lr:

For a concordant sequence of matroids (S, rx), ..., (S, rm) we define a list
of bases 38 as follows:

9 = {(#i Bm)\ Btc . . . <=Bm, r,(S) = rt(Bt) = I Bt \).

Hence, just as we could associate a hypersimplex with every matroid in 2.2,
we associate with every concordant sequence of matroids a certain polytope
Ajgin %(S), specifically

Vert Α# = {t>Bi + . . . + 6Bm KB, Bm) 6 3B}.

Let {S, rx), ..., (S, rm) be a concordant sequence of matroids of ranks
kx, ..., km respectively. We define a function r — rx+ ... + rm on S. Then r
is monotone, ΚΦ) = 0, and r(A U B) + r{A n f i ) < r(A)+r(B). Thus the
pair (5", r) is by definition a supermatroid (see [8]). It is clear that two
distinct concordant sequences of matroids give rise to different supermatroids.

Suppose we are given a supermatroid (S, r) and a sequence of numbers
τη

k1 < ... < km such that r(S) = 2 &i· We shall be interested in the question

of when (S, r) can arise from a concordant sequence of matroids of ranks
Κ .... km. We put

# S hJI», r) = {(B, BJ\ B,£Bki(In), £, c . . . c 5m,

We choose some linear ordering of the elements of S, thereby identifying S
with /„.

Proposition 2. Let (/„, r) be a supermatroid, and let klt ..., km be a
sequence of numbers such that r{ln) = A:t+ ... + km. Then the following
conditions are equivalent:

a) There is a concordant sequence of matroids (/„, rx), ..., (/„, rm) of
ranks klt ..., km such that r = Γλ+ ... +rm.

b) 58^ hm (In, r) is a general matroid {nee Example 2 of 8.3).

Proof: a) =*• b). Let 981 be the set of bases of (/„, r,). Then clearly

# * , km(/». r) = {(^i, · · ·- Bm)\ Bt 6 9U Bj, cz . . . cr Bm}.

Let s be any linear ordering on /„. Then each collection of bases 38 {

contains an s-minimal element Q (see 2.6). We show that Cx C ... C Cm.
Suppose not; then Ct φ Ci+1 for some i < m. Let A = Ct Π Ci+1 and let
c be an s-minimal element in Ci\Ci+1. Then C i + 1 \ C i = Do [) Dx, where
each element of Do is less than c (in the s-ordering), and each element of Dx

is greater than c. Then it follows from the s-minimality of C,· that for any
b0 e Do and d 6 Cj\C, + 1 we have (C^d) (J bo<£ jg>4. Hence Z»o e J1'.
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Similarly, for any bx G Dl we have ( C i + 1 \ 6 j ) U c £ # i + 1 . Hence

c 6 (C f + 1 \Z) 0 )Hi. Then c £ ( ^ + 1 \ Γ > 0 ) * = (-ICU?,,)* , since

( f + j o ) * . But D o C A' and so c G J"', which is impossible, since
A U c is an independent subset of (S, rt). Hence Cx C ... C Cm. But then
(Q, .... Cm) is ans-minimal element of $g"ftl hm{In, r).

b) => a). We put 3St = {B € #*,(/„) | there exists

(5,, . . ., Λ,.*, B, £ f + 1 , . . ., 5 m ) 6 »*, km (/„ r)}.

Since $3% has an s-minimal element for all s G Sn, 381 is the set of bases of
some matroid (/„, rt) (see 2.6). Let Fl,· be the set of all closed sets of
(/„, /·,). Then for all A € Fl, and all b G 7nV4 there is a β 6 %t such that
6 £ J5 and r,04) = \A f\ B\. Let U I = p. Let s e 5 n be such that
s(lp) = 4̂ and s ( p + 1) = b. Let (Cj, ..., Cm) be an 5-minimal element of

£Shi hm(In). Then Ct < fi, and it follows that rt(A) = \A Π Ql and

6 € Q. Then clearly r ;01) = \A Π C ; | and t G C;- for any / > i. Since
i> G /n\^4 was chosen arbitrarily, A G Fly for all /' > / by the definition of a
closed set. We have thus shown that Flj C ... C Fl m , that is, b) => a).

9.2. Strata for the Grassmannians of the orthogonal and symplectic groups.
a) Let G = SO(2i!). Then G acts on a 2η-dimensional space E, preserving a
non-degenerate scalar product ( ,) . We choose a basis {elt ..., en, /,, ..., /n}
such that (eit ej) = (/Jt jj) = 0 and (et, fj) = Stj, thereby identifying Ε with
Car\ We fix the Cartan subgroup Η of diagonal matrices with respect to this
basis. Consider the Grassmannian /fc(C2n) of A:-dimensional isotropic
subspaces of C*n (k < n). For k = η we take /»,(C2n) to be a connected
component of the Grassmannian of isotropic subspaces.

We recall that /„ is the set consisting of 2n elements 1, ..., n, I*, ..., n*
with involution *:/„->••/„. A subset A C j n is called admissible if
Α ΠΑ* = φ (see Example 3 in 8.3). Let R(Jn) denote the set of all
admissible subsets of /„, and R(Jn) the set of complements of admissible sets.
For any A Q Jn let CA denote the coordinate subspace of C2 n spanned by
the basis vectors e,, fj for all i <EA, /* (=A. If A G R(Jn), then CA is
isotropic.

Proposition 3. Any stratum Γ in I>,(C2n) is defined by a function rr : R(Jn) -*• Ζ
as follows:

Proof. By Theorem 1 of §6 every stratum is an intersection of Schubert
cells Π C'Oi(C) over all Borel subgroups C that contain the given Cartan
subgroup H. All the subgroups C are indexed by coordinate flags

CD> cz . . . cz C°n cr
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where Dt €i R(Jn), \D(\ = i, and the corresponding Schubert cells θ α are

determined by the dimensions of intersection of X G Cmu with C D i and

C D n ur>*. Proposition 3 follows easily from this.
It can be shown that, for A <£ R{Jn) U R(Jn), dim {Χ Π CA) can change at

the boundaries of Γ.
The Grassmannian /h(C2 n) can be realized as the orbit of a principal vector

in P(A*(C2n)). Thus Χ ζ Ih(C2n) is represented in the form

X = c. 2 PJ (X) ej, where eJ = ej f\ ... /\ eh for / = {;„ . . . , j h ) .

The generalized Pliicker coordinates (see 4.2) in this case are defined up to a
multiplier as a collection of numbers {pJ(X)\ J 6 Rhi^n)}· Thus the list Lx

of X 6 /ft(C2n) consists of admissible /^-element subsets of /„.
Any A:-dimensional subspace of C2" is determined by a configuration of

2« vectors JC1, ..., x", %, ..., 3c" in the /^-dimensional space F*, as described
in 1.3. It turns out that the configuration (x1 ..., x", 5c1, .... 5c") determines
an isotropic subspace of C 2 n if and only if

(2) S x '-P = 0, where xt-'xi = xl ® x* + x* ® z* is a vector in£ 2(F*).

If CIin. h denotes the set of collections of 2« vectors in A:-dimensional
space that satisfy (2), then there is a GL(fc)-bundle q: CI%n, k -> Ih(C2n), as
in the Grassmannian case.

b) The case G = Sp(2n) is entirely analogous to the case of SO(2n). It
differs only in that the symmetric form (,) is replaced by the skew form
(,). Any ^-dimensional null subspace with respect to the form <,) can be
determined by a configuration of 2n vectors xx, ..., x", 5c1, ..., 5c" in
^-dimensional space, satisfying the equation

c) Let G = SO(2«+ 1). Then G is the group of linear transformations of
a space Ε that preserve the non-degenerate bilinear form (,) . As G/P, where
Ρ is a maximal parabolic subgroup, we take the Grassmannian 1^{Ε) of
/c-dimensional isotropic subspaces of E. We choose a basis

{e1, . . ., en, /j, . . ., / n , g0)

of Ε such that {et, ef) = (fit ή) = (g0, e,·) = (g0, f,) = 0, (g0, g0) = 1 and
(eu h) — ?>i}· We take Η to be the subgroup of diagonal matrices with
respect to this basis.

It can be shown that a stratum Γ in lk(E) is determined by the function
rr :R(Jn) -*• Z, just as in Proposition 3. The proof uses the fact that
dim(X Π CA) = dim(X Π (CA Θ Cg0)) for any X e lk{E) and A e /?(/„).
The Plucker coordinates and the list Lx of an isotropic subspace X are
defined similarly.
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Note also that any fc-dimensional isotropic subspace X in C in+1 is
determined by a configuration of 2«+ 1 vectors z, x1, ..., x", 3c\ ..., 3c" in

C* such that Σ z* · z* + 2z · ζ = 0.

Note that the vectors ±z are uniquely determined by the collection
x\ ..., xn, 5c1, .... ? .

9.3. Grassmannians and strata for G2.
There are three standard parabolic subgroups in G2. We describe the
corresponding compact homogeneous spaces.

Let Q be the Cayley algebra over C. We choose a basis

( * > e0i eH e 2 > e 3 i 7 l i / 2 i IS}

in Q such that the following conditions hold:
eo'fq——fq'eo=—/fl> eo'eq— β 9 · β 0 = β9; e o = l ; eq — fq-=O;

«Ρ·/9 = (1 —«ο)/2·δρ9; ere}=— ere,=*fh\ frfj=—fyft*=eh,

where (i, /, k) is a cyclic permutation of (1,2, 3), ρ Φ 0 and q Φ 0.
Let £ be the subspace of Q spanned by e0, ..., e3, fu ..., / 3. Then G2 is

the group of automorphisms of Q, and Ε is a faithful irreducible representation
of G2 [131.

Let Pt and P 2 be the maximal parabolic subgroups of G2 corresponding to
the simple roots with indices 1 and 2 respectively (see Fig. 8). Then the
homogeneous spaces G2/Pi and G2/P2 can be realized as the sets of one-
dimensional (respectively, two-dimensional) subalgebras of Ε with trivial
multiplication. The homogeneous space G2/B, where Β is the Borel subgroup
Pt Π P2 of G, is realized as the space of flags (Xo, XJ such that Xo C Xx C Ε
and Xx-Xi = 0. Note that G2/Px a 7i(C7).

6,

Fig. 8

It is easy to verify that the points of G2/Pt are defined by configurations
of seven vectors z, xlt x2, x3, yx, y2, y3 in C* satisfying the conditions:
Σ xrVi + 2z-z = ο-, Xi Λ χι = yk Μ Σ *ί Ay.· = 0; a n d

— **ΛΖ> where (/, /, k) is a cyclic permutation of (1, 2, 3).

Let 3F3 = {1, 2, 3,1,2, 3}. We call any one-element subset of &T3

admissible, and also any two-element subset of the form {p, /}, where ρ Φ j .
The admissible subsets are precisely those corresponding to coordinate
subalgebras CJ C C7 = Ε with trivial multiplication, that is, subalgebras
spanned by basis vectors. It can be shown that any stratum Γ in G2/Pt is
determined by a function rr defined on the admissible subsets of 3i?s.
Specifically, Τ = {X £ G2/Pt \ dim(X/X flC^'s^7) = rr(/)}.
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