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What is the problem?

Extended data fitting model:

y = Ca+ e+ ε, e ∈ N(0, V0), ε ∈ N(0, σ2I)

e = L0d, V0 = L0LT0.

Eigenvalues give an idea of number of parameters.
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Covariance matrices

We have a correlation function which depends only on the
distance:

ρ(x, x′) = ρ(|x− x′|).

We grid the domain of the function to obtain a correlation
matrix:

Tij = ρ(|xi − xj|).

If the grid is equidistant, the correlation matrix is a Toeplitz
matrix e.g.

T =

 ρ(0) ρ(h) ρ(2h)
ρ(h) ρ(0) ρ(h)
ρ(2h) ρ(h) ρ(0)

 .
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Equidistant spacing

A Toeplitz matrix can be embedded in a circulant matrix

C =



t0 t1 t2 t1 t2 t1
t1 t0 t1 t2 t1 t2
t2 t1 t0 t1 t2 t1
t1 t2 t1 t0 t1 t2
t2 t1 t2 t1 t0 t1
t1 t2 t1 t2 t1 t0


.

[Graham ’17] conjectures an upper bound on the eigenvalues
of this, giving an upper bound on the Toeplitz matrix
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Non-equidistant spacing



Spacing of the grid - eigenvalues
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Figure 1: Different Matern covariances, not / equidistant spacing.
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Eigenvectors
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Figure 2: Exponential squared covariance, not / equidistant spacing,
λ = 0.2.

Tij = exp((i− j)2/(2 · λ2)), n = 100
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How can we approximate T?



Circulant matrices

Approximate a Toeplitz matrix with a circulant matrix

 t0 t1 + t2 t2 + t1
t1 + t2 t0 t1 + t2
t2 + t1 t1 + t2 t0


Compute a truncated SVD of the circulant matrix to
approximate T.
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Did it work?

Short answer: no.

Taking Tij = exp((i− j)2/(2 · 202)), n = 100:
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Did it work?

Short answer: no.

Taking Tij = exp((i− j)2/(2 · 202)), n = 100:
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Figure 3: Error of a rank k approximation (2-norm)
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Lyapunov equations



Toeplitz matrices in a Lyapunov equation.

T− STS∗ = Gen,

where S =


0
1 0

. . . . . .
1 0

, Gen =


t0 t1 · · · tn−1
t1 0 · · · 0
...

... . . . ...
tn−1 0 · · · 0



Gen = GBT,G =


t0 1
t1 0
...

...
tn−1 0

 ,B =


1 0
0 t̄1
...

...
0 t̄n−1.

 [Kressner ’17]

Gen = CCT, C =


√
t0 0

t1
√
t0 t1

√
t0i

...
...

tn−1
√
t0 tn−1

√
t0i

 [Bereux ’05]

Gen = DFDT,D =

[
t0 t1 · · · tn−1
0 t1 · · · tn−1

]T
, F =

[
1 0
0 −1

]
[Gallivan ’96]
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What’s the idea?

T− STS∗ = DFDT,

Solve
T− STS∗ = DDT,

using a Low-Rank ADI Lyapunov Solver [c.f. Patrick Kürschner]
to get Zk ∈ Rn×k, then

T̃ = ZkFkZTk,

where Fk = Ik/2 ⊗ F.

Hopefully T̃ ≈ T.
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Did it work?

Short answer: no.

Taking Tij = exp((i− j)2/(2 · 202)), n = 1, 000:
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Figure 4: Singular values of T
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Figure 4: Error of a rank k approximation (2-norm)
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Thank you for listening.
Any Questions?
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Exponential spacing

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60 62 64 66 68 70 72 74 76 78 80 82 84 86 88 90 92 94 96 98 10010−20

10−15

10−10

10−5

100

105
eigenvalues, expdistr, λ=0.005, squared exp

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60 62 64 66 68 70 72 74 76 78 80 82 84 86 88 90 92 94 96 98 100

0.6

0.8

1

1.2

1.4

eigenvalues

Figure 5: Exponential squared covariance, not / equidistant spacing,
λ = 0.005.

Tij = exp((i− j)2/(2 · λ2)), n = 100

13


	Non-equidistant spacing
	How can we approximate T?
	Lyapunov equations

