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� We propose a new physical constraint to population balance equations.
� It is relevant to the mesoscale energy dissipation due to breakage and coalescence.
� A correction factor for coalescence rate is then derived from the new constraint.
� CFD-PBM simulation of bubble size with the new corrector agrees with experiments.
� The new corrector model can adapt the kernel functions used.
a r t i c l e i n f o

Article history:
Received 31 August 2016
Received in revised form 19 December 2016
Accepted 12 January 2017
Available online xxxx

Keywords:
Bubble size distribution
Population balance equation
Mesoscale
Coalescence
Breakage
Computational fluid dynamics
a b s t r a c t

Prediction of bubble size distribution is of paramount importance for the study of bubble column reac-
tors. Current kernel functions for coalescence or breakage in CFD-PBM simulation are usually derived
from the isotropic turbulence theory and overestimate bubble size distribution with increasing gas flow
rate. Based on the energy-minimization multi-scale concept, we develop a new approach to calculate the
coalescence rate through the so-called stability condition and the meso-scale energy dissipation relevant
to bubble breakage and coalescence (Yang et al., 2010). The approach is independent of specific kernel
functions, and provides a new constraint to the kernel functions of coalescence or breakage which were
previously only related to the turbulence properties through isotropic turbulence theory. New correctors
for coalescence rate could then be derived for various kernel models. Our simulation indicates that this
new approach can adapt to different coalescence or breakage kernel function models, and can achieve
better prediction for bubble size distribution.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Bubble columns and their variants including slurry beds and
stirred tanks have found widespread applications in chemical
and energy-related industries, such as coal liquefaction, waste
water treatment and CO2 utilization, in view of their advantage
in mixing, mass and heat transfer. Computational fluid dynamics
(CFD) has become an important approach in understanding the
complex flow structure of multi-phase flow and the size distribu-
tion and interfacial area of bubbles, and therefore in assisting the
design, scale-up or optimization of bubble column reactors. How-
ever, the CFD simulation for gas-liquid flow is reported to be sen-
sitive to a number of constitutive equations or sub-models. The
CFD models currently used for multiphase flow are usually based
on the Eulerian-Eulerian framework in which the complex meso-
scale physics, e.g., the interaction between the dispersed bubbles
and continuous liquid, and the variation of interfacial morphology
of dispersed bubbles, is averaged out and hidden in the so-called
constitutive equations of two-fluid models, though the governing
equations of fluid flow are rigorously derived from continuum
mechanics or kinetic theory. The difficulty and challenging issue
is therefore shifted to the constitutive models to describe the phase
interaction forces (drag, lift and virtual mass forces) for momen-
tum conservation equations and the turbulence models.

Modeling the size distribution of dispersed bubbles is another
critical issue. Usually the transport equations for bubble number
density, i.e., the population balance equations (PBE), are coupled
with CFD equations to calculate the bubble size distribution. The
so-called kernel functions for bubble breakup and coalescence is
required to model the source terms in PBE, i.e., the birth or death
rates of each bubble class. Hitherto most of the kernel functions
column
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Nomenclature

Ugas, Uliquid superficial velocities of gas phase and liquid
phase, m/s

g gravitational acceleration, m/s2

M momentum interactions, N/m3

NT total energy dissipation, m2/s3

Nsurf dispersed phase surface energy, m2/s3

Nbreak breakage energy, m2/s3

Nturb energy dissipated in turbulence, m2/s3

Nsurf,S, Nsurf,L energy dissipated in turbulence of small bubble
phase and large bubble phase, m2/s3

Nbreak,S, Nbreak,L breakage energy of small bubble phase and large
bubble phase, m2/s3

C breakage corrector
k turbulence kinetic energy, m2/s2
~Gk generation of turbulence kinetic energy k
Gx generation of specific dissipation rate x
Yk dissipation of k due to turbulence
Yx dissipation of x due to turbulence
Dx cross-diffusion term
Sb the source terms of breakage
Sc the source terms of coalescence
di droplet diameter, m
fBV the breakage ratio of daughter droplet to its parent dro-

plet
C1, C2 and C3 fitting parameters in Alopaeus model
dS, dL diameters of small bubble phase and large bubble

phase, m
fS, fL volume fractions of small bubble phase and large bubble

phase

Ug,S, Ug,L superficial velocities of small bubble phase and large
bubble phase, m/s

Fr centripetal force, N
FD drag force, N
m droplet mass, kg
a the angular acceleration, m/s2

r radial length along the radial direction, m
CD drag coefficient
T torque of rotor walls, N m
N rotation speed, rps
ud, inlet, uC, inlet real (interstitial) velocities of dispersed phase and

continuous phase at the inlet, m/s
fd, inlet volume fraction of dispersed phase at the inlet
lk Komolgorov length, m
d32 Sauter mean diameter, m

Greek letters
e turbulent kinetic energy dissipation rate, m2/s3

qgas, qliquid densities of gas phase and liquid phase, kg/m3

C mass interactions, kg/(m3 s1)

eg, es
r droplet surface tension, N/m
l dynamic viscosity, Pa s
x angular velocity, rad/s
k scale of eddy, m
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are based on the combination of isotropic turbulence theory, prob-
ability theory and phenomenological models. The CFD-PBM simu-
lation of bubble size distribution is therefore relevant to the
turbulence properties, e.g., turbulence dissipation rate, and the
model parameters or formulations in kernel functions. There are
extensive studies and reviews on population balance modeling of
bubble or droplet size distribution (Andersson and Andersson,
2006; Bannari et al., 2008; Bhole et al., 2007; Cheung et al.,
2009; Luo and Svendsen, 1996; Wang et al., 2005a,b; Liao and
Lucas, 2009, 2010). The Luo and Svendsen model has been success-
fully used in some recent simulation (Sarhan et al., 2016; Sattar
et al., 2013). A recent development is the extension of the fluid par-
ticle breakage and coalescence closures to the entire spectrum of
isotropic turbulence and a wider range of Reynolds numbers are
established based on statistical turbulence theory (Han et al.,
2014, 2015; Solsvik and Jakobsen, 2016a, 2016b, 2016c).

Some researchers have coupled the PBM with CFD and the pre-
dicted bubble size agreed well with the experiments at low super-
ficial gas velocity (usually Ug < 0.01 m/s) or small gas volume
fraction (usually a < 0.1). But the bubble size was usually over-
predicted at relatively higher superficial gas velocity or gas volume
fraction, and some empirical correction factors are required to
achieve comparable results with experiments. For example, Chen
et al. (2004, 2005) found that the breakage rate calculated from
the kernel functions of PBM needs to be increased by a factor of
ten to match the coalescence rate. Wang et al. (2005a,b) suggested
that two effects should be considered to correct the coalescence
rate. On one hand, the distance between bubbles may be larger
than the bubble turbulent path length and a coefficient less than
1 should be multiplied in the coalescence rate. On the other hand
the bubbles occupied a specified volume, and the reduction of
free space may increase the coalescence rate. Bhole et al. (2008)
held that the over-prediction of coalescence rate was caused by
Please cite this article in press as: Yang, N., Xiao, Q. A mesoscale approach for
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neglecting the slip velocity between the bubble and liquid eddy,
a coefficient (<1) related to Stokes number should be used to cor-
rect the coalescence kernels. Nguyen et al. (2013) attributed the
over-estimation of coalescence rate to the turbulent suppression
phenomena. They thought that the liquid turbulent energy of eddy
would be converted to the surface energy as the eddy distorted the
bubble surface and the eddy size would thus be reduced. This fur-
ther reduced the contact time and then the coalescence efficiency.
Yao and Morel (2004) and Mukin (2014) also pointed out that the
corrector was close to 1 for very small gas holdup, and decreased
with increasing the gas holdup. Hence the coalescence corrector
is not needed at dilute two-phase flow, whereas it turns to be sig-
nificant in dense flow. Mitre et al. (2010) pointed out that the cor-
rectors for breakage and coalescence kernels were necessary to
obtain reasonable simulation, and the correctors varied with differ-
ent breakage and coalescence kernels and superficial velocities. Xu
et al. (2013) used the breakage kernel of Luo and Svendsen (1996)
and the coalescence model of Luo (1993), and argued that the over-
prediction of coalescence rate was caused by the inappropriate tur-
bulence model, and the RNG k-e model could avoid this problem.
Actually a constant coalescence corrector (0.5) was also used in
Xu et al. (2013).

Actually each individual element in CFD-PBM simulation of
bubble column reactors, e.g., the phase interaction forces (drag, lift
and virtual mass forces), turbulence models and kernel functions
for bubble breakage and coalescence, is complicated and may
interact with each other. In our previous work, we have proposed
the Energy-Minimization Multi-Scale (EMMS) approaches for gas-
solid (Li and Kwauk, 1994; Yang et al., 2003, 2004), gas-liquid
(Yang et al., 2007, 2010; Yang, 2015), gas-liquid-solid (Zhou et al,
2017) and liquid-liquid systems (Qin et al., 2016) respectively.
Rather than the reductionism methods which evaluated or investi-
gated each individual element separately in CFD and PBM models,
population balance modeling of bubble size distribution in bubble column
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we proposed that in addition to the averaged mass and momentum
conservation equations based on Navier-Stokes equation frame-
work, there should be an additional physical mechanism, i.e., the
minimization of meso-scale energy dissipation (stability condi-
tion), which drives the evolution of meso-scale structures, e.g.,
the particle clusters in fast fluidization, or the bubble breakage or
coalescence in bubble columns. Based on this concept, we pro-
posed the dual-bubble-size (DBS) model, an extended Energy-
Minimization Multi-Scale (EMMS) method for gas-liquid systems.
The conceptual model was formulated by some simplified force
balance equations and a stability condition considering the com-
promise of two dominant mechanisms: a liquid-dominant regime
at which smaller bubbles prevail and a gas-dominant regime favor-
ing the existence of larger bubbles. Conceptually the model offers a
new constraint in addition to the conservative equations of two-
fluid model. A new drag law (DBS-drag) was then derived from
the DBS model and integrated into the CFD simulation (Yang
et al., 2011; Xiao et al., 2013; Xu et al., 2015; Jiang et al., 2015,
2016). The drag model improves the simulation accuracy of the
total gas holdup and the radial distribution of gas holdup at various
superficial gas velocities. We also noticed that the prediction of
flow field and gas holdup was only weakly dependent on the Sau-
ter mean diameter of bubbles which can be specified empirically or
obtained from the solution of PBM equations (Yang et al., 2011).

In this paper, we try to extend this method to predict the bub-
ble size distribution. The so-called meso-scale energy dissipation
for bubble breakage and coalescence is calculated from the
EMMS(DBS) model and then used to provide the correction factors
for the coalescence rate in population balance equations. It should
be pointed out that here we would not evaluate or investigate
each individual element in CFD-PBM simulation, e.g., the turbu-
lence models or kernel functions. These topics have already been
extensively reported in literature. In this article we only tenta-
tively propose a new method to provide additional physical mech-
anisms for a complete description of structure evolution of gas-
liquid flow. We first introduce the EMMS(DBS) model for gas-
liquid systems, and then the coupling between the EMMS model
and population balance equations is established through the
meso-scale energy dissipation due to bubble breakage and coales-
cence. A correction factor for the coalescence rate can therefore be
calculated. The CFD-PBM simulation with the correction factor is
carried out to model the bubble size distribution in two bubble
column reactors, and the simulation is in good agreement with
experiments.
2. The CFD-PBM model equations

The mass and momentum conservative equations in two-fluid
models are:

@ðekqkÞ
@t

þr � ekqkukð Þ ¼ Ck ðk ¼ liquid or gasÞ ð1Þ
@ ekqkukð Þ

@t
þr � ekqkukukð Þ ¼ �ekrP þ lk;eff ek ruk þ ðrukÞT

h i
þ ekqkgþMkl ð2Þ

where Mkl denotes the momentum interactions between phases,
including the drag, lift and virtual mass forces. In this paper, we
only consider the drag force as formulated below

Mkl ¼ FD
gas ¼ �FD

liquid ¼
3
4
eg

CD

db
qljugas � uliquidjðugas � uliquidÞ ð3Þ

Apparently the bubble diameter db and the drag coefficient CD
are required to close the model. Generally a Sauter mean bubble
diameter was either calculated from PBM or specified empirically
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(e.g., 4–5 mm), and then used in different drag correlations, such
as Schiller-Naumann model, Ishii-Zuber model or Tomiyama
model in literature. The Schiller-Naumann model is formulated as

CD0 ¼
24
Re ð1þ 0:15Re0:687Þ Re 6 1000
0:44 Re > 1000

(
ð4Þ

where

Re ¼ quslipdb

l
ð5Þ

It should be pointed out that the bubble diameter is not a pre-
requisite in the calculation of drag force in Eq. (3) in the two-fluid
model since the gas is treated as a continuum and the bubble
diameter is only used to calculate the drag force when we simulate
the flow field without mass transfer or reactions. Actually we only
need the lumped parameter, i.e., the ratio CD/db, to calculate the
drag force in Eq. (3), and in our approach the ratio can be derived
from the EMMS(DBS) model for air-water systems (Yang et al.,
2011; Xiao et al., 2013):

ðCD=dbÞT ¼ 431:14� 6729:02Ug þ 35092:2U2
g ; Ug 6 0:101 m=s

122:49� 553:94Ug þ 741:24U2
g ; Ug > 0:101 m=s

(

ð6Þ
As the ratio here is only relevant to the overall superficial gas

velocity, we termed it as the DBS-Global model. Another version
is the so-called DBS-Local model presented in our previous paper
(Jiang et al., 2015).

The population balance equation (PBE) for the number density
of bubbles is:

@

@t
½nðV ; x; tÞ� þ r � ½unðV ; x; tÞ� ¼ S ð7Þ

where n is the number density as a function of the bubble volume,
time and space. S represents the source term for bubble breakup
and coalescence and can be formulated as:

S ¼ 1
2

Z V

0
cðV � V 0;V 0; x; tÞnðV � V 0; x; tÞnðV 0; x; tÞdV 0

�
Z 1

0
cðV ;V 0; x; tÞnðV ; x; tÞnðV 0; x; tÞdV 0

þ
Z
XV

bðV 0ÞbðV jV 0; x; tÞnðV 0; x; tÞdV 0 � bðV ; x; tÞnðV ; x; tÞ

ð8Þ

The four terms at the right hand of Eq. (8) stands for the birth
rate of bubbles of volume V due to the coalescence of two smaller
bubbles, the death rate of bubbles of volume V due to their coales-
cence with other bubbles, the birth rate of bubbles of volume V due
to the breakage of larger bubbles and the death rate of bubbles of
volume V due to their breakage respectively. Here c and b denote
the coalescence and breakage rates, and b represents the daughter
particle size distribution function, all of which are required to
model through the so-called kernel functions. b can be defined as:

bðf v ; dÞ ¼
2bðf v ;dÞZ 1

0
bðf v ;dÞdfv

ð9Þ

where fv denotes the breakage fraction (vdaughter/v). There have been
a number of theoretical or empirical breakage and coalescence
models proposed in literature (Liao and Lucas, 2009, 2010). Among
them, the breakage kernels of Luo and Svendsen (1996) and Lehr
et al. (2002) and the coalescence models of Luo (1993) and Prince
and Blanch (1990) are most commonly used in CFD-PBM simula-
tion. It should be noticed that in the original model of Prince and
Blanch (1990), the collisional frequency in the coalescence kernel
population balance modeling of bubble size distribution in bubble column
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Table 1
Breakage and coalescence kernels.

Breakage kernels

Luo and Svendsen (1996)
bðf v ;dÞ ¼ 0:923ð1� agÞ e

d2

� �1=3 Z 1

nmin

ð1þ nÞ2
n11=3

exp � 12cfr
bqle2=3d

5=3n11=3

 !
dn

bðdÞ ¼
Z 0:5

0
bðf v ; dÞdfv

f v ¼ vdaughter

v

cf ¼ f 2=3v þ ð1� f v Þ2=3 � 1

n ¼ k
d

k is the arriving eddy size

Lehr et al. (2002)
bðf v ;dÞ ¼

Z d

d0
1:19

r
qf e2=3d

04
ðkþ dÞ2
k13=3

exp � 2r
qf e2=3d

0
1

k2=3

 !
dk

bðdÞ ¼
Z 0:5

0
bðf v ; dÞdfv

d0 is the diameter of smaller daughter bubble

Coalescence kernels
cðdi; djÞ ¼ -cPc

Pc ¼ exp �tij=sij
� �

tij is the coalescence time and sij is the contact time

Prince and Blanch (1990) -cðdi; djÞ ¼ 0:089pe1=3ðdi þ djÞ2ðd2=3i þ d2=3j Þ1=2

Pcðdi; djÞ ¼ exp � r5=6
ij

q1=2
l

e1=3

4r1=2 ln h0
hf

� �

rij ¼ 1
4

didj
diþdj

h0 and hf are the initial and final film thickness and 10�4 and 10�8 for air-water system respectively

Luo (1993) -cðdi; djÞ ¼ p
4

ffiffiffi
2

p
e1=3ðdi þ djÞ2ðd2=3i þ d2=3j Þ1=2

Pcðdi; djÞ ¼ exp �0:4
0:75ð1þn2ijÞð1þn3ij Þ½ �1=2
qg
ql
þ0:5

� �1=2

ð1þnijÞ3
We1=2ij

0
B@

1
CA

Weij ¼
qldi�u

2
ij

r

�uij ¼ ð�u2
i þ �u2

j Þ
1=2 ¼ �ui 1þ n�2=3

ij

� �
; nij ¼ di

dj
; �ui ¼

ffiffiffiffiffiffiffiffiffiffi
2edi

p
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includes three parts, i.e., the collision due to turbulence, buoyancy-
driven or laminar shear. In this paper, only the turbulence collision
is considered for bubble columns. All the breakage and coalescence
kernels used in this paper are listed in Table 1. It should be pointed
out that some kernel functions are reported not to be conservative
in volume or number (Solsvik et al., 2013) and the appropriate
energy spectrum model was not considered (Solsvik and Jakobsen,
2016a, 2016b). However our approach essentially does not rely on
specific kernel functions, and the stability condition provides
another physical constraint to calculate the coalescence rate.

When the number density function (n) is obtained from the
population balance equation, the Sauter mean bubble diameter
can be calculated and fed into the drag models in TFM such as
Schiller-Naumann model (Schiller and Naumann, 1935), Ishii-
Zuber model (Ishii and Zuber, 1979) or Tomiyama model
(Tomiyama, 1998):

d32 ¼

X
i

nid
3
iX

i

nid
2
i

ð10Þ

It should be pointed out that this Sauter diameter is not
required in the DBS drag model as mentioned earlier. Only the
lumped parameter, i.e., the ratio of drag coefficient to bubble diam-
eter is needed and can be calculated directly from the DBS model.
3. The EMMS model for gas-liquid systems

In the EMMS(DBS) model for gas-liquid systems (Yang et al.,
2007, 2010), the flow structure of the system was resolved into
small bubbles, large bubbles and liquid phase, and can be
described by six structure variables (di, ai and Ug,i) representing
Please cite this article in press as: Yang, N., Xiao, Q. A mesoscale approach for
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the diameter, volume fraction and superficial velocity of small
and larger bubbles respectively. We can then formulate three sim-
plified force and mass balance equations for the six variables:

Ug;S þ Ug;L ¼ Ug ð11Þ

f Sðql � qgÞg ¼ f s
p=6d3

S

CD;S
p
4
d2
S
1
2
ql

Ug;S

f S
� Ul

1� f b

� �2

ð12Þ

f Lðql � qgÞg ¼ f L
p=6d3

L

CD;L
p
4
d2
L
1
2
ql

Ug;L

f L
� Ul

1� f b

� �2

ð13Þ

A stability condition is proposed to close the model equations,
i.e., the minimization of microscale energy dissipation or maxi-
mization of mesoscale energy dissipation. The energy dissipation
terms are expressed as functions of structure parameters and the
six structure parameters can be obtained by solving the nonlinear
optimization problem. The total energy dissipation NT was grouped
into three portions, i.e., Nsurf, Nturb and Nbreak. We noticed that only
a part of the total energy NT is directly transferred from bubbles to
liquids through the process of energy cascade of liquid turbulence
(Nturb). The remaining part is either consumed in the bubble sur-
face oscillation or deformation (Nsurf), or deposited temporarily
as the surface energy generated through bubble breakage and is
then released to the liquid bulk phase through bubble coalescence
and finally dissipated (Nbreak). The former two portions are directly
dissipated at micro-scale and the latter is stimulated, transferred
or stored temporarily at ‘‘mesoscale”. Actually the latter serves as
a buffer for energy dissipation in gas-liquid systems and is used
to sustain the formation and evolution of mesoscale structure. All
these three parts of energy are contributed to bubble breakage
and coalescence processes, whereas only the effect of Nturb (turbu-
lent energy dissipation) was considered in the previous CFD-PBM
simulations in literature.
population balance modeling of bubble size distribution in bubble column
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Fig. 2. Correction factors for different coalescence kernels (Breakage kernel: Luo &
Svendsen).
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When larger bubbles are broken into smaller daughter bubbles,
the energy dissipated in surface oscillation and deformation Nsurf

decreases and this process is governed by some extremum ten-
dency, i.e., Nsurf ?min. When smaller bubbles coalesce into larger
bubbles, the energy dissipation through liquid turbulence Nturb

decreases, and Nturb ?min to favor the formation of large bubbles.
In practice, breakup and coalescence may reach a dynamic equilib-
rium at steady state, which can mathematically described by a sta-
bility condition Nsurf + Nturb ?min. It can also be understood as the
minimization of microscale energy dissipation or conveyed as the
maximization of mesoscale energy dissipation Nbreak ?max since
the total energy NT fed into the system is invariable at steady state.
The stability condition can physically supply the closure laws for
the drag force in the momentum conservation equations of two-
fluid models or kernel functions of breakage or coalescence in
the population balance equations, i.e., the conservation equations
for bubble number density. The different energy dissipation terms
is formulated as the functions of structure parameters, as listed
below:

Nsurf ¼ 1� CD;p

CD;b

� �
NT ð14Þ

Nbreak ¼
Z db

kmin

Z 0:5

0

-ðdb; kÞ
ð1� f bÞql þ f bqg

Pbðdb; k; f BV Þcfpd2
brdfBVdk ð15Þ

Nturb ¼ NT � Nsurf � Nturb ¼ Ugg � Nsurf � Nturb ð16Þ
The calculation of structure parameters and different energy

terms has been reported in our previous publications. For brevity
we only introduce the general concept and model framework of
the EMMS(DBS) model since this article focuses on its integration
with CFD and PBM models. More details about the physical back-
ground and model analysis can be referred to Yang et al. (2007,
2010, 2011), Yang (2015) and Chen et al. (2009). It should be
pointed out that the model is a zero-dimensional conceptual
model, and the energy dissipation terms are calculated from the
so-called average structure parameters which roughly reflect the
evolution system structure. The model includes several simplified
force and mass balance equations and a stability condition, and
the only input parameter is the overall superficial gas velocity. It
is therefore not comparable with the turbulence properties
obtained from CFD simulation or the isotropic turbulence theory.
The conceptual structure parameters and energy terms are used
to qualitatively understand the evolution of the system, and we
could further derive some closure models for drag force or coales-
cence models.
Fig. 1. Flow chart of obtainin

Please cite this article in press as: Yang, N., Xiao, Q. A mesoscale approach for
reactors. Chem. Eng. Sci. (2017), http://dx.doi.org/10.1016/j.ces.2017.01.026
4. Integration with CFD-PBM model equations

We are now in a position to integrate the EMMS(DBS) model
with CFD-PBM model framework by deriving a corrector through
a simplified PBE in which the transient terms are neglected and
only the source terms are kept, as illustrated in Fig. 1. Firstly with
the specified information of the global flow field (Ug, Ul) and phys-
ical properties of gas and liquid, the six structure parameters and
the different energy dissipation terms (Nturb, Nsurf, Nbreak-DBS) can
be obtained simultaneously. Then an iteration process is imple-
mented between the simplified PBE and the DBS model. Given a
trial value of the coalescence corrector C, the simplified population
balance equation can be solved to acquire the bubble number den-
sity ni for each bubble class, and then the energy stored at meso-
scale, Nbreak-PBM, can be calculated from an equation similar to
Eq. (15). By comparing the meso-scale energy dissipation term
given by the DBS model (Nbreak-DBS) with the term Nbreak-PBM given
by the simplified PBE, we can determine the corrector CDBS which
can finally equalize the two terms by some iterative calculation.
As the DBS model takes the meso-scale energy dissipation (Nbreak)
into consideration, CDBS essentially reflects of the constraint of
meso-scale energy dissipation due to bubble breakage and coales-
cence. In this way the stability condition, i.e., the minimization of
micro-scale energy dissipation or the maximization of the meso-
g correction factor CDBS.

population balance modeling of bubble size distribution in bubble column
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Fig. 3. Schematic view of simulated bubble columns.
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scale energy dissipation, is incorporated into the calculation of the
correctors for kernel functions, and serves as another physical con-
straint for bubble number density in addition to the PBM conserva-
tion equations. The correction factor CDBS can then be used in the
CFD-PBM model equations. It should also be noticed that the cor-
rection factor CDBS for coalescence rate actually reflects the joints
effects of breakage and coalescence. This is because only the source
terms of birth and death rates due to breakage and coalescence is
kept in the simplified PBE, as shown in the right part of Fig. 1.
Hence the correction factor is only multiplied in the source terms
of coalescence kernels.

Ideally, the coalescence corrector should be updated for each
cell at each time step in CFD-PBM simulation if we could feed
the model with the information of local flow field into the DBS
model. However this process may be computationally time-
consuming. Here we only use the information for the whole system
at the given conditions (Ug, Ul and gas and liquid properties), and
hence the correction factor obtained is now only a function of
superficial gas velocity and physical properties. Although further
work could be carried out to refine the model, we can demonstrate
that this approximation is reasonable through the CFD-PBM simu-
lation in the following sections.

Fig. 2 shows the calculation results of CDBS for air-water sys-
tems. CDBS decreases with superficial gas velocity and the decrease
gradually slows down. It should be noticed that different breakage
or coalescence kernels lead to different CDBS. The curve-fitted for-
mulas for CDBS are:

CDBS ¼ 0:29733þ 1:25303exp� Ug
0:02119 Ug 6 0:101 m=s

0:21454þ 1:04371exp� Ug
0:06278 Ug > 0:101 m=s

(
ð17Þ

for the breakage kernel of Luo and Svendsen (1996) and the coales-
cence kernel of Prince and Blanch (1990),

CDBS ¼ 0:13491þ 1:13403exp� Ug
0:01148 Ug 6 0:101 m=s

0:10164þ 0:53737exp� Ug
0:04961 Ug > 0:101 m=s

(
ð18Þ

for the breakage kernel of Luo and Svendsen (1996) and the coales-
cence kernel of Luo (1993).

At low superficial gas velocity, the dispersed phase (bubbles) is
dilute and usually spherical, homogeneously distributed in the
continuous phase. Bubble coalescence is not so strong as that at
high flow rates. The traditional CFD-PBM method may still work
and the coalescence correctors should be close to 1, which can be
reflected by the trend of the curve in Fig. 2. The corrector decreases
with increasing the superficial gas velocity. It should be noticed
that there is a jump change on the curve which corresponds to
the regime transition between the homogeneous and fully-
developed heterogeneous regimes. More details about the jump
change have been discussed in our previous work (Yang et al.,
2007, 2010; Chen et al., 2009).

5. Bubble columns and numerical configuration

The bubble columns of Bhole et al. (2006) and McClure et al.
(2013) were simulated in this paper. The information of those
two columns is summarized in Table 2 and Fig. 3. The original col-
umn height was 1 m in the experiments of Bhole et al. (2006). In
Table 2
Bubble columns simulated.

Bubble columns Column diameter (m) Column height (m) Static liq

Bhole et al. (2006) 0.15 1.8 0.9
McClure et al. (2013) 0.19 1 0.5

Please cite this article in press as: Yang, N., Xiao, Q. A mesoscale approach for
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our simulation the column height was augmented to 1.8 m to avoid
the liquid escape from the top, and this treatment does not change
the aspect ratio (H/D). The sparger was modeled as a velocity inlet
and the boundary condition at the top was set as the pressure out-
let. Other boundaries were set as no-slip wall conditions. Dispersed
RNG k-e turbulence model was applied as recommended by
Laborde-Boutet et al. (2009). First order up-wind method was used
to discretize the momentum equations. The flow was simulated for
160 s of physical time and the data was averaged over the last 80 s.

The PBEwas solved by themethod of class. As suggested by Bhole
et al. (2008), it is reasonable to discretize the continuous bubble size
distribution into 13 discrete classes ranging from 1 mm to 25 mm,
and set the inlet bubble size as 5 mm. For theMcClure system, since
the superficial gas velocity was higher and larger bubbles may
appear, the bubbles was divided into 20 classes ranging from
1 mm to 39 mm and the inlet bubble size was set as 5 mm. The sim-
ulationswere implemented byAnsys Fluent, and the closuremodels
like drag coefficient and the new breakup and coalescence kernels
were incorporated through the user defined functions (UDF).

The CFD-PBM simulation using the new corrector is then
validated with the two cases of experiments, i.e., the Bhole case
operated at Ug = 0.02 m/s and the McClure case operated at
Ug = 0.04 m/s or Ug = 0.11 m/s. The DBS correctors using in the
simulation can be calculated from Eqs. (17), (18) and are also
presented in Table 3.

For comparison, we also used the correction factor proposed by
Bhole et al. (2008) which is a function of Stokes number:
uid height (m) Spargers (mm) Superficial gas velocity (m/s) Mesh

25 � 2 Air-water: 0.02 441,445
13 � 3 Air-water: 0.04 397,895

Air-fermentation: 0.04, 0.11

population balance modeling of bubble size distribution in bubble column
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Table 3
DBS correction factors for coalescence rate.

Working liquid Superficial gas velocity (m/s) Correction corrector for coalescence kernels

Luo model Prince & Blanch model

Bhole case Air-water 0.02 0.3054 0.7873
McClure case Air-water 0.04 0.4764

Air-fermentation 0.04 0.4585
0.11 0.1840

Fig. 4. Sauter bubble diameter predicted by CDBS (z = 0.6 m, drag model: Schiller-Naumann, breakage kernel: Luo & Svendsen).

Fig. 5. Gas holdup-based probability distribution of bubble classes predicted by CDBS (z = 0.9 m, drag model: Schiller-Naumann, breakage kernel: Luo & Svendsen).
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CBhole ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1
1þ St

r
ð19Þ

St ¼ sB
sf

ð20Þ

sB ¼ 4CVdB

3CDVB
ð21Þ

sf ¼ C3=4
l

k
e

ð22Þ
CV ¼ 0:5ð1þ 4aÞð0:37Re �Mo0:23 þ 1Þ ð23Þ
6. Results and discussion

6.1. Bhole case

The original Luo & Svendsen breakage kernel was first adopted
for the simulation of Bhole case, and we then applied the new cor-
Please cite this article in press as: Yang, N., Xiao, Q. A mesoscale approach for
reactors. Chem. Eng. Sci. (2017), http://dx.doi.org/10.1016/j.ces.2017.01.026
rector models. Figs. 4 and 5 present the Sauter mean bubble diam-
eter and bubble size distribution predicted by the CFD-PBM
simulation respectively. Here the Schiller-Naumann drag model
is used in Figs. 4 and 5. The bubble size varies significantly when
using different coalescence kernels and correctors. CDBS for Luo
coalescence kernel is 0.3054 (Table 3), which means that the coa-
lescence rate would be reduced by >2/3. Thus the predicted bubble
size with CDBS was much smaller than that by the original coales-
cence kernel and agrees well with the experimental data
(Figs. 4 and 5a). Both CBhole and CDBS greatly improved the bubble
size predictions compared to the original Luo coalescence kernel.
Compared to the prediction of CBhole, the CFD-PBM simulation with
CDBS has better performances in both the prediction of Sauter mean
diameter and bubble size distribution. For the Luo coalescence
model (Fig. 5a), the Bhole corrector model predicts much more lar-
ger bubbles than the experiment data, and the DBS corrector model
improves the simulation of larger bubbles.
population balance modeling of bubble size distribution in bubble column
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Fig. 6. Sauter bubble diameter using CDBS (z = 0.6 m, drag model: DBS, breakage kernel: Luo & Svendsen).

Fig. 7. Gas holdup-based probability distribution of bubble classes using the DBS corrector CDBS (z = 0.9 m, drag model: DBS, breakage kernel: Luo & Svendsen).

Fig. 8. Gas holdup-based probability distribution of bubble classes (air-water
system, Ug = 4 cm/s, breakage kernel: Luo & Svendsen, coalescence kernel: Prince &
Blanch).
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For the Prince & Blanch coalescence kernel, the DBS corrector
CDBS is close to 1(0.7873), which indicates that no significant cor-
rection is needed in this situation. As the CFD-PBM simulation
using the Luo & Svendsen (breakage) and Prince & Blanch (coales-
cence) kernels offers satisfied bubble size prediction, the value of
CDBS is reasonable. It can be observed from Fig. 4b that the CFD-
PBM simulation with CDBS slightly under-estimates the Sauter
mean diameter at the center but performs well at the wall region.
The Bhole corrector predicts much smaller Sauter mean diameter
and correspondingly a peak of smaller bubbles in bubble size dis-
tribution, as shown in Fig. 5b. Hence for the Prince & Blanch coales-
cence (Fig. 5b), the Bhole corrector model predicts much smaller
bubbles and less larger bubbles than the experimental data. In con-
trast, the DBS corrector model largely improves the prediction. In
particular, the large bubble population is correctly predicted.

Compared to the Bhole corrector CBhole which only works well
for the specific breakage and coalescence kernels, the DBS correc-
tor has acceptable accuracy in bubble size prediction for different
combinations of coalescence and breakage kernels. This means
the corrector derived from the DBS model could self-adapt the ker-
nel functions used, implying that the stability condition plays a
critical role in calculating the coalescence or breakage rate.

Actually the drag model has little influence on the bubble size
distribution though it could improve the prediction of gas holdup
as demonstrated in our previous studies (Yang et al., 2011; Xiao
et al., 2013). The DBS drag model is used in Figs. 6 and 7. When
using the DBS drag model, the original Luo coalescence kernel also
Please cite this article in press as: Yang, N., Xiao, Q. A mesoscale approach for
reactors. Chem. Eng. Sci. (2017), http://dx.doi.org/10.1016/j.ces.2017.01.026
greatly over-predicted the bubble size whereas the Prince & Blanch
kernel performs better. The radial distribution of Sauter mean
diameter predicted by the DBS drag model is slightly different from
that by Schiller-Naumann drag model (Figs. 4 and 5). For the coa-
lescence kernel of Luo (1993), the CFD-PBM simulations with both
population balance modeling of bubble size distribution in bubble column

http://dx.doi.org/10.1016/j.ces.2017.01.026


Fig. 9. Gas holdup-based probability distribution of bubble classes (air-fermenta-
tion system, Ug = 4 cm/s, breakage kernel: Luo & Svendsen, coalescence kernel:
Prince & Blanch).

Fig. 10. Gas holdup-based probability distribution of bubble classes (air-fermen-
tation system, Ug = 11 cm/s, breakage kernel: Luo & Svendsen, coalescence kernel:
Prince & Blanch).

N. Yang, Q. Xiao / Chemical Engineering Science xxx (2017) xxx–xxx 9
the CBhole and CDBS could reasonably predict the bubble size at the
column center and slightly over-predict that at the wall region
(Fig. 6). For the coalescence kernel of Prince and Blanch (1990),
the original kernel slightly over-predicted the bubble size and
the corrector CBhole obviously under-estimated the bubble diame-
ter. By contrast both the d32 and bubble size distribution agreed
well with the experimental data using the CDBS. In this case, the
corrector of DBS model CDBS works well for different breakage
and coalescence kernels and different drag models, whereas other
previous correctors (CBhole and Cchen) are only applicable for speci-
fied breakage or coalescence kernels.

6.2. McClure case

The McClure case (for both air-water and air-fermentation sys-
tems) is simulated to further validate the DBS corrector model CDBS
at higher superficial gas velocities for both the air-water and air-
fermentation systems. Only the Luo and Svendsen (1996) breakage
and Prince and Blanch (1990) coalescence kernels are used herein.
The viscosity of fermentation liquid is 0.002 Pa s and the surface
tension is about 0.03571 N/m. The detailed column information
is summarized in Table 2 and Fig. 1.
Please cite this article in press as: Yang, N., Xiao, Q. A mesoscale approach for
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Fig. 8 compares the BSD predicted by CFD-PBM with experi-
mental measurements at the superficial gas velocity 4 cm/s. The
equilibrium size is usually located in the range of 4–6 mm for
the air-water systems, as reported in the literatures (McClure
et al., 2013; Polli et al., 2002; Camarasa et al., 1999). Although
the combination of Luo & Svendsen breakage and Prince & Blanch
coalescence kernels works well at the superficial gas velocity 2 cm/
s as mentioned earlier, these kernels significantly over-predict the
bubble diameter at Ug = 4 cm/s (d32 = 7.32 mm), which means that
the corrector is necessary to obtain the reasonable BSD at different
superficial gas velocities. When using the DBS corrector CDBS
(0.4764), the simulation results agree well with the experimental
data (d32 = 4.46 mm), which further validates the DBS corrector
model.

We also simulated the air-fermentation system and Figs. 9 and
10 compare the normalized bubble size distribution predicted by
CFD-PBM simulations with experimental data. Without using the
corrector, the CFD-PBM significantly over-estimates the bubble
size at both the superficial gas velocities. When using the DBS cor-
rector CDBS, the BSD predictions have been greatly improved, which
means that the coalescence corrector is necessary not only for the
air-water system, but also for the air-fermentation system. For
both the air-water and air-fermentation systems, the DBS corrector
CDBS can generate reasonable bubble size distribution.

The above simulations show the advantage of this approach and
the new corrector model in this paper. It can improve the predic-
tion of bubble size distribution compared to the original kernel
models and the corrector models in literature. The new corrector
model can also adapt and be suitable for different kernel function
models. It should be pointed out that the focus of the new
approach is not just in the new corrector model. It essentially pro-
vides another constraint to coalescence or breakage rates, i.e.,
using Nbreak to close the PBE. Theoretically it can be used to calcu-
late the whole coalescence or breakage rate. However to integrate
the new approach into current model framework of kernel func-
tions and utilize the information of the local value of turbulence
dissipate rate in CFD, we applied a prefactor (corrector) in front
of the kernel functions in literature. This simple treatment does
not affect its physical significance.

In future, more validation of this new approach and the new
corrector model should be carried out for different bubble column
systems operated under various flow rates. Moreover, the correc-
tors in this paper are now only a function of the overall superficial
gas velocity, so that the correctors for each local cell of CFD simu-
lation are the same. This limitation could be eliminated by further
applying the approach to each cell. Furthermore, more kernel func-
tions, in particular, the recent study on the development new ker-
nel functions which relate the turbulence properties and the
coalescence or breakage rates with consideration of the new
energy spectrum model could be integrated with this approach.
7. Conclusion

Current Kernel functions for bubble coalescence and breakage is
based on statistical or phenomenological models with empirical
parameters, and the CFD-PBM simulation with these kernel func-
tions usually over-estimates the bubble size with increasing the
superficial gas velocity or gas holdup, even using the RNG k-e
model for turbulence or considering the capillary constraint in
breakage kernels as recommended in literature. We propose a
new approach based on the Energy-minimization multiscale con-
cept. The so-called mesoscale energy dissipation and the stability
condition serves as another physical constraint for bubble number
density in addition to the kernel functions which relates the turbu-
lence dissipation rate to the coalescence or breakage rates. A new
population balance modeling of bubble size distribution in bubble column
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corrector model for coalescence rate is then derived. Our CFD-PBE
simulation with the new corrector indicates that the new corrector
can improve the prediction of the Sauter mean bubble size and the
bubble size distribution compared to the original kernel models for
coalescence and the corrector models in literature. New model can
also adapt the kernel functions for coalescence used and give dif-
ferent correctors.
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