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Split



3D -> 2D reduction

Dynamic equations in linear elasticity for thin elastic plates 

ℒ𝑢 + 𝜆𝑢 = 0.

Neumann boundary conditions at faces 𝑥3 = ±ℎ

ℓ𝑢 ቤ
𝑥3 = ±ℎ

= Ԧ𝑝±(𝑥1, 𝑥2),

where ℓ - first-order differential operator and Ԧ𝑝±(𝑥1, 𝑥2) are prescribed functions.



2D equations of plate bending (l.o. in low-frequency thin plate limit)

𝐷∆2𝑤 − 𝜆𝑤 = 𝑞 𝑥1, 𝑥2 ,

𝑢3 ቤ𝑥3 = 0
≈ 𝑤 (𝑥1, 𝑥2)

where

and

𝑞 = 𝑝3+ − 𝑝3−.



More general boundary conditions along the faces

𝜎33 ቤ𝑥3 = −ℎ
= 𝜃𝑢3 ቤ𝑥3 = −ℎ

Winkler foundation

𝑞 𝑥1, 𝑥2 = −𝜃𝑤 𝑥1, 𝑥2 ,

Mixed boundary conditions

Engineering approach

which contradicts the original assumption of Neumann boundary conditions!

𝑥1

𝑥2

𝑥3



Thin plate on a Winkler foundation

In this case

Degeneration near the cut-off frequency 𝜆 = 𝜃.

3D asymptotic near cut-off analysis at 
𝜃ℎ

𝐸
≪ 1, see [1]

𝐷∆2𝑤 + (𝜃 − 𝜆)𝑤 = 0,
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Statement of the problem for an immersed elastic layer



Statement of the problem for an immersed elastic layer



Statement of the problem for an immersed elastic layer



Scaling and dimensionless equations

[2]



Scaling and dimensionless equations

[3]



Scaling and dimensionless equations



Scaling and dimensionless equations



Scaling and dimensionless equations



Leading order approximation



Leading order approximation



First order approximation



First order approximation



Second order approximation
In this case we have as above



Second order approximation

[4][3]



Third order approximation



Third order approximation



Hierarchy of asymptotic models



Hierarchy of asymptotic models

In terms of original variables



Hierarchy of asymptotic models

First order



Hierarchy of asymptotic models



Hierarchy of asymptotic models
Second order



Hierarchy of asymptotic models
Third order



Dispersion relations for derived asymptotic models



Dispersion relations for derived asymptotic models



Dispersion relations for derived asymptotic models



Exact dispersion relation



Numerical results
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