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Summary

In this thesis we study models for market making, including the case where trades
are subject to a trade acceptance protocol, or ‘last look” mechanism. We study
existing models of market making, adding rigour and adapting them in new ways
to the last look case. We also propose a number of novel continuous models
for market making that may be considered natural extensions of their discrete
counterparts, both with and without last look, which allow us to prove results

via spectral theory about the long-run value of market making.

The final chapter includes the paper ‘Using Echo State Networks to Approximate
Value Functions for Control Problems’ ([56]), the result of a collaborative project
between the author, another PhD student and their supervisors undertaken dur-

ing the PhD, which includes an application to the market making problem.
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Chapter 1

Introduction

In this thesis we study models for market making, including the case where trades
are subject to a trade acceptance protocol, or ‘last look’ mechanism. We study
existing models of market making and adapt them to the last look case and also

introduce and study new related models of our own.

Broadly speaking, this thesis sits in the field of ‘market microstructure’; a rel-
atively young area of mathematical finance. Since the 1990s the proportion of
orders in financial markets that are implemented in a discretionary and manual
manner by human traders has decreased significantly. Financial markets are in-
creasingly dominated instead by trading that is algorithmic and automated at
high-frequency. This has led to a surge in interest in microstructure models both
from practitioners and regulators and an ever increasing literature. See for ex-
ample [23], [67], [34], [25] and [16] for recent texts giving a good overview of the
range of techniques being employed. As computing power increases and machine
learning approaches become ever more prevalent, a field of ‘econopyhsics’ has also
emerged, combining a range of practical methodologies trained on and derived

from deep insights from models in mathematics and physics.

Our approaches are mostly rooted in applications of stochastic control to market
making problems. In Section we begin by describing what is meant by market
making and in Section we describe what we mean by ‘last look’ or trade
acceptance protocols and discuss why they are of interest. In Section we take
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a brief tour of the most relevant existing literature and in Section [1.4] we set out
some mathematical preliminaries. Finally, in Section [L.5] we give an overview of
the rest of this thesis.

1.1 Market Making

This thesis is about market making and so we begin by attempting to define this
term. As Guéant notes in [51] this is not as easy as it may first appear as a result
of the electronification of markets and the emergence of high-frequency trading in
many of them blurring the boundaries of different types of trading. So we begin
by setting out an understanding of what we will mean by a market maker in the

remainder of this thesis.

Market makers are financial agents who post limit orders in financial markets,
indicating prices at which they would be willing to buy (bid) and sell (ask)
specified quantities of an asset, currency or other financial product. They hope
to profit by exploiting the difference between the bid and ask prices (the bid-ask
spread) without looking to take any long term position in the product they are
buying and selling. By posting passive limit orders they provide liquidity to a
financial market, making prices available to liquidity taking market participants
looking to buy or sell immediately. The profit they make from the round trip
trades they are able to make may be seen as a return for taking the risk of adverse
price movements, uncertain executions and the possibility of adverse selection in
markets with informed traders ([64], [48]).

On some financial exchanges, the role of a market maker might be a defined one,
where so called ‘designated’ market makers receive preferential transaction fees
(or sometimes even rebates) in exchange for a promise to continuously provide a
certain level of liquidity, regardless of underlying market conditions. Indeed this
is certainly the traditional view of market making, but a significant and increasing
proportion of liquidity in financial markets is now also provided by other agents
who employ market making strategies. They provide liquidity, seeking to make
a profit from their strategies without any formal obligation or agreement with
the trading venue. Also, some market makers may offer one-to-one facilities to

clients with buy and sell prices quoted. We will ignore this distinction and simply
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consider a market maker as any trader who is continuously providing limit orders
on both the bid and ask side or the order book.

The market maker generally only places passive limit orders but may also have
access to a stream of liquidity taking orders, which we will generally consider as
originating as orders from clients of an investment bank with genuine exogenous
demand for the product. In practice, however, it may be challenging or even
impossible for the market maker to guarantee the type of counterparty they will
trade with, and orders could also originate from other market makers or high

frequency traders seeking short term profits.

The market maker’s concerns may be complex, but there are two primary forces
driving their decisions. Firstly, their problem is principally one of pricing the cost
of holding inventory in an uncertain environment. The market maker is assumed
to hold no underlying belief about the long term performance of the asset and
is simply in the business of providing liquidity and profiting from the bid-ask
spread. Whilst holding a long inventory the market maker fears decreases in
the price of the asset, and they lose out from increases whilst they hold a short
position. Their primary concern is to charge a sufficient premium in their bid-ask

spread in order to cover these volatility risks.

A very significant secondary concern for the market maker is informational dis-
advantage. That is, they may be trading not with agents with an exogenous
demand uncorrelated with future price moves, but with agents who hold insider
knowledge about future price movements. In particular, in markets where high-
frequency trading is common, there is a risk of trading with counterparties who
have actual knowledge of price movements or demand over very short time hori-
zons. This knowledge may potentially be legitimate, for example knowledge of
their own planned future order flow, but it may also be more dubious or even
illegal, for example relating to insider trading, illegitimately acquired information
regarding news announcements or front-running client order flow amongst other

possibilities.

The growth of high frequency trading and an increasing accessibility of the mar-
kets to independent and non-institutional traders has amplified these concerns.

Without a mechanism to protect against this, market makers are vulnerable to

10



a range of counterparties whose order flow they may consider toxic. Latency
arbitrageurs are one such possible counterparty, who have the potential to sig-
nificantly undermine the profitability of a market maker’s business by accessing
and trading on market updates at a very fast rate (perhaps only milliseconds). A
market maker has two choices in how to deal with this. They must either increase
their own spending on latency reducing technologies to reduce the informational
disadvantage, or introduce delays and trade acceptance (‘last look’) protocols to
minimise the impact of this disadvantage. The latter option has the advantage
that it may also protect simultaneously against other forms of toxic order flow
and is the choice we study in detail in Chapter 5[ and so we introduce it in detail

in the next section.

1.2 Last Look

A trade acceptance protocol, or ‘last look’ mechanism, is a process by which a
market maker may decide to reject a trade after a certain hold time (typically be-
tween 20 and 200 milliseconds). This time allows the market maker to undertake
various checks, which could include security checks and other internal protocols,
and will typically also include a price update to check for any significant short

term movements in price.

Mathematically, we will consider market making on a product whose mid-price

is modelled by an arithmeti(ﬂ Brownian motion

dSt = O'th.

Then our last look condition will be that if an order is submitted at time ¢ it will

be confirmed at time ¢ 4 d§t (at a price quoted at time t) if

—&1 < Siqst — S < &,

and cancelled otherwise. In practice the last look horizon dt and the rejection

IThe choice of arithmetic as opposed to geometric Brownian motion is motivated by math-
ematical simplicity, and justified by the short time horizons we will consider.
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boundaries & and &, are to be agreed between the market maker and the client
and may be included in the terms and conditions of the market making contract.
In practice levels of transparency over the details of trade acceptance criteria
vary between liquidity providers, as does the length of time 6t between order and
confirmation or rejection ([87], [69]). It may also be that either & or & could be
set to oo in which case the trade is unconditional in one or both directions. The
case & = & = oo would correspond to an entirely unconditional trade with no
last look criterion. The papers of [7§], [79] and [20] have studied last look models
from a mathematical perspective, though last look models do not seem to have
attracted a very large academic attention in general and so the approach we take

to them in Chapter [5|is a novel one.

Another discrepancy between market makers is whether they offer last look facili-
ties which are ‘symmetric’ or ‘asymmetric’. The term ‘asymmetric’ here typically
implies that the last look feature always acts to protect the market maker against
adverse price moves, but not the liquidity taking client. That is, the trade ac-
ceptance criteria may be set to cancel trades on the ask side only when the price

increases over the last look window and on the bid side when it decreases.

In a ‘symmetric’ last look facility, trades would be cancelled when the market
moves significantly in either direction during the last look window, thus providing
protection to both parties. It should be noted that many other interpretations of
symmetry are possible and Oomen ([79]) considers various such interpretations.
The simplest definition is to take £ = & (both on the bid and ask side), and this
is generally how we will proceed here. Other interpretations of symmetry might
require &; # & or different conditions on the bid and ask side, for example if the
aim is to balance reject rates in each direction, or the overall cost of rejections to
each party. According to a recent survey (|87]), of the top 50 liquidity providers,
32 currently offer symmetric facilities, 6 asymmetric and 3 no default position.ﬂ
Our primary focus is the symmetric case, but we also consider more general

conditions where possible.

In recent years the use of last look has found significant regulatory interest,

and in one case has led to a fine of $150 million and a subsequent high profile

29 providers did not disclose this information and some of those with default positions also
offer clients an option to apply different rejection criteria on request.
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employment tribunal case (|74]) for a major liquidity provider, demonstrating
both the complexity and inconsistencies in the theory and practice of regulation
in this area. See also [33] for a discussion of the extent to which these mechanisms

might be considered abusive or legitimate.

In foreign exchange a large proportion of major liquidity providers have signed
up to the FX Global Code (]30]), a voluntary code of practice setting out best
practice in all aspects of dealing. Last look is addressed in Principle 17 of the

code, where it is stated that

‘A Market Participant should be transparent regarding its last look practices in
order for the Client to understand and to be able to make an informed decision
as to the manner in which last look is applied to their trading. The Market
Participant should disclose, at a minimum, explanations regarding whether, and
if so how, changes to price in either direction may impact the decision to accept
or reject the trade, the expected or typical period of time for making that decision,

and more broadly the purpose for using last look.

If utilised, last look should be a risk control mechanism used in order to ver-
ify validity and/or price. The validity check should be intended to confirm that
the transaction details contained in the request to trade are appropriate from an
operational perspective and there is sufficient available credit to enter into the
transaction contemplated by the trade request. The price check should be intended
to confirm whether the price at which the trade request was made remains con-

sistent with the current price that would be available to the Client.’

Clearly, questions about the costs and fairness of last look are important and one
of our aims in Chapter |5|is to quantify the costs and benefits of last look facilities

in the context of existing market making models.

The regulatory position is moving quite fast in this area and during the period
in which this thesis has been written we are aware of various moves away from
asymmetric last look features, although trade acceptance protocols of some form
continue to be in use with most liquidity providers. Some providers, for example
XTX markets, who have also disseminated a range of useful practical research

informed by the vast data and insight they hold as a major liquidity provider, offer
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two ‘streams’, one where last look is applied and one where it is not. Clearly there
is a lot of scope for different types of facility to be matched to different clients
and may be varied according to the relationship between liquidity provider and

client. As XTX set out on their webpage ‘Disclosures on eFX Trading Practices’

([70D):

"Every counterparty has its own trading style and liquidity requirements, which
can vary greatly from counterparty to counterparty. XTX aims to tailor the lig-
widity it provides to each counterparty on a case by case basis, so as to meet
each counterparty’s specific needs and requirements, while taking into account the
market impact and volume of their anticipated trading. In order to do this, XTX

provides two different types of liquidity streams...’

No doubt this area will continue to move at pace as the advantages and potential
abuses of such facilities become better understood and we hope that this work
will contribute to this progress. In the following section we review the existing
market making literature, with a particular focus on the papers whose work we

build on in later chapters.

1.3 Existing Models for Market Making

The model of Garman (1976) |47] is often considered the earliest model of market
making and is the first that attempts to work rigorously in the field of market
microstructure. The model has just a single monopolistic market maker, who
has full control over prices. They fix their prices at time 0 and keep them fixed
throughout the whole trading period, observing demand arriving according to a
Poisson process whose rate reacts linearly to the bid and ask prices they set. The
market maker starts with a certain cash holding By and inventory holding @)
and acts in a risk-neutral way, seeking to maximise the expected profit whilst

avoiding either their cash or inventory holdings dropping to zero.

This model is extended by the model of Ho & Stoll (1981) [57], who allow the
market maker to change their bid and ask prices continuously over time. As in
[47], the demand functions are linear, but now the asset behaves as a Brownian

motion and the market maker is risk-averse with a concave utility function and
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the authors use a stochastic optimal control technique to solve the problem.

The model of Kyle (1985) |64] was one of the first to consider the way that market
makers should adjust their quotes in the presence of informed traders and has
been extended by many others ([2] [3] [4] [5] [18] [28] [29] [31] [63]). Another
important paper is that of Glosten and Milgrom (1985) [48] which considers
adjustments to market makers’ optimal bid-ask spreads that result from informed
traders and adverse selection. It also considers market depth - that is the quantity
of orders available at different price levels and how this is impacted by the actions

of informed traders.

The Kyle model and all of these extensions assume that market makers are risk-
neutral. They conclude that in equilibrium the utility of each market maker is
a martingale and that their optimal strategies are to set prices to be conditional

expectations of the asset’s fundamental value.

Although the market makers’ risk-neutrality makes the model tractable, it is not
consistent with behaviour observed in markets. There is significant empirical
evidence to show that most market maker’s behaviour exhibits risk-aversion in
such a way that causes their demand to mean revert around certain target levels
(163], [59]). Some attempts to extent the work of Kyle and others without the
risk-neutral assumption have been made in both discrete and continuous time,
but there are significant challenges that arise [90] [26]). In this work we take
a slightly different starting point which does not face the same challenges and

allows us to model market makers as risk-averse.

The model of Grossman and Miller (1988) [50] captures an important aspect of
the market maker’s rationale. Market makers as we define them do not hold any
long view about the future price movement of an asset and so have no inherent
incentive to enter the market. The risk of entering the market is a cost to them,
and [50] gives a fundamental quantification of the premium a market maker would
need to be paid in order to take on this risk. In particular a market maker for
an asset with volatility o2, optimising for a utility function of the form U(z) =
— exp(—vx) will demand a premium of yo to take the risk of holding (or shorting)
a unit of asset for a unit of time, a term we will see often in the work that

follows.
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The models we will consider in this thesis are mostly inspired by and build upon
work in a few key papers, firstly those of Avellaneda and Stoikov [1] (2008) and of
Guéant, Lehalle and Fernandez-Tapia [52] (2013) that we describe in more detail
in Sections [1.3.1] and [1.3.2| respectively. Some of our models also build closely on
the paper of Guéant [51] (2017). We do not describe that in detail here as the

model of Chapter [2| has so much in common with it.

The Avellaneda Stoikov framework [1] replaced a monopolistic market maker with
one that is infinitessimally small, so that the reference stock price is effectively
exogenous. They substitute optimal limit orders for optimal price quotes so
that it can be considered as a model of the Limit Order Book. Turning other
game theoretic models into a purely stochastic one provided a framework which
researchers in mathematical finance were a lot more comfortable and as a result
this became the foundation for many research papers. In particular we will take a
detailed look below at the model of Guéant, Lehalle and Fernandez-Tapia (2013)
[52] which we extend to the last look case in Chapter [5| and in Chapter [2| we
consider a model very closely related to the model in Guéant (2017) [51] but we
note also that there are many others who have built on the same work in a number

of related ways ([43], B3], [42], 24, [75], [22), [#4], 1], [19], [0, [10)).

Models that build directly on the papers above are certainly the most popular
in the literature, though building on Avellaneda Stoikov and the work that has
followed it is not the only option. We note for example the contribution of Law
and Viens (2019) [66] who introduce a somewhat more complicated model with
orders classified into 12 different types that they claim captures more realistically
features of the Limit Order Book.

1.3.1 Avellaneda and Stoikov (2008)

In their paper [1], Avellaneda and Stoikov mathematically formalised a market
making problem and used techniques of stochastic optimal control in order to
characterise optimal quoting behaviour. In Section we extend this model to
include last look and so set out here the main features of their model and the

results that we use in our extension.
The market maker seeks, from initial cash x and inventory ¢ at time ¢, to maximise
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an exponential utility function
'U(LU, S, 4, t) = ]E’t[_ eXp(_’Y(XT + QTST))‘ST = 5,4t = (¢, Xt = SU],

where T is a terminal time after which no further trading may take place. The
utility of holding a ‘frozen’ inventory of quantity ¢ and making no trades until

time 7' can be expressed afl]

Vg*o* (T — t))'

v(z,s,q,t) = Ei(—exp(—7(z + ¢Sr)) = —exp ( —y(x+gs) + 5

The reservation bid price r° and the reservation ask price r® are defined
implicitly as
v(x —1%(s,q,t),5,q+ 1,t) = v(zx,s,q,1)

and
v(x 4+ ri(s,q,t),s,q— 1,t) = v(x,s,q,t).

Thus the reservation prices are the prices that make the market maker indifferent
between holding their current portfolio and holding their current portfolio plus
(bid) or minus (ask) one additional unit. Straightforward computations show

these can be expressed as

2(T — ¢
Tb(S,q,t) =S5+ (_1 - 2‘.”%7

and 2T
r(s,q,t) =s+ (1 — 2q)%.

The average of these two prices is referred to as the reservation price or indif-
ference price
r(s,q,t) = s — qyo*(T — t).

Avelleneda and Stoikov then go on to consider a stochastic control problem,
where as control the market maker continuously chooses distances from the mid-
price

5b25—pb,

3Here we have applied the moment generating function of the normal random variable S —
s~ N(0,0%(T —t))
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and

0% = p* — s,

to set their quotes p® and p®. The demand they observe depends on their quotes,

and orders are modelled to arrive as a Poisson process with arrival rates
_1.8b
A(6%) = Ae™F0

and
A(6%) = Ae R,

These choices, which have been used often in subsequent work, including in this
thesis, are given justification by Avellaneda and Stokov by reference to some
empirical studies of limit order books ([46], [49], [71] [85] [93]). The basic intuition
is that 0* and 6° represent the margin the market maker charges on each trade,

and the lower this margin the greater the demand they will achieve.

They consider a market maker wishing to again maximise their exponential util-
ity
u(, s, q,t) = max B[~ exp(—y(Xr + ¢rSr))],

6?}76&

where (X)i<r and (¢ )i<r are now stochastic processes representing their running
cash and inventory. Optimally they find that the market maker should set their
bid and ask quotes p® and p® around the indifference price above, with bid and

ask quotes

pb(quat):SJr(—l—Qq)w 1 (

2 v

and

D D (147).

p*(s,q,t) = s+ (1 —2q) 5 5

We note these are the indifference prices with an extra term

%1H(1+%>

added or subtracted.
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1.3.2 Guéant, Lehalle and Fernandez-Tapia (2013)

In the paper [52], a very similar set up to [1] is considered, although they impose
an inventory cap so that the market maker’s inventory always stays within ¢ €
{—0Q,...,Q}. By making a change of variables they are then able to express the

system of HJB equations as a system of ordinary differential equations.

As in [1], the formulae derived for the optimal quotes depend on ¢. Whilst in
some contexts this might be natural, for example where positions are closed at the
end of the day, in other contexts it is not and [52] also considers the asymptotic
behaviour of the quotes. In particular they find that the optimal quotes in the

limit as T' — oo to be

1 v\ 1 fo
pb(S’q):S—;ln(l—‘—E)‘i‘Eln( ()q ))

g+1

and

q—1

. 1 7, 1 13
D (s,q):s+;ln<1+%)+zln< o >

where f° is the solution of a certain eigenvector problem and is given by

%€ argmin Z‘?:’Q aq’fg +n ZqQ;le(qu — fo)? +nfy+nfg
seeditia ool

9

_ a
where o = £y0% and n = A(1+ 1)~ "%,

Further, by instead considering a related eigenvector problem in L?*(R) approxi-

mations for the closed form bid and ask quotes are found as

1 ¥ 2g+1 [o2y v\ A+5)
b
W=s=tn(ie2)+ 2E e (1 )0
p°(s,q) = s 7n +k + 5 T +k

and

k

1 ¥ 2q—1\/027 v\ 1+3)
wo=s bn(id) AR
p*(s,q) s—l—fyn +k 5 5 +k
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1.4 Mathematical Preliminaries

1.4.1 The Dynamic Programming Principle and HJB Equa-

tions

The main mathematical tools that we will consider and make use of are those of
stochastic optimal control. We present an overview of the key ideas of dynamic
programming and HJB equations that are essential for the thesis. Readers looking
for a more thorough introduction to the subject could consult [82] or [77] or the
relevant sections of [76]. The book by Cartea et al. [23] also includes a good
introduction in the context required to understand algorithmic trading problems
of a variety of types, including the market making problems we consider in detail

later on.

We follow the notation of [82] in this section and suppose we consider a control
problem in a form that will occur repeatedly through this thesis, where the state

of the system is determined by a stochastic differential equation (SDE)
dXs = b(Xs, ag)ds + o (X, o) dW,

where X may take values in R” and W may be a d-dimensional Brownian mo-

tion.

Where we consider infinite horizon problems, this model should not depend on
time (so as to capture stationarity) whereas in a time-dependant problem we

could also consider
dXs = b(Xs, ag, t)ds + o (X, ag, t)dW. (1.1)

In any case, the Brownian motion W is defined on a filtered probability space
(Q, F,F = (Fi)i>0, P) satistying the usual conditions and the control o = () is a
progressively measurable process (with respect to IF), valued in a set of admissible
controls A C R™.

We suppose that the measurable functions b : R x A - R" and 0 : R" x A —
R™*? satisfy a uniform Lipshitz condition in A. That is 3K > 0,Vz,y, € R",Va €
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A,
|b(z,a) = by, a)| + |o(z,a) — o(y,a)| < K|z —yl.

Then, denoting by A the set of control processes a such that

T
B | [ 0.0 + 00,00 Pat] <
0

the existence of a strong solution {X,,"* |t < s < T} to the SDE is assured
for any o € A and any initial condition (¢, z) € [0,T] x R". When we work with a
finite horizon problem, the gain function can be defined, for suitable measurable
functions f: [0,7] x R" x A —» R and g : R" — R, as

J(t, x, o) [/ f(s Xﬁ’waas)dS‘f‘g(X?z)

for all (t,z) € R™. The objective is to maximise over control processes this gain

function J to give the value function

v(t,x) = sup J(t, x, ). (1.2)

acA
Given initial condition (¢,z) € [0,7) x R™, a control & is optimal if v(t,z) =
J(t,x,&). We are mostly interested in Markovian controls, that is a control
process « of the form ag = a(s, X1*) for a measurable function a : [0, T]xR™ — A.
We refer the reader to [82] for a description of the infinite time horizon case as

well as a fuller account of the theory in the finite time horizon case.

We can now state the dynamic programming principle (DPP) as follows. For any

stopping time 6 valued in [t, T] we have

v(t, x) sup E {/ f(s, X5 ag)ds +v(0, X;7)
 acA(ta)

A proof of a slightly stronger DPP can be found in [82] and further descriptions

of this key technique of stochastic control can also be found in many places,

including [41],[92] and [15]. The DPP is also known as the Bellman principle

and dates back to the work of Bellman from 1952 ([6], [7]). The interpretation is

that we can split the optimisation problem into two parts. Firstly we look for an
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optimal control from the stopping time # given that the process is in the state
X,*. That is, we compute v(f, X;"). Then we maximise over controls acting on
[t, 0] the quantity

0
E [/ fs,, X5 ay)ds + v(6, Xp.o)
t

In a great deal of the work in this thesis we will make use of an infinitesimal ver-
sion of the dynamic programming principle, known as the dynamic programming
equation, or Hamilton Jacobi Bellman (HJB) equation. By considering the time
0 =t + h and considering carefully the limit as A — 0 it can be shown (see for
example [82]) that the value function v should satisfy, V(¢,z) € [0,t) x R", the

HJB equation

—%(t, x) — ilelg [L%(t,z) + f(t,z,a)] =0,
where L% is the operator associated to the diffusion for the constant control
a, defined by

1
L% = b(x,a).Dv+ Etr(a(aﬁ, a)o’(z,a)D2v).
The regular terminal condition associated to this PDE is

(T, z) = g(z), Vx € R",

which results immediately from the definition of the value function (1.2)).

1.4.2 Utility functions and Risk Sensitive Control

Following [41] we let ® denote a random variable and imagine that some values
of ® may be more significant than others so that rather than simply considering

the expected value of ® we consider a risk sensitive criterion
E[F(®)],

where [ is a non-linear function. In particular in this work we are interested in
the case where
F(®) = exp(p®),
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for p # 0. In the language of economics, thinking of F' as a utility function, this
choice is a CARA utility function. That is, if we consider the commonly used

measure of absolute risk aversion (ARA)

(@)
7]

T’F(CI))

then we have that rp(®) = |p| , a constant. That is to say that the risk/utility
function F' has constant absolute risk aversion (CARA). Now let us define the

certainty equivalent expectation

which in our CARA case then takes the form

E%(®) = p~ log(E[exp(p®)). (1.3)

We will only consider utility functions of CARA form, as is most common in
the literature our work builds upon. We note however that other choices are
sometimes taken. For example, Fodra and Labadie [43] also consider the risk-
neutral case as well as a risk-neutral case with a penalisation on the terminal
inventory, and Cartea, Jaimungal and Penalva along with various co-authors also
consider an objective function that is the expected value of profit and loss less a

running penalty on inventory ([23] [21] [22] [24]).

Returning to ([1.3)) and applying Taylor expansions we note that

2
lim E°(®) = lim p~"log[1 + pE(®) + 2= E(0?) + O(p%)]
p—0 p—0 2

= lim p~" | PE(®) + Z-E(@?) — [E(®)]* + 0(0")]

= RE(d) + })13% [g\/ar(q)) + O(p2)},

which means that for small |p| that E°(®) is approximately a weighted combina-
tion of the mean and the variance. In our applications in Chapters [2] B and in
particular in Chapter |4] we will work with expressions of these forms, and when

considering the long run behaviour of the systems we study we will also be in-
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terested in some large deviation properties, which we will introduce in the next

section.

1.4.3 Large Deviations

By way of introduction to the results of large deviations theory we consider a toy
example that we have borrowed from den Hollander [58]. Let X, X5, ... be i.i.d.

random variables defined by

P (X1 _ %) _p <X1 _ ;) _ % (1.4)

and define S,, = > ;_, Sk.

Suppose we are interested in the long run behaviour as n — oo of

()

A strong law of large numbers applies and tells us that almost surely %Sn — 1 and
so naively we might expect that %logE ((%Sn)n) — 0, but this intuition turns
out not to be correct. The real result is a consequence of Cramér’s Theorem,
which goes back to [32].

Theorem 1.4.1 Cramér’s Theorem

Let (X;) be i.i.d. random variable satisfying
o(t) = E() < 0o vVt € R.
Let S, =)} _, Sk. Then, for all a > E(Xy),

1
lim —logP(S, > an) = —I(a),

n—oo 1
where

I(z) = sup[zt — log ¢(t)].

teR

Proof See Theorem 1.4 in [58].
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Remark 1.4.2 The same statement as Theorem also holds for P(S,, < an)
and a < E(X7). This can be checked by considering the mirror reflection X; —
—Xi.

Remark 1.4.3 The function I1(z) in Theorem is referred to the rate func-
tion and this shows that the rate function is the Legendre-Fenchel transform of

the cumulant generating function, log .

In [58] it is shown that for the example above described in (1.4)) and (1.5) that

we have . | .
lim —logE ((—Sn) ) =b,
n—oo M, n
where
b = sup[loga — J(a)], (1.6)
a>0
and
J(a) log2+ (a—1)logla—3)+ (2 —a)log(2 —a) ac€ [i 2]
a) =

00 otherwise.

Straightforward algebra shows in particular that the optimiser a* of (1.6]) satisfies
a* # 1 and that b > 0. This is we see that the expected value is not dominated
by the almost sure behaviour that %Sn — 1, but rather by the rare event where

%Sn is in the vicinity of a* # 1.

Remark 1.4.4 Indeed [58] also shows that if a > E(X), then the rate function
I(z) > I(a) for all z > a and so we can rewrite the result of Theorem as

1 1

lim —logP (—Sn € A) = —inf /(2) with A = [a, 00].
n—oo N n zEA

This we see that the large deviation {%Sn € A} is essentially dominated by the

event that %Sn is close to z, the minimiser of 1(z) on A. In the words of den

Hollander [58] this illustrates the key principle of large deviation theory, that ‘any

large deviation is done in the least unlikely of all the unlikely ways!’

This is all meant to give a flavour of and a motivation for our need to consider

large deviations in Chapter [d] For more details and a fuller account of the theory
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we refer the reader to [58] [35] |11] or [27]. In the remainder of this section
we follow Pham [81] and state some large deviation results for control problems

closer to those we will consider in Chapter [4]

Suppose we have a real valued process X;* controlled by a control process a =

(o) € A and suppose that a law of large numbers applies to X< so that

- X
X7 =

o
TT converges almost surely as T" — oo.

Then we expect that it also satisfies a large deviation principle
P[X > ¢] ~ exp(—1I(c,a)T), as T' — oo,

where the rate function I measures the rate of exponential convergence of the
probability for X% to overtake a level c¢. The rate function is related to the

moment generating function of X via the Legendre transform

I(c, o) = sup[Ac — A(A, a)],

A>0

where

1
A(X\, @) = limsup T InE[exp(AX$)].

T—o00
In Chapter [4] we will notice that the system we study exhibits large deviation
effects and will adapt the model we propose there in a suitable way to propose an

efficient way of calculating the exponential integrals that we require there.

1.5 Overview of this Thesis

In the final section of this introduction we set out an overview of the work that

follows in this thesis and highlight our main results.

In Chapter [2| we study a discrete time market making model in the style of
Guéant [51]. By making suitable approximations we are able to find a linear
differential operator whose spectral theory gives us a great deal of insight into
the market making problem. We are able to prove rigorously some results that

are not fully justified in [51] and to add some insights into the long-run value
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of market making per unit time. Further, when we lift the inventory cap the
market maker is subject to, we are able to relate the market making problem to a
quantum harmonic oscillator, giving a neat quantification of the value of market
making. We find that the market making problem is essentially one of inventory
control, and we are able to roughly quantify the long run value of market making

and separate it from the cost of starting with non-zero inventory.

In Chapter 3| we formulate a novel continuous model that is motivated by the
discrete model of Chapter We work slightly less rigorously in this chapter,
but find that, in suitable limits, we can recover results about the value of market
making found in Chapter 2| and the optimal quotes of Guéant and his collabora-
tors ([52] [51]). This model also sets the scene for the novel model we introduce
in Chapter [4]

In Chapter 4] we reformulate the market making problem of Chapter [3| as a one-
dimensional control problem. We put the view that market making is essentially
a problem of inventory management centre-stage, and introduce a direct control
on the drift of the inventory process, noting that such a choice implies a natural
choice of bid and ask quotes. We look to apply results from the paper of Nagai
[72] which allow us to relate the long-run value of market making to the principal

eigenvalue of a suitable linear operator.

We propose a slight modification to the demand functions that allow us, in The-
orem , to apply the work of [72] directly to our problem. We then make
a natural conjecture that suggests the long-run value of market making should
be constant and investigate the consequences of this, solving the resulting PDEs
numerically. In order to account for large deviation effects we make a measure
change, after which we are able to compute the relevant exponential integrals
in the problem numerically. This provides a framework in which we may opti-
mise over the various parameters in the problem efficiently, rather than having
to repeatedly resolve PDEs, something that would be particularly helpful when
applied to the models we consider in Chapter [5]

In Chapter [5| we consider market making with last look. We begin in Section [5.1
by extending the reservation prices proposed by Avellaneda and Stoikov [1] to a

variety of last look criteria, including symmetric and asymmetric facilities. We
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find closed forms for these reservation prices and compare them to those without
last look. We also consider the potential benefits of last look to the client as well

as the market maker.

In Section [5.2| we then extend the model of Guéant, Lehalle and Fernandez-Tapia
[52] to the last look case, and are able to show an asymptotic result based on
the spectral theory of an appropriate matrix which allows us to capture the long-
run behaviour of market making with last look and use numerical simulations to
consider the overall impact on the profitability for the market maker, including

in the presence of toxic order flow.

Finally, in Section [5.3| we propose a new model for last look that includes coun-
terparties who may or may not provide toxic order flow. We then suggest a novel
continuous model and use numerical simulations to show that it captures the
problem well. A key advantage of this model is that it is suited to the framework
of Chapter 4 and so we may be able to find efficient methods for optimising over

the various parameters.

The final contribution, Chapter [6] of the thesis, is presented ‘by publication’ and
sits slightly separately from the rest of the work in the thesis. We include the full
text of the paper [56], which at the time of writing is under review, and to which
the author of this thesis contributed around 20% of the work. The paper involves
some novel results about Echo State Networksﬁ that are primarily attributable to
other authors. The paper also includes some applications of Echo State Networks,
and in particular the author of this thesis contributed most significantly to the

development of an application to the market making problem presented.

4An Echo State Network (ESN) is a type of single-layer recurrent neural network with
randomly chosen internal weights and a trainable output layer.
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Chapter 2

A Discrete Model for Market
Making

In this chapter we consider a market making model in the style of Guéant and his
collaborators in [51] and [52]. Throughout this chapter, and indeed this thesis,
we assume that the market maker is trading a single asset whose price is given

by an arithmetic Brownian motion
dS; = adW,. (2.1)

This choice of arithmetic Brownian motion is standard in the literaturdd and is

justified by the typically short time horizons under consideration.

Our models will contain two fundamental sources of risk. One arises from the
price movements given by , and another from the random arrival of buy and
sell orders. In Section we begin with a simplified version of the model in
which we take o = 0 in . We will refer to this scenario as a ‘riskless” world,
though in fact we mean that we are temporarily switching off just this first source
of randomness, allowing us to focus on how the market maker should optimally

respond to the random demand.

We will find in this section optimal strategies and a long-run value of market

'In particular this choice is also made in all of the main models this work is based around,
for example [1],|51] and [52].
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making that will be a very useful reference point for the work that follows. Indeed
we will find that this model gives an upper bound for the value of market making

in a world where o > 0.

In Section we consider the case o > 0 and construct a model in the style of
[51]. The solution in this case will involve approximating the HJB equation in
a suitable way and using some ideas from functional analysis and the spectral
theory of a certain linear operator related to the resulting PDE. In particular
we will make use of the Krein-Rutman theorem that provides us with a single
leading eigenvalue/eigenvector of the linear operator that will dominate where

the time horizon of the problem is far away.

Up until this point we make an assumption that the inventory levels are subject
to a cap, so that there is a () such that the inventory must always stay within
the interval [—Q,Q]. In Section we remove this inventory cap in order to
relate the market making problem to a quantum harmonic oscillator. Whilst
we leave a fully rigorous justification of this step to future work, it is a very
natural extension that allows us to find a clean and interpretable form of the
value function for market making. In particular we will find that there is a long
run value per unit time of market making (which can be directly compared to
the value in the riskless world of Section and an additional cost if we start

with a non-zero inventory level.

2.1 Market Making in a Riskless World

All the risks involved in market making arise from the possibility of adverse
movements in the asset price whilst the market maker is holding inventory. Later

we will model the stock price process as an (arithmetic) Brownian motion
dSt == O'dBt,

though in this first instance we consider the case 0 = 0. Our intuition leads us
to expect that the profitability of market making should be decreasing in o and
indeed this case will provide an upper bound for the potential value of market

making in the more general case.
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Although described as ‘riskless’ this world is not free of randomness. Unpre-
dictability will still arise from the random arrival times of buyers and sellers,
the intensity of which will be determined by the competitiveness of the market
maker’s quotes. The central problem in this case will be to determine the spread
the market maker should quote at a given time in order to optimally profit from

this demand.

2.1.1 Formulation of the Riskless Model

Since there is no randomness in the underlying asset price we may model it at
all times as a constant
St =S, Vit 2 0.

The market maker’s optimisation problem will involve incentivising orders by
pricing as competitively as possible whilst not reducing too significantly the profit
made in each trade. Throughout this chapter the market maker’s control will
involve setting a strategy 0 comprised of two quantities that may be changed
over time § = {(6°)¢<7, (0%);<7} up until some terminal time 7. We may usefully
think of §° and 62 as ‘half-spreads’ that the provide the market maker with a
profit on each trade. These quantities will then determine the market maker’s
bid and ask prices S? and S¢
Sh=s—d.

Si=s+4¢,

and 07 + 62 will represent the overall bid-ask spread the market maker is adver-

tising at any given time.

Following [51] and [52] we model demand for the asset using two independent
Poisson point processes (N?); and (N{); with rates A” and A® respectively. These
intensities will be determined by the market maker’s choice of 67 and &2, so that
A = A%(6%) and A® = A%(§%). In particular we will consider the case where these

demand functions depend on the market maker’s quotes as
A% (6%) = Ae ™" Ab(gY) = Ae R
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We assume that the size of each trade is a constant A, and so increments of the

market maker’s inventory level are given by
dg; = AN} — AdN}.
Their cash holding X; then has dynamics

dX, = S*AdN{ — SPAdN?
= (5 + 0)AdNS — (5 — 6°)AdN?.

We assume that the market maker maximises a CARA utility functionf|

us(ta z, Q) = Et,x,q[_ exp{—’y(X% + q%S)}],

where E; , , is the expected value of the process where the market maker starts
with cash z and inventory ¢ at time ¢, and ~ is a risk aversion parameter charac-

terising the market maker.

The quantity X; + ¢;s represents the marked-to-market value of the market
maker’s portfolio at time ¢, being the sum of the cash holding and the value

of their currently held inventory priced at the market mid-price.

2.1.2 A Single Variable to Represent Wealth

In this riskless set-up there is no reason to prefer to hold cash instead of an
equivalent valued inventory and so it is natural not to distinguish between cash
and asset in our model. Thus we replace X; + ¢;s with a single wealth process
W,. Whenever a trade occurs this wealth increases instantaneously by §°A or

0*A depending on the direction of the transaction.

So we consider a process W; = x; + ¢;s with dynamics

dW, = S’ AdN} + §*AdNY,

2Note this is a standard choice in the literature as discussed further in Section m
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and a market maker seeking at time ¢ to maximise over controls § = {§%, §°}

u(t, w) = sup(u’(t, w) = sup (E[— exp{—yW2}]). (2:2)

With the set-up simplified in this way we now use some standard techniques to
find the market maker’s optimal strategy and the value they derive from market

making.

Proposition 2.1.1 Choosing A(§) = Ae™ and defining & = WLA we have that

the optimal control is

e BN _ &, (&
00 = 0p = 7A1n<k:+7A>_ k:ln(1+§)’

with associated suprema

A () ae }_ : {W) s }_ A ( & )”5 _
Sgbp{ et )j=sw (=0 Ji=e\iveg) =%

The value function for the control problem as defined in above is given by

u(t,w) = —e YWH2Ae(T-0) (2.3)

Proof By standard arguments (see e.g. [82] or [41]) we expect u to solve the

HJB equation

0=—-0u— szlbp {AO")[u(t,w + A") — u(t,w)]} — sglp {A") [u(t,w + A6*) — u(t,w)]}.

Taking as ansatz u(t,w) = —e7@+®) the HJB equation becomes
A(S° A0 a
8t0:—sup{ () <l—e—wAéb>}—sup{ (0°) (1—6_7M )}
8t Y 5@ Y

Since the form of the two suprema is identical we write § for §* and 6° and perform

a straightforward differentiation. The required optimal 6* is the solution to

%(@(1 — eﬂM)) =0.
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Hence we have

—kAe ™ (1 — e727) 4 yAAe R e =
k(1 — ") 4 yAe A =0
—k+ (k+yA)e "2 =0

1A k

which gives

o1 k
d __vAln(k:JrvA)
——§ln —f
ok 1+¢)7

where £ = %. Then to evaluate the suprema we simply substitute in the optimal

_k_
control found. Noting that we have Ae %" = A <k +’fy A) "® then

5 v

wn

After evaluating the suprema the HJB equation reduces to

(9,50 - —2A£
=0 = 2A§(T — t),
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and so the value function for this control problem defined above is given by ([2.3)

as required.
O

Remark 2.1.2 In the risk-free case the HJB equation is of a very simple form,
and the optimal quotes arise as the result of straightforward differentiation. The
market maker only has to balance the (utility of their) profit per trade Ad* and
A& against the impact this has on the level of demand A(6%) and A(6°) they

receive.

Remark 2.1.3 In the limit as § — oo the optimal quotes tend to 0* = §° = <,
since
. 3 , 1 £ \¢ 1
lim §* = lim —>In|{ —— ) = lim ——1 — ==
go0” Emoo kn(1+€ e A AV K

Remark 2.1.4 In Chapter 10 of [23], Cartea et al. consider a market making
model with explicit penalties for running inventory and terminal inventory as well
as an inventory cap. When in Section 10.2.1 they simplify to assume the market
maker doesn’t penalise running or terminal inventory and faces no inventory cap,
they find that the market maker optimally seeks to maximise the probability of
their limit order being filled. The model we have here in the limit finds the same
solution for the optimal quotes as in that case. Indeed, one way that we could
have & — oo would be via v — 0. That is a market maker who is not risk averse
in our set up is behaving in the same way as one who does not penalise the risk

of holding inventory in the case considered in [25)].

Hence in this simplified case we find that the function 6 is just the constant 24,
multiplied by the remaining time available to act as a market maker. Thus we
may interpret 24 as a profit rate from market making. The market maker should
be equally happy to have an additional wealth 2A,(7 — t) or the opportunity to

act as a market maker from time ¢ until time 7.

In the next section we will consider similar arguments in a related set-up where
the value of the asset is no longer constant. The problem considered in this section

will be an important special case. The constant % will appear repeatedly in the
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optimal quotes the market maker chooses and the constant 24, will represent a
reference point and upper bound for the value the market maker is able to realise

in other conditions.

2.2 Market Making in a Risky World

In this section we describe the main model of this chapter, and show that the
HJB equation resulting from the control problem considered can be approximated
with a certain parabolic PDE. The set-up is similar to that of Guéant [51] though
we take a more rigorous look at the underpinning mathematics. We will find
optimal quotes that agree with the model in [51] and our approach will also allow
us to focus on a neat approximation for the approximate overall value of market

making.

2.2.1 Formulation of the Full Discrete Model

We now focus on a problem that can more realistically capture the situation faced
by a market maker. In particular we now consider that there the asset trades
around a reference price S; that follows an arithmetic Brownian motion. That is,

we have o > 0 and
dSt B Uth.

The introduction of risk into the asset price drives our primary characterisation

of a market maker’s preferences:

All other things being equal, market makers prefer to hold as little
inventory as possible. Their ideal transactions are round-trip trades
where they profit from selling at a slightly higher price than they buy
for, doing so quickly enough to avoid any changes in the price of the

underlying asset.

Of course the real world rarely provides such opportunity, but this fundamental
preference leads to the market maker’s general aversion to holding inventory. So,
all other things being equal, we should expect the value of market making to

be a decreasing function of the size of their inventory level, |¢| in the sense that
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the mark to market value of their portfolio is also kept constant, so that any
decreasing inventory is suitably balanced by increasing cash. They do not in
general want to hold either long or short positions in any asset and consider the
possibility that the asset price moves whilst they hold inventory to be a risk that

reduces their overall profitability.

The rest of the set-up of the problem remains unchanged, and the market maker
sets bid and ask prices S? and S? at distances §° and §2 from this reference price

so that as before we have
Sf =5, — 5f ,

S& =S, + o7

The market maker’s problem is to optimally control 6 and ¢¢ in order to maximise
(a utility function of) profit. Although these quotes will still depend on a range
of parameters in the model, the primary difference from the previous section is
that they will now also depend on the market maker’s current inventory level.
Because of the market maker’s general aversion to holding short or long positions
we expect that they will want to offer more competitive prices as their inventory
moves away from 0. In doing so they will cause their inventory process to stay as

close to zero as possible whilst still making enough trades to be profitable.

As in the riskless case we model demand for the asset using two independent Pois-
son point processes (N}), and (N?); with rates A’(6?) and A?(6¢). In particular

we will again focus on the case where A%(6%) = Ae " Ab(§%) = Ae k0",

Again we assume that the size of each trade is a constant A, and so the market
maker’s inventory level is given by dg; = AdN? — AdN® and their cash holding
X, has dynamics dX; = SCAdNE — SPAdN} = (s + 64)AdNE — (s — 0°)AdN} as

before.

The CARA utility function to be optimised is also unchanged from the work above
aside from the fact that S; is now random. So our market maker will optimise

u’(t, z, s, q) over choices of this control § = {2, 6°};<.<7, and where

ult,x,s,q) = sup w(t,,S,q) = SUp By 50— exp{—7 (X} + Q%.57)}].
62,6
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Now E,, s, is the expected value of the process where the market maker starts
with cash x and inventory ¢ of an asset priced at S; = s at time ¢, and v is a risk

aversion parameter characterising the market maker as before.

We also assume that the market maker is subject to an inventory cap +@). If
their inventory ever hits this cap, they stop quoting on one side of the book so

that it cannot be exceeded.

2.2.2 An Ansatz Suitable for a CARA Utility Function

In Section we were able to simply consider the wealth of the agent w = x +¢s
as cash and stock are easily exchangeable in a risk free world. In a risky world,
this quantity will continue to play a fundamental role and will be referred to
as the Marked to Market (MtM) value of the portfolio. In practice it may be
necessary to use other conventionsg’| but here we adopt the convention of marking

to market at the asset mid-price.

Although we now consider the cash and asset holding separately, when using a
CARA utility function it is possible to factor out this MtM value x + gs. Thus

we can write the candidate value function as

u(ta Z,q, 5) - - eXp(_’V(Q: +4gs+ Q(t, q, 5)))

The guiding idea is that the value of a position will incorporate this marked
to market value and the function 6 will capture any aspect of the value that is
determined by the riskiness of the position. Our primary interest will be in the
dependence of € on q. We expect that 6 will be negative so that it will quantify
the reluctance of the market market maker to hold inventory at various levels.
Further, although the form of § may include the volatility ¢ of the stock, due to
the spatial homogeneity of S it really has no reason to depend on the value of S

and so it makes sense to take as ansatz:

u(t,z,q,s) = —exp(—y(z + qs + 6(t,q))). (2.4)

3For example where portfolio values are being computed for regulatory risk management
purposes, using a bid or ask price rather than a midprice, or including a liquidation cost may
represent a more accurate liquidation value of the portfolio.
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In the sections that follow we implicitly assume that 6 exists and is differentiable.
In Section we will be a little more rigorous, but we defer this until after we

have made the main approximation step that is required.

2.2.3 An HJB Equation for Market Making in a Risky
World

Proposition 2.2.1 Choosing A(6) = Ae™* | the function 0(t,q) in satisfies

0= —00+ 3y0°¢® — A (e’“’7+ - ekpi) , (2.5)

1+
where p* == 1 (0(t,q £ A) — 0(t,q)) and we define § = % and Ag = % (ﬁ)

as before.

Proof By standard results we expect u to solve the HJB equation

0= —0u — 20°9%u — Lyg<qy sup{A(8")[u(t,x — As+ AS’ g+ A, s) —u(t,z,q,5)]}
ob

— Tyg>—qy Sup{A(0Y) [u(t,z + As + Ad®, g — A, s) —u(t, z,q, )]}
6(1

Upon substituting this into in the ansatz (2.4]) and taking the demand function
A(8) = Ae™* this becomes

0= =00+ 270°¢> — Ly4<q) sup {%e—kéb <1 — e_wA(‘sbﬂ’Jr))}
oY
— Ligz-q) sup {%e‘k‘sa (1 — e‘”A(‘;b*”_))} :

The suprema may be evaluated using a simple first order condition. Since the
two suprema have essentially the same form, writing {4, p} in place of {6°,p*}
and {6%, p~} we have

_%e—ka (1 _ 6—'yA(5+p)) + %e—ké (,yAe—'yA(é-i-p)) =0.
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After some straightforward rearrangement this gives

k k =
—YAG+p) _ d ek — ( )”A kp.
€ k-I—VA’ and e E A [

Writing £ = % and substituting into the suprema this yields
1+£ _
0= 00+ 370°¢" — & (ﬁ) (e’“”+ ek ) , (2.6)

1+&
which after writing A, = % <1£T£> gives the result as stated.

O

It is not practical to solve (2.5 analytically and so we follow [51] in considering
an approximate solution. In particular we will modify p* in the following way,

defining
pr=x (0(t, g £ eA) —0(t,q)).

Now consider the equation
0=—08,0+ $yo’¢* — Ag(ek”:r + efPe), (2.7)

which we note is precisely equation ([2.5) when we take e = 1.

Proposition 2.2.2 Fquation can be expressed as

0=—08,0 4+ 370°q" — 2A, — AgAkéQ(‘?;qQ(t, q) — Ack*(9,0(t,q))* + o(e?). (2.8)

Proof Taking a series expansion of p* in ¢ we have

Pl = %0t q+eA) —0(t,q)) = €0,0(t, q) + 3A°05,0(t, q) + o(€);
pe = x(0(t,q = ed) = 0(t,q)) = —e0,0(t, q) + 5A*05,0(t, q) + o(€?).

Then taking a series expansion of the exponential function gives

M =1+ kD, 0(t,q) + JARCT, 0t q) + §RE(9,0(t,9))° + ofe);
ke — 1 _ ek;(’)qg(t’ q) + %AkEQagqe(t q) +
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Substituting these into equation (2.7 gives the desired result.

2.2.4 An Approximate PDE for the Long-Run Behaviour

Following Guéant we next discard the o(€?) terms and take ¢ = 1 in (2.8)) to

give
0= =00 + 370°¢* — 24¢ — A AkO.0(t, q) — Ack*(0,0(t, q))°. (2.9)

We leave a more careful consideration of this step for future work and instead
focus on its consequences. In Chapters[3]and [l we work in a continuous framework
where it is possible to find these conclusions with more rigour. Indeed we note
that it seems to be an inherent disadvantage of the discrete framework that these

arguments are more challenging to make.

Having made this approximation, in the remainder of this section we are able to
describe the long run behaviour of the system by considering the spectral theory
of a suitable linear operator. First we make a transformation so that the system

is in a more convenient form.

Proposition 2.2.3 Taking v = exp (%0), the equation may be expressed
as
O = 2£ Acv — Bu, (2.10)

where
By = %%70%20 — k:AAgagqv.

Proof Substituting v = exp(£6) into (2.9), we have

f=2Inv, 0,0 = 2% 0,0 =

v

=|>

v 7 74qq v2

(9q_v 82 9 — % (v(’)gqv—(aqv)2) '
Then (2.9) becomes the linear PDE
k v v

P 2
Oz—é@+%702q2—2Ag—A§A2 (vagqv—Q(aqvp) —A£A2 <%> 7
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which in turn simplifies to give

0= 0w — X(370°¢" — 2A¢)v + kAAD2 v (2.11)

k
A qq ">

as required.

2.2.5 Analysis of Long-Run Behaviour

In this section we will analyse the long run behaviour of . The main strength
of making the approximations that led to this equation lies in the fact that the
operator B is a positive self-adjoint operator with a compact inverse and thus
we may appeal to well established spectral theory to analyse its behaviour as
T — 0.

The results we are about to discuss hold for a wider class of operators than just
the operator B defined above. In Section we will use our specific knowledge
of the form of B to write a more explicit form of the value function, but in this
section we work in greater generality and get a flavour for the functional analysis

involved.

For a more detailed understanding of the approach taken here we refer the reader
to the textbooks of [14] and [17]. In particular we make use of some theorems
stated in |17] to pave a path through the functional analysis required to reach
our conclusions. In particular we are going to use a classical L? theory of the

solution of PDEs to interpret the problem.

We also refer the reader to Ishii [60] which allows us to conclude that the solution
we find to the PDE is a valid solution to the control problem. The normal
approach in control theory would be to interpret solutions to the control problem
as viscosity solutions to avoid the need to prove a priori regularity of the value
function. In this example, the operator is nice enough that [60] allows us to say
that if we have a solution in H'(§2) as we will describe below, then it will also be

a viscosity solution to the control problemﬁ

“Ishii [60] justifies this for general elliptic PDEs. Although we are working in the parabolic
case, this is included since the results in [60] do not require any uniform ellipticity conditions.
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So far we have been quite loose about the domain on which we are working and
so we now set a large value of ) and consider the equation (2.10)), that is

v = 2% Acv — Bu

on the domain Q x [0, T, where Q2 := [—Q, Q]. This cap can be thought of as the

maximum (short or long) allowable inventory.

Note that when we talk about v(t, ¢) there is also implicitly a dependence on the
terminal time 7T'. Later in Theorem we will want to consider the long run
behaviour and will make this dependence explicit, but until then we keep T" > 0
fixed.

In order to define boundary conditions we set 0(t,£Q) = —0* for some large
0*, thinking of #* representing a liquidation premium. That is, if our inventory
should ever hit the boundary we are prevented from making further trades on
one side of the book and have to bank a loss. By taking the value of ) large
enough we may consider this to be a very unlikely event for which the liquidation
premium would be significant. The consequence is that since v = exp (%9) we

would have v =~ 0 in this case and so we choose as a boundary condition
v(t,Q) =v(t,—Q) =0 Vte[0,T].

This ensures that for every ¢ the solutions v(t, -) always belong to the same linear
subset of L?(€) which will be necessary in applying the results of [17]. To apply

these results we must first also consider the natural boundary condition
v(T,q) =1 VYqeQ° (2.12)

where Q° = (—@Q, Q) is the interior of Q2. Note the two boundary conditions are
not continuous at v(7’, @), though this is not as problematic as it initially seems.
We will be able to use the classical theory in Brezis [17] to find existence and
uniqueness of solutions immediately for times ¢ € [0,7 — €] and we will still be
able to extend this naturally to a solution for which we may take the limit ¢ — 0.
That is in Proposition [2.2.4] we will find a suitable function of ¢ for each ¢t < T —¢

and then use a continuity argument to extend to the full interval [0, T7].
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In particular, Theorem 10.9 of [17] tells us that the solution to (2.11]) exists and
Theorem 10.10 of [17] further gives us that this solution v° is unique (in a weak
sense) and satisfies v¢ € C®(Q x [0,T — ¢]), Ve > 0f]

Next we note that the operator B is self-adjoint and so appealing to classical
spectral theory (see e.g. [14]) we can find an orthonormal basis of L*(2) consisting
of eigenvectors of B. In particular, the eigenvectors and eigenvalues (e;, A;) satisfy
Be; = \e;, we have (e;,e;) =0 for i # j and (e;,e;) = 1 and there is a singular
minimal eigenvalue \g in that we have \g < A\; < Ay < ... The fact that the
leading eigenfunction has (algebraic and geometric) multiplicity 1 (so that Ay <

A1) is a direct consequence of the Krein-Rutman Theorem (see e.g. Theorem 6.13
in [17)) [

As a result we are able to determine a form for the value function and analyse

its behaviour in the limit as 7" — oo in the next two propositions.

Proposition 2.2.4 Let Q = [—-Q,Q] and (e;, \i)52, be the eigenvectors and
eigenvalues of the operator B := %%70%]2 — kAAg(?gq. Then

o0

v(t,q;T) = Z(l, €;) exp [(2§A$ - >‘i) (T — t)] ei(q) (2.13)
=0
is the unique solution to O = 2% A¢v — Bu such that v € L*([0,T]; HY(Q)), v €
C([0,T); L3(2)); for each 0 <t < T, v(t,Q;T) = v(t,—Q) = 0 and v(T,q;T) =
1 Vg € Q°.

Proof Since we have a solution v¢ € C*(2 x [0,T — ¢]), Ve > 0 then we can

take 0 <t < T — € and write v in the basis of eigenvectors of B as

v aT) = 30 ee(o) =t Y aibe(). (214)

A proof of Theorem 10.9 of [17] can be found, for example in [68] and of Theorem 10.10 in
[68], |45] or [65]. The issues with the boundary condition mean that does not satisfy the
necessary compatibility conditions to be able to immediately extend this to say that we have
a solution v € C*°(Q x [0,7]) in Theorem 10.9 so we have to consider the limit as ¢ — 0 more
carefully.

6This is analogous to the Perron-Frobenius results used in Chapter [5| where we are working
with the eigenvectors of a matrix instead. Proofs of various forms of the Krein-Rutman Theorem
can be found in [13] [73] [86] [88] and [91].
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Then equation ([2.10) becomes

0 = 2ﬁA£U€ — Bv*

Z duai(eilq) = 25 A¢ Y ai(eila) = 3 ai()hieilq)
3 0a = (254c— ) ai(teila)

For each j we can take the inner product with e;(q) to give

Ohas(t) = (25 A — Aj) as(t)

J

= aj(t) = cjexp (254 — X)) (T —1)].

where the ¢; are constants that can be determined from the boundary condi-

tions. In particular, if we impose a boundary condition v(T" — ¢, q) = 1, then we

Za Q=1 Ygeq.

Taking the inner product of each side with a particular e; we find that

have

a5(T =) = (Ley),

and so
5 = (1,e;) exp (—e (2§A§ — )\j)) ,

and we note lim.,o ¢ = (1, e;). Substituting these back into ([2.14) we have that
for0<t<T —e,

v (t,q; T Zcexp [(22 A = N) (T —t)] eilq). (2.15)
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Now fix n € (0,7]. Then for ¢ < n we have

v (T —n,q;T) = Z c; exp [(2%/15 - /\i) 17} ei(q). (2.16)

=0

and we can let € — 0 to find a function v(T —n,q;T) € H*(2) such that

oo

o(T=n,¢;T) =) (1,e;)exp [(25Ac — \i) n] ei(q). (2.17)

1=0

Now we can appeal to Theorem 10.9 of [17], which tells us that this function lies
in C([0,T] x L*(€)) so that we are allowed to take the limit as 7 — 0 and so

[e.9]

v(t,q) =Y (Le;)exp [(25Ac — X)) (T — )] es(q) (2.18)

1=0

has all of the properties required.
O

As a consequence of the previous proposition and the Krein-Rutman Theorem
telling us that operator B has a unique leading eigenvalue so that \y < A;, for
large T' we can see that the term involving A\¢ will dominate the others and so

the following theorem immediately follows.

Theorem 2.2.5 As T — oo we have (with convergence in the L*(Q) sense) that

—(2£ 4,
RN 0,47 S 0l
where v (q) € Hy () is the solution to
Bv = A\,

where Hy () is the subset of H'(Q)) satisfying the boundary conditions v(+Q) =
0. In particular we have that there is a constant C' such that for sufficiently large
T

< Ce~Po=A1)t,

L2

o CEAN)T 00 0 @)
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Moreover (see [17] Theorem 9.31 and Remark 30), vg, Ag can be recovered via the

Rayleigh-Ritz formula

B
Ao = inf (v, U>: inf (v, Bv),
veH Q) (V,0)  veHL(Q), ||| 2=1
and
vo= argmin (v, Bv).

veH (Q),]|v]| 2=1

We note that this also justifies the claim of [51]

%702q2v2 — Ak:Ag(@qv)z, dq

N[

Vg = min /
FEHI(R):|[f]| 2=1

that is given there without proof.

Further, we will have that when T is large, approximately

v(t,q) = (1, e0) exp [(2E A¢ — Xo) (T — )] eo(q). (2.19)

2.3 The Quantum Harmonic Market Maker

In this final substantial section of this chapter we write down a natural extension
of the problems considered so far in this chapter. If we lift the inventory cap by
letting () — oo so that 2 = R then we are able to recognise the operator under
consideration as that of a quantum harmonic oscillator. In this case we can then
easily write down the known eigenvectors and eigenvalues of the operator B and
so form a very neat and interpretable explicit form for the value function. As
a result we can quantify the approximate long run value of the initial market
making problem. The form we find also allows us to separate clearly the long run

value of market making and the cost of having a non-zero initial inventory.

In the following proposition, we use the notation f(t) ~ g(t) as T —t — oo to

meanthat?%lasT—t—)oo.

®)
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Proposition 2.3.1 In the case Bv := %%702(]21} — kAAE(?gqv, the only smooth
non-negative solution to
v = 2%1451) — Bv

satisfying the boundary conditions lim, 4o v(t,q) =0 Vt and v(T,0) = 1, sat-
isfies, as T —t — oo,

0-2
v(t, q) ~ exp (—ﬁ 74—§q2> exp (% (QAg - A\/%’VOQAg) (T — t)) .

Hence the value of market making satisfies, as T —t — 00,
S 5— 2 2% 1 (24— Aol ) (T
u(t,r,q,S) ~ —exp | =y |z +qS— 3 ! + [ 24¢ — Ay /57024 ) (T —1) | |-

Proof We can write down the eigenvectors and eigenvalues of
Buv = £(iy0?¢*)v — k’AAg@qu

by noting that the operator B is related to that of a quantum harmonic oscillator
in the sense of Proposition [B.0.2] In the notation used there we have v = kA A,
8= %%702, xk = 0 so that we find its leading eigenpair to be

11 5
cola) = (L)1e72VEr dg =~y [0,

Then by a similar reasoning to Theorem we find that as T'—t — oo, for a

suitable constant ¢ we have,
u(t, q) ~ ceo(q) exp((2X Ag + Xo)(T — 1)). (2.20)

Applying the boundary condition v(7,0) = 1 we find that the constant ¢ must

cancel with the constant in e,(q) to give

o(t ) ~ o2V exp((25 A — Mo)(T — 1))

Unpicking the substitution 6 = %logv and the original ansatz u(t,z,S,q) =
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—exp{—y(z + ¢S + 6(t,q))} we have
u(t,z,8,q) = —exp {—y(z + ¢S) — 2 logv},

and so substituting (2.20]) in place of v and also substituting for « and /5 then

gives the result immediately.

g

We recall that in the simplified, riskless world of Section we found that the
function @ is just the constant 24, multiplied by the remaining time available to
act as a market maker, so that the market maker should be equally happy to have
an additional 2A¢ (7" —t) or the opportunity to act as a market maker from time
t until time 7. Proposition [2.3.1] allows us to make a direct comparison and we

find the following two major differences in the form of the value function:

1. The profit rate per unit time is reduced from 24¢ to 2A; — Ay/2v02Ag;

2
and

2. There is also a penalty of ﬁ “’14;'5(127 quantifying how undesirable it is to

start with a non-zero inventory.

As we expected, market making in the riskless world has given us an upper bound
for the value of market making in a more general world, and this result has allowed

us to approximately quantify the difference.

2.3.1 An alternative approach

In the work of this chapter we have assumed that the inventory levels should
be fixed to a bounded domain [—@Q, @] and a bankruptcy condition be applied
at the boundaries. The compactness of the resulting operator then allowed us
to approach the eigenvalue problem rigorously using the results contained in
[17].

We think that it should also be possible to make the step to the quantum harmonic
oscillator case in section more rigorously too. Pinsky [83] begins by working
with a general elliptic operator on a bounded domain and provides a rigorous

theory for its principal eigenvalue. Under a certain uniform ellipticity condition,
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they are then able to extend these results to arbitrary domains D C R¢.

In Chapter 5 of [83] they work in the one-dimensional case and further show that
many of the calculations can be worked out explicitly. Both Chapter 5 of [83]
and the paper of Elliott [37] propose integral tests to prove the existence of the
principal eigenvalue that would appear to be very applicable to our problem and
should allow us to justify more rigorously the step to the unbounded domain
that we have made in section [2.3] A full consideration of this approach will be

explored in future work.

2.4 Summary

In this chapter we considered a model for market making in the style of Guéant
[51] in two cases. Firstly, in the ‘riskless’ case where the underlying asset has no
randomness, we found optimal strategies and a long-run value of market making
that provide a useful reference case for all the work that follows. Then in the more
general case we have been able to approximate the resulting HJB equation in a
suitable way and use spectral theory to analyse the optimal quotes and quantify
the long-run value of market making per unit time. In the final section, we lifted
the inventory cap and made a natural comparison of the market making problem
to that of a quantum harmonic oscillator, and in doing so were able to suggest
a form of the value function that neatly separates and quantifies both the value
of market making and the cost of starting with a non-zero inventory. In doing
all of this we have added additional rigour to the results presented in [51] as well
as some additional new results about the value of market making. In the next
chapter we will formulate a new continuous model for market making that may

be considered a natural extension of this model.
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Chapter 3

A Continuous Model for Market
Making

In this chapter we will study a new continuous model for market making that
retains the key features of the model of Chapter We have observed that
when market making with a risky asset the inventory level plays a key role. All
other things being equal, the market maker would always prefer to not hold
inventory and optimally they tend to adjust their quotes in a way that causes
their inventory to mean-revert towards zero. Although the value of the control
depends on many parameters in the model, the dynamic element rests primarily
in response to changes in the inventory level ¢q. In Chapter {4 we will take this
focus on controlling the inventory even further, but in this chapter we begin by
formulating a continuous model in which the market maker’s bid and ask quotes

are set up in similar way to Chapter

In Sections we set up the continuous model and control problem, basing the
parameters and coefficients in the model carefully upon the modelling framework
of Chapter

In Sections and B.3] we consider the PDE that the value function should
satisfy, and approximate it with a linear PDE that appears to give very reasonable
solutions to the problem. Whilst we are not able to make fully rigorous the

approximation we are able to recover results from the literature and make some
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interesting observations about the behaviour of the system. Indeed in Section
we do exactly this by recognising the linearised PDE as a version of a quantum

harmonic oscillator.

A fully rigorous version of the operator theory required for this chapter is beyond
the scope of this thesis and left for future work, but we are encouraged by closeness
of the results to the literature and Chapter[2l Our real aim for this chapter though
is to set the scene for Chapter [4] where we work with a slightly simpler model
which we are able to treat more rigorously. The results and the intuition gained

from this chapter are therefore important guides for what follows.

3.1 Formulation of the Continuous Model

The model in this section takes that of Chapter [2|as a starting point but imagines
that orders may arrive continuously and be of any size. All of the terms in the
driving SDEs in this model are motivated directly by rates from the discrete

model so that it may naturally be considered as a continuous time equivalent of
the model of Chapter [2]

3.1.1 Inventory Process

In the discrete model, demand arises as the result of orders arriving as Poisson
point processes with intensities A°(6°) on the bid side and A%(§%) on the ask
side. Since inventory increases with demand on the bid side and decreases with
demand on the ask side, the bid orders alone would cause the inventory to drift
upwards at rate A®(§°) and the ask orders alone would cause the inventory to drift
downwards at rate A*(0*). Thus we would expect an overall drift in the inventory
of A®(6%) — A?%(6%) and so we define the inventory process by the SDE

dg = A{A"(0}) — A“(0f)}dt + ¢(0F, 67)d By, (3.1)

where B is a Brownian motion and ¢ (62,6°) is a volatility term that will be

specified below.
Remark 3.1.1 The discrete order size A still appears in our continuous model.
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Although it has become somewhat arbitrary it is helpful in making direct compar-

1sons with the results from the discrete case.

A natural choice for the square of the volatility term (6%, 4°) is to take
¢*(07,0%) = AM{A(8") + A"(0")},

since in the original model the orders arrive according to two Poisson processes
with rates A%(6?) and A®(6%). Thus the variance of total orders within a unit
of time would be A%(§%) + A®(6°), which when scaled by the order size A gives
A2{A%(6) + A®(6%)} as the total variance of the inventory process.

3.1.2 Wealth Process

Alongside the inventory process we need to define a wealth process to keep track
of the running value that the market maker has accrued. In the discrete model,
when a bid order is placed at at price S; — §° the market maker gains A units
of inventory in exchange for A(S; — ¢°) in cash. If we mark to market the value
of A units of inventory at the mid-price S; then this transaction results in an
immediate increase in wealth of Ad®. Since bid orders arrive at rate A’(6%) then

the bid orders increase wealth at an average rate of A®(6°)Ad°.

By similar reasoning, the ask orders increase wealth at an average rate of A*(0%*)Ad®.
Adding together the bid and ask orders, the market maker accrues marked to
market profits at a rate of A{§?A%(6%) + d°Ab(6°)}. Of course these profits are
not certain to be realisable in cash, since whilst holding inventory the price of
the asset may change. Since the asset price is modelled as arithmetic Brownian
motion, we add a volatility term to represent these fluctuations and so arrive at
the SDE

AW, = A{6A(6%) + 6PAL(0%) }dt + 0qd B®, (3.2)

where Bt@ is a second Brownian motion independent of Bgl). We leave for future

work consideration of the case where these are not independent.
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3.1.3 Optimisation Problem and Ansatz

The utility function that we seek to optimise for also takes a very similar form

to before and we write

v(w, q,t) = sulz Eu g.t[— exp(—yWr)], (3.3)
sa.5

where [E,, .+ is the expected value of the process where the market maker starts
with wealth w and inventory ¢ at time ¢, and ~ is a risk aversion parameter

characterising the market maker as before.

We can deduce the existence of the value function on a finite horizon via standard
methods. Moreover, the value function can be characterised in the usual manner
as a viscosity solution using e.g. Theorem 4.3.1 of Pham [82]. Note that in our
setting we do not need the function appearing in (4.17) of [82]. Pham’s other

conditions are easily verified.

As in Chapter 2, we expect that we should be able to factorise out the current

wealth in the utility function, and so take as ansatz
v(w,q,t) = — e V(wtb(gt)) (3.4)

Hence we have translated the discrete problem into one that is continuous and
essentially equivalent. The rest of this chapter will be devoted to studying and
solving this optimisation problem, as well as comparing these solutions to those

found in the the discrete case.

3.2 Developing a PDE for the Value Function
Proposition 3.2.1 Under the optimal choice of control, and taking
Aa((ga) — Ae—k6“’Ab<5b> — Ae—k5b7

the function 0 defined in satisfies
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0=—0,0+ 3y0?q> — 222 exp [22 (0" — v(6')*)] cosh (ko). (3.5)

Proof We consider v(t, W, q) as a stochastic process and then by standard
resultd]]

0 =v, + %02q2vww (3.6)
b osup [ouALFAY7) £ PN} + 0 ATAP(SY) — A8} + LuggCP(5%, ).
(59,60}
(3.7)

Now, applying the ansatz (3.4)gives

v(w, q,t) = —e (wHilat) vy = ~fe(wH(aD) Vg = N e H0(a1)

Uy = e 1(wto(at) Vi = —y2e Y WH0@N) = (40" — 42()?) e (wHb(a1))

and so, after substituting these into (3.7) and dividing by —wv,, we have

0= =00+ 370% — sup |AL0"A"(5) + 8"A"(5")}
{oe,6%}
+OA{A (D) = A"(0")} + 5 (0" — 4(0))C* (0, 8")|.
(3.8)

Substituting ¢2(§2,6°) = A2{A%(6%) + A%(6%)} and separating out the terms in §¢

and 0° we have

sup [A{8°A(6) + O AY(")} + 0 ALAY(E) — A(5)} + 18" — 4(8)2)C3 (", ")
{50,5%}

=Asup [(5° 4 (=8 + § (6" —1(8)?)A"(5")]

+ Asup [(8°+ (0 + 30— 4(0)2)AY)]. (3.9)
617

Further substituting the choice A%(6%) = Ae=** A(§%) = Ae %" and noting that

!See e.g. [41] Theorem IV 7.1.
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for any constant «
sup{(5 + a) expF) = Lelka=l)

with optimising 0* =

% —a= %(1 — ka), the suprema in . ) become

43 exp [k<—9'+é<e" YO)2) = 1] + 42 exp k(0 + 56" = 1(0)2) 1]
= 22 exp[52 (0" — (0/)?)] cosh(ke)),

and hence equation (3.8]) becomes
0=—0,0 + 1v0°¢> — 222 exp[E2 (6" — 7(0')?)] cosh(kd),

as required.

3.3 Approximation with a Linear PDE

We would like to appeal to the same spectral theory as in Chapter [2] but it is not
immediately clear that we can do so, as we now have a non-linear operator for

which most of the standard theory is not applicable.

Nonetheless we expect a long-run spectral interpretation to be possible for large
values of (T'—t) and as a first step we write an ansatz representing a an average

profit rate times the time remaining plus an inventory-dependent term as
0(t,q) = MT —t) = 0o(q)-
Then we have 0,0 = —\ and equation becomes an ODE for 6y(q):
A = 1907t — B8 exp[EA (g — y(0)2)] cosh(—kd).  (3.10)

Proposition 3.3.1 Suppose holds and g(q) = exp(nby(q)), with n =

%. Then the pair (X, g) are an eigenvalue/eigenvector pair for the operator L°
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given by

" ’ 2
LOf = —570°" f(a) + 52 f(a) exp{ — 3 (f (q)>  Tc e (f (Q))

fa) f(q)
+ In cosh ( - J;((s)) ) } (3.11)

That is we have L%g = \g.

Proof Making the substitution g(q) = exp(nfo(q)), we have ¢'(¢) = n0y(¢)9(q)
and ¢"(q) = n95(q)g(q) +1°(05(2))*9(q) so that

,_14'(q)
=)
vy 1g"@ e g0 1 (g (@)’
QO(Q)_ngo(Q) 160(0)) n 9(q) 77(9(Q)> '
Hence becomes
aoan ) (9@ (d@V L (f@N N (_F9 @)
Sl i p{ 2”(9((1) (Q(Q)) +”(g(q)>)}x h( 779((1))'
Substituting n = VA k we find

=ttt (£0) -1 () o (258)

which is of the form required.

This non-linear operator is challenging to work with directly and so we work
instead with a linear operator that approximates it. A full understanding of the
analysis required for approximating the operator as we do is beyond the scope of
this thesis and is left for future work. Nonetheless we give here an idea of why we
think the approximation is reasonable and are encouraged that we can recover

some of the conclusions of the papers [52] and [51] in doing so.
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Our basic intuition arises from applying Taylor expansions to terms in the PDE
1) Firstly we replace by its quadratic approximation Incosh(z) = %2 to

e N F@))?
q o 1 k2A2 _q
o cosh (k —A f(a) ) ~ 3Ty (f(q) ) ’

which gives

: (9"(q
£0g ~ _%ya2q2g<Q) + %Q<Q) exXp {_%VZA_IC (?Q(g))) } .

Then we make a linear approximation of exp(z) ~ 1 + z to give

Lo~ Lg:= (32 - 170°F) 9(0) — 2259 (9). (3.12)

In the remainder of this chapter we work on the assumption that the form of the
function g makes these approximations reasonable and show that in doing so we
are able to recover results from [52] and [51] and to align with Chapter [2 The
intuition gained from this will also act as a guide for the more rigorous work to
follow in Chapter [

3.4 The Quantum Harmonic Market Maker (Part

2)
Proposition 3.4.1 The leading normalised eigenpair (X, go) of the operator
are
_ 24A 1., 2AA kA2
A=55— \/EWQE(;MA)
1
o= yole(k —vA)\* 3/ aolelkyl) @
2rAA3

That is we have Lgy = Ago, and further gy is the only normalised eigenvector that

15 positive everywhere.

Proof The operator £ defined in (3.12)) is related to that of the quantum

harmonic oscillator and is of the form of Proposition [B.0.2| with o = e(fil),
b= —%702 and Kk = % and so the result follows immediately.
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1+¢€
Remark 3.4.2 Recall that A¢ := % <1£T§> and so in the limit as & — oo we

have A¢ ~ %. So by writing

k

_ 24A 1., 2AA 1
A= ke A\/Z’}/O' ek (1_E)7

we may note that in this limit

A= 2A§ — A\/ %’70’2145,

which s precisely the value of market making per unit time we found in the

discrete case in section[2.3.

Similarly we can write

yole(k —vA) _ ~vo? ek AN yo?
2AN3 2A2 AA k 2A:A?’

and so we can observe that in this limit we can also match this with the inventory

dependent term in Chapter[9

3.5 Computing the Optimal Quotes

In this section we use the result of Proposition to find approximate forms
for the optimal quotes. We will see that in a suitable limit these are exactly those

found in the paper of Guéant [51].
Proposition 3.5.1 Assuming that the eigenpair of Proposition[3.4.1] are a good

approzimation to equivalent expressions for the operator Ly, the optimal quotes

for the market maker in the control problem are
a 1 0'26 A
O = TV e (q - 5) ’

1 2 A
b oce
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Proof Write v := g = %’YUQM. Then we have 0(q) = 2log{g(q)} =

AN3 — 7
ij log{g(q)} and so taking g as in Proposition m
1
7o (/i)
= exp (—+/%q° ),
ola) = e (/50
and so .
_ _A vi A
9(Q) k—yA 1Og \/ﬁ 2 q

Differentiating, we find

0@ = —Bsvi () = — sV

In the proof of Proposition |3.2.1] we noted that the optimal quotes were given
by

a_l AN 114 /2_1 A

A A?
A OV S
Vg 2( k;—vA\/; ot VCJ),

1 1 A A A?
b_ — o Arpl_ AVANEE A AN =2

which to a linear approximation gives

1A A
’ _E_k;—yA\/;<q_§)’

1 A A
p_ 1 2
5 _k+k—7Aﬁ<q+2)'

Substituting v = 1vo? e(izyf) and performing some straightforward rearrange-

ment gives the forms required.

Remark 3.5.2 In the small % limat these quotes are closely in agreement with
the model of Guéant [51]. To see this, working on the ask side (the bid side is
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identical), the quote can be written

In Guéant [51)], the form

o 1 vA A o2y vA (1+55)
0 w?“(”?) (q 5)\/2AM (”7

1+ -F
and (1 + %)( +55) ~

1s found, and if we take % to be small, then VLA In (1 + %) ~ %

e(H—k'YA) so that this becomes

50~ 1 ([ A \/027 e(k+~A)
SR\ 2 ) VaaarT ko

28 we also have that —5— ~ 1 ~ 22 and so we find that our
ko —vA k

solution matches very closely Guéant’s approximation in this case.

Now for small

Corollary 3.5.3 With the quotes as given in Proposition the bid ask spread

1S a constant

2 0'26
o) +0"(q) = - + Az ey

Again we can see that as % — 0 this could also be written as

a 2 0'2
3*(q) +8°(q) = Ve

3.6 The Dynamics of the Inventory Process

We can also give an approximate form of the dynamics of the inventory pro-
cess under the control, showing that it behaves as an Ornstein—Uhlenbeck pro-

Cess.

Proposition 3.6.1 Under the optimal control found in Proposition the in-
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ventory level is an Ornstein—Uhlenbeck process.

Proof The inventory process follows
dg, = A{AY(8?) — A*(89)}dt + A2{A(8%) + A°(V)}dBYM.  (3.13)

We need to show that there are constants ¢, cy > 0 such that the drift A%(6%) —
A%(§%) = —c1q and the volatility A%(6?) + Ab(6°) = ¢, is constant.

: _ 1, 2e(k—A)
Taking v = 5y0”=Sz5 as above we have

A A
a a,* = _kéa: — -
A% (0%") = Ae Aexp( 1+k—”yf\/;(q 2))

Ak
= Ae texp (k—fyA\/;

(-3
SAEENICH

E—~A

Then we find

_ 2AAk

and

AP(5%) + AY(0%") ~ Ae! [ 2 —
R e

which have the required form.
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4

The results of this chapter, whilst interesting, suffer from the significant disad-
vantage that they are based on an approximation of an operator that we have not
fully justified. The difficulties in the non-linearity arise due to the fact that our
control affects the Brownian term in the inventory process, making our resulting
PDEs fully non-linear (non-linear in d,,) rather than semi-linear (linear in J,,

non-linear in 9,).

Given the manner in which the results match closely those in the literature and
in Chapter [2], we suspect that with further work it would be possible to give some
reasonable conditions under which this approximation could be justified. Rather
we have chosen in this thesis to put rigorous arguments into Chapter {4 where we
will consider a slightly simpler model that is very closely related to this one, but

captures neatly the essence of the market making problem.

3.7 Summary

In this chapter we have formulated and studied a new continuous model for mar-
ket making that builds naturally upon and retains the key features of the model
of Chapter 2] Although it was necessary to make some approximations along the
way, the resulting linear PDE appears to give very natural and interpretable solu-
tions to the market making problem and sets the scene for the model of Chapter

[, where we will work with greater rigour.
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Chapter 4

A Continuous Model with a
Single Control Variable

In this chapter we adapt the model of Chapter |3 to give a rigorous solution
to a continuous time and space version of the original problem of Chapter 2
The model in this chapter allows us to give a clear interpretation of the long-
run dynamics and optimal control and we also solve this numerically to find the

optimal strategy.

Up until now we have worked with a control consisting of two variables, 0% and
8°. But in all of the models we have studied, in particular those of Avellaneda
and Stoikov [1] and Guéant [51] [52] as well as the models of Chapters [2| and
we have noted the tendency of the optimal quotes to move up and down roughly
in unison. We have also seen that market making is primarily a problem of
inventory management. Broadly speaking, the market maker seeks to manage
their inventory by incentivising or discouraging buy and sell orders with the aim

of bringing their inventory levels closer to 0.

This leads us to the idea that the control in the problem may be captured effec-
tively with just one variable instead of two and so in this chapter we modify the
continuous setting of Chapter [3] and assume that the market maker may directly
control the drift of the inventory process. For any choice of the drift there will be

infinitely many ways in which to produce that drift with various choices of 4* and
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§°. Each choice will lead to a certain long run profit and the first thing we will do
in Section [4.1]is to show that for a given drift there is a unique combination of §*
and 0° that will maximise the long run profit. So rather than choosing the quotes
as two independent controls, the market maker can instead simply control the

drift of the inventory process and note that this automatically implies a choice
of 4% and 4°.

Then in Section we will reformulate the control problem so that we may
write it down entirely in terms of the drift and restate it in a form suitable for the
risk-sensitive control framework described by Nagai in [72]. To apply these results
we will need to make an assumption that the volatility of the inventory process
is constant, a choice that seems reasonable at least in some sensible parameter

regimes.

Since the early work of Jacobsen [61], followed by Whittle |94], there has been
much work deriving a full theory of the class of stochastic control problems whose
performance criteria are exponential functions of quadratic forms. This theory
of risk sensitive control has received a great deal of attention because of the
link it provides between stochastic and deterministic approaches to disturbances
in control systems. We base our results on those of Nagai [72], but see also
for example [§], [36] and [39] and the references contained therein. Since its
development this approach has been applied by a number of authors to tackle a
variety of problems, including many in mathematical finance, for example in |12],
[40] and [62]. To the best of our knowledge it has not yet been applied to market

making problems.

In fitting the original modelling assumptions of the papers of Guéant ([51] [52])
into this framework we faced a number of challenges. In particular, the tail
behaviour of the demand functions A%(6%) = Ae *" AP(§%) = Ae %" mean that
we are not able to satisfy a key assumption of Nagai [72]. Although we suspect
that these results are adaptable, the challenge seems deep and would require the
adaptation of some fundamental results relating to non-linear PDEs and so is
beyond the scope of this thesis. So instead in Section 4.3| we work with modified
versions of the demand functions in a way that is economically non-impactful and

allows us to make progress.
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Then in Section we are able to write down a result about the asypmtotic
behaviour of the system and of the long run value function. We conjecture that
we can go even further and relate the long-run behaviour and the value of market
making per unit time to a pair (v(q), x) satisfying a Bellman equation of ergodic
type and closely related to the Schrodinger operators of our quantum harmonic
market maker of Section 2.3

In Section we solve the resulting PDE numerically and consider a method
for finding the long-run value of market making xy numerically so that we could
understand the sensitivity of the value to changes to various parameters in the
problem without needing to repeatedly resolve the PDEs. Finally, we find that
the exponential integral that we are trying to estimate has large deviation effects
and propose a measure change that allows us to compensate for these and to find

an efficient way of computing the value of x.

4.1 Replacing 6 and 4’ with a single control

variable

We recall that in Chapter |3| we motivated a model including the following inven-

tory and wealth processes
_ brsby _ Aafsa a b (1)
dgr = A{A°(6;) — A*(67) }dt + (67, 67) dBy ™,

AW, = A{6PAY(89) + 6PAP ()}t + oq, dB,

where (2(67, %) = A2{A%(0%) + A*(6%)}. As usual we work in the case A%(0%) =
Ae k0" Ab(§%) = Ae~*" although we also consider the more general case briefly

below.

We begin by showing that if we fix a value p for the drift of the inventory process
that there is a single optimal choice for the corresponding §% and ¢° that will

maximise the drift of the wealth process.

Proposition 4.1.1 In order to mazimise the profit rate A(Ad% " + Agbe=0")
subject to a fized drift p = A(Ae_k5b — Ae"") the market maker should set their
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bid and ask quotes using

a ]' 1 . —1 €/~L
0" = k; + ksmh (2 ), (4.1)

1 L [eu

b+ 1 1 ([ ep
0’ = ’ ksmh (2A>' (4.2)

2

This results in an overall bid-ask spread of 6 + §° = >

Proof Introducing a Lagrange multiplier A we set
F(0°,8"0) = A(A8"™" 4 A%e™") 4 MA(Ae™ — Ae™") — p).

We have nga = AAe ™" (1 — k6* + k)) and % = ANe " (1 — k6® — k), so that

setting % =0 and % = ( yields

1—k6® — kX =0,

1— k6 + kX =0,

and adding these gives the optimal spread of §* 4 ¢° = % Solving these si-
multaneously with the constraint A(Ae " — Ae=%") = 1 leads directly to the

equations
sinh(kd* — 1) = %,

sinh(1 — ké°) = i

24N
which rearrange to give (4.1)) and (4.2]).

Further, some straightforward algebra shows that for these choices of §* and ¢°
we have o o f
= = —kAAMTT <0
(0672 ~ (09" oo

2f  Of 2f 1\’ B
(05°)2 (95" (a&a&) = BANSOD >0,

and so these choices do indeed give a maximum.

and
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Remark 4.1.2 The bid ask spread found here is a fized constant that does not
depend on . This further supports our intuition from the paper of Avellaneda
and Stoikov [1] that optimal market making quotes tend to move up and down in

UNISON.

Remark 4.1.3 We could also try to apply this logic with a more general choice

of the control and a similar argument finds that we would take a bid-ask spread

! A2(5%)  AP(S)
Na(§9) o A(5%)

To find the actual quotes we would solve this simultaneously with the constraint

0% 4+ 6 = —

AA'() = A°(5%) = .

4.1.1 Reformulating the control problem in terms of the
drift

Proposition tells us that having fixed a drift u, there is a single choice of §¢
and 6° that maximises the drift of the wealth process, and so next we reformulate
the SDEs for the inventory and wealth processes in terms of a control process fu;

and without any direct dependence on ¢¢ and &°.

Proposition 4.1.4 Continuing to work in the case A*(6%) = Ae %" | A%(%) =
Ae’k‘sb, using the optimal choices of 6* and 8° from Pmposz'tz'on the inventory

and wealth process of the problem of Chapter[3 can be written as

2A0N*  ——— )
dqt = Ut dt + —k‘e on +1 dBt > (43)
and 9 AA
dW, = o {\/xf +1—z;,sinh™! xt} dt + oq dBt(2)7 (4.4)
where x; = F5%.
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Proof Writing z, = 54%, we have that the optimal choices of 4§ and 6% from

Proposition [4.1.] satisfy
k6! = 1 —sinh™ 'y, k6® =1+ sinh ™' z,.

Substituting into the profit rate gives

a AA - o
A (A(Sfe_k‘st + A(Sfe_k5?> = {(1 —sinh™! a:t) esimh Ty (1 +sinh ™! :17,5) e~ sinh 1’“}
= % {\/x% +1—a;sinh™! xt} ,

where we have used in the final line the facts that es™h™' =t = Vi + 1+, and
e=sinh ™ e — Va2 + 1 — z;. Similarly, the volatility of the inventory process may

be written as

A2 <A€7k6a —+ Aeikab) = —AkA2 {esinh_l Ty efsinh_1 xt}
e
2ANA?
" ke { 7+ 1} ’

and so the result follows.

Remark 4.1.5 With this choice of control we have observed that

2AN? ) <eut )2'

C(6700) = A7 (A 4 et = =0 2AA

Then ¢(87,67) can be well approximated by a constant if 354 << 1.

In order to apply the results of Nagai [72] we will need to make the assumption
that the inventory process has constant volatility. In practice this constant could
be chosen based on historical data. A possible direction for future work could
be to consider the case where this volatility parameter depends on the optimal
control. We could try to set up a fixed point problem where we would hope
to find a choice of constant parameter (y, equal to the average of ((d,,d) over
the solution when that parameter is chosen as the control. Although we expect

this may be possible, without further investigation there is no guarantee that
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this fixed point exists so for now we proceed under the following assumption of

constant volatility.

Assumption 4.1.6 The volatility of the inventory process ¢(6%,06°) = ¢°, a con-

stant.

4.2 Defining a New Control Problem

In this section we formulate formally the problem we will solve rigorously in
the rest of the chapter. We first state this as Problem in a form clearly
motivated by the work above and then as Problem in the form to which
we can apply results from [72]. In Proposition we show that Problem [4.2.1]
and are equivalent and then in Lemma we show that Problem is

well-posed.

Problem 4.2.1 We consider the problem of mazimising over controls (ut)o<t<r

the following risk-sensitive expected growth rate per unit time
J(w, ¢, p) = lim inf — 25 log B, gfe 7).

Here Wr is given by the integral form of

T T
Wr = w +/ ¢(us)ds+/ 0qsdB?,
0 0
where, taking r = 55,

2AA .
o) = F{vx% + 1 — zysinh ™' 2, }.

We also assume that q; is a process as in given by

dqy = pdt + COdBt(l)

for a constant (° and that p; is a progressively measurable control that satisfies
1.7
Elez o 7o) < o, (4.5)
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Problem 4.2.2 Choose (js)o<s<r to minimise
lim sup — log E[e v Jo (¢(ps)—370 qb)ds]
T—oo 7Y

ept
2AA

where, taking x, = we have

= ZAA{\/W— Tysinh ™ z,}

and
dg, = et + ¢* dBY

Proposition 4.2.3 Problem and Problem are equivalent.

Proof Beginning with the value function of Problem |4.2.1]
- T b(us)ds+ [T oqsdB
]Eu)7q |:€_’YWT:| — Ew,q |:€ '7(w+f0 (1)(#3) S+f0 0qsdBs )

T 1
= Ew’q |:€_'Y<w+f0 ¢(ﬂs)d5)+§'720' 0 qzds X e 'Yf() qust 2’7 o? 0 qus

Now, the condition (4.5) means that we can apply Novikov’s condition to give

that the process
Ty = eﬂfoTaqsde QV 262 [ q2ds

is a martingale. So by the Girsanov Theorem we can define a change of measure

by d§| 7r = Zr so that we have

I

By 0] = By [ (o0 ) 420 ] s

and B® := BISZ) + yo fg ¢sds is a P Brownian motion. Under P the ¢ dynamics

are unchanged and the dynamics for W; are given by

dWy = ¢(p)dt + UQtdBt(2)
= (¢(us) — y0q?)dt + 0qd By
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Our new objective is to maximise

1 N
J(w,¢,,T) = ~lim in T log B, o[ U0 @) =102a)ds)] 4y (4.6)

which is clearly equivalent to minimising

lim sup i log ]E[e*'y foT((b(Ms)*'yo'qu)ds] )
T—oo 7Y

O
Lemma 4.2.4 The control problem, Problem 4.2.1, is well-posed, that s, there

exists admissible controls (fi)i>0 such that J(w,q, p) > —oo.

Proof We consider the case where the strategy pu; = —cq; is used, for some
¢ > 0. We will show that there exists ¢ > 0 sufficiently large that (4.5 holds.

Note that under this assumption, ¢ is an Ornstein-Uhlenbeck process.

In this case, the process ¢; depends only on the Brownian motion B, and
since B is independent of B®, and under the assumption we can rewrite the

expectation ocurring in J as

E[e_'y foT(qb(MS)_%’YUqu) ds] ,

as we have shown in Proposition 4.2.3|

Since ¢(x) ~ xlogx for large values of x, it will be sufficient to prove that given
4 > 0, there exists c, A > 0 such that

1 o (T 2 .
- log El¢? Joy a2ds) < §
for all T" sufficiently large.

We now fix T'> 0, and N € N. Let dy := % and without loss of generality, we
may assume that 7' = Ky for some K. Write tY := idy for i =0, ..., K.

We write Iy = dn Zfi_olqt%\, and note that Iy — fOT q?ds almost surely as

N — oo due to the continuity of the paths of g.
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We aim to show that E[e?/~] < oo for sufficiently large c. Note that since ¢ is

an Ornstein-Uhlenbeck process, conditional on Qs+ U s G, has a Gaussian
1 1

distribution with mean g,ve~*~ and variance (CZ)Z (1 —e™N )

We use the fact that if Z ~ N(0,1) and A < 1, then

1
Au2(1-20)" 2
\Z 2 e
E M) =
(1 —2))2

In particular, writing ny 1= =~ and ¢% := g(l —nN), we get:

&2
gqN

E|le %

. 2
th)\’w--aQt{.V_l} =E {exp{{ <Qt§V_17IN+§NZ> }|Qtéva'-~7Qt£V_1:|

2
7 Ui
exp {&?V <Qth_la + Z) } gy, - - ,qtgv_ll

- (1-26) Few fartan, (1-220) ),

=E

where Z ~ N(0,1) is a Gaussian random variable, independent of Qs @y -

It follows that we can write
E |:€€/IN |qté\77 s aQtIICV:| = eﬁ/lk_lek €Xp {gqul;’} ’
where Oy = 1, éN = 4oy and

- ~ 1
e = Eppr (1= 20p116%) 2, (4.8)
Ok = 0N + Ops1nn (1 - 29k+1§]2v)_1 ; (4.9)

provided that 20,163 < 1.

We consider fixed points of equation ([4.9), that is, values %* such that 20V*¢%, <
1 and
0N = 365 + 0V 0% (1 —20M763)
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which is equivalent to
20M)2E + (0} — 1 — 25¢2)0N" + 40y = 0. (4.10)
Real roots to this quadratic equation exist when
(i — 1 = 24¢§)* — 8 4o > 0.

Using the approximations (noting that dy is small) n% — 1 & —2cdy and ¢% =~
£(¢%)%6y, we conclude that there exists Ny depending on € > 0 such that (4.9)

has a fixed point whenever
1 2
(204 5€7) Z a2+

or in particular if

for a suitable constant €’.

Observing that
6 g(0) := A6x + 0% (1 —206%) "

defines an increasing function with ¢’(f) < 1 provided 6 < ¢y?/2, we conclude
that if 0y < 0V and 0V* < ¢5?/2 then 6, given by (4.9) is an increasing sequence,

converging to 07"

Dividing ([4.10) by <%, and using the same approximation for large N as above,
we see that for N sufficiently large, #"* will approximately solve the quadratic

equation

c 2%
2(0%)? — ( + 21) 0 + :
(¢°)? (¢)?
2 —
from which we can conclude that 6V* < c%, and hence 0, < # for all k.
Moreover, it follows that there exists ” > 0 such that 6 < 6* + &” uniformly for

all N sufficiently large, and all K =0,1,..., N.
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1
We conclude that & = ITY_, (1 — 20,s%)~ 2, and thus

1 &2
flogE egqth

1

_ 1 ilog (1 — 26ks3)
2T —

which is the desired result.

To conclude, we observe that sending N — oo and using Fatou’s Lemma, we

have
E [eﬁfoT a2 ds] < liminf E[¢"N] < ™,

as required.

4.3 Modifying the demand functions A%(9*) and
Ab(5b)

We are now almost in a position that we may apply the results of Nagai [72]
to our problem. In particular we would like to apply Theorems 1.1 and 3.1 of
Nagai |72] in order to assert that this problem has a unique solution and to infer

properties of the long run behaviour. To do so we need to check that conditions
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(1.4)-(1.10),(1.16) and (1.17) of [72] hold[] Mostly these are straightforward,
however in order to satisfy (1.16) of [72] we require the functionf]

Qo(p) == % op + if{up —d(n)},  peR

must be bounded above and below by quadratics. However this is not the case
without making a slight modification to the model. It seems plausible that in fact
this approach could be avoided, however the PDE theory required to adapt to
the Nagai work would take us well beyond the scope of this thesis. Indeed Nagai
relies on deep PDE results in [65] that make fundamental use of this assumption
and so instead in the next section we modify the demand function slightly in a

way that has no practical impact but avoids these difficulties.

The essential problem with fitting our case into the Nagai |72] framework arises
from the exponential tails of the demand functions A%(6%) and A®(6°). To work
around this we fix a large negative M and make the demand function linear rather

than exponential beyond that point. So let us define

A (§) = Ae=H 0>M (4.11)
Ae ™M1+ k(M —68)) 6<M '

where the linear piece of the function has been chosen to ensure that A () is

continuous with a continuous derivative.

This modification we make below has almost no impact on the practical applica-

'For the benefit of any reader looking to match closely our work to that of Nagai we include
here a table comparing the notation used in Nagai to our own. Note that we work in the
6 > 0 case as written in Nagai (corresponding to the risk-averse case, and to our v > 0).

Nagai This Thesis Nagai This Thesis
Zs NJS XS qS
b(X¢) 0 o(Xt, Zy) 1(qt)

O(Xsr25) | —(d(p) — 228 | V(X,) |nro%g? - 244

0 Y Qjj Cg
ZNote that in Nagai the function Qg(g, p) may depend on ¢, however since our versions do
not, we just write Qo(p).
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tion. Indeed, verifying the behaviour of demand in the tails in reality would be
very difficult. In any case it would be very rare that the market maker would ever
quote at such extreme values. In practice they would most likely simply actively
transact with other market makers to reduce their position at the sorts of large
inventory levels these quotes would be needed at, rather than passively offering
very favourable terms. Thus our modified modelling choice is just as reasonable

as the initial one and there is no cost in taking this approach.

Although of little practical importance, moving from exponential to linear de-
mand for these large values will allow us to fit neatly into the framework of Na-
gai. Before we show that this is possible, we see how the change to the demand

functions impacts on the optimal quotes.

Lemma 4.3.1 The optimal choice of 8% and 6° are unchanged by modifying the
demand functions from A(6%) and A(6°) to AM(6%) and AM(6°) for values of p
satisfying

|| < —% sinh(Mk — 1).

Proof The particular choice of the linear function AM(4) in has been
chosen to make the function continuous with a continuous derivative. As a result
we have that AM(§) < A(9) for all §. This means that to achieve a given level of
demand, the market maker must offer a less profitable 6 under AM than under
A. That is, there are only equal or worse options available to the market maker
under & compared to A. Thus for u such that the resulting optimal values of

5% and §° are greater than M the optimal choice will be unchanged.

Rearranging (4.1)) and (4.2)), the strategy is unchanged on the ask side when the
optimal 0 > M. That is when

2A
> —sinh(ME —1).
e
On the bid side the strategy is unchanged when 6° > M, that is
2A
p < ——sinh(Mk —1).
e

Note that since M is large and negative, so is sinh(Mk — 1). When both of these

7



conditions are satisfied so that
2A
lp| < ——sinh(Mk — 1),
e

then the optimal strategy will be defined as before.

O

Lemma 4.3.2 With the capped demand function AM(5) there is still a unique

choice of 6% and 6° that mazimises the drift in the wealth process for every value

of 1.

Proof By Lemma m the strategy is unchanged for || < —22 sinh(M#k — 1)
and so the optimal choice of §% and ¢” will be unchanged. So we just consider
the case || > —22 sinh(Mk — 1).

Let us consider first the case where p is large and positive, so that we have

2A
> ——sinh(Mk —1). (4.12)
e

In this case the market maker is trying to rapidly increase their inventory and
so we would expect to find that 6° is very large and negative and 6% is very
large and positive. In that way the market maker’s quotes on the bid side are
very generous (paying well over the odds for the asset in order to increase their
inventory rapidly) and their ask quotes will be very unattractive and should find

almost no orders.

Thus the relevant pieces of the demand functions to consider for the bid and ask

quotes respectively are
AP (8%) = Ae™*M(1 + k(M — &%),
A% (6%) = Ae F",
Then the constraint on the inventory A(A®(6°%) — A%(6?)) = u becomes
A(Ae™™M (1 4+ k(M — %) — Ae™™") = p, (4.13)

78



and the profit rate we are looking to optimise, A{§*A%(§%) + §°Ab(6°)}, be-
comes

A(6%Ae ™" 1 6% Ae "M (1 + k(M — 6%))).

Introducing the Lagrange multiplier \ as before we consider the function

F(0%,0°,0) =A(5*Ae ™" + 5P Ae "M (1 + k(M — &")))
+FAA(Ae™ ™M (1 4 k(M — &%) — Ae ") — p).

We have 2L = AAe™"(1— ké® + kX) and 25 = AAe ™M (14 kM — 2k6° — kN),

so that setting % = 0 and 885]; = 0 yields the equations
1
==+ (4.14)
k
b 1
20 :%—i—M—)\. (4.15)

Upon substituting these into the constraint (4.13|) we find the equation

LA — PMle M = MM L Ly (4.16)
Now if we let x = —\k then we see that this is of the form be* = axr—c with a < 0

and b > 0. Since a straight line of negative slope will intersect the exponential
graph exactly once we can deduce that there is a unique solution for A and hence

that the problem of finding the optimal % and §° also has a unique solution.

Further, some straightforward algebra shows that for these choices of % and ¢°

we have o
ﬁ — _kAAMT <0,
2
and

a2f an an 2
(00%)% (04?)? o <5(5“85b) — QK2 AZAZIHAREM 0.

and so these choices do indeed give a maximum.

The case where p is large and negative is almost identical, with the roles of bid
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and ask reversed. By similar computations we find that

1

20° = 7+ M = (4.17)
b 1

o=+ (4.18)

where )\ is the solution to

ShA + MMt — B B TEM. (4.19)

Next we will show that we can satisfy condition (1.16) in Nagai [72]. To do so
we are hoping to find k; and ks such that

k1 ko
Y op* < Qolp) < —ECgPQ

where

Qo(p) = % o’ + igf{up —¢o(n)}, peR

Our strategy is to show first that we can find mq, my > 0 such that

—myp® < ¢(p) < —map?. (4.20)

As a consequence of Lemma we note that for |u| < —24 sinh(Mk — 1) the

profit rate ¢(u) is also unchanged and so in this region we have

o(p) = 2AA{\/x2 +1—asinh™ 2},

5% and in particular ¢(0) = Q‘EA so it is clear that we cannot satisfy

1’ in its current form. So we subtract % from ¢(p) to make sure it passes
through the origin and instead look to find my, my > 0 such that

where © =

2AA
—mip® < o) — e S —map®, (4.21)
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We also redefine

AA
Qo(p) == % o +igf{up— <¢(u) - 2k€ >} peR

2AA
ke

accordingly and so we will plan to apply the results of Nagai to ¢(u) —

instead.

Remark 4.3.3 Note the quantity that has been subtracted from ¢(u), that is %,
also played an important role in Chapter[3, where we noted that it converged in
YA

the limit as %= — 0 to the quantity 2A¢, the long-run value of market making

found in the riskless world of Section |2.1].

Although we cannot find a closed form solution for (4.16]) we can compute asymp-
totic results that will allow us to find suitable m; and my. We note that some of
these asymptotic results relate to cases that are not likely to occur in practice,

but are nonetheless important to establish the applicability of the results we wish

to apply.

Proposition 4.3.4 With demand modelled by the capped function, asymptoti-
cally we find that the optimal quotes are given by

1 ekM
5GNE+ —I—AAku, as ft — 00 (4.22)
1 ekM
b 24 M — — 4.2
5 k + AA]{:ILL’ as :u —> OO? ( 3)

and asymptotically as || — oo the profit rate satisfies

kM
€ 2

D) ~ T

Proof By Lemma the optimal strategy is unchanged for || < —% sinh(Mk—
1) and so ¢(u) will also be unchanged for these values. So we are considering the
case [p| > —24 sinh(MFk — 1).

Let us consider the case where p is large and positive, so that we have u >
—24ginh(Mk — 1). As we noted heuristically and is confirmed by (4.14) and
(4.15)), in this case where we are looking to achieve a very large positive drift we
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will want to choose 6% to be very large and positive and the corresponding §° to

be very large and negative.

The fact that 6 will be governed by the usual demand function and the quotes in
this regime are so wildly uncompetitive that demand on that side of the book will
be approximately 0 and the drift will be almost exclusively achieved by orders
on the bid side. In the limiting case as y — oo the market maker’s quotes on
one side of the book become are filled so rarely that their one-sided quote can be
found by finding the 0° satisfying u = AAM(6). That is

p=A(Ae™™M (1 + k(M — 8%).

Straightforward rearrangement gives

55—1_‘_M_ﬂ
“k AARH

and the resulting drift in the profit will be
kM

() = an @) = (L par - ap= (o D) e S
= —\x At ) 1= )P At

The case of looking for a large negative drift ;1 < 0 is almost identical. We would

look for —pu = AAM(6) so that
= A(AY(L 4 k(M - 6%),

giving
1 ek:M

o= M R

and

oM (1) = 0"AAM(6%) = — l+M+€kM Ap=— (4t _e e
o= ~\x At ) o1 = k)P At

kM

Then we have that ¢(u) ~ —S—p? as || — oo as required.
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Figure 4-1: The left panel shows the optimal bid and ask quotes with the original
demand functions as found in Proposition [£.1.1 The right panel shows the op-
timal quotes for the capped demand function, computed numerically in the case
| < —24 sinh(Mk—1) (where they differ from the original functions), and using
the original quotes otherwise. The straight lines show the asymptotic behaviour.
These were computed with £k =0.25, M = —-12, A=1, A=1.

In Figure to illustrate the asymptotic behaviour of the quotes we have re-

peatedly solved equations (4.16) and (4.19) to compute the optimal quotes for
lu| < —22sinh(Mk — 1) and we have also plotted straight lines to show the

asymptotic behaviour given in (4.22)) and (4.23).

We are now in a position to show that we can satisfy the necessary conditions in

Nagai [72]. In order to do so we will justify the following Proposition.

Proposition 4.3.5 Let M < 0 be a large negative value. With the demand
function defined by , the function

) = et intf - (o - 55 )b ver

may be bounded above and below by quadratics in the sense of condition (1.16) in

Nagai [72], where ¢(u) is the drift of the resulting wealth process.

We note that we know the following about the profit rate ¢(u) in the capped
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Figure 4-2: A plot of the function ¢(u) — %, computed numerically and sand-
; 2 2 1 ekM
wiched between —myp® and —mgop® for my = ¢ and pp = <.

case

o HAVa?+1—xsinh™ 2} [u| < =2 sinh(Mk — 1) (4.25)
) = |
oM () 1l > — % sinh(Mk — 1)

_ ep
where x = ;5% and we have as |u| — oo

kM
€ 2

oM (1) ~ T

Although we cannot give a closed form expression for ¢ for all values, we may

use the computed optimal quotes to find it numerically via

B(1) = 3N (5%) + 6°AY(8"),

ek M 2

Further, the proof of Proposition makes it clear that in fact ¢™ (u) < — S

for |p| > —24 sinh(Mk — 1) and it is easy to verify that this is in fact true for all

w and also for ¢(u) — %. We illustrate this by plotting both of these functions

in Figure along with a quadratic that lies entirely above ¢(u) — 222, Finding
24A

the quadratic that lies below ¢(u) — == is much easier. We just need to make

sure that the function stays below near zero, but we have a closed form for ¢(u)
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in this region, so to make sure that the quadratic function —m;u? lies below it we

just need to compare their second derivatives. We can easily compute that

2o 1

dp2lu=0  k

and so the relevant condition is that we should take

S 1
m —.
b= ok
So we have found m, ms > 0 such that
2AA
—mu < $(i) = —— < —mar”,

e

where m; = ﬁ and my = i—f.

Next, we consider putting these quadratics in functions of a similar form to the
Legendre-Fenchel style )y that we need to consider to apply Nagai’s results. We

can readily compute

Y .
Qup) =5 op* + inf{pp + map’},

2 2
72 2 . p 4
=1 £ B I
gCop Fmi {(M+2m1) 4m%}
(Ve 1 2
N (2% 4m1)p’
and similarly

Y2 9 . 2 Y 2 1 2
= f — (L2 — ) p2
Q2(p) 5GP +in {pp + mop®} (QCO 4m2)p

Thus by properties of Legendre-Fenchel transforms we may conclude that

Y 2 1 2 Y 2 1 2
- [ <0 < | = [
<2C0 4m2>p < Qolp) = <2 0 4m1)p’
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where we recall that

AA
Qo(p) 2% 2p2+igf{up— (¢(M) — 2k€ )} peR.

For Nagai we require that these coefficients be negative so that

1 1
2 2
< — vE < —
VCO omy’ CO 2msy’

with the former condition being the more restrictive. With such a choice it is
clear that we have justified Proposition and so we have satisfied (1.16) of

Nagai and may proceed to use their results.

Remark 4.3.6 There is a further condition (1.17) required in Nagai, and whilst
it 1s clear that the required gradient conditions are satisfied it also requires smooth-

ness of the function Qq. If we further approzimate the demand function AM of

with a smooth function, for example by taking the values given by
ford < M and 6 > M+1 and choosing a smooth interpolation for M < § < M+1

then we can satisfy this condition whilst not impacting any of our other conclu-

S10NS.

4.4 Long-Run Behaviour

We are now in a position to apply the results of Nagai via the following theo-

rem.

Theorem 4.4.1 Writing

u(t,q) = l log E[e™" fg(czﬁ(us)—WQCI?)dS]7
~
and taking Qo as defined in and ¢ as given by , then there exists
0 < a <1 such that the equation

2AA
ke

ou 1
% =3 cu”(q) + Qo) + vo?q® —

(4.26)

has a unique non-negative solution u € C1F3:27%((0,00) x R) N C([0,00) x R).

Further there exists an increasing sequence T; C Ry with T; — oo such that
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uw(T;, q) — uw(T;,0) converges to a function v € C*(R) uniformly on each compact
set and strongly in Wiloc and %(Ti, q) to x(q) € C(R) uniformly on each compact
set. Moreover (v(q), x(q)) satisfies
2AA 1
X(@) +——=35 00" (q) + Qo(v) +yo°¢”.

Proof The theorem follows from a direct application of Theorem 1.1 and Lemma
3.1 of [72]. Of the conditions required to apply the result, (1.4)-(1.10) and (1.17)
are easily satisfied (noting Remark [4.3.6), and (1.16) follows as a result of the
capped demand function we have imposed and Proposition [4.3.5]

g

We would like to take this one step further and assert that the function x(q) is

in fact a constant XE| and so make the following conjecture:
Conjecture 4.4.2 As T — oo the solution u(t,x) to Problem satisfies:

1. u(t,q) — u(t,0) converges to a function v(q) in Wy,,. uniformly on each

compact set.
2. %(t, q) — x on each compact set, where x € R.

3. The pair (v, x) is the unique solution of

QAA_E
ke 2

where Qo s as defined in :

X+ V" (@) + Qo(v') + v, (4.27)

A full justification of this result, along with our belief that the form of equation
is very closely related to the principal eigenpair of our quantum harmonic
market maker of Section [2.3| and that (v(q), x) can be recovered as the principal
eigenpair of a Schrodinger operator, is just out of reach. Although our problem
is very close to examples given in Section 3.2 of Nagai [72] with these properties
which would allow us to use their Theorem 3.4 to prove our Conjecture [4.4.2] the

functional analysis required to adapt rather than borrow their results is deep and

3In this case equation 1) is a ‘Bellman equation of ergodic type’.
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challenging enough that it must be left for future work. Nonetheless our intuition

is that this constant yx + % can be shown rigorously to represent the long-run

value of market making per unit time. We expect x to be negative so that this

represents a reduction from the maximum theoretical profit per unit of time 242

ke
as found in Section 2.11

In the following section we assume this conjecture is true and explore the conse-
quences via a numerical solution of equation (4.27)).

4.5 Numerical Solution

We now try looking for a fixed point solution via iteration. That is, we guess a

(zero) solution for the equation

2.1 2AA

1
SG0u (@) + Qo(u) +yo?q> = x + o

where

Qo(p) = 3@* + inf [up — (9() — frac2 ABKe)].

and update u by computing the error and moving a small distance in the direction

of the error.

Remark 4.5.1 We note that the shift by % does not significantly impact the

underlying analysis. Indeed if we go back to the original definition of
Loo .
Qo(p) = 5op” +inf [up — d(p)],

then the Qg function just shifts by % and so we can equivalently use this defi-

nition along with the equation

1
§C§U"(Q) + Qo(u) +v0?¢ = x,
which is how we have set out the work in this section.

In the numerical work of this section we have taken v = 0.4, (;, = 0.5, 0 = 0.5,

A =1, A=1and k = 2. In Figure 4-3| we plot the optimal drift as a function of
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Figure 4-3: A plot of the optimal drift based on numerical work.

q that has been computed in this way.

Once we have identified the optimal strategy, we are able to find the optimal
stationary distribution, and the corresponding cost. In particular, we know from
above that there is an optimal strategy u(g;) for given current position g. Then

the law of the corresponding process ¢; solves
dg, = Co dB2 + uy dt.

In particular, the generator of the stationary measure is given by

d

£110) = 2 B @)]} = 567" (@) + ula)f @)

If we suppose the stationary measure of ¢ has density g, then it follows that we

should have

[ s {365 +uara} di=o

and hence (formally, by integration by parts)

LG (0) ~ (ula)g(a)) = 0.

This has solution

6(a) = Aexp {§ IRG dq} | (1.28)
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Figure 4-4: A plot of the optimal density g(g) of (4.28) based on numerical work.

In Figure [4-4] we plot this optimal density from our numerical work. Once we
have solved for this density, then recalling that our aim is to maximise a function

of the form .
1 R
S log E@ [— exp {/ (3q; + o(ue, qr)) dtH : (4.29)
0

we can hope to estimate the long-run value per unit time by integrating the
density against the value of the integral in at each time. If this were possible
then we would have an easy way of numerically varying various parameters and
recomputing the eigenvalue without having to resolve the PDE at each step.
This would be particularly useful in the model of Section later where there

are many parameters involving the last look feature.

Although we have not experimented extensively with different parameter regimes,
we have found with some reasonable choices of parameters that the eigenvalue
estimated in this manner differs from the one found directly as the solution of the
PDE by a percent or two. The reason for this discrepancy is that this method
does not take into account the large deviation effects of the form discussed in
Section In the final section of this chapter we address the large deviation
effects to find a much more accurate estimate of the long-run value. This would

also give an interpretation of the long run ‘typical’ behaviour of the system (see

Remark [1.4.4]).
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4.6 A Measure Change to Incorporate Large De-

viation Effects

Next we try to improve our numerical estimate of the growth rate y of Problem

4.2.2| which is given by

X == lim %log {EQ [eXP {/OT (347 — vo(u* (@), @) dtH } (4.30)

T—o00

where 4 = 14262, Q is the measure corresponding to the optimal control u*, and
the dynamics of ¢ follow

By Jensen’s inequality we can bound this by

x < lim %EQ UO (VG — vo(us, @) dt] = /g*(q) (9¢* — vo(u*(9), ) dg,
(4.32)

where g*(q) = Aexp {% o u(q) dc]} is the stationary distribution of the inven-
tory process under the optimal control. In general, this inequality will be strict
due to the fact that there is randomness in the integral term, and hence we may
potentially see large deviation effects. We will introduce a change of measure
to the original dynamics and correct the process under these dynamics to try
and get equality to hold in Jensen’s inequality. We introduce a strictly positive

function h, and write

k(q) = 44" = v9(q,u*(q)),
£ f(a) = 5 F"(a) + (@) a).

Note that the process

M=o = [ Eligas| 102

has M = 1 and M} is a strictly positive Q-martingale. In particular, we can
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define a new probability measure Q" by

dQ"

[ — h
d@ Mt )

t

under which we can compute the dynamics of the process ¢ using

B (7(a) = B2 [ep { - [ 0 s} 10 500

From this we can deduce that under Q", the generator of the process ¢ is given
by

Gh(q)
h(q)

¢h (q)
h(q)

£hF(q) = 2e2p() + (u*<q> ' 7(a).

! ) £ = £ s +

Now consider our expression of interest under Q". Then we get

E? {exp {/OT (347 — vo(u* (), ) dtH
=52 [ { [ (Blia) + 3 20t (@).a0) ar} - M0

If we choose h such that

*

h

X" =

(@) + 34 — vo(u (@), @),

for some constant x”, then (assuming h(gr)~! is well behaved), we expect ‘nice’
long-run behaviour of the term in the integral, and that we will get equality in

Jensen’s inequality. Specifically, that we would expect

x=x"= /gh(Q) (ﬁ;Lh(Qt) + 94> — vo(u*(g), Q)) dq,

where ¢” is the stationary law of ¢ under Q". I.e. we expect g" to be the adjoint

solution to

1 2 1 * Cgh/(Q> /
s+ (v + S0 o),
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that is, the function g" such that

[ (6@ (ww+ S0 ) ag -0

for all (nice) f, or as above,

g"(x) = A" exp {/q (CQO (@) + 2;;,55))) dc}} = A"n(q)?g(q).

Note that in the trivial case where h = 1, ¢ and g¢" are the same and Y”
(possibly non-constant) equal to the estimate we made above. Following the
discussion above, we exect the optimal choice of h to solve

X = E;Lh(Qt)+’7Qt_’7¢( (), qt)-

Recalling that the function w, which is essentially the (log) value function is the

solution to the non-linear equation

1 A
20 sw"(q) + Qolg, w') + F0°¢* = x.

Then we see that we need to choose h to solve

L*h 1

ow'(q) + Co( (@) +w'(q)u" (q).

Recalling that £ f(q) = 3¢ f"(q) + u*(q) f'(q) we observe that if we take h(q) =
¢”(@ then this holds. In particular, we observe that we get the modified expres-

sion:

X = / 9"(q) <£;Lh(qt) +4¢% — vo(u(q), Q)> dg

= [ (360 @ + @@ + @) + 3¢ =200 (@.0) ) da

This form is useful, since we can compute this numerically easily. Indeed, whereas
our previous estimate without taking into effect the large deviations had an error
of a few percent, using this integral we see almost no difference between the value

computed this way and the accurate value from the original PDE. In Figure[d-5we
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show plots of the optimal density and the function being integrated against before
and after incorporating the large deviation effects. We note that the new density
spends a little more time in the tails but the function being integrated against

is much nicer. The power of this approach is that we are now able to compute

—— New function
Old function

05

00

-05

-1.0

-15

5 3 0 2 3

—— New density

007 0ld density
0.06 f

0.02

001 \

0.00 -

- 2 0 b 1

Figure 4-5: Plots of density and function being integrated against before and
after accounting for large deviation effects.

an estimate of the long run growth under a range of parameter choices without
having to resolve the solution to the PDE each time and we could optimise
over parameter choices by a gradient descent algorithm or similar procedure. In
particular in Section [5.3|we will suggest a way that we could set up a similar model
that incorporates a last look feature. Although we do not directly investigate
optimising over the various parameters in the present work, this framework will
give us a way we may be able to to so in the last look case where there are a

larger number of relevant parameters to optimise over.
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4.7 Summary

In this chapter, by putting the inventory process centre-stage and moving to a
problem with a single control variable we have given a rigorous solution to a
continuous time and space version of the original problem of Chapter 2] This has
allowed us to focus clearly on the long-run dynamics and optimal control and we
have also been able to solve for this optimal strategy numerically. We have also
found a way to compute the required exponential integrals for the value function
numerically so that we have a framework in which we can optimise for value over
various parameters in this problem as well as in the similar model we will consider

in Chapter 5
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Chapter 5

Market Making with Last Look

In this chapter we begin by returning to the discrete world and consider the
optimal market making problem in the case where transactions are subject to
a conditional execution, or ‘last look’ criterion. We consider results from two
existing related models from the market making literature, and extend them
naturally to the last look case. We will also propose a continuous model which

could be suitable for a similar analysis as in Chapter [4]

Recall that (as discussed further in the introductory Section a ‘trade accep-
tance protocol’ or ‘last look’” mechanism is a term, usually written into a market
maker’s terms of service, that sets out certain conditions under which a trade
may be cancelled after it has been agreed. We will consider last look mechanisms
that cancel the trade if the asset price moves quickly after the trade has been
agreed. As discussed in Section [1.2] there are a range of reasons market mak-
ers may wish to include such mechanisms, but the main one we have in mind
is to protect against informed traders who may have a short-term informational
advantage. We consider both one and two-sided mechanisms (that may protect
just one party or both), including two sided mechanisms that may act either

symmetrically or asymmetrically.

Firstly, in Section [5.1I] we consider the market making model proposed by Avel-
laneda and Stoikov [1], and derive adjustments to their reservation prices under a

range of possible last look criteria. The main adaptation with last look is that the
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inventory change and wealth changes are now conditional on movements of the
price of the underlying asset, and so where the previous argument had Normally

distributed variables, ours follow truncated Normal distributions.

Since our results make extensive use of these truncated Normal distributions and
their moment generating functions, some useful results about these are collected
for reference in Appendix [A] We are able to find closed forms for the reservation
prices in each last look case and to see how these compare naturally with the
case without last look. We also consider the perspective of the client in balancing

reduced spread costs against less certain execution.

In Section[5.2 we turn to the stochastic control problem posed in [1], but take as a
starting point the model of Guéant, Lehalle and Fernandez-Tapia [52] that builds
on these results. In Section [5.2.2] we consider an asymptotic result based on the
spectral theory of an appropriate matrix. We note that the arguments here are
somewhat similar to those in Section [2.2.5] - in that section the Krien-Rutman
Theorem of functional analysis allowed us to identify the leading eigenvalue and
in this case the Perron-Frobenius Theorem plays the same role. As a result we
are able to derive natural adjustments to the optimal quotes presented in [52] for

the last look case.

In Section [5.2.3| we present the results of simulating numerically a market maker
using the optimal quoting strategies to continuously quote and trade with a ran-
dom demand. We find empirically that in the absence of toxic order flow, that is
when orders arrive naturally as a result of uninformed random demand, a sym-
metric last look feature reduces the overall profitability of the market maker as
the last look feature effectively thins out the order flow with no particular pro-
tective benefit. However, when the market maker is faced with some clients who
have inside information about future price moves of the underlying product, a

last look feature becomes vital to protect profits.

In Section [5.3| we propose a continuous model that can capture the last look
problem in a similar way to that of Chapter 4l We begin by setting up a model
that contains a last look mechanism and also allows for orders of a number of
different types. This is important as last look is primarily of use when trading

with counterparties with informational advantages. The model we propose is
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able to capture this, but is too complicated to use directly to optimise over the
various parameters. So we propose a continuous model that captures this well
and is suited to a similar analysis to that of Chapter [} We conduct numerical
simulations to show that our model captures the problem well and that it fits

into this framework.

5.1 A Discrete Model for Market Making with
Last Look

We consider a scenario equivalent to the ‘frozen inventory’ case of Avellaneda
and Stoikov |1] which we described in some detain in Section and consider
a market maker taking a single trade at time ¢ that is subject to a last look
condition at time t + dt. Aside from this trade, the market maker makes no
further trades until some terminal time 7" > t 4+ dt. We assume that the market
maker starts at time ¢ with inventory ¢, = ¢ and cash x; = x and that the
asset S; = s behaves as in previous chapters as an arithmetic Brownian motion
satisfying dS; = adW;.

5.1.1 Reservation Prices for Two-Sided Symmetric Last
Look

We begin by considering a two sided last look feature which operates symmetri-
cally towards the market maker and the client. In particular, there is a level &
such that if the price is further than £ from the price when the order was sub-
mitted at the end of the last look window of length dt the trade is cancelled, and
otherwise it is fulfilled.

As in the model of Avellaneda and Stoikov [1] we let r® and ¢ denote the reser-
vation bid and ask prices respectively. That is, these are the prices at which the
market maker will transact if they are not cancelled by the last look feature. In

this case we may write the market maker’s terminal inventory and wealth on the
bid side by

qT = Qt + :[I‘{|St+6t75i|<£}7
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_ b
rr =T =1 L5, 551 <€)

and on the ask side by

qT = Qt - :[I‘{|St+6t_si|<5}7

rr =2 + 115, 50— <€) -

Reservation bid price

Consider first the market maker’s problem of setting their reservation bid price
(s, ¢, t) in such a way as to be indifferent between accepting the order with last

look and holding their current inventory without making any trade.

We assume as in previous chapters that the market maker optimises a CARA

utility function

U(.Z', S, q, t) = Et,z,q,s(_ eXp(_"Y(:UT + QTST)))a

where E, , s , is the expected value of the process where the market maker starts
with cash z and inventory ¢ of an asset priced at S; = s at time ¢, and + is a risk
aversion parameter characterising the market maker as before. For simplicity we

will write E to represent the expectation [, ; ;.

Proposition 5.1.1 Suppose a market maker holding q units of inventory and x
in cash accepts a bid order at timet at the price ry, subject to a last look mechanism
that will cancel the trade if |Syyse — Si| > &. Then we have

2(T-1t)
2

22
]E(_e_'Y(xT‘HZTST)) _ 6—7($+q8)+7 7

9(q)

2(g+1)20%(T—t)
_ e—v(m—rb)—v(q+1)8+%g(q +1),

where we define g(q) := CID(#E + qva\/&) — @(#% + qvaﬂ) and P is the
normal CDF.

In order to set the reservation bit price r° at a level so that they are indifferent
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between taking the trade or not, they should set the price as

o’y(T —t) 9@

=5 — (14 2q) +1 —
2 v oglg+1)

Proof We define an indicator function that is 1 in the case that the transaction
is not impacted by the last look feature and 0 if the last look feature cancels the
trade. That is

L, [Sese — S <€

0 ) |St+5t_St| 25

Then the expected utility of the market maker’s terminal position having taken

the order is given by

]E(_efv(xTwTST)) =E(—e" v(z+¢ST) |X = 0)P(x = 0)
+ B(—e 0TIy — 1P(y = 1),

Since each of the two expectations on the right hand side is the moment generating
function of a truncated normal distribution, we may rewrite this in terms of the
normal CDF.

E(_e—v(wTJquST)) :]E(_e_’Y(x+qST)|X = 0)P(x = 0)
+ E(_e—v(w—rb+(q+1)ST)|X = 1)P(x = 1)
- _ G*VI]Et(6*'YQ(ST*St+5t))]E(e*'YQ(StJrét)‘X = 0)P(x = 0)
— e*v(x*Tb)Et(efv(qul)(STfSHm))E(e*v(qﬂ)(stmt)|X = 1)P(x = 1).

We now note that Sy — Sy 5 ~ N(0,0%(T — (t + 6t))) and that starting from
Sy = s, Siyst ~ N(s,02%0t). Applying the moment generating function results
from Appendix [A] we have

_ 2g o2 q 1— ( )
_e Y @rtarSr)y — _ oyt < (T—t—6t) 'yq8+7 ot ¢ _
E(—e )=—c¢ e (1 “P(x )) (I-P(x=1))

) 6—7@4”)6”22"2 (P—t5t) (a1 22 ar0? 5t( glg+1) )IF’(X = 1)
P(x =1)

— T 0 (1 ()

ot (g 1)s) ST Dg(q+1).
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Thus to find the reservation bid price we equate this to the utility of simply
holding the frozen inventory and not entering into any transaction, that is to

2.252(T — ¢
U(Z‘,S,q,t) = —€Xp (_7($+q8) + %) .

So we set

2,220
E (_6*’7($T+(ITST)) _ 677(m+q8)+%

which rearranges to give

7252 (29+1)

—y(s—rb) TI 29T (T
(1—glq) —e e T 0g(g4+1)=1.

Finally this can be rearranged to give the reservation bid price as stated:

—1In

oy (T —t) 1 9(q)
)73 " v ooglg+1)

r’=s5— (142

g

Remark 5.1.2 If we take approzimations g(q+1) ~ g(q)+¢'(¢) andIn(1+x) ~ x

to give In <M> ~ In (1 + M) ~ 29D then we can write the reservation bid
g9(a) 9(a) 9(a)

price approximately as

o?yT—t) 14g
s — (1429220 =8) | 190)

2 v 9(q)

which s equivalent to

)027(T —t) 0m¢(0 e o+ qva\/ﬁ)) - gzﬁ(#%t + qw\/ﬁ)>

s — (14 2¢ 5 : ~ .
CID(W + q’ya\/ﬁ) — @(m + qmn/&)

where ® and ¢ are the standard Normal c.d.f. and p.d.f. respectively.

Remark 5.1.3 Although we have chosen to start with a two-sided symmetric last

look mechanism, there is nothing particularly special about this and in Sections

15.1.2 and|5. 1.5 we will write down very similar forms in the one-sided and asym-
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metric cases whose proofs would follow exactly the same argument as here, with

a suitably modified x.

Reservation ask price

A near identical argument on the ask side yields a reservation ask price of

R P01

Ta:5+(1—2q 5 ~ m,

and an approximate reservation ask price of

)UQV(T —t) 14(q)

r*~s+(1—2q ) S o)

or equivalently

rt s+ (1 - 2q)w _ Omgb(ogét + ‘W’\@)) - ¢(#§7 + qmn/&)) |
(5 + roVot) — o +avo Vi)

Reservation mid-price and spread

Averaging the reservation bid and ask prices yields a reservation mid-price

T 1) oL@
r=s—aon(T =) \/5_79(@’

and the reservation spread is
r® — 1’ = oy (T —t).

We see that the spread is exactly as in the model of [1] and the impact of the last

look feature in this case is a simple translation of the bid and ask prices.

We also note that the term

) m¢’(oit + qv0Vat)) = o( 75 + a0 VD) |
2( 55 +noVit) — @ (5 + o)
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is the adjustment needed to be made to the reservation price of [1] in the last look
case. Note that its denominator is always positive and its numerator is positive
if and only if the inventory ¢ is negative, and so this term has the opposite sign
to the inventory. As illustrated in Figure [5-1 we see that the Avellaneda and
Stoikov [1] prices translate the ¢ = 0 prices according to the inventory level, and

with last look this translation is partially reversed by this new term.

We note that this does not account for possible behavioural effects. That is, we
assume that the agents will still make the same trades with the last look feature
in place as they would have done without it, which in practice may not be the

case.

q>0 i

qg<0

l

]

b re r
" 0

Figure 5-1: Illustration of three sets of reservation prices (in each of the cases
q > 0and g < 0); (i) 7 and r¢ the reservation prices with ¢ = 0, (ii) %4 and
%5, the Avellaneda and Stoikov [1] prices, and (iii) 7%, and r¢; the prices with
our Last Look adjustment.

5.1.2 Reservation Prices for More General Two-Sided Last
Look

In fact, whilst the previous case was presented as a quite natural choice of sym-
metric last look condition, the conclusions above may easily be stated more gen-
erally. The last look feature may be specified using four values &, &9, &3,&4 SO
that the market maker’s terminal inventory and wealth are given on the bid side
by

ar = @ + L{—¢,<S, 5, Si<&2}

o b
Ty =Ty —T 1{*§1<St+6t*3<§2}’
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and on the ask side by
4r = @ — L—g5<S, 5-Se<ta}s
T =T + ra]l{*£3<5t+6t*5t<f4}'

We will then have an approximate reservation bid price of

P as— (14 2q)w B 0m¢<a% + QVU\/ED - ¢<;\%t + qva@)) |
q)(a% * qwm) - ¢<U_f§7 + qva\/ﬁ)

and an approximate reservation ask price of

r s+ (1— 2@@ _ U\/ﬁqb(gf;& + qvaﬁ)) - qb(g_jg? + q’ya\/ﬁ)>

2 @(U% + qva@) — @(;\% + qva\/&)

The proofs of these results are near identical to that given above for the reserva-

tion bid price.

5.1.3 Reservation Prices for Asymmetric Last Look

The previous result can be interpreted naturally in the case that any of the
£1,82,83,&, — 00, and in particular setting & = &3 = oo above gives a case
where the last look feature provides protection against adverse price moves for
the market maker but not for the client. Let us also take & = & = & so that the

market maker’s terminal inventory and wealth is given on the bid side by
ar =q: + :H'{St+6t*St>*§}’
xT = xt - rb1{5t+5t—8z>—£}7

and on the ask side as
qr = 4t — ]]-{St+5t75t<f}a

Tp =Ty + Ta]l{st+6t*5t<£}'
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Then the reservation bid price will be given by

2 (T — O =% + qyo Vot
rb%3+(1+2q)w+a\/§ <0m )
2 1—@(#%—1—(170\/&)

)—027(T — 1) + 0m¢<0 65'5 _ qvm/&)
2 @( £ _ q,ya\/&) 7

=s+(1+2q

oV ot

and the reservation ask price will be given by

0'2’)/(T—t) B \/&(ﬁ(Ugat‘f‘qf)/U\/&)

r*~s+(1—-2q) 5 o e 7
) Sum T a0 ot

Then the mid price becomes slightly skewed, and the spread is reduced from
a?y(T —t) to

o2 (T — 1) — oo ¢ (05& — q70m> . ¢ (#g +q*ya\/ﬁ>
(1) ( = qwm) ® (#g + qw@)

(e

5.1.4 Liquidity Taker’s Perspective

If we only consider the impact of the last look facility on the bid-ask spread,
it would seem that the asymmetric facility is beneficial to the liquidity taking
client, since the spread is reduced and so they will be paying less on each trade.
However, the client must also factor in the ‘slippage’ cost involved in the case
that the last look mechanism cancels the trade when the price moves against
them. A measure used in practice to capture this is the ‘effective spread’, defined

in [69] as
Effective spread = Spread paid on Fill + {Reject Ratio * Reject Cost}

and we use the term slippage costs to refer to the part of the effective spread that

arises from trades being rejected, that is the term {Reject Ratio * Reject Cost}.

In the case of a symmetric facility as defined above the overall slippage costs are
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zero, since the cost is just as likely to be a benefit when the last look activates
in the client’s favour rather than the market maker’s. In the asymmetric case as
set up in Section [5.1.3| we can easily compute that the effective half spread on
the ask sid will be reduced from w by

e G AR,

— P(St+5t —_ St > S)E[Sprgt — St‘St+5t - St > f]
3 \/
qD(o‘\/tg o 5t>

(7im)
1= ()

B ¢(056t +Q’YU\/§) ¢
_J\/&<b<#g - qvaﬁ) ) (1 . q)<0\/§

B ¢<U§5t + QWUVE) ¢
_ o ¢<ﬁﬁ+qvam>_¢<am)

))am

Similarly the reduction on the bid side would be

¢<G£5t - QVUV&) ¢
S e )

leading to an overall reduction in the effective spread of

(o) it rn®) Ly

In Figure we plot this overall reduction in the effective spread with sensible
parameter choices and find that the asymmetric last look facility appears to

always benefit the liquidity taker by this measure.

The apparent benefit to the liquidity taker here masks an important subtlety,
which is revealed by plotting the bid and ask components of the spread separately.
In figure [5-3| we present equivalent plots for the bid and ask half-spreads.

!By this we mean the ask component of the spread plus the cost of rejects on the ask side
only.
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Figure 5-2: Plot showing the absolute/overall reduction in spread compared to
the non-last look case, the slippage costs and the overall effective reduction (the
absolute reduction less the slippage costs) to the bid-ask spread in an asymmetric
facility. We have taken 0 = 0.3, v = 0.1, £ = 0.4, 6t = 0.5.

Now we see that there are values of the market maker’s inventory ¢ on both the
bid and ask sides for which the effective reduction in costs is negative, that is
where the last look facility disadvantages the liquidity taker. Since the slippage
costs from the liquidity taker’s perspective are modelled independently of the
market maker’s inventory levels, the last look facility is now only offering an
effective discount when the market maker does not have too short a position on

the ask side or a too long position on the bid side.

Nonetheless, it would appear that the last look facility is in general beneficial to
the liquidity taker. On the ask side, for example, when the market maker’s inven-
tory is longer, they will be offering more competitive prices, and it is in this case
that the effective discount is positive. In the case when the market maker’s inven-
tory is very short, their ask quotes will most likely become uncompetitive, and so
the liquidity taker will be more likely to trade with an alternative market maker.
Thus practically it would appear that the last look facility is providing a benefit
to the liquidity taker, in terms both of the absolute and effective spreads, for the

scenarios where they are most likely to be trading with the market maker.

These comments only apply to liquidity takers not trading on informational ad-

vantage. Of course the last look feature will be harmful to a liquidity taker whose
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Figure 5-3: Plots showing the absolute reduction, the slippage costs and the over-
all effective reduction to the bid and ask half-spreads in an asymmetric facility.
We have taken 0 = 0.3, v = 0.1, £ = 0.4, 6t = 0.5.

order flow is toxic due to their knowledge of upcoming price moves. This type
of liquidity taker will experience a very high reject rate for their trades and be

obstructed from monetising their informational advantage.

Further work in this area could be undertaken to consider in more detail subtleties
that might arise. In particular it would be natural to consider whether any of
these conclusions would change if the market maker’s inventory levels or the
liquidity taker’s demand are correlated with future price moves, or in situations

where the market maker holds informational advantage or disadvantage.
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5.2 Optimal Bid and Ask Quotes with Last Look

We now return to a consideration of the market making problem as a stochastic
control problem, and take a very similar set up to that of Guéant, Lehalle and
Fernandez-Tapia [52] (see Section[1.3.2)), and adapt their results to the case where
transactions are subject to a last look feature. So we consider a market maker

maximising a CARA utility function

u'(t,2,5,q) = Beos4l— exp{—7(X7 + Q751)},

where as before v is a risk aversion parameter characterising the market maker
and & = {(6°)i<r, (0%) <t} is the control process by which the market maker
posts limit bid and ask quotes. In particular they set bid and ask prices S? and
S¢ at distances 67 and 6 around a reference price S; that follows an arithmetic

Brownian motion. That is we have

dSt = Uth,
(5? - St — Sf,
5e =8¢ — S,

and the market maker attempts to optimise u’(t, z, S, q) over choices of this con-
trol 4.

To simplify notation we write AS; = S5, — S; and denote by x an indicator
function taking value 1 when the order is filled without the last look feature being
used, as in Proposition |5.1.1, We initially take a last look feature which cancels

orders symmetrically, so that

1 ) ‘Ast‘ <€

Asin [52] and in previous chapters we assume that the market maker acts accord-
ing to inventory restrictions so that their inventory will always lie in the range
qg € {—Q,...,Q}. Asin [52] we suppose the market maker’s inventory is given

by ¢ = N — Nf, where N® and N are point processes representing the num-
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ber of units bought and sold respectively. The intensities A’ and A® associated
to the processes N? and N¢ are supposed to be functions of the distance the

market maker places quotes from the reference price, so that A” = A®(6%) and
A* = A*(0%).

Then it is straightforward to show that the dynamic programming equation

(DPE) associated with this control problem is
L,
0= (ék + 50 853)u
+ S(lslp {A*(6")E[u(t, z + x (St +0%),q — X, Segst) — ult, ,q, 5¢)]} Lig>—q}

+sip {AP()E[u(t,x — x(S; — 8°), q + X, Sexsr) — ult, 2, ¢, 50)] } Lig<aqrs

with associated terminal condition

w(T,z,s,q) = e (@tas)

As in [52] we choose the demand functions A?(6?) = Ae " and A%(§%) = Ae "

and then we have the following proposition.

Proposition 5.2.1 Writing u(t,z,q,s) = —e 7@+t®)y (t)~%, the above DPE can
be reformulated in terms of v,(t) as

7 0g(t)

1 a
uw~+ =~v20%¢?u + usup {Aek‘s
50,

k vg(t) 2

~+u sup {Aekéb
ob

with terminal condition v,(T) = 1, where

o Lo2biy2g? £+ 7q025t> B <—§ + 7q025t>}
B(q) :==e¢ [CID (—J\/E o —7 )|
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Proof Applying the definition of x, the DPE can be rewritten as

0= (8t + %(72655) U
+ S:Slp {Aa<5a)E[Xu(t7 x+ (St + §a)7 q— ]-7 St+5t) + (1 - X)u(t7 z,q, St) - ’U,(t, z,q, St)]} ]]'{q>—Q}

+ S(lslbp {Ab(éb)]E[Xu(t, z— (S —0°),q+1,Ss) + (1 = x)ult,z,q,S) —ult,z,q, St)]} Lig<q}
and then as
0= (8t + %0’2855) u
+ S;lp {Aa(éa)E[XU,(t, T+ (St + 5(1)7 q— 17 St+5t) - XU(t, z,dq, St)]} ]]-{q>—Q}

+ Subp {Ab<5b>E[XU(ta r— (S — 5b)7 q+ 1, Ses) — xult, z,q, St)]} Tg<qy-
4

Then since x = 1, when |AS;| < £ and 0 otherwise, we can write
0= (615 + %(72855) U
+ S}Slp {Aa(éa)P(X)E[u(ta T+ (St + 5+)7 q-—1, St+5t) - U(t, T, q, S) ’ |ASt| < g]} ]l{q>—Q}

+ Sglbp {Ab(éb)P(X)E[u(tv xr — (St - 5b)7 q-+ 17 St+(5t) - U(t, z,q, S) ‘ |ASt| < ﬂ} ﬂ{q<Q}

Now applying u(t, x, q, s) = —e‘V(Hqs)vq(t)’% we note that

u(t,x + (St + 5&)7 q— 17 St+5t) - u(t,x, q, S)
ot z.5.q) [(vq—l(t)>k o (g DAS, _ 1] 7

and

u(t,z — (S — 5b)aq + 1, S050) —u(t, z,q,5)

= u(t,z,s,q) [(UZES)>_

=1 o= (g )AS: 1] .
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Hence
E [u(t, 2 + (S0 + 6,0 = 1, Sipar) — u(t, 2,0, 5)||AS)| < ¢]

-2
(t)) e—'yéa]Et iy |:€_'y(q—1)ASf,
t bhadb] K

=u(t,z,q,S) [(Uq%

V(1)

IAS,| < 5} . 1] ,

and so
B(u(t, — (Si = 0%), g+ 1, Sues) — ult, 7,4, S)||AS)] < &)

5

t Tk

:U(t, z,q, S) [(UZ}JFEIS) ) ) e_’yy)Et,:c,S,q [6_7(q+1)ASt
q

IAS,| < 5] - 1] .

Applying the moment generating function of a truncated normal distribution (see
Appendix |A]) we can rewrite the conditional expectation as

§4yq0%0t | _ g ( =6tngo®dt
o () o (Z5E)] b

_ 162517242 _.
|ASt|<§> e =) BT

E (e—quSt

Substituting this as well as the choice of AP(6%) = Ae " and A%(6%) = Ae k0"

leads to the equation for v,(t)

_ _’_Y?.)q(t) 1.2 2 2
= kvq(t)u+ 37 07q"u
s | Bla=1) (v (O F
— ko q o
—l—us(l;p {IP(X 1)Ae Py = 1) ( o (t) e 1| ¢ Lig>—q)
o [Bl@+1) (v
— k?éb q+ 'y(s _
—l—us(lslbp {IP(X 1)Ae Pl = 1) ( o) 1 ¢ Lyg<qy,

which is clearly equivalent to that stated.

5.2.1 Optimal Quotes and Solution of Control Problem

We next give a solution of the control problem and provide the optimal quotes

in the last look case, extending the work of [52].
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Using a first order derivative condition we can easily find that the values of ¢°
and §° optimising the suprema from Proposition are

1 vy (1) 1 Y 1., Blg—1)
= Zp (L) 4 ZIn (14~ ) + S lnt 2
=7 n(vq_l(t)>+7 o ( +k;)+7 "By =1)

and

1 vy(t) 1 7y 1. B(g+1)
*b _ q - L —_ .
5 k1n<vq+1(t)>+’yln<1+k>+7ln]P’(le)'

After some straightforward substitution and algebra the equation for v;(q) be-
comes
14-5)

You |, L 529 L+§ (703 =
0= 2 [Uq(t) - ik’YU q vg(t) + {A<m) B(qg—1)~ vq—l(t)}]l{Q>—Q}

k

1+3 \-0+D =
+ {A<IP’(X7:]€1)) B(g+ 1)~ ’Uq+1(t)}]l{q<Q} ‘

This can all be written as a matrix ODE
Ov(t)+Mv(t) =0,
where we define the vector v(¢) and matrix M as

v(t) = (v-q(t),v-q41(t), -, 0 (1), vo-1(t), vo(t))

and
—k
aQ? -nB(-Q+1) 7 0 0
B(-Q) T a(1-Q?  —gB(-Q+2)7
0 B(-Q 1)
M =
BQ-1)7 0
BQ-2)7  a@-12  —gBQ7
0 0 BQ-1T  aQ?

. Hence the solution of the control




problem is given by

_x
k

u(t,x,q,s) = —exp(—y(z + gs))vy(t) %,

where

5.2.2 Asymptotic behaviour of the optimal quotes

We next prove the following proposition giving the optimal quotes in the limit as
T — oo. We follow a similar reasoning to [52], adding in some extra details and

adapting the results for the last look case.

Proposition 5.2.2 In the limit as T — oo the optimal quotes become

*a — f;) J ;ﬂlj
5 :%ln(1+%)+%ln%+%ln( ) (Bg(Q)D) )

L™

q—1
—k
1 v 1. Blg+1) 1 0 (Blg+1)\ >
P ="In(1+-)+-In———2 4 —In | =2
v ( k> v P(x) ko \fia \ Bl
where f° satisfies
Q Q 3 Q-1 .
foe argmin Y ag’fi+ ) WP() fi-20 > (B(@)B(g+1)F fyfp.
FERZAFL||f||=1 =—Q =—Q =—Q

Equivalently, we may write

foe argmin  f'(J+25P(x) 7 1)f,
FER2QH || f]|=1

where J is a matriz, similar to M, defined below. This condition is equivalent to

choosing fo to be an eigenvector corresponding to the smallest eigenvalue of J.

Proof We work with a symmetric matrix J, similar to M and defined by the

similarity transform J := D~'MD where the transformation matrix D is defined
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as

D = diag(d_q....,00) for & := <Béz52>>5”.

Writing B, := B(q) this yields the symmetric tridiagonal matrix J =

—k
aQ@? -nvB(=Q)B(-Q +1) 7

=k =k

-nvB(=Q)BO - Q) ¥ a1l —Q)? -nv/BA-Q)BEZ-Q)

—k
-nvB(1-Q)B(2-Q) 7

—k
-nvB(Q-1)B(Q) 7
;k
-nVB(@Q-1)B(Q) 7 aQ?

We note that M and J have the same eigenvalues and J + QnIP’(X)_TkI is positive
definite. To see this, firstly recall the definition of

_ botee g (€ +'yq025t) (—5 +fyqa25t)]
B(q)=e { ( oy d — )|

Then

oln  Blg) = B0) =P(x),

and hence

—k —k
max B(g)" = B(0)> =P(y)~.
elmax  Bla) (0) (x)

Then, labelling a 2Q) + 1 vector x = (z_g, ..., zg)" we have

x/(J + 2P(x) 7 Dx

Q Q-1
—’“ =k
= Z ag’z Z 2P(x) 7 x5 =20 Y (Blg)B(q+ 1)) 242411
= =—Q
—k @1 —k
> Z aq2x2+ Z 2nP(x) " x —27] Z P(x) 7 zqzq41
=—Q
—k Q!
= 20“1290 +nP(x) Z(Iqul_mq) +nP(x) 7 g +1P(x) 7 2
=—Q
> 0.

In particular, J + 2nP(X)%kI is an invertible ‘M-matrix’ and by statement F15 in
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[84] it is inverse positive. That is, (J + 27]1[)()()%1)_1 has all positive entries. By
the Perron-Frobenius theorem (J + QnIP’(X)_TkI)_l has a largest eigenvalue whose

corresponding eigenvector has strictly positive entries.

It is also a well known fact that any real symmetric matrix has real eigenvalues,
and if moreover the matrix is tridiagonal, then all eigenvalues are distinct if all
off-diagonal entries are non-zero (see e.g. [80]). Hence J + ZUIP’(X)_TkI has a
smallest eigenvalue, and this eigenvalue is simple. Since a matrix and its inverse
share eigenvectors and all of the eigenvalues of J + 2771?()()%1 are reciprocals of
those of (J + 2nIP’(X)_TkI)_1 and are all positive, this simple eigenvalue must also

have a corresponding eigenvector with strictly positive entries.

Since J has the same eigenvectors as J + ZnIP’(X)_TkI, but with each corresponding
eigenvalue reduced by 277]?()()%, then J also has a smallest simple eigenvalue

with eigenvector fy whose entries are strictly positive.
Then we can write
v(0) = exp(—MT) x (1,...,1) = Dexp(=JT)D' x (1,...,1),

and in particular we can write (after diagonalising J and performing some matrix

computations)
S i (1 1 i
vy(0) = 5quXP(—/\iT) 9, <E7 R %> 90
i=0 -

where A0 < Al... < \2@ are the eigenvalues of J (equivalently M) in increasing
order (possibly repeated) and ¢’ is an associated orthonormal basis of eigenvectors

of J.

We can take ¢° = f° and then we get that?] as T — oo

03(0) ~ 8, exp(—AoT) <f0, (i . %) > £

2The positivity of all entries of the dominant eigenpair guarantees that the inner product
for this term is not zero.
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Then we have that the optimal quotes in the limit as 7" — oo are

1 v, 1, Blg-1) 1 (fqo 5q)
0*=—-In({l+—-)+—-In +-In{—-7——1,
Y ( k> Y P(x) k f(?*l Og—1

and ( ) o
1 y 1. B(g+1 1 )
ot =_—In(1+ +—ln——|——ln< 1 —q),
v < k> v POk \ Sl

which upon recalling the definition of J; leads directly to the optimal quotes as

stated.
dJ

In the next section we present the result of some numerical simulations of this

model which help us understand the impact and significance of last look.
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5.2.3 Simulations
Impact of inventory limits

In Figure [5-4] we plot the optimal quotes from Section taking as parameter
choices Q@ =5,k=0.3,0 =0.3,T=50,vy=0.1,A=0.9,£ =04, dt =0.5.

Ask Quotes, delta *,a Bid Quotes, delta *b

5.5 5.5

- g=-4 g=5

g=-3 q=-4
5 5

q=-2 q=-3

g=-1 q=-2

45 a=0 45 g=-1

N o=t 9=0 S
4 g=2 4 q=1
gq=3 q=2
a=4 =3 —

35 a4e5 35 a4
3 — 3
25 25
2 2
1.5 15
1 1
0.5 0.5

0 10 20 30 40 80 0 10 20 30 40 80
t t

Figure 5-4: The uppermost line for ask quotes corresponds to ¢ = —4 and for bid
quotes to ¢ = +4.

In Figure we plot again with the same parameter choices except to extend
the inventory cap to ¢ = 10.

s Ask Quotes, delta *,a . Bid Quotes, delta *,b
=8 q=-10
q=-8 q=-9
=7 q=-8
: P 5 ) B
q=-5 q=-6
q=-4 q=-5
4 q=-3 4 q=-4
q=-2 q=-3
q=-1 q=-2
q=0 q=-1
3 g=1 3 q=0
q=2 g=1
q=3 q=2
q=4 gq=3
2 q=5 2 q=4
q=6 q=5
q=7 g=6
Q=8 [ — g=7
1 q=9 1 a8
9=10 a=9 ~
0 0
0 10 20 30 40 50 0 10 20 30 40 50
t t

Figure 5-5: The uppermost line for ask quotes corresponds to ¢ = —9 and for bid
quotes to ¢ = +9.
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We observe in both figures that the optimal quotes converge as expected for times
far from the terminal time. We also observe an interesting feature whereby quotes
closest to the inventory cap are further spaced than those closer to ¢ = 0, and it
appears that all of the quotes depend on the inventory limit (). In Figure [5-6| we
also plot the bid quotes corresponding to ¢ = 5 for various values of () and we
observe that the quotes do settle down as () increases, so this effect is of little
impact so long as the inventory cap is significantly larger than typical inventory

levels.

Bid quotes delta*,b for q=5
5.5 T T T T T

45

356

N}
Q=10
ar Q=12
Q=14
2.5 *
o 5 10 15 20 25 30 35 40 45 50

Figure 5-6: Plot of bid quotes corresponding to ¢ = 5 for @ € {6,8,10,12,14}.

Optimal Quotes with and without Last Look

We next keep all of the parameters fixed from the previous section, except we
now take 7" = 100 and fix an inventory cap = 10. In Figure [5-7]we compute the
bid quotes with last look (setting £ = 0.4, 6t = 0.5 for an acceptance probability
P(x) of around 0.94) and also with the last look feature effectively removed (by
setting £ = 4 and 6t = 0.5 for P(x) ~ 1). The plots in Figure results from
plotting the difference between the optimal bid quotes with and without last look

across different values of ¢ and ¢.

We observe a similar effect to that seen in Section for the reservation prices.
In particular we see in Figure that there is an upward adjustment with last
look for ¢ < 0 and a downward one for ¢ > 0, effectively undoing a little of

the inventory adjustment in the quotes without Last Look. We also observe
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Figure 5-7: Difference between optimal bid quotes with and without Last Look.
The left panel displays the difference across times from ¢ = 0 to the terminal
T = 100. The right panel shows a 2-dimensional snapshot of the difference at
t = 0 where the quotes have settled down as we are far from the terminal time.
There is no bid price at ¢ = 10 due to the inventory cap.

some interesting behaviour at the extremal quote levels that we have yet to fully

explain.

Empirical Comparison of Utility with and without Last Look

In order to consider whether the last look feature is valuable to the market maker
we have also created a simulation of the market making problem with a symmetric
last look condition. In figure we show the output of one run of this simulator,
which tracks the running quantities and estimated current profit (z; + ¢;S;) to
the market maker. We have computed the profit made by the market maker over
T = 100 with the last look feature turned on (reject probability as above around
5 or 6 percent). The plots show the market maker’s inventory, running profit,

quotes and the times the last look feature was applied.

In Figure we show the results of running the simulation 1000 times, with
and without a Last Look feature. We observe that market making is more prof-
itable for the market maker under these conditions when there is no last look
feature. This should perhaps not be too surprising, since nothing in the model as
yet incorporates any sort of adverse selection or insider knowledge effect, so the
market maker need not be worried about traders with any form of informational

advantage. So the last look feature just has the effect of thinning out demand
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Quantities Running M2M profit
250

Midprice and quotes ) Reject times

Figure 5-8: Output from a run of the market making simulator. The panels show
(anticlockwise from top-left) the running inventory levels of the market maker;
the asset midprice and resulting bid and ask quotes; the times at which a last
look reject occurs; and the running marked to market profit to the market maker.
The profit is ‘marked to market’ in the sense that as well as observing the running
cash levels, the running inventory is valued at the current asset mid-price.

at random when the price moves extremely in either direction. In these circum-
stances such price moves are equally likely to favour or disadvantage the market
maker, and so overall the market maker simply loses out a little as a result of

fulfilling fewer orders overall.

In Figure [5-10] we show the results of a similar situation but under significantly
adverse market conditions for the market maker. We introduce occasional 100
jumps to the asset price that another market participant is able to detect and act
upon by placing the appropriate order before the market maker is able to update
their prices. In this scenario we see that the Last Look feature is strongly protec-
tive for the market maker and their profit distribution is significantly enhanced

when they have this protection.

This supports the view that last look is predominantly a cost for the market maker
in ordinary conditions, but one that is a necessary protection against informed

traders who might otherwise drive the market maker out of business.
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Figure 5-9: Market maker profit distribution over 1000 runs with and without
Last Look.

0
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Figure 5-10: Market maker profit distribution over 200 runs with and without
last look in the presence of jumps known in advance to a liquidity taker.
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5.3 A Continuous Model for Market Making with
Last Look

So far in this chapter we have worked to extend the discrete model of [52] to the
case with last look. The work we have done, in particular the numerical solution,
leads us to the conclusion that last look is most interesting in a world where
some traders have informational advantage and this will form a part of the model
in this section. Here we set out a continuous framework will usefully capture a
last look mechanism in a model like that of Chapter |4 and which is suitable for

numerical analysis in a similar manner as in Section

5.3.1 Setting Up the model

We first describe slightly informally our model. A more careful description of a
slight generalisation will be given in Section

As before, at any given time the market maker chooses bid and ask spreads via ¢
and 0°. Sell and buy orders arrive as Poisson Processes with rate A°(6%), A%(5%)
respectively. In particular, if the asset price at time ¢ is .Sy, the market maker
will fill a sell order (buy from the client) with price S; — ¢°, and fill a buy order
(sell to the client) with price S; 4+ §%. Typical orders are of size A.

Unlike in the previous chapters, we consider two types of price change that we
may think of as orders from two distinct groups of investors. We will think of the
total rate of arrival of orders in the market py being decomposed into pg = p1+p2,

corresponding to two types of order:

1. Smaller market moves at a rate p;. None of these orders are traded with
the market maker, which correspond to market moves with mean zero and

variance 7. (Type 1)

2. Larger market moves. Arrivals at rate us of orders that are more likely
traded with the market maker, which correspond to market moves with

: 2
mean zero and variance 3. (Type 2)

Arrivals of Type 1 see a change in the price of the underlying asset, .S; but no

change to the market maker’s inventory ¢; as these are not trades involving the
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market maker. Arrivals of Type 2 see a change in the price of the underlying
asset, and if they are trades with the market maker then they will also see a
change in the quantity of inventory, which moves up or down by A, depending

on whether the order is a buy or sell order.

Suppose the asset price dynamics are determined so that price changes happen
at rate pg, and have a fixed variance o3. The probability that a given Type
2 order is a trade depends on the trading strategy, given so that the total rate
matches that the previous chapters. We expect 1z > A(6°)+A%(6%) and py < po,
and so pp = po — p2 =~ po. That is to say, the orders traded with the market
maker are always a relatively small proportion of the overall rate of orders in the

market.

The total variance of a typical order can then be computed as
o2 — puoi + (1203
‘ Ho '
5.3.2 Introducing Traders with Informational Advantage

Since the primary value of last look is in protecting against traders who may
be looking to exploit predictive informational advantages about future market
moves we now introduce these into the model. We set a parameter = € [0, 1]
depending on how prevalent these traders are. The greater 7 is the more often
we expect to see sell orders just before price decreases and buy orders just before
price increases. Precisely, given 0.5, the change in the market price, orders arrive

at the following rates:
1. When 65; < 0:
(a) Sell orders arrive at rate @Ab(éb); and
(b) Buy orders arrive at rate (1;—”)/\“(5“).
2. When 65, > 0:
(a) Sell orders arrive at rate %Ab(éb); and

(b) Buy orders arrive at rate (I;—W)A“((?“).
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In order to get the rates to compute, we suppose 9.9; is equally likely to be positive
or negative. Then Type 2 orders with positive price moves arrive at rate ps/2,

and conditional on such an order arriving

1+7)A%(5%)

e with probability ( - it will be a buy order with the market maker;

e with probability A=mN@) 5t will be a sell order with the market maker;

and

(147)A%(8%)+(1—m)Ab(6%)

o it will not be an order with the

e with probability 1 —

market maker.

Similarly conditional on the price move being negative and a Type 2 order arriving
then

1-m)A%(5%)

e with probability ( it will be a buy order with the market maker;

(1+m)A°(6°)
2

e with probability it will be a sell order with the market maker;

and

(1—m) A (8")+(1+m) AP (6%)

s it will not be an order with the

e with probability 1 —

market maker.

Note that in order for all of the terms above to be probabilities between 0 and 1

we need
(L+m)A(6")+(1=m)A"(8") < 2 = w(A"(0")=A(0")) < pa—(A(8")+A" (),
and
(L=m)A" (") +(14+m)A"(8") < pz = w(A"(8")=A"(8")) < pa—(A(8")+A" (")),
or equivalently

T|A%(8") = A*(0°)] < pz — (A*(0") + A“(6%)). (5.1)

We want to see the impact of the parameter m on the market maker’s profitability
and the interaction of their wealth and corresponding holdings and also the effect

of a last look feature. We aim to consider limiting models that are continuous in
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time and space as in Chapter [4]

5.3.3 Modelling Last Look

We now introduce the last look feature, and define the way in which trades will
be cancelled. We assume that the Last Look feature may cancel a trade if the
price move is too large. That is, we choose £2,£% < 0 < 53’;,53 such that a buy
order is cancelled if

05 > ¢ or 65 <&,

and similarly a sell order is cancelled if
65 > ¢ or 68 < €.

In Figure [5-11] we show the result of simulating this model for a fixed control
0, = 0.05, 9, = 0.1, taking T' = 10, k = 20, A = 500, 09 = 0.9, g = 15, A = 5.
We note that the choice to simulate using a fixed control rather than an optimal
one means that we see in our plots decreasing inventory. Were we to simulate with
an optimal control we would expect to see mean-reverting inventory levels instead,
but the simulation with a fixed control is sufficient to show the reasonableness of
the model choice. The last look parameters £, and &, are chosen in such a way
that they cancel approximately 2% of expected return trades in total £ and do so
symmetrically. In Figure [5>-12| we also plot the correlation between moves in the
asset price and changes to the market maker’s inventory levels with and without
last look.

Figures [5-11| and [5-12| demonstrate that implementing a LL feature seems to

decrease the correlation between the asset price move and ¢, decrease the profit

from trades via the bid-ask spread, and decrease the ‘cost’ associated with the

anticipating trades.

Although it may not be entirely clear how each of these contributions affects the
overall behaviour, we would expect that decreasing the correlation is desirable as
is decreasing the costs associated with anticipating trades. We are interested to
study further whether the decrease in the profit from cancelling trades is small

enough to justify this trade off, and understanding this completely is non-trivial.
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Figure 5-11: The first panel plots the random movements of the asset price. The
second panel shows the inventory (which is declining because we are simulating
a constant control rather than an optimal one) with and without last look. In
the third panel we plot the resulting wealth process (x; + ¢;S;) with and without
last look. In the fourth panel we see in blue and green the profit purely from the
spread with and without last look. In orange we see the losses due to anticipating
trades, and in red the profit from such trades when the last look mechanism is
included.
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Figure 5-12: A plot showing the correlation between moves in the asset price and
changes to the market maker’s inventory levels with and without last look.
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To consider this in more detail let us now generalise slightly.

5.3.4 Generalising the Model

We now suppose price moves are made up from J different types of price change.
We fix N and suppose each price move occurs as a Poisson Point Process with
rate Nyu;, and that there is a corresponding sequence of times, 0 =) < t; < ...,
where t;1; — t; is exponential with mean (Npug)™', and py = Z;.Izl fj.  Write
T = {t1,t2,... }. We let D; be the set of times ¢; for which there is a price move
of type j in (t;,t;+1) and suppose at each time ¢;, t; € D; with probability %
Given t; € D;, our price move 532[ has mean 0 and variance N *10]2-. Note that we
do not necessarily assume Gaussian price moves, but we will assume 4.5 is equally

likely to be > 0 and < 0, with zero probability of being equal to zero.
We write ¥ =37, _, 0S5].

Proposition 5.3.1 Letting N — oo, (SN );>0 converges in law to a scaled Brow-

nian motion (St)i>o, i.e. Sy = ooWy, for Wy a Brownian motion and

Sketch Proof S is the sum of (approximately) po/N i.i.d. samples of a random

variable with mean zero and variance
1< I
> o]
R —0:
Vi Y
N =1 Ho
by conditioning on which type we observe. (Convergence to Brownian motion
follows from Donsker’s Invariance Principle.)

O

We now consider the limiting behaviour of the inventory and wealth processes in
N. Additionally, we suppose that there is the usual rate of buy and sell orders,
which are A%(0%) and A’(6°) as above (both of which, we assume scale in N,

through changes to the parameter A).
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7777 — my

with 8; > 0 and Zj B; =1, and we also suppose that the rate of orders A*(0%) 4
Ab(6%) < pp. Then «; indicates that a proportion «; of incoming price moves
correspond to price moves of type j, so a;uo = p;. Also [3; is the probability
that an order is an order of type j. We also suppose we are given (;),-1..,

that 0 < m; < 1, and then we suppose that m; encodes the rate at which orders

of type j are anticipative (from traders with informational advantage).

Write t; € U if §S;, > 0, and write ¢; € B if time ¢; corresponds to a buy order,
write t; € S if time ¢; corresponds to a sell order and N' = T \ (S U B) if there is

no order. Then we have

e t; € UND; N B with probability w7

t; €U ND; NS with probability 1="4410)

t; € U N'D; NN with probability

o (L4 m)BiA% (%) + (1 — m;) B;A(6"))
2 Ho
a b (A*(0°) = A*(6%)) = B;(A*(6%) + Ab(5b))'
2 Ho

t; € U° N'D; N B with probability {2470,

t; € U° N'D; NS with probability ij

t; €U N'D; NN with probability

aj  (L—m)BiA%(0%) + (1 +7;) BiA%(8°)
2 Ho
_ oy mB(A%(EY) = AYS)) — B (A(6%) + AY(S"))
2 Ho

Observe that in a similar way to (5.1)), in order for all of the terms above to be

probabilities between 0 and 1 we require

;| A%(8%) — A¥(8%)] < g— — (A%(67) + AP(8%)).

J
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We further introduce the Last Look feature. Fix £%,£% <0 < S fi such that a
buy order is cancelled if
05 > & or 65 <&,

and similarly a sell order is cancelled if
55 > ¢ or S < &b,

Write y; to be an indicator of the event that a trade on the i*" move is not

cancelled.

Note that we can compute the expectation and variance of price change for a

typical observation by conditioning on the type of move as

E[S] =0, V(©ES) =Y %032-.

Similarly, we can compute

Blod] = 5 3 [(1= m)BA e () + (14 m) B0 (€)

— (L) B A ()54 (65) — (1 = m5) B A(6)ps- (€2,

where p; 4 (§) is the probability of an up move of type j being below ¢, and p; (&)
is the probability of a down move of type j being above &.

Write
Dy = 2%0 ' (1 — ;) B;A"(8")pj - (€5) + (L4 7)) B;A(8")p; — (€2)]
p = i [(1+ 1) 809 (85,4 (€1) + (1 — ;) B;A%(0")p_(6°)]

Note that p, is the probability that a sell trade happens, and p_ is the probability
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that a buy trade happens. Then we can write

V[oq] = pr(A = E[bq])* + p— (A + E[6q])* + (1 — py — p-)(E[dq])?
= (p1 +p-)A% + (py — p_)E[0g]A + (E[dq])>. (5.2)

Claim 5.3.2 The limiting behaviour of q is given by
dg; = a(6,6°)dt 4 b(6°, 6°)dZ,,

where Z; 1s a Brownian motion and

A

a(°,8) = 5 D [(1= m)BA ) (€D) + (14 m)BA (s (€1),

— (1 + 7)) B;A(6")pj+ (€L — (1 — ;) B;A“(6“)ps - (§2)

(6%, 8")” = P (A — E[5q)) + p_(A + E[5q))? + (1 - ps — p_) (E[5q])”.

In order to test whether this model captures the behaviour of the system well
we have computed numerically these terms and compared the value expected
under this model to that of the simulation. In Figures 5-13| and [5-14] we show

the plots of the actual and expected inventory (with the same parameter choices

as before) and the ‘detrended’ inventory (that is the inventory reduced by its
expected value) process compared to the variance expected as computed in (5.2)).
The actual and expected values are very close and persuade us that the model
fits well and that Claim [5.3.2]is a reasonable one.

We also want to understand the dynamics of 6. This is made up of three terms,
the first is ¢;,—05;,, where ¢, is the number of units held before any additional
orders at time t;. The other contributions are from the bid-ask spread on any

complete orders, computed as
A(8Elxi; Bl + 6"E[xs; S]) = A(8“p- + 6°py).
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Figure 5-13: A plot of the expected value of the inventory level using this model
against the simulated values, with and without last look. We note that all of the
lines are decreasing since we have simulated using a fixed control, rather than
with an optimal one.

And from the loss due to anticipating trades, given as

A
2410 p

(U ) B0 M4 (€)= (1= ) BA(6)my (€%,

(1= ) BN (€4) + (1+ ) B A () (€1)

where m; ((§) is the expected value of 5, conditional on £ > 4S5 > 0 and
t; € Dj, and similarly for m; _, which is the expected value of 65, conditional on
¢ < 65 < 0. Note that m;(§) > 0 and m;_(§) < 0. In the symmetric case,
where e.g. £* and &4 are chosen so that m; (£2) +m;_(€2) = 0, then the term

above simplifies to
A a a a
—% Zﬂjﬁj [Ab(5b)mj,+(§i) + A0 )mj,+(§+)} :
J
We can try to do the same thing for the variance of the quantities. We have

SW = q;,_0S + 6q0S + (69)4.8° + (6q) 0%,

where 2 = max(z,0) and z_ = max(—z,0).

Note that using standard properties of variance, e.g. V(X +Y) = V(X) +
V(Y) + Cov(X,Y), and Cov(X,Y) < /V(X)V(Y), if V(X) > V(Y), then
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Figure 5-14: The left panel shows a plot of the ‘detrended’ inventory level. That
is, the simulated inventory less its expected value. The right panel shows the
cumulative variance from the simulation against that as calculated via (5.2)).

V(X +Y) =~ V(X). Since we expect ¢ > dq, then V(0W) =~ ¢; V(45).

Finally, we analyse the correlation between the wealth W and the position gq.

Since 0W = ¢4, it is sufficient to consider the correlation between S and q.

Writing 05 = 37 ., 6571p, and 6g = AYS ., 1p, [luns1{057 € (0,€} + ... ]
we get

Cou(d580) = 3= 37 [(1= M)A @I (€)= (14 ) A, (¢)

— (1 +m;)B;A*(6")m; +(§3) + (1 — 7;) B; A% (0%)m; —(£2)]. (5.3)

Note the similarity to the loss due to anticipating trades above, except for the

sign changes.

In Figure |5-15[ we compare the correlation between the inventory and wealth

process as simulated and as predicted by ([5.3) and find an encouraging similar-
ity.

Finally in Figure [5-16] we examine the drift terms in the wealth process. We
see that changes in the wealth are a combination of changes to the value of

inventory as a result of changes in the asset price as well as profits from market
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Figure 5-15: The plot shows the correlation between the inventory and wealth
process as simulated and as predicted by (5.3).

making activity. To see these profits clearly we subtract ¢;0W; from the profit and
then can view that we have a good fit between the expected profits from market
making and those simulated, and similarly when we look at just the anticipating

trades.

5.3.5 A Suitable Continuous Model for Last Look

We conclude that the following model is a reasonable approximation to the micro-

founded model.
dS; = 00dBy, dg, = a(5},8;)dt +b(57,67)dZy, AW, = qdS; + (o7, 8¢,

where By, Z; are Brownian motions with correlation p, and

A

a(6%,6") = 5 Z [(1 — ;) BN (8")p; 1+ (€%) + (1 + m;) B;A°(8)p;,— (€7)

— (L 7) B A% (0%)p; + (€5) — (1 = 75) B;A%(6%)p; —(€2)

b(0°,0")* = p(A — E[0q))* + p-(A + E[5q))* + (1 — ps — p-)(E[dq])*,
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Figure 5-16: In the first panel we see that changes to the wealth arise from changes
to the underlying asset price. We subtract ¢, S; from this to see the profits arising
from market making activity in the second panel. In the third panel we plot just
the profits from anticipating trades as predicted and as simulated.

n(8°,8") =A(8"p- + 0B

_r§§:“1_Wﬂ@A%yyWAQb4%1+WQ@A%$MWr@D

— (L4 ) BiA(6%)my; 1 (§3) — (1 — ;) B;A*(6%)my, - (§2) |,

B A

a b
p“’a)_zmwwa&)

> (0= m)BA ) (€h) = (14 m) By (€1)

J

— (L4 m)B;A"(6")m; 4+ (§) + (1 — ;) B A (6% )my - (§2) .

Note that most of these expressions can be rewritten in terms of the controls in

the form
A (6%) + CQAb<5b).

We note also that the plots we have presented in this section have been computed
under a fixed control that we have chosen fairly arbitrarily. We expect that if we
were to apply something closer to an optimal control that the inventory should
be mean reverting to 0 and so we would expect to see more fluctuations in some

of the plots.
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The conclusion that we are encouraged by is that the model appears to be quite
suitable for analysis in a similar way to the continuous model of Chapter 4 We
leave a fuller exploration of this for future work, but we hope to be able to extend
the work of Chapter [4] to this case, by providing a result similar to Proposition
that allows for this correlation between inventory and wealth process to
be incorporated. Also we would like to use the work of Section [4.5] and the
large deviation framework to be able to optimise over various parameters and
understand sensitivity to the parameters chosen for the last look criteria and

defining the toxicity of order flow.

5.4 Summary

In this chapter we have successfully adapted some of the major existing models
of market making, as well as our own models to the last look case, finding natural
adaptations of the optimal strategies and to the long run value of market making.
In the final section we have also been able to propose a new model for market
making with last look that can capture well situations where the market maker
may be trading at an informational disadvantage. The way in which this model
has been set up allows it to be analysed via the numerics of Chapter [ and
so provides a setting that could be very useful for optimising over the many

parameters involved.
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Appendix A

The Truncated Normal

Distribution

In Chapter |5 we consider last look mechanisms which cancel trades when the
normally distributed increments exceed certain levels. Many of the results that
follow then naturally involve properties of the the truncated normal distribution.

We collect below for easy reference the most important results we make use
of.

Suppose that X is a normally distributed random variable with mean p and
variance 02 and —oo < a < b < oo. Then conditioning X on a < X < b results
in a truncated normal distribution. Below we set out separately results in the case
of ‘two-sided truncation” where —co < a < b < oo and of ‘one-sided truncation’

where either = —o0 or b = oo.

Two sided truncation
If X ~ N(u,0?) we have that

E(X|a<X<b):u+a§(
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We also make extensive use of the moment generating function

242 b—p — P (=t _
E(etX|G<X<b>=eXp(Mt—|—a2t)[(I)(U ot) (I)<f ot)

where ® and ¢ are the standard normal c.d.f. and p.d.f. respectively.

One sided truncation
If X ~ N(p,0?) we have that

E<X|G<X):M+Um

and

as well as the moment generating functions

E(e"*|a < X) = exp (,ut+ J; ) [1 —;Ii(q)%(d)at)]

g

and

242 by 4
E(e|X < b) = exp (,ut+ U; > F)( t)] .
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Appendix B

The Quantum Harmonic

Oscillator

Some of the problems we will look at later will require us to consider eigenvalue
problems for linear operators, and one that will appear frequently is that of the
quantum harmonic oscillator £979g : L2(R) — L?(R), which we will define for
b €R as

LOMCg = ¢ (x) — Bx’g(x).

The full spectral theory of such operators is well studied. The full list of eigen-
functions and corresponding eigenvalues can be specified, for example in terms
of the Hermite polynomials (see e.g. [89] or [38]), but we will only make use of
the principal eigenfunction and eigenvalue in the work that follows, so we state

here for reference the following proposition.

Proposition B.0.1 The leading (normalised) eigenfunction and eigenvalue pair
(f, \) of the operator LYHO defined above are given by

We do not prove this standard result but it is easy to verify that

f'(@) = Brg(x) = Af(2), [If(@)]z2 = 1.
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In fact, we will be working with operators of the form

Ly = ag"(z) — (k+ Ba*)g(x)

and so for convenience later we also state the following slightly more general

result that is an immediate consequence of Proposition [B.0.1]

Proposition B.0.2 The leading (normalised) eigenfunction and eigenvalue pair

(f. ) of the operator Lg := (k + fz*)g(x) — ag”(x) are given by

aTr

1
f(z) = (ﬂ) e’%\/gﬂ, A=k —+/af.
In particular this pair satisfies

(5 + B2*) f(z) — af"(z) = M (@) |If (@)[[z2 = 1.

and a proof of this proposition requires little more than matching terms to Propo-

sition [B.0.1].
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Chapter 6

Publication (Alternative Format
Thesis Section)

This final Chapter [6]is presented ‘by publication’. The full text of the paper [56]
is included, which is a joint work with Hart, A.G., Cox, A.M.G., Isupova, O. and
Dawes, J.H.P, and to which the author of this thesis contributed around 20% of
the work. A further statement of authorship is included after these introductory

remarks and before the paper.

At the time of publication this paper is under review. The paper involves some
novel results about Echo State Networks, which are a type of single-layer recurrent
neural network with randomly chosen internal weights and a trainable output
layer. The results about the theory of ESNs are primarily attributable to other

authors.

The paper also includes some applications of Echo State Networks, and in partic-
ular the author of this thesis contributed most significantly to the development
of and application to the market making problem presented as well as to the

overall idea for the collaboration and the organisation and preparation of the

paper.

This PhD thesis as well as that of the co-author Allen Hart, was undertaken
with funding the EPSRC Centre for Doctoral Training in Statistical Applied
Mathematics at Bath (SAMBa), grant number EP /L015684 /1. The paper in this
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chapter was also born out of the collaborative environment of SAMBa. Hart had
been working on mathematical results about Echo State Networks and had an idea
in mind of a deterministic system to which they could be applied. The author
of this thesis had begun to think about market making models and suggested
adapting the results to include a stochastic case, and then the collaborative work
began along with their supervisors in applying the results and adapting the ESN

theory to suit the stochastic case.

The technical results surrounding the ESNs in the paper are primarily those of
Hart, building on his previous work in [54] and [55] although there was also joint
work in extending these to the stochastic case. The author’s main contribution to
the paper however is in Section 5, providing a simplified mathematical framework
driven by the market making problem and applying and interpreting the outputs
of the ESN in this case. At the time of writing that paper, much of the work
in this thesis was only partly formed and so the model there was driven by the
intuition about the market making problem, but since then we have now also

been able to given further justification that this intuition was sound.
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Abstract

An Echo State Network (ESN) is a type of single-layer recurrent neural network with
randomly-chosen internal weights and a trainable output layer. We prove under mild con-
ditions that a sufficiently large Echo State Network can approximate the value function of
a broad class of stochastic and deterministic control problems. Such control problems are
generally non-Markovian.

We describe how the ESN can form the basis for novel and computationally efficient rein-
forcement learning algorithms in a non-Markovian framework. We demonstrate this theory
with two examples. In the first, we use an ESN to solve a deterministic, partially observed,
control problem which is a simple game we call ‘Bee World’. In the second example, we
consider a stochastic control problem inspired by a market making problem in mathemat-
ical finance. In both cases we can compare the dynamics of the algorithms with analytic
solutions to show that even after only a single reinforcement policy iteration the algorithms
arrive at a good policy.

Keywords: Liquid State Machines, Reservoir Computing, Stochastic Optimal Control,
Mathematical Finance, Reinforcement Learning
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1. Introduction

An Echo State Network (ESN) is a special type of single-layer recurrent neural network
introduced at the turn of the millennium by [1] and |2] to study time series. Training is
fast because the training step involves only the selection of weights in the output layer
rather than updating the internal weights in the recurrent layer. Furthermore, the simple
formulation of ESNs renders them amenable to mathematical analysis. Given a time series
2z, (where k is the discrete time index) of d-dimensional data points, an ESN is set up as
follows. We randomly generate a n X n reservoir matrix A, a n X d input matrix C and
a n x 1 bias vector (. Then we iteratively generate a sequence of n-dimensional reservoir
state vectors xj according to

Tpy1 = 0(Axy + Czi, + €)

where o(z); = max(0,z;) is the rectified linear unit (ReLU) activation function applied
component-wise to the n-dimensional vector x. Observe that the kth reservoir state z; de-
pends on all past data-points ..., zx_s, zx_1 and therefore captures non-Markovian temporal
correlations in the data. If the 2-norm of the reservoir matrix satisfies || Al[o< 1 then as n
tends to infinity, the influence on the reservoir state xy,, of the data points ..., zx_o, 2x_1 in
the distant past becomes arbitrarily small. This is called the fading memory property and
is closely related to the echo state property (ESP) introduced in the context of ESNs by [1].
The ESP is the statement that the sequence of reservoir states (xy)rez is, for a given input
data sequence (z)rez, uniquely determined. We can interpret the reservoir state vectors as
the latent vectors which encode the infinite past observations in lower dimensional form.

When an ESN has the ESP, it can be applied to a class of supervised learning problems
where we have a time series of d dimensional data points r, called targets, that depend on
all previous input time series data ..., zx_3, zx_2, 2_1 and we seek to learn the relationship
between the sequence of past states and the target for each k. We can train an ESN to solve
this problem by finding the m x d matrix W that minimises

-1
DWW Ty =P+ AW,

k=0

where ¢ is the number of labelled data points, and A > 0 is the Tikhonov regularisation
(a.k.a. ridge regression) parameter. Throughout this paper, ||-|| denotes the matrix 2-norm,
vector 2-norm or absolute value, depending on whether the input is a matrix, vector, or
scalar, respectively.

This minimisation problem can be solved using regularised linear least squares regression,
and hence we can both obtain W quickly, and guarantee that W is the global optimum. This
compares extremely favourably with training a (deep) neural network with stochastic gradi-
ent descent and backpropagation which takes considerably longer, and may not converge to
the global optimum [3].

Despite the training procedure being entirely linear, ESNs are universal approximators,
and can therefore model arbitrarily complex relationships between the sequence of past data
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points and the targets. This is made formal in a recent result by [4] that we review here
and then build on. We emphasise that not only are ESNs theoretically very promising, they
have performed remarkably well in practice on problems ranging from seizure detection,
to robot control, handwriting recognition, and financial forecasting, where ESNs have won
competitions [5], [6], [7], |8]. Impressively, ESNs outperformed RNNs and LSTMs at a
chaotic time series prediction task by a factor of over 2400 [9]. ESNs have also proved
themselves competitive in various tasks in reinforcement learning [10] and control [11].

Even in cases where practitioners prefer to use other recurrent neural networks (RNNs),
such as Long Short Term Memory networks (LSTMs), the rigorous theory of ESNs should
prove useful in architecture design. In [12], it is shown that different deep neural network
architectures can be ranked by randomly initialising the internal weights and training only
the outer weights by linear regression. Once the best performing architecture (with random
internal weights) has been identified, the authors then train the internal weights of the
highest ranking architecture. This is much faster than training the internal weights (a
nonlinear problem) for every architecture. The ranking of architectures with random internal
weights closely approximates the ranking of architectures with optimised internal weights.
From our point of view, the authors are essentially approximating fully trained networks
with (non-recurrent) ESNs.

In a sequence of papers, [13], [14], and [4] recently analysed ESNs in the context of
nonlinear filters and functionals. Roughly speaking, a filter U is a map from a bi-infinite se-
quence ..., 2_ s, 21, 2o, 21, 22, - - . Of real vectors to another bi-infinite sequence of real vectors

e, X_9,T_1,Xg,T1,Ta, - .., and a functional H maps a bi-infinite sequence . ..,z o, 21, 29, 21, 22, - - -

of real vectors to a single real vector or number. We can view an ESN as a filter that maps
an input sequence ...,z o, 21, 2o, 21, 22, - . - tO & TESEIVOIT Sequence ..., T o, T_1, T, T1, L2, - - -,
or a funtional that maps ...,z o, 21, 20, 21, 22, . . . to the lone reservoir state zy. The theory
of filters and functionals is therefore a natural theoretical setting for ESNs. Within this
theory, this paper presents three novel results.

Our first result assumes that we have a time series of data z; and a set of targets rj that
depend on all previous data points ..., zp_o, 2x_1 via a functional R which sends infinite
sequences of data points to targets. We then have a supervised learning problem of finding
the relationship between the data and targets. In the special case that zp = r, this problem
is time series forecasting. Our first novel result states that if we have sufficiently many data
points zj, drawn from a stationary, ergodic, and bounded process Z, which need not be
Markovian, and we obtain W using regularised linear least squares, then a sufficiently large
ESN will approximate, as closely as required, the functional R sending inputs ..., 2x_2, 2x_1
to the targets ry.

This result has applications in the statistical inference of dynamical systems, which was
recently reviewed by [15]. This area of research is especially focused on statistical inference
(i.e learning) of stationary ergodic processes. Furthermore, we can use this result in the
context of reinforcement learning (RL) and optimal control. We envisage an agent operating
under a given policy in the parlance of reinforcement learning or control in the parlance
of control theory that generates a sequence of (reward, action, observation) triples z, =
(T, ag,wg). Then the functional V' that maps previous (reward, action, observation) triples
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..y Zp_2, 21 to rewards z, models the reward functional arbitrarily well. The set up does
not assume the RL problem is Markovian, and allows for a continuous state space.

Our second novel result generalises the first, and encompasses the case where the func-
tional V' is the value functional of a stochastic control process, or Partially Observed Markov
Decision Process (POMDP). By training an ESN to approximate the value functional, we
establish a stepping stone toward developing an offline reinforcement learning algorithm sup-
ported by an ESN that can solve a large class of control problems. Moreover, since ESNs
are recurrent, they can be used for non-Markovian problems, where a reinforcement learning
agent must exploit its memory of past observations, actions and rewards. Our third result
is presented in the context of building an online reinforcement algorithm that can, under
certain conditions, determine the optimal value function for a given policy.

These results are part of a general push to take machine learning ideas typically applied to
(partially observed) Markov processes and generalising them to hold on stationary ergodic
processes. We can see for example [16] consider to clustering problems typically defined
Markov processes applied to stationary ergodic processes.

We demonstrate some of these theoretical results numerically on two examples. The
first is a deterministic game which we call ‘Bee World’. The goal of the game for the bee
is to navigate a time varying distribution of nectar in order to maximise the total future
discounted value of the nectar acquired over all future time. The optimal trajectory can be
found explicitly via the calculus of variations but the constraint that the bee has a maximum
speed of flight leads to unexpectedly complicated solution paths; it therefore provides a
straightforward but not entirely trivial control problem. Since the bee does not have access
to the entire state space, and only observes the nectar it collects at each moment in time, the
problem is therefore a partially observed Markov Decision Process which requires memory
of the past to solve. We demonstrate how a simple and easily-configurable reinforcement
learning algorithm supported by an ESN can learn to play Bee World with respectable skill.

The second numerical example is inspired by a market making problem in mathematical
finance. The mathematical formulation of this problem reduces to a seeking to control a
one dimensional Brownian motion so that it stays near the origin. The cost of straying
from the origin is quadratic in the distance from the origin, and the cost of applying a push
toward the origin is quadratic in the strength of the push. The market maker must therefore
balance the cost of applying the control against the cost of allowing the motion to drift
too far from the origin. We briefly discuss the financial motivation for this problem, then
solve it analytically in continuous and discrete time. The set up most commonly seen in the
literature is continuous time, but only in discrete time is the problem suitable for an ESN.
We then compare the optimal discrete time solution to a solution learned by a reinforcement
learning agent supported by an ESN.

Finally, we note that our approach to the Market making problem is loosely related
to the recent paper by [11] who introduce QuaSiModO: Quantization-Simulation-Modeling-
Optimization. These authors analyse the interplay between the following four aspects:

1. Quantising the action space A.
2. Simulating a system under a given control/policy.
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3. Modelling the full system given a partial/full observation of the state space.
4. Optimising the control/policy.

The structure of the remainder of the paper closely follows the summary of results pre-
sented above. In section 2] we set up the mathematical formalism for ESNs that we wish then
to approximate. Section 3] introduces our novel theoretical results, while sections 4] and
respectively present applications to the deterministic (‘Bee World’), and then the stochastic
(‘market maker’) optimal control problems. We conclude in section [6l

2. Background

In this section, we introduce the theory and notation of nonlinear filters (in relation to
ESNs) developed by [13], [14], and [4]. First, we denote by (R?)Z the set of maps with
domain Z and codomain R¢. This is the set of bi-infinite R%valued real sequences.

A filter is a map U : (RY)% — (R™)Z. A filter U is called causal if inputs from the past
and present . .., z_o, z_1, 29 contribute to U(z) but states in the future 21, z5 ... do not. More
formally U is casual if V 2,y € (R?)Z that satisfy 2z, =y V k < 0 it follows that U(z) = U(y).
We define the time shift filter T : (RY)Z — (R™)Z by T'(2), = T(2)z+1 which we interpret
as the map that steps forward one unit of time. A filter U is called time invariant if U
commutes with the time shift operator T'. If U is causal and time invariant filter then we
call U a causal time invariant (CTI) filter.

A functional is a map H : (R%)%Z — R". In [14] it is shown that there is a bijection
between the space of CTI filters and the space of functionals. To see this, take a functional
H and define the kth term of the associated filter U via U(z), = HT*(z). Conversely, given
a filter U, the associated functional H is given by H(z) = U(z)o

We can view an ESN as a CTT filter from the space of input sequences ...,z 1, 29, 21, - . .
to the space of reservoir sequences ...,x_1,2Zg,21,.... To make this connection between
ESNs and filters formal, we will first present a generalisation of an Echo State Network
called a reservoir system.

Definition 2.1. (Reservoir system) Let F: R" x R — R" and h : R® — R®. Then we call
the following system of equations

Ty1 = F(zy, 21) (1)
T = h(xy)
a reservoir system.
Remark 2.2. We can see that if
F(z,z) =0(Az+ Cz+ ()
h(z) =W 'z

then we retrieve an ESN with n x n reservoir matrix A, n x d input matrix C, bias vector
¢ € R”, linear output layer W € R”, and activation function ¢ = ReLU, defined in the
introduction.



We require that the reservoir system induces a unique filter from the input sequence to
the reservoir sequence. This property is the Echo State Property that we briefly mentioned
in the introduction.

Definition 2.3. (Echo State Property [1]) A reservoir system has the Echo State Property
(ESP) if for any (2x)rez € (R?)Z there exists a unique (zp)rez € (R™)Z that satisfy the
equations of the reservoir system ().

To any reservoir system with the Echo State property we can associate a unique CTI
reservoir filter U : (RY)%Z — (R™)Z defined by U(z) = x. To this reservoir filter, we may
assign a CTI reservoir functional H : (R™)Z — R? defined by H(z) = 2. In a supervised
learning context, we have a time series of data points ...,z 9,2 1, 29 and a time series of
targets ...,r_1,79 that each depend on all previous data points. The output functional
hoH : (RY)Z — R is the map we use to approximate the relationship between the data
and the targets, so ho H(...,z 9,21, 20, 21, 22, . . .) & 1. Note that ho H is causal, so does
not peer into the future and use data z1, 2o, ... that have not yet been revealed. When the
reservoir system is an ESN, the map A is the linear map W' obtained by least squares ridge
regression, so that WTH(. Ce 29, 721,20, 21, -.) & Tk We assume there exists a true map
from the data to the targets that we label R : RZ — R so that R(. ..,z 2,2 1, 20, 21, - - .) = Tk
Our goal is to find W such that W'™H ~ R.

Definition 2.4. (ESN filter and functional) If an ESN has the ESP then we will write
HAC€ to denote the reservoir functional associated to an ESN with parameters A, C' and
¢. We will also write HV‘?,’C’C to denote the output functional W' H4C¢ (defined by left
multiplication of H4:€:¢ by the linear readout layer)

Next, we will present a procedure, introduced by [4], for randomly generating the ESN’s
internal weights A, C' and biases ¢, which ensures the ESN has ESP and allows for the
universal approximation of target functionals R. The procedure differs from the procedure
commonly seen in the literature, where A, C,  are populated with i.i.d Gaussians, or i.i.d
uniform deviates, and then A is rescaled so that its 2-norm (or spectral radius) is less than 1.
Furthermore, the procedure introduced by [4] depends on some details of the input process,
which must satisfy mild conditions stated below.

Definition 2.5. (Admissible input process) A (R%)Z valued random variable Z is called an
admissible process if for any T' € N there exists My > 0 such that for all £ € Z

\Zy—r, Z—111,- .., Zy|| < My (2)

Lebesgue-almost surely.



We will now present a procedure by which the matrices A, C, ¢ are randomly generated.

Procedure: Initialising the random weights of an ESN.
Let N € N, R > 0 be the input parameters for the procedure. Suppose that Z is an

admissible input process. Consequently, for any 7y € N there exists My, such that
(for k =0in (@)

||Z—T07Z—T0+17 cety ZOH S MT

Lebesgue-almost surely. Then, for a given Tj, we initialise the ESN reservoir
matrix A, input matrix C, and biases ¢ according to the following procedure.

1. Draw N ii.d. samples A1, ..., Ay from the uniform distribution on Bz C RADH+1
where Bpg is the ball of radius R and centre 0, and draw N i.i.d. samples {;,...Cy
from the uniform distribution on [—max(Mg R, 1), max(Mp, R, 1)].

2. Let S and c be shift matrices defined

g |:Od7dTo Od,d] o [ Iy }

Liry,  Odry.d Odry d
and set
A
o A2 A _ S Od(TO—I—l),N
asS ON,N
Ay
Oa(o+1)
c - ¢
C= [ac] ¢= :
Cn
so that

o | B - S

We are now ready to present the key result by [4], (which generalises a result by [17]) and
which holds in the following supervised learning context. Given time series data z; (from
an admissible process Z) and a time series of targets r; depending on all previous data
..y Zh—2, Zk—1 We wish to approximate the functional that sends ..., z,_s, 2_1 to .. We
will denote this functional R. The problem of approximating R given the data and targets
is a supervised learning problem. The result can be summarised as follows. Suppose we
have an ESN with weights A, C' and biases ¢ randomly generated by procedure [I. Then,
the ESN admits a linear readout matrix W for which the ESN equipped with the matrix W
(denoted HV‘?,’C’C) approximates the relationship R between data points ..., zx_9, 2x_1 and
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targets 7y as closely as is required.

Theorem 2.6 (|4]). Suppose that Z is an admissible input process. Let R : (D,)? — R
(where D,, is a compact subset of R™) be CTI and measurable with respect to some measure
w such that E,[|R(Z)]?] < oo.

Then for anye > 0 and § € (0,1) there exists N, Ty € N, R > 0 such that, with probability
(1 —0), the ESN with parameters A, C,{ generated by the procedure in definition [ (with
inputs N, Ty, R) has the ESP and admits a readout layer W € R2AT0+DEN) sych that

1/2
A =
o) = (/.

1/2

(2 ||maosc2) - =iz 1394 - RO ) <

3. Novel results for ESNs

Theorem is an existence result stating that there exists a linear readout layer W
yielding an arbitrarily good approximation. Our first novel contribution is to strengthen
the result under additional assumptions. The new result states that, given a sufficiently
large ESN and sufficiently many training data z; drawn from a stationary, ergodic and
bounded process Z, if we train an ESN using regularised least squares then the arbitrarily
good readout layer W will be attained (with probability as close to 1 as desired). This
result is analogous to the main result by [18] who prove a similar theorem for ESNs trained
on deterministic inputs. Before we introduce the result we will present the definition of a
stationary process, an ergodic process, and the ergodic theorem.

Definition 3.1. (Stationary Process |15]) A stochastic process (Zy)rez = Z is stationary
if for any ¢ € N and finite subset I C Z the joint distribution (Z;);c; is equal to the joint
distribution (Z;y¢)ier-

Definition 3.2. (Stationary Ergodic Process |15]) A stationary stochastic process (Z)kez =
Z is called ergodic if for every ¢ € N and every pair of Borel sets A, B

/-1
1
lim IP’((Zl,...,Zg) €A (Zy,..., Znws) € B)

Mp(%,...,m (778,

Every stationary ergodic processes Z satisfies the celebrated Ergodic Theorem.

Theorem 3.3. (Ergodic Theorem) If (Zy)rez = Z is a stationary ergodic process then for
any 1 € 7

1
Bz = e g

almost surely.



Our result holds in the following supervised learning context. Given time series data z
(from an admissible, stationary, ergodic, bounded process Z) and a time series of targets
rr depending on all previous data ..., z;_s, zx_1 we wish to approximate the mapping from
ooy Zk—2, 2k—1 to rr. This mapping is denoted R. Our result states that an ESN with weights
A, C and biases ¢ randomly generated by the procedure in definition [Il, which is fed the
training data zj, and then trained by regularised least squares, will yield a matrix W. This
ESN equipped with the matrix W (denoted HV‘?,’C’C) will approximate the relationship R
between data points ..., zx_o, 2x_1 and targets r; as closely as required.

Theorem 3.4. Suppose that Z s an admissible input process, that is also stationary and
ergodic, with invariant measure p. Let R : (Dy)% — R (where D,, is a compact subset of
R™) be CTI, p-measurable, and satisfy E,[|R(Z)|?] < co. Let z be an arbitrary realisation
of Z

Then for any € > 0 and 6 € (0,1) there exist N,Ty € N, R > 0, A* > 0 and { € N
such that the ESN with parameters A, C, generated by the procedure in Definition [ (with
inputs N, Ty, R), and W} € R2ADFVIN) yhich minimises (over W € R2AT0FDEN) ) ype
least squares problem

-1
1 2
2> | RO = R+ A WP,
k=0
(where X € (0,\*)) satisfies with probability (1 — &) the inequality

*
¢

5 (|-

A,C,C} < €.

Proof. Later in this paper, we state and prove a more general result (Theorem B.6]) which
reduces to this result in the special case v = 0. U

In summary, we have stated that for any ¢ > 0 and 6 € (0,1) there exists an ESN of
dimension n = 2(d(Tp + 1) + N) with output layer W trained by the Tikhonov-regularised
least squares procedure against ¢ training points, whose output functional approximates
the target arbitrarily closely with arbitrarily high probability. The theorem is (sadly) non
constructive in the sense that the number of neurons n, number of training points ¢ and
regularisation parameter \* are not computed for a given € and 9. Ideally, we would establish
uniform bounds on the number of number of neurons n and data points ¢ required for an
approximation with tolerance € to hold with probability . Though less ideal, one could
establish an asymptotic order of convergence using the central limit theorem (CLT). The
CLT (roughly) states that the error between the time average and the space average of a
stationary ergodic process converges in law to a normal distribution with standard deviation
of the order 1/v// as the number of data points £ grows to infinity. The CLT is stated below.

Theorem 3.5. (Central Limit Theorem [15]) If (Z})kez is a stationary ergodic process then
there exists a covariance matriz X3 such that for any i € Z and Borel set A

' 1 -1
}E&P(ﬁ ];(ZM - Eﬂ[zl-])) =P(N(0,%) € A).



In other words, the random variables

~

~(Ziok — E,[21)

NS
[

X

i

converge in distribution to the multivariate normal N'(0,%) as { — oc.

This suggests that the approximation of the target functional R also converges with order
1/+/€ as the number of data points increases. Furthermore, related results by [4] use the
CLT to establish uniform bounds on the number of neurons n = 2(d(7' + 1) + N) required
for a given approximation. This strongly suggests that the approximation in Theorem [3.4]
converges with order 1/v/N.

We will now pivot towards our second novel result, which generalises the first. Suppose
that we have a contraction mapping ® on the space of functionals, and we seek a W* such that
the ESN functional HV‘?,’F ¢ approximates the unique fixed point of ®. The existence of the
unique fixed point is guaranteed by Banach’s fixed point theorem. Finding the fixed point of
a contraction mapping has applications in reinforcement learning because the optimal value
function (and optimal quality function) of a Markov Decision Process (MDP) is a fixed point
of a Bellman operator. The theory we are presenting here can be viewed as a generalisation
of an MDP because the input processes we are considering may have long time correlations
(violating the Markov property) which can only be recognised by filters with sufficiently long
and robust memories; like Echo State Networks.

We can observe first of all if ® is the constant map ®(H) = R, then ® is clearly a
contraction mapping with fixed point R. In this case, the problem is exactly the same as
that solved by Theorem [3.4l We are especially interested in the case of ® taking the form
of the Bellman Value operator. To make this formal, we will consider a stationary ergodic
process Z with invariant measure p. Then we define the map Tz as a CTI filter on the
bi-infinite sequences (Dy)%, which returns the random variable:

T (Z) _ Tz(z)k_H ifk<0O
TN Zen | Z, =% ¥ <0 if k>0

Next, we introduce R : (Dy)? — R as the CTI reward functional, giving a reward (or
expectation over a distribution of rewards) to an agent that has observed a given sequence
of (reward, action, observation) triples. We let v € [0,1) denote the discount factor, and
define the operator

(H)(2) := R(z) + YE.[HTz(2)]. (3)

In this case, ® is a contraction mapping with Lipschitz constant v. With this, we will
define the CTI value functional V : (Dy)% — R (with respect to the process Z) as

V(z2) =E, liykRT’“(Z) ’ Z;=2Vj< 0}.
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The value functional V' takes a sequence of (reward, action, observation) triples and returns
the expected discounted sum of future rewards. Furthermore, the value function V' is the
unique fixed point of the Bellman operator ®. Re-arranging the definition of V' (z) above,
we have that:

—E, [Z%RT’“(Z) ‘ Z;=2Vj < 0}
k=0

=E, [gykRT’“(Z) ‘ Z;=1zVj< 0} +R(2)

VE4 {iV’CRT}CH(Z) ) Zj=2zVj < 0} +R(z)

k=0

— 7ﬂggw[fzyknT’f(Z) ' Z;=2zVj< 0] + R(z)

where we have carried out straightforward relabellings of the indexing of terms in the sum
by k. Then by the law of total expectation we may write this last expression as

V(z) _WIE[ [Zy’“RT’“ ’ —Tz(z)j‘v’jSOHJrR(z)

=E,[VTz(2)] + R(z) = ®(V)(2),

which shows that V is indeed a fixed point of ®, and so is the unique such, since ® is a
contraction.

Our goal is now to seek a W* such that the ESN functional H V‘?,C o~ closely approximates
the unique fixed point V' of ®. One approach is to collect a dataset from a single training
trajectory, and then perform least squares regression to find W*. This is an example of
offtine learning (in the reinforcement learning parlance) because the training occurs after
the data has been collected. This is in contrast to online learning where training takes place
dynamically as new data becomes available. We will make this offline approach formal in
the following theorem.

Theorem 3.6. Suppose that Z is an admissible input process, that is also stationary and er-
godic with invariant measure pi. Let R : (Dy)% — R be p-measurable and satisfy E[|R(Z)|?] <
oo and define ® using [3) on the u-measurable functionals H that satisfy E,[|H(Z)|*] < .
Let v € [0,1). Let z be an arbitrary realisation of Z

Then for any ¢ > 0, § € (0,1) there exists N,Ty € N,R,A\* > 0 and { € N such
that the ESN with parameters A, C,  generated by procedure [1 (with inputs N, Ty, R), and
Wy € RAATAVEN) minimising (over W € RUUT+ADHN) ) the least squares problem

| =

/—1
STWT(HACCT#(2) — A HACSTI (2)) — R(2)||” + AW )2
k=0

14
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where A € (0, \*), then with probability (1 — §)
2
E, {HH‘,‘}‘,;F’C(Z) - @HV@;F’C(Z)H ‘A, C, c} <e

Proof. First let V' be the unique fixed point of the contraction mapping ® whose existence
and uniqueness is guaranteed by Banach’s fixed point theorem. Denote the Lipschitz con-
stant of ® with the symbol 7. Then we fix ¢ > 0 and § € (0, 1), then by Theorem [2.6] there
exists with probability (1 — d) a linear readout W € R2(@(70+D+N) gych that

2

B, | |o<(2) - viz) (@)

€
AC < )
’ ’4 5(1+7)
Then it follows that
2
B | - wrpe<| 14,0

-5, ||o42) - amposz) vz vz 14,0

IN

E.[|Hy©(Z) -~ V(2)|’|A, C. ¢ + E[|IV(Z) — @Hy "4 (Z)|P|A, C.(]
E.[|Hy“¢(2) = V(2)|’|A, C,¢] + E,[|9V(Z) — ®Hy "4 (Z)|*| A, C, (]
E[|Hyy@€(2) = V(2)|P|A, C.¢] + TE[IIV(Z2) — Hiy“*(2)|*| A, C (]
(L+DE[IV(Z) - Hy"(2)|*|A, C. (]

1+7

)mbyw

IA

<

<6
)

which yields the estimate

B[l By — @H || A, C.¢] < ¢ (5)
Now, we can choose A\* such that for any A € (0, \*)
€
MWl <. (6)

5

Next we define a sequence of vectors (W) en by

1L
W= argmin (3 S NHF T (2) = vHF T *(2) = RT*(2)|” + AHUHz) :
k=0

U€R2(d(TO+1)+N)

We may view argmin as continuous map on the space of strictly convex C* functions that
returns their unique minimiser. The regularised linear least squares problem is a strictly

12



convex C'! problem, so we may define W7 € R2(To+D+N py

W2, i arg min (MHH?Q%Z) —HACT(Z) ~ R(Z)|A.C.¢) + AHUH?)

—1
- argmln lim ( Z |HF ST *(2) — yHPOC T F —RT"‘“(z)||2+)\||U||2)

]HOO

]—)OO

= lim argmm ( ZHHAC¢T 2) — yHFOT YR — RTH(2)|12 + )\HUHz)
k=

= lim W7
j—o0
where the second and third equalities hold by the Ergodic Theorem and continuity of arg min
respectively. Now, we may choose ¢ € N sufficiently large that

E[|W T (HAC(Z) — yHACT(Z)) - R(Z)|*| A, C . (]

* €
= BJ|WS (HANZ) = yHACT(2)) = R(Z)IP|A, C. (]| < <, (7)
and
1
tim (= SIS (HACST () — A HACSTIH() — RTH) |2 + AW
k=0
* — _ % €
ZH THACCT™M(z) = yHACT ™H2) = RT @I + AW < =, (8)
and by the Ergodic Theorem
-1
ZHWT (HACCT(2) —  HACTIH(2)) — R(2) |
Jj—1 .
~ lim anT HACSTH(2) - yHACSTIH () — R()|| < £ (9)
]—)oo] 5

Now the proof proceeds directly
E.[[|Hy " (Z) — @Hy 4 (Z)|P|A,. O, ¢
= E,[[|Hy"4(Z) - yHy O T(Z) — R(2)|*|A, C. (]
E,[|W; T (HAC4(Z) - vyHAC¢T(Z)) - R(Z)|I’|A, C, ¢].
Then we apply (7)) which yields
E,[|Hiy"4(2Z) — ®Hp 4 (Z)||A, C. ]
<E[|WL (H(Z) - yHAT(Z)) - R(Z)|*|A,C.¢] + -

13



Then we apply the Ergodic Theorem

EIWX (HY4(Z) —yHYT(Z)) - R(Z)|P|A,C . ¢] + -

7j—1
_ lim (1ZHW*T (HACTH(z) ,VHA,C,CTl_k(Z))_RT_k(Z)|,2)+

j—o0
k=0

ol m

gnm( ST (AT ) - vHAvaCTl-’%z))—RT-’%z)nZ)+A||W;;||2+f

J k=0

ol

7j—1
= lim ( D W T(HACCT ™ (2) — yHACST 74(2)) —RTk<z)|y2+AHWj|y2) +
k=0

then apply (8)

/-1
1 % _ _ _ 2e
<3 W T(HACCT ™ (2) — yHACST F(2)) = RTF(2) || + MW/ * + =
k=0
1 &8 %
<3 IWT(HACST ™ (z) — yHACCT 5 (2)) = RT#(2) > + MW + =
k=0

then apply (@)

<hm( ZHWT HACST H(3) - yHACSTIHe) - RTHA)IP) + AP +

then apply (@)

4e

< Jim ZHWT (HACST#(2) — yHACSTIH2)) - RT M) ) +
D

Jj—00
k=0
Then apply the Ergodic Theorem again
4e
=B, [|W (H*4(2) =y HA4T(2) = R(Z))|’|A, C. ¢ +

46
= Bu[||Hiy ¢ — @HpO|*|A, C, (] +
then apply (B

<€

3.1. Connection to Partially Observed Markov Decision Processes

Theorem applies to a reinforcement learning scenario where the observations are a
stationary and ergodic process. This includes the case where observations emerge from a
partially observed, stationary and ergodic Markov decision process. These are themselves a
special case of a partially observed Markov decision process (POMDP) which are a common
scenario studied in the reinforcement learning community. In particular, the results in this
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paper apply to POMDPs in the special case that the underlying Markov process is stationary
and ergodic. However, there exist stationary ergodic processes, which satisfy the conditions
of Theorem [3.6, which are not the output of any partially observed decision Markov process.

The approach that we set out in this paper has a lot in common with POMDPs, but
there are some subtle differences which we will clarify here. First of all, the value function
in this paper is defined in terms of the complete sequence of (reward, action, observation)
triples, rather than the current belief state. One advantage of our approach is that a belief
state does not need to be computed explicitly, nor do any assumptions need to made about
the relationship between the hidden state of the environment and the observations. In the
setting of this paper, the reservoir states x; (which are explicitly computed by evaluating
HACSTE(2) can be interpreted as latent states, very much like the latent states for POMDPs.

We also stress that the value function V and reservoir functionals H4€< and HV’?,;F < are

causal and time invariant (CTI) so we are never using future information that is unavailable
in the present, despite the input sequences being bi-infinite. Indeed, one of the strengths
of our approach is that the learning procedure will be able to learn the impact of any
unobserved or hidden states via the latent states x; and linear regression.

3.2. Training ESNs with online learning

In some reinforcement learning applications, it is useful - or even essential - for the
optimisation of W to occur dynamically as new data comes in; such algorithms are called
online learning algorithms. In this section, we will present and discuss some preliminary
novel results surrounding online learning algorithms that use ESNs. We will first introduce
a lemma, stating that, under reasonable conditions, the ODE

%W = —W(W) = ~E,|H*4(2)(Hy“*(2) - 2Hy74(2)) (10)

converges exponentially quickly to a globally asymptotic fixed point W*, for which the
associated ESN functional H{,?/’F’C is close to the unique fixed point of ®. By close we
mean that the orthogonal projection of ®H, V‘?,C < onto the finite dimensional vector space of
functionals { Hiyw<¢ | W € R9} is H{yS¢. Unlike the previous result (Theorem B6) we do
not need to assume that the contraction mapping satisfies ®(H) = R+ yE[HTz|. We could

choose for example ®(H) = R + ysup, E[HTz(x)]| where Z(m) is a process under a control
7. The fixed point of this operator is the optimal value function V*.

Lemma 3.7. Let Z be an admissible input process. Let A,C,{ be anxn, nxd, andn X 1
dimensional random reservoir matriz, input matriz and bias vector. Let HACS and HV’?,’C’C
denote the associated ESN functionals. Let ® be a contraction mapping, with Lipschitz
constant 0 < 7 < 1, on the space of CTI filters H : (Dyx)? — R that are p-measurable and
satisfy E[H(Z)? < oo. Suppose further that 0 < 7 < k! where k is the condition number
of the autocorrelation matrix

S =E, [H*9Y(Z)H*“T(Z) | A,C(].

15



Then there exists a 6 > 0 such that the ODE

%W = —h(W):= —E, | H*°4(2)(H{y(Z) — ®H{y *(Z)) ' A C, c}

satisfies
d
S IW = Wil = =o[|w — W7 (11)
where W* is a globally asymptotic fived point. W* enjoys the further property that
Hiyo¢ = POH S

where P denotes the L*(u) orthogonal projection operator on the u-measurable filters H
satisfying E[H(Z)?] < oo and is defined

PH(z) := HY“<T(2)S7'E, [H*““(2)H(Z) | A,C,(].

Proof. To show that W* is a globally asymptotic fixed point it suffices to show that there
exists a 6 > 0 such that

(W = W) (h(W*) = h(W)) < =0[|(W — W™)|?
as this implies
Tjw —we < —apw - w.
dt
To construct this d, we first note that

W) =SW —E, | HAC$(Z)0H{°(2)) ’ A C, g]
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so, by a direct computation we have
(W =W?) - ((W") = h(W))

= (W —W*)- (EM {HAvaC(Z)(I)H{;‘/C’C(Z)) ‘ A, C, c] ~E, {HA’C’C(Z)QJH{;‘/P’C(Z)) ) A, C, cD
— (W —W*)- (EW - zw*)

(W —W™) (Eu HACY Z)OHEOY(Z)) | A,C,¢| —E,|HACS(Z2)0H: ¢ (Z)) A,c,g)

W - WTE(W - W)

(W — W™ <EM HACY Z)oHEC(2)) | A, C, c ~E,|HACY(Z2)0Hy ¢ (Z)) | A, C,¢ )

— o||W — W*||? where o is the smallest eigenvalue of Z

(W — W) <EM HACY(Z)OHyCN(Z)) — HACY(Z)DHyC(Z)) ’ A C, cD

— oW —w|?

< w-w)- (5,2 2) - o2 2) | Acd] )

—o||W — W2 be(-:ause 7 is the Lipschitz constant for ®

=7(W = W*S(W = W*) —o|W — W*||?

< 7p||W — WH||2 — o||W — W*||* where p is the largest eigenvalue of ¥
=—(c—Tp)|W —W"|I%,

so we can set § := o — 7p and notice § > 0 because 0 < 7 < k~! = o /p. Next, to show that
A7C7C JR— A7C7C
Hpyy> = POH,,.
we observe that since W* is an equilibrium point of the ODE

W = —h(W)
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it follows that h(WW*) = 0 and therefore

0=E, {HA,C,C(Z) (HEE4(2) — @HypO4(2)) ) A, C, C}
— 0=E, {HA’C’C(Z)HAC’CT(Z) ‘ A,C, g} W*—E, {HAvaC(Z)QH;;’F*C(Z) ‘ A,C, g]
— 0=SW"-E, {HAvC’¢(Z)®H§,’E’C(Z) ‘ A.C, c]
so, SW* =E, [HA’C’C(Z)éHV‘?/F’C(Z) ' AC, C}
so, W*=%"1E, [HA’C’C(Z)QHI?/E’C(Z) ’ AC, C]

so, HECC = HACCTY R, [HAvaC(Z@H;éF‘(Z) ’ A, C, c]

= PO(H{y ).

O

One rather restrictive condition of this lemma is that the Lipschitz constant 7 of the
contraction ® must be less than the reciprocal condition number x~!. & is a measure of how
orthonormal the columns of the autocorrelation matrix 3 are. In particular, if the columns
are indeed orthonormal, then £ = 1 and this condition ceases to be restrictive at all. If the
columns are close to being linearly dependant, then « is large so the requirement that x~!
is small becomes troublesome. If indeed there is a linear dependence, the matrix > is not
even invertible and the theorem breaks down completely. If we interpret HA4C¢(Z) as a
vector of features, then x grows with the correlation between features. Higher correlation
between the features imposes a greater constraint on the Lipschitz constant 7. If we have
no inter-feature correlation then x = 1 and we have no restriction at all on 7.

To actually solve ODE ([I0) we may need to compute
V) = B, | HACS(2) (1494 2) - 0113°4(2) | A.0.¢] (12)

which may, or may not, be practical. For example, if the process Z is ergodic, we can
approximate (I2) by taking a sufficiently long time average of

HACST () (Hiy @ T () — @HECOCT™(2)).

Alternatively, we may approach the problem of solving (I0) by first considering the explicit
Euler method (with time-steps a; > 0)

Wk+1 = Wk — Ozkh(Wk)
= Wi — | HACX(Z) (H{O(Z) — @H O (Z)) ) A C, c} :
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then we might (heuristically) expect the algorithm
W1 = Wi — apg HACCTR(2) (Hy ©T* (2) — @Hiy O T (2)) (13)

to converge to W*, where «y, are positive definite real numbers that satisfy

o o0
E ap = 00 E Ozz < Q0.
k=1 k=1

We believe this heuristic could be made rigorous under mild assumptions, because algorithm
(I3) closely resembles the major algorithm extensively studied in [19] and [20] for which
similar results hold. Theorems 17 and 2.1.1. appearing in [19] and [20] respectively suggest
that an algorithm much like (I3]) converges almost surely to W* if its associated ODE
(reminiscent of (I0)) satisfies condition (III), and the input process Z is strongly mixing.
The conjecture that algorithm (I3]) converges to W* is also reminiscent of Theorem 3.1 by
[21], and related results by [22]. These results are closely related to Q-learning and stochastic
gradient descent. We note that (sadly) finding the fixed point of the general contraction
mapping ® renders the estimation of W a nonlinear problem.

The theory yields an online reinforcement learning algorithm which we state below. We
envision that the agent chooses a fixed policy m and continues executing the policy for £ — 1
time steps. Under this policy, the agent makes observations z; and receives rewards r,. We
define zj(a) as the input to the ESN at time k if the agent had instead executed action
a € A at time k.

Algorithm 2: Online Learning

1: Choose initial output layer W, and reservoir state x

2: Randomly generate A, C, ¢ according to procedure [II
3: for each k from 0 to ¢ — 1
4: Compute Wii1 = Wy — agxy (W,Jxk — 1 — max, {W, o (Ax;, + Cz(a) + C)})
5: Compute x4 1 = o(Azp + Czp + €)
4. Bee World

To demonstrate the theory presented in section B we created a game called Bee World
and show that a simple reinforcement learning algorithm supported by an ESN can learn to
play Bee World with respectable skill. The game is designed so that the theory presented
previously is easy to visualise, rather than because the game is hard to master.

Bee World is set on the circle of unit circumference, which we denote by S*, and represent
as an interval with edges identified. At every point y on the circle, there is a non-negative
quantity of nectar which may be enjoyed by the bee without depletion. ‘Without depletion’
means that the bee takes a negligible amount of nectar from the point y, so the bee occupying
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point y does not cause the amount of nectar at y to change. Furthermore, the nectar at
every point y varies with time ¢ according to the prescribed function

n(y,t) = 1+ cos(wt) sin(2my) (14)

(which we chose somewhat arbitrarily) that is unknown to the bee. Thus, the amount of
nectar enjoyed by the bee at time ¢ is a value that lies in the interval [0, 2], which we will
denote A. Time advances in discrete integer steps t = 0,1,2, ..., and at any time point ¢ a
bee at point y observes the quantity of nectar » € A at point y and nothing else. Having
made this observation, the bee may choose to move anywhere in the interval (y — ¢,y + ¢)
for some fixed 0 < ¢ < 1 and arrive at its chosen destination at time ¢t + 1. The interval
of possible moves (—c, ¢) is called the action space and is denoted A. The goal of the bee
is to devise a policy whereby, given all its previous observations, the bee makes a decision
as to where to move next, such that the discounted sum over all future nectar is as great
as possible. The space of all previous (reward, action) pairs (A x A)%Z- is contained by the
space of bi-infinite sequences (R?)Z. The agent playing Bee World makes no observations
beyond the rewards (nectar) and actions, but we could easily envision a more general game
where the agent makes observations from a set {2 and therefore makes its decisions based on
a left sequence of (reward, action, observation) triples.

The policy adopted by the bee may be realised as a deterministic policy 7 : (N x A)% — A
(a CTI functional) for which the bee executes an action a € A determined by the history of
(reward, action) pairs. Alternatively, the bee may adopt a stochastic policy, for which every
state history of (reward, action) pairs admits a distribution over actions A from which the
bee makes a random choice.

Though the evolution of Bee World is Markovian (and deterministic), the bee makes only
a partial observation of the state of Bee World (i.e the amount of nectar the bee observes at
time t) so the bee must take advantage of its memory to reconstruct the true state and find
an optimal policy. This need for memory renders the problem suitable for an ESN, while
ruling out the conventional theory of Markov Decision Processes. The problem of playing
Bee World can therefore be formulated as a Partially Observed Markov Decision Process.

4.1. Approximating the value functional
Under a policy 7, the nectar-action pairs experienced by the bee yield a realisation of the

(N, A)Z-valued random variable Z. It therefore makes sense to define the value functional
V(N x A)% — R associated to Z by

V(z)=E, {gykRT’“(Z) ' Z;=2zVj< 0] (15)

where R : (N x A)Z — R is the reward functional defined by R(z) = rq, where rq is the
nectar collected at time 0, T is the shift operator, and v € [0,1) is the discount factor
representing the relative importance of near and long term nectar consumption. We can see
after a simple rearrangement of ([[3]) that

V(z) = R(2) + 1E.[VTz(2)]
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so V' is the unique fixed point of the contraction mapping ® defined by
O(H)(2) := R(z) + VEu[HTz(2)]

as discussed in Section Bl Thus, by Theorem [B.6] we can approximate the value function
V using an ESN trained by regularised least squares as long as the nectar-action pairs
z € (N x A)Z are drawn from a suitable ergodic process Z. Therefore, we chose an initial
policy g such that Z is ergodic. In particular, we chose a stochastic policy m(z) ~ U(—c, ¢)
for all histories of (reward, action) pairs z € (N x A)% so that the bee takes a uniform
sample from the action space A = (—c, ¢) at any point y € S'. For the purpose of playing a
game, we set ¢ = 0.1 and v = 0.5. We allowed the bee to execute this policy for 2000 time
steps and recorded the observed nectar at every time. The first 250 time steps are plotted
in Figure [II

Next, we set up an ESN of dimension n = 300, with reservoir matrix, input matrix, and
bias A, C,{ populated with i.i.d uniform random variables U(—0.05,0.05). A was then
multiplied by a scaling factor such that the 2-norm of A satisfies || Al = 1. We choose an
activation function o(z) := max(0,z). We should pause here and note that ESN described
here differs slightly from the ESN described in procedure [II We instead generated A, C, ¢
in a traditional way, which is empirically observed to be highly successful, as demonstrated
in the literature, rather than the more cumbersome method described in procedure[Il These
numerical results suggest that procedure [Il can be simplified.

We then computed a sequence of reservoir states x;, € R3% for the ESN using the iteration

Tpy1 = 0(Axy + Cz, + €)

where xo = 0 and each z;, € (M x A) comprises 2 components: the first is the quantity of
nectar observed by the bee at time k, and the second is the action a € (—¢, ¢) executed at
time k£ under policy 7. Now we return our attention to Theorem [3.6 and see that the W
minimising (over W)

~

-1
[WT(HACCT(2) = yHACCT 0 (2)) = R(2)|1° + A WJ?
0

~ | =
Eond
I

converges to W minimising
W (2r = yarsa) = il + AW (16)
so we can immediately reformulate (0] as the least squares problem
W= (E"Z+A)'EU
where = is the matrix with £th column
Sk 1= T — YTy
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(a) The nectar collected (blue) and the approximate value function under the initial policy 7o (red) is plotted for the first 250
time steps (z-axis).

250

!
0.0 0.4 0.8 1.2 1.6 2.0

(b) The nectar function n(y,t) (I4)) at every point represented as a heat map in the (¢, y) plane, with the position of the bee
at time ¢ under the initial policy indicated by the overlaid white circles.

Figure 1: Dynamics of Bee World where the bee executes the initial policy mo(z) ~ U(—0.1,0.1) for the first
250 time steps.

and U has kth entry rp the kth quantity of nectar, and A is the regularisation parameter
which we set to 107%. We solved this linear system using the SVD. Now

V(z) ~ HypO(2) = (W) THAC4(2) = W e

where x is the reservoir state associated to the left infinite input sequence z. Furthermore,
the map (W ') therefore approximates the unique fixed point of ® (by Theorem [3.6)) and
this fixed point is exactly the value functional we are looking for. Thus, we can easily
compute the approximate value of an arbitrary reservoir state x under the initial policy =
by computing the inner product W 'z. We illustrate this in Figure [al by plotting, at each
time k = 1,...,250, the value of every observed state to accompany the observed nectar.

4.2. Updating the policy

Having computed an approximate value function under the initial policy mo(z) ~ U(—0.1,0.1),
we were faced with the problem of how to improve upon this policy. Exploring efficient and
effective algorithms for iteratively improving a policy is a rich area of reinforcement learn-
ing research, but outside the scope of this section. Instead, we implemented a simple and
greedy approach. For a given reservoir state x we consider 100 actions ay, as, . ..ajg uni-
formly sampled over A = (—0.1,0.1), then for each action we consider the nectar-action
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(a) The nectar collected (blue) and the approximate value function (red) is plotted for the first 250 time steps (y-axis) under
the improved policy 7.

(b) The nectar function n(y,t) (I4)) at every point represented as a heat map in the (¢, y) plane, with the position of the bee
at time ¢ under the improved policy is indicated by the overlaid white circles.

Figure 2: Dynamics of Bee World where the bee executes the improved policy m; for the first 250 time steps.

pairs 2z, ... 200 ¢ A/ x A where the nectar for each pair is the current nectar; and is
therefore the same in every pair. Then we compute the next reservoir states for each pair

xl(c’il =o(Axy, + Cz,(f) +<¢)

and estimate the value of executing the ith action by computing WTx,iill. Then we choose to
execute the action a* with the greatest estimated value - which determines our new policy 7
- which yields a significant improvement over the initial policy 7, as illustrated in Figure 2.
Under the initial policy my the bee collected an average of approximately 1.05 nectar per unit
time, in comparison to 1.52 nectar under the improved policy ;. This is much closer to the
optimal value of approximately 1.60, which we obtain in the next section. The algorithm
which first approximates the value function, and then updates the policy is described in
Algorithm [Bl

4.8. An Analytic Solution for Bee World

In this section, we will analyse Bee World so that we can compare the ESN solution to
results that we can prove. To make our own lives easier, we consider a smooth version of Bee
World, rather than the discrete time version solved by the ESN, so that we can formulate
Bee World as a control problem that admits a solution via the Euler-Lagrange equation. We

23



Algorithm 3: One Step Offline Learning Algorithm (Bee World)
1: Choose initial reservoir state g
2: Randomly generate A, C, ¢
3: for each k from 0 to £ — 1
4: Compute zy1 = o(Axy, + C(ry, a) + €)
5. Find W that minimises Zf;:)HWT(xk —yTy1) — |2+ AW
6
7
8

: for each k from ¢ to L — 1
Compute a* = max, {W "o(Ax;, + C(ry,a) +¢)}
Compute xy,1 = o(Axy + C(r, a*) + ¢)

have the control system

y=uly,T)
where u is the controller dependant on y and 7. Then we have a cost function
C(ZL‘, T, U) = f(u) - n(yv 7-)

where f(z) is the penalty term for using the control u and n(y, 7) is the nectar function. In
the above formulation of Bee World

f(u):{o if—c‘gugc

oo  otherwise

where ¢ = 0.1. Then the objective is to find

u* = arg min { / VC(y, T, u) dt}.
u 0

We can see that f is not a well defined function so we will introduce the family of functions

Je(u) = —elog(cos(mu/(2c)))

where ¢ > 0, and notice that f. approaches f pointwise as ¢ — 0. Next, we recall that the
stationary points (including the minimum) of the integral functional

/ F(t,y,9) d

all satisfy the Euler-Lagrange equation



So, we let

F(t,y,9) =v"C(t,y,9)
= ' (—elog(cos(myy/(2¢))) — cos(wt) sin(2ry) — 1)

then
dOoF OF
S dtoy oy
= (g5 louteostmi/(20)) ) + 27 cost)cos(2m)
= ;r_z% (7t taﬂ(ﬂ?)/(%))) + 27T’)/t COS(wt) COS(27Ty)
— s (1o vt (20) + o sec (i (20) ) + 2 costot) con(2my)

e

=3 (log(fy) tan(my/(2¢)) + g—gc/ sec2(7ry/(20))) + 27 cos(wt) cos(2my),

which we can reformulate as a dynamical system

. 2 COS2<77:U/(20)) (40 cos(un'z cos(2my) +log(7) tan(m/(QC)))
Y=
T=1 )

whose solutions are stationary points of the integral functional. For small €, we approach the
Bee World problem. We took ¢ = 107, v = 1/2, initial position y = 0, and initial velocity
v = 0 then simulated a trajectory of the ODE using scipy.integrate.odeint. We plotted
this in Figure 3l The average nectar collected by under this policy was approximately 1.60.

5. Application to Stochastic Control

ESNs have shown remarkable promise in solving problems in mathematical finance -
including by [23], [24], and [25] who used an ESN to predict the future values of stock prices.
[26] used an ESN to learn the solution to a credit rating problem and [27] used an ESN
to forecast exchange rates, comparing the results to forecasts made with an ARMA model.
In this section we will introduce a stochastic optimal control problem arising in the market
making problem. We will solve this problem analytically, and compare this to the solution
obtained by a reinforcement learning agent supported by an ESN.

5.1. A Market Making Problem

We consider a stochastic control problem inspired by the motivations of a market maker
acting in a general financial market. In practice the specific role of a market maker depends
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Figure 3: A numerical solution to the ODE (7)) with ¢ = 10~ (white line) superposed on the heat map of
the nectar function n(y,t) given in ([I4). Dark colours indicate regions of low nectar, light regions indicate
high values of the nectar function. We observe that the solution trajectory spends much more time near
local maxima of the nectar function but has complicated oscillatory fluctuations during transitions between
local maxima. The oscillations are likely due to approaching a sort of singularity as e — 0.

on the particular market, but we consider a market maker who provides liquidity to other
market participants by quoting prices at which they are willing to sell (ask) and buy (bid)
an asset. By setting the ask price higher than the bid price in general they can profit from
the difference when they receive both a buy and sell order at these prices. However, the
market maker faces risk, since if they buy a quantity of the asset the market price might
move against them before they are able to find a seller.

The market making problem is a complex one, and has been studied extensively since
the publication of the paper by “ﬁ] The paper of @] gives a good overview of much of this
work. We consider a stylised version of this problem that focuses on inventory management
without considering explicit optimal quoting strategies. We consider that a market maker
acting relatively passively around the market price in ordinary conditions would expect to
observe a random demand for buy and sell orders. If as a result of random fluctuations they
find their inventory has drifted away from zero, they would set prices more competitively
on either the ask or bid side to encourage trades to balance their position. Very broadly the
conclusions of work on the market making problem are that there is a price to be paid to
exert control over the inventory process and bring inventories closer to zero.

Motivated by this insight, we consider the market maker’s inventory to be a stochastic
process (Y;);>0 with dynamics

dYt = 7Ttdt + O'th

where (W)¢>0 is a standard Brownian motion.

The parameter o measures the volatility of the incoming order flow, and (7r;):>0 is the
control process by which the market maker adds drift into their order flow by moving their
bid and ask quotes. Naturally, there is a cost involved in applying the control, and a further
cost to holding inventory away from zero. We introduce parameters o and [ to quantify
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these effects and model the market maker’s profit as a stochastic process solving
dZ, = (r — aw? — BY 2)dt

where 7 is the rate of profit the market maker would achieve from the bid-ask spread if they
did not have concerns about the asset price movements. We consider the case where the
market maker seeks to maximise their long run discounted profit

v(y) = max EY [/OO e_&dZt},
0

s

where [EY is the expectation with the process started at Yy = y. We can show that the
market maker’s value function and optimal control are

r — aho? .
o) = oty + T ) <y, (13

where

b o —ad + /a0 + 47
T 20

Further, the inventory process Y >0, when controlled by the optimal control 7*(y) = —hy
is given by the Ornstein-Uhlenbeck process

dYt = —hYtdt + Uth

12h )

We observe that this is an infinite horizon, Linear-Quadratic regulator (LQR) type prob-
lem, a class of problems which have a long history in the control literature, and more recently
have been systematically studied in the reinforcement learning literature. Recent work on
online learning for the LQR problem (e.g. [30, 31, 132]) has considered a range of variants
of the LQR problem, including cases with uncertainty on the both the dynamics and the
reward, and where the state variable may only be partially observed. However most of these
approaches work in the setting of model-based learning approaches: that is, they attempt to
learn a “model” of the world, and therefore exploit the fact that the LQR structure is known
and can be learned from the data; in comparison, [30] still rely on the LQR structure, but
do not directly try to learn the “model” of the world. The paper |33] analyses the difference
between model-based and model-free approaches to the LQR problem, showing that one
should expect an exponential separation between model-based and model-free approaches.
In this context, our approach, which does not assume the LQR structure, can also be com-
pared to model-free approaches, such as the classical work of [34], which takes a ()-learning
approach.

whose stationary distribution is a Gaussian A (0 o

5.2. Discretised problem
To turn this into a problem into one that can be used to train an Echo State Network
we reformulate it in discrete time; we consider a process Y,Y1,Yo,... such that

Y1 — Yy =em,+ 0Ny
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where (NV})ken are a sequence of i.i.d. random variables N}, ~ N (0,1) for each k£ € N, and
€ > 0 is the time increment. The control is now a sequence m = (7 )ren. The profit function
satisfies Zo = 0 and

dZy, = Z — Zj, = e(r — amw? — BY3).

and the market maker seeks to maximise the value function

o
v(y) = max Ey[ e_‘sedek},

over choices of the control m where EY is the expectation with the process started at Y, = y.

It can be shown that in the limit as ¢ — 0, the optimal control and value function for
this problem converge precisely to the optimal control and value function in the continuous
case.

We state here the results in the case ¢ = 1, the value we will use for the application of
the Echo State Network below. Writing v = =, we find in this case that the value function
and optimal control are given by

where

(a(y = 1) +98) + /(aly = 1) +18)? + 4oy
2y«

pi=
The process Y controlled by 7* is Markovian, and has transition operator

(Ts)(y) = / T BV =y | Vi = 2)s(a) de

—00

1 © w-(-px)?
= e 22 s(xz)dx.
\ 2o /oo ( )

It is straightforward to verify that the Gaussian probability density function

w(y) = YPAZD) otz (19)

2ro

is a fixed point of 7 and hence that the controlled process has stationary distribution
N (O’ p(gfp)>'
5.8. Solving the Market Making Problem with an ESN

In this section, we seek to solve the the market making problem with a reinforcement
learning algorithm supported by an ESN. In this set up, we assume the market maker has no
knowledge of the cost function, and no knowledge of the effect of executing an action. The
agent must execute a variety of actions in a variety of states to learn about the environment
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and the effect of its actions. Then, the market maker makes reasonable changes to its policy
to arrive at a policy that reduces the long term costs of operation. The policy obtained
by the reinforcement learning approach is compared to the optimal policy derived with full
knowledge of the system.

5.8.1. Approximating the value functional

For the purpose of running the simulation, we let the cost of operating the control a = 1,
the cost of straying from the origin 5 = 1, the timestep ¢ = 1, and the volatility parameter
o = 1. We take the baseline profit parameter » = 0. The inventory held, and action
taken, by the market maker at time k will be denoted ¥, and a; respectively. A sequence of
(inventory, action) pairs will be denoted z € (R*)Z with 2, = (Y, ax). The value functional
for the market maker problem is defined

V(z)=E, {iykRT’“(Z) ' Z;=2zVj< 0}

where R : (R*)%Z — R is the reward functional
R(z) = —(aa’; + By;),

T is the shift operator, and v € [0, 1) is the discount factor representing the relative impor-
tance of near and long term costs. We can see after a simple rearrangement that

V(z2) = R(2) + VE.[VTz(2)]
so V is the unique fixed point of the contraction mapping ® defined by
O(H)(2) = R(2) + VE.[HTz(z)]

as discussed in Section Bl Thus, by Theorem [3.6] we can approximate the value function V'
using an ESN trained by regularised least squares if the (inventory, action) pairs (yx, ax) are
the realisation of a stationary ergodic process. Consequently, we sought an initial policy m
such that the process Z comprising the inventory-action pairs under policy g is stationary
and ergodic. In particular, we chose

mo(y) ~ N(0,07) —ny (20)

with = 0.05 a constant representing the rate of exponential drift toward 0 and o? = 1.
We ran this policy for 10000 time steps, and recorded the pairs z; along with the rewards
re. Next, we set up an ESN of dimension n = 300, with reservoir matrix, input matrix,
and bias A, C, ¢ populated with i.i.d uniform random variables U(—0.05,0.05). A was
then multiplied by a scaling factor such that the 2-norm of A satisfies ||Al2 = 1. As in
the previous example we chose o to be the ReLLU activation function. We then computed
reservoir states

Tpy1 = 0(Axy + Cz, + €)
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starting with an initial reservoir state xg = 0. An arbitrary reservoir state x then encodes
the left infinite sequence of (inventory,action) pairs z. We seek an expression for the value
of the reservoir state x by solving the least squares problem

W= (E"Z+A)'EU
(using the singular value decomposition) where = is the matrix with kth column is
Tk = T — YTkt

and U is the vector of observations where the kth entry is the reward rj, and A is the
regularisation parameter which we set to 1e-6. We also chose v = e~!. In practice, the
discount factor is usually much larger. With this, we obtain an expression for value of the
reservoir state z given by W 'x. The results of this policy are shown in Figuresdand [l The
procedure which estimates the value function and improves upon the policy is described in

Algorithm Ml

5.3.2. Updating the policy

We sought to create a new and improved policy based on the observations of under
the initial policy using a naive approach. At each time step, we consider 100 trial actions
a®, a® ... a1 drawn from the standard normal distribution A'(0,1) and compute

xl@d =o(Axy + Cz,(:) +¢)

where z,(f) is the (inventory, action) pair (yx,a”), and a¥ is trial action. For each i, we
compute WTxl(gl to obtain the predicted value of executing action a”. We then choose to
execute the action a* with the greatest predicted value, and update the reservoir state using
this (inventory, action) pair (yg,a*). This defines our new policy. We ran this new policy

for 10,000 time steps and illustrated the results in Figures [Gal, and [6bl

Algorithm 4: One Step Offline Learning Algorithm (Market Making)
1: Choose initial reservoir state g

: Randomly generate A, C, ¢

: for each k from 0 to £ — 1

Compute g1 = 0(Azg + C(yg, ax) + )

: Find W that minimises Zf;:)HWT(xk — YTpy1) — 1|2+ A|W?

: for each k from ¢ to L — 1

Compute a* = max, {W o(Ax;, + C(yx,a) +¢)}

Compute xy41 = o(Azy + C(yg, a*) + €)
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Figure 4: Under the initial policy, the value V(Y') (y-axis) learned by the ESN at the inventory Y (z-axis)
at each of the 10000 timesteps is shown. The parabolic shape is consistent with the analytically derived
optimal value function ([9) shown in red. We note that the value function under the initial policy 7 is not
expected to match the value function under the optimal policy 7*.
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Figure 5: Dynamics of the market maker over time executing (a) the initial policy mp and (b) the improved
policy 1. For each plot, the inventory (y-axis) is shown evolving with time (z-axis).

5.4. Comparison between the analytic and learned solutions

The one step reinforcement learning algorithm did not perfectly replicate the analytically
derived optimal control, but has moved in a promising direction. We can see in Figure
that the inventory process under the improved policy produces (inventory, action) pairs that
have some scatter relative to the optimal policy indicated by the red straight line. This
suggests that the market maker trained by reinforcement learning is behaving well in some
average sense, despite performing many sub-optimal actions. It also appears that the the
reinforcement learning algorithm uses the control more aggressively than is optimal. This
sub-optimal control results in greater costs than the optimal control. In particular the
average cost incurred under the improved policy 7 is 2.65, while the average cost under the
the analytically derived optimal policy is o/4/p(2 — p) = 1.35.

Despite these sub-optimal moves, it seems that the inventory process learned by the
market maker has an invariant measure that closely matches the optimal invariant measure.
It is reassuring to see that an invariant measure appears, at least numerically, to exist,
because the controlled process is assumed to be stationary and ergodic (and therefore admits
an invariant measure) in Theorem

It is also worth noting that the inventory process, controlled either by the ESN or the
optimal control, has support on R, which is not a compact space. Therefore, the conditions
of Theorem don’t technically hold. However, the numerical results here suggest that the
ESN has learned the value functional adequately well, suggesting that Theorem 3.6l may hold
under relaxed conditions. Of course, realisations of the stochastic processes always explore
only bounded subsets of R.
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Figure 6: (a) Illustrates the (inventory, action) pairs (y, ax) under the improved policy m are represented
as points on the scatter plot. The inventory is on the z-axis, and action is on the y-axis. The red line
represents the analytically derived optimal control (equation (IJ))). (b) Illustrates the invariant measure of
the inventory process under the improved policy 7 is approximated with a histogram. The histogram is
compared to the analytically derived invariant measure of the optimal control process N(0,1.82) (equation

(@)

6. Conclusions and future work

In this paper we have presented three novel mathematical results concerning Echo State
Networks trained on data drawn from a stationary ergodic process. The first applies to offline
supervised learning. The theorem states that, given a target function, enough training data
and a large enough ESN, the least squares training procedure will yield an arbitrarily good
approximation to the target function. The second result applies to an agent performing
a stochastic policy 7. After the agent has collected enough training data, and given a
sufficiently large ESN, the least squares training procedure will yield an arbitrarily good
approximation to the value function associated to the policy 7. The third result is relevant
to online reinforcement learning. Though the result is quite preliminary, the lemma is
introduced with the intention of developing online algorithms (inspired by Q-learning) to
learn the optimal policy for non-Markovian problems.

We demonstrated the second result (which generalises the first) on a deterministic control
problem (Bee World) and a stochastic control problem (the market making problem). We
chose these ‘toy model’ problems to understand the performance of the algorithm completely
in cases that are solvable analytically, although these optimal solutions themselves are not
entirely trivial. The reinforcement learning algorithm we use to improve the policy in both
Bee World and the market making problem is extremely simple. It is essentially one iteration
of an e-greedy policy [35], with € set to 0. Despite the simplicity of the algorithm, the single
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iteration considerably improved the policy, resulting in a reasonable approximation to the
optimal policy.

It therefore seems a natural direction of future work to develop more sophisticated learn-
ing algorithms. Notably the linear upper confidence bound (linUCB) algorithm [35] has a
linear structure that fits cleanly into the the linear training framework of the ESN. As this
work develops, it will become essential to have a rigorous framework describing the relation-
ship between filters, functionals, random processes and reinforcement learning. The theory
presented in this paper tentatively connects these objects using ideas from Markov Decision
Processes, but the theory is far from complete.
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