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Introduction



What is optlmal transport?
Optimal transpor e best way o
transforming one probablllty distribution into

another .
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where C is the cost between two “""”
distributions, and the constraint set
M(a,b) = {Pe R :P1=2a,Pl=b}.
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Applications
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How do we solve a OT problem?

Entropic regularisation:

min c; iP;i+eP; ;log(P; i —1).
Pen(a,b)%‘ INESN i,jlog(P;; 1)

Proposition: P;j=uKv; K;;=exp(-C;le)

Marginal constraints: uo(Kv)=a vo(K'u)=b
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Sinkhorn iterations: u— & v
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Online Sinkhorn




Continuous OT

For general distributions a, B,

OT¢(a,f) = min fc(x, y)dmr(x,y) +eKL(m, a ® ),
nell(a,f)
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Continuous OT

For general distributions a, B,
OT¢(a,f) = min fc(x, y)dmr(x,y) +eKL(m, a ® ),
nell(a,f)
Sinkhorn iterations:
1
Ui =f—exp (cle)dp
Uy

1
Vil :f—exp (c/e)da,
Uy

6/12



Continuous OT

For general distributions a, 3,
OT¢(a,f) = min fc(x,y)dn(x,y)+eKL(n,a®ﬁ),
nell(a,f)
Sinkhorn iterations:
1
Ui =f—exp (cle)dp
Ut
1
Vil :f—exp (c/e)da,
253
which can be rewritten as

(U1, Vee1) = (g, V) = Fo p (g, V),

where F, g (u,v) = (u—f%exp (c/e)dﬁ,v—f%exp(c/e)da).
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Development of Online Sinkhorn

(U1, Ver1) = (Ug, V) = Fo,p (Ur, V)

3 Arthur Mensch and Gabriel Peyré. “Online Sinkhorn: Optimal Transport distances from sample streams”. In: arXiv
e-prints (2020), arXiv-2003. 7/12



Development of Online Sinkhorn

(Urs1, V1) = (Ug, V) — Fo, p (Ug, V1)

The Randomised Sinkhorn3 with samples newly drawn i.i.d. from «
and g:
(Urs1, Ver1) = (WU, V) = F g 5 (Ur, V1),

1 1
where &; = -~ Z Ox; ,Bt— Y dy,.
i=1 ng i=1
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Development of Online Sinkhorn

(Urs1, V1) = (Ug, V) — Fo, p (Ug, V1)

The Randomised Sinkhorn3 with samples newly drawn i.i.d. from «
and g:
(Urs1, Ver1) = (WU, V) = F g 5 (Ur, V1),

1 1
where &; = -~ Z Ox; ,Bt Y dy,.
i=1 ng i=1

= Introduce the learning rate n:

(Urr1, Veg1) = (g, V) =11 F g (Urr1, V1)

3Mensch and Peyré, “Online Sinkhorn: Optimal Transport distances from sample streams”. 7/12



Low Rank OT




Problem formulation

Consider the low rank OT (LR-OT) problem in the following form

min (C,UVT)st. (UVT)1=a and (VU")1=0.
U, VeRM™"
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Problem formulation

Consider the low rank OT (LR-OT) problem in the following form

min (C,UVT)st. (UVT)1=a and (VU")1=0.
U, VeRM™"

Further consider the regularised LR-OT problem:

, min (C,Uvhy+e HU)+H(V)) st. (UVT)1=a and (VUT)1=b,
Ve zxr

where H(x) = xlog(x — 1) is the entropy regularisation.
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We propose to Alternating Minimisation to solve the problem above:
: fori=1to Ndo
» UFl— min(C, uvkyst. (UvFT)1=q,(VFUT)1=b
vkl min(C, Uty Ty st (UR v 1=, (VU1 T)1=Db
» end for
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We propose to Alternating Minimisation to solve the problem above:
: fori=1to Ndo
» UFl— min(C, uvkyst. (UvFT)1=q,(VFUT)1=b

vkl min(C, Uty Ty st (UR v 1=, (VU1 T)1=Db
» end for

Obj values compared to exact values by EMD

obj value

— LR without regularisation
— LR with regularisation
— TsVD

— Sinkhom
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VETWRELCEVEVES

1. Introduction to optimal transport
2. Online Sinkhorn - for continuous OT
3. Low rank OT - to reduce the complexity
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