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Many physically interesting evolution equations
ou

E = K(’u.,ua;,..‘,u(")),

042
oz ot

u = u(z,t),
where K is a nonlinear function can be written in zero—curvature form
0A;

+[A1,A2] =0,

A1, Az €3,
where g is a finite or inifinite dimensional Lie algebra.
common:

Such equations, known as integrable systems, have many special properties in
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Many physically interesting evolution equations

ot K(u,ux,..‘,u(")),

U= u(zi t):
_ A2
oz

ot

where K is a nonlinear function can be written in zero—curvature form
0A;
+[A1, A2] =0,

Ay, Az € g,
common:

where g is a finite or inifinite dimensional Lie algebra.

Such equations, known as integrable systems, have many special properties in
m admit soliton solutions,
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Evolution equations in zero—curvature form

Many physically interesting evolution equations

ou
= = K(u,ug, .., u™), uw=u(z,t),
o = K(u,u ) (2,1)
where K is a nonlinear function can be written in zero—curvature form
0A1 0As
— — — = +[A1,A2] =0, A;,Ax€qg,
o 5 [A1, A2] 1,A2 €9

where g is a finite or inifinite dimensional Lie algebra.
Such equations, known as integrable systems, have many special properties in
common:

m admit soliton solutions,

m solvable by the inverse scattering transform,

m posses Hamiltonian structure (on an infinite dimensional phase space),

m admit an infinite hierarchy of conservation laws (related to inifinitesial

symmetries),
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Evolution equations in zero—curvature form

Many physically interesting evolution equations

ou
= = K(u,ug, .., u™), uw=u(z,t),
o = K(u,u ) (2,1)
where K is a nonlinear function can be written in zero—curvature form
0A1 0As
— — — = +[A1,A2] =0, A;,Ax€qg,
o 5 [A1, A2] 1,A2 €9

where g is a finite or inifinite dimensional Lie algebra.
Such equations, known as integrable systems, have many special properties in
common:

m admit soliton solutions,

m solvable by the inverse scattering transform,

m posses Hamiltonian structure (on an infinite dimensional phase space),

m admit an infinite hierarchy of conservation laws (related to inifinitesial

symmetries),

m can be solved by the Riemann—Hilbert factorization problem on Lie groups,
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Examples of integrable systems

Kortweg—de Vries (KdV) equation
Ut = Uggz + Ul

describes propagation of water waves in a shallow canal.
Nonlinear Shrédinger (NLS) equation

. 1 2

- Eugm —4ulu|* =0
has applications in fiber optics.
Heisenberg magnet (HM) equation

St = Szz xS, |IS]|=1,

describes distribution of mangetic moments S = (S1, S2,53) in a

ferromangetic chain.

Landau-Lifshitz (LL) equation
St =Sz X S+S%xJS, |S||=1,

generalizes the HM equation to nonisotropic interaction of magnetic moments
with coupling J = diag(J1, Jz2, J3).
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Integrable systems in zero—curvature form can be constructed by the
Riemann—Hilbert factorization problem on loop groups.
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Let G be a Banach-Lie group. We say that G admits a Riemann—Hilbert

factorization if G contains closed subgroups G_ and G4 such that
G_NGy = {6},

the set G_ G+ is open inG.
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Integrable systems in zero—curvature form can be constructed by the

Riemann—Hilbert factorization problem on loop groups.
Let G be a Banach-Lie group. We say that G admits a Riemann—Hilbert
factorization if G contains closed subgroups G_ and G4 such that
G_NGy = {6},

Remark

the set G_ G+ is open inG.

G_Gy

isopenin G <
where g = TeG and g+ = TeG+.

g=0- Do+
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Integrable systems in zero—curvature form can be constructed by the

Riemann—Hilbert factorization problem on loop groups.
Let G be a Banach-Lie group. We say that G admits a Riemann—Hilbert
factorization if G contains closed subgroups G_ and G4 such that
G_NGy = {6},

the set G_ G+ is open inG.
Remark

G_G4+ isopenin G <= g=g- Dg+
where g = TeG and g+ = TeG+.
on G by

Choose X1, X2, ..., Xn € g+ such that [X, X;] = 0 and define the action of R™

n
t*g:exp(ztiXi)g, t=(t) € R™
i=1
«40>» «F» «=)r «=)» = Q>
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For g € G_G4 we have unique factorization

exp (itiXi)g =g_(t)g+(t), t€ Bc(0) (R-H factorization). (1)

i=1

The flow g_(t) € G_ represents solutions to a hierarchy of nonlinear

evolution equations written in zero—curvature form on the Lie algebra

9+

t1 = space variable, t =t time variable of the k—th flow

Xk € g+ inifinitesimal generator of the k—th flow
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For g € G_G4 we have unique factorization

exp (itiXi)g =g-(t)g+(t), te€ B:(0) (R-H factorization). (1)
i=1

The flow g_(t) € G_ represents solutions to a hierarchy of nonlinear

evolution equations written in zero—curvature form on the Lie algebra

9+

t1 = space variable, t =t time variable of the k—th flow

Xk € g+ inifinitesimal generator of the k—th flow

By taking derivatives Eq. (1) we find

_ _109— 99+ 1
() Xpg_(t) =g 2= 4 =1 cg_
g—(t) " " Xpg—(t) = g= athratkg+ 90— ® g+

and projecting to g4+ we have

dg+ _ N
£ =pys <gil(t)X;€g, (t)>g+, D+: 8 — g4+ Dprojection.
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This yields a system of linear PDE’s for g :

99+

atk:ngJ” Mk:p+(g:1(t)Xk97(t))a k=1,2,...,n.
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This yields a system of linear PDE’s for g4:

99+

atk:ngJ“ Mk:p+(g:1(t)Xk97(t))a k=1,2,...,n.

Since [X}, X;] = 0 the k and ! flows commute, hence
(g+)tktl = (g+)tltk = M and M; satisfy

oM, oM,
Wk — Wl + [My,M;] =0 (zero—curvature equation on gy ).
l k
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Remarks

Eq. (2) represents a hierarchy of evolution PDE’s in the space variable x = ¢;
and time variable t = ty, k > 2 (other variables fixed).
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This yields a system of linear PDE’s for g4:

99+

Btk:ngJ“ Mk:p+(9:1(t)Xk97(t))a k=1,2,...,n.

Since [X}, X;] = 0 the k and ! flows commute, hence

(g+)tktl = (g+)tltk = M and M; satisfy

oM, oM,
e [My,M;] =0 (zero—curvature equation on g ). (2)
oty Oty

Remarks

Eq. (2) represents a hierarchy of evolution PDE’s in the space variable x = ¢;
and time variable t = ty, k > 2 (other variables fixed).

Solutions of the hierarchy are determined by the group element g_(t) € G_.
If G is the loop group of a matrix Lie group, then Eq. (2) is equivalent with a

system of nonlinear PDE’s for matrix elements of M} and M;.
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oo

Concrete examples of integrable systems are obtained by taking G to be a matrix

group with elements in the Wienner algebra of functions

A= {f S C| f(z) = Z anz",
n=-—oo

Z lan| < oo}
n=—oo
(A, ]l -]l1) Banach algebra with norm ||f|1 = Z |an|

oo

n=-—oo
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Integrable systems on loop algebras

Concrete examples of integrable systems are obtained by taking G to be a matrix

group with elements in the Wienner algebra of functions

(oo} oo
A= {f: St ClfE) = > anz, Y anl <oo}.
o0
(A,]-]l1) Banach algebra with norm || f|j1 = Z |an|

Introduce the algebra of n X n matrices with elements in A, M(n,.A), and define

GL(n, A) = {g € M(n, A) | det(g(2)) #£0 ¥z € S }.

Remarks

=

M(n, A) is a Banach algebra with norm |[|g|| = 3=, _; llgs5ll1-
By Wienner’s lemma, det(g(2)) #0 Vz € St = g¢~! € M(n, A).
GL(n, A) is an open subgroup of M(n, A).

©

o]

The Banach-Lie group G is constructed as a closed subgroup of GL(n, A).
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The Wienner algebra splits into subalgebras

A+:{f6A\f(z):§:anz"} and A-={feAlf(z)= > anz"}.
n=0

The splitting allows us to
m define subgroups G_, Gy of G,

m and the corresponding Riemann-Hilbert factorization on G.
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z)  b(z)
(2)

)

Consider the subgroup of GL(2,.A) defined by
a(
G =19() € GLEA) |9 = | )
where a(z) =300 _ _anz™, a(z) =
The Lie algebra of G is given by

oo An 2™, etc.
g= {X(z) € M(n, A)| X(2) = [_ag((zz)) b(2)

)y
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Consider the subgroup of GL(2,.A) defined by

a= {g(z) € GLO,A) | 9(2) = [_",f()) Z((i] } »
where a(z) = Y02 _ anz", a(z) =30l _
The Lie algebra of G is given by

anz", etc.

Define subgroups

a(z) b(z):| } .
—b(z) a(z)
Then

0= {X(z) € M(n, A) | X(2) = [
G- ={9(x) €Glg(x) =1+> Az}, Gi={g(x)€Clg(z) = Buz"}.
n=1 —0

G_ NG+ Z{I}

n
«40>» «F» «=)r «=)» = Q>

G_ and G4 are closed subgroups of G,



The Lie algebras of G_ and G4 satisfy

g=9-®g+ = G-Gi

is open in G.

“Ur A =

»



The Lie algebras of G_ and G4 satisfy

g=9g-®g+ = G_G4 isopeninG.

Define
i 0

Xi(2) = 02" € g4, 0_[ ,
0 —1

] b k = 1’ 27
and consider the Riemann-Hilbert factorization

exp (rX1(2) +tX2(2)) g = g— (=, 1)g+(x,1), g€ G—.
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The Lie algebras of G_ and G4 satisfy

g=9g-®g+ = G_G4 isopeninG.

Define
i 0

Xi(2) = 02" € g4, 0_[ ,
0 —1

] b k = 1) 27
and consider the Riemann-Hilbert factorization

exp (zX1(2) +tX2(2)) g = g—(z,t)g+(z,t), g€ G—. (3)

Theorem

If the group element

g—(z,t) =1+

* u(:c,t):| 1y o(z72)

*

solves the Riemann-Hilbert factorization (3), then u satifes the NLS equation

1
ug — 5oz — 4ulul? = 0. (4)
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Sketch of proof. According to the general theory, the matrices
My =py(9-tozg-), Mz=py(9-"02g-)

satisfy the ZCE
oM OM>

ot oz

+ [Ml,MQ} =0.
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Sketch of proof. According to the general theory, the matrices
My =py(9-tozg-), Mz=py(9-"02g-)

satisfy the ZCE
oM OM>

ot oz

+ [M1, M2] = 0. (5)

Let g- =1+ 02 Apz™™. Then g l=T— A1z  + (A2 — A2)z72 + 0(273),

hence

My =o0z+[0,A1], Ms=02?+ [0, A1)z + [0, As] — Ao, A1].
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Sketch of proof. According to the general theory, the matrices
My =py(9-tozg-), Mz=py(9-"02g-)

satisfy the ZCE
oM OM>

ot oz

+ [M1, M2] = 0. (5)

Let g- =1+ 02 Apz™™. Then g l=T— A1z  + (A2 — A2)z72 + 0(273),

hence

My =o0z+[0,A1], Ms=02?+ [0, A1)z + [0, As] — Ao, A1].

b
Since A, = |: “P n:| for some real valued functions a, and b,, we find
—0On Qn
0 ib 0 ib —[b1]?
My =0z+2| —— 1 , My =0c2242 — 1 z+2 |17‘ 'Uz
—(@b1) 0 —(@@b1) 0 -7 )b

where v = i(ba — a1b1). If we denote u = by, then Eq. (5) implies

S T
V= —Ug, Ut — - U — 4u|u =u.
2 x t 2 Tx
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One—soliton solution
Consider the initial data g € G_,

—a i

=71+
g i —«

} 27l a,BeER.
Solution of the Riemann-Hilbert factorization problem (3) yields

gi(l‘,t) =1 + —bl(xyt) al(l,t)

ai(z,t)  bia, t)} =

where

a1(z,t) = —a + iBtahn(28(z + at)),
bi(z,t) =iBexp (2i(az + (a? — ,Bz)t) sech(28(z + at)).

By the previous theorem, the function u = by is a solution of the NLS equation

(one—soliton solution).
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One—soliton solution
Consider the initial data g € G_,

—a i

=71+
g i —«

} 27l a,BeER.

Solution of the Riemann-Hilbert factorization problem (3) yields

o ai(z,t) b t)|
g—( 7t)71+ _El(xyt) al(xvt):|

where
a1(z,t) = —a + iBtahn(28(z + at)),
bi(z,t) =iBexp (2i(az + (a? — ,Bz)t) sech(28(z + at)).

By the previous theorem, the function u = by is a solution of the NLS equation

(one—soliton solution).

Remark
If the initial data g € G_ has a pole or order N at z = 0, then the RH

factorization problem leads to N-soliton solution of the NLS equation.
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By choosing different subgroups of G one obtains a Riemann-Hibert factorization
that solves the Heisenberg magnet equation

St = Szz X S,
interaction

ISl =1

S = (51, S2,53) magnetic moment in a ferromagnetic material with isotropic
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St = Szz X Sy
interaction

By choosing different subgroups of G one obtains a Riemann-Hibert factorization
that solves the Heisenberg magnet equation

sl =1
S = (51, S2,53) magnetic moment in a ferromagnetic material with isotropic
Define closed subgroups

(6)

H_ = {h(z) €G | h(z) = i Anz_l}, Hy = {h(z) €G | h(z) = I+§: an"}.
=0 =1
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St = Szz X Sy
interaction

By choosing different subgroups of G one obtains a Riemann-Hibert factorization
that solves the Heisenberg magnet equation

ISl =1

S = (51, S2,53) magnetic moment in a ferromagnetic material with isotropic
Define closed subgroups

(6)

Then

B H NnH, ={I},

H_H, is open in G.

H_ = {h(z) €G | h(z) = i Anz_l}, Hy = {h(z) €G | h(z) = I+§: an"}.
=0 =1

Consider the Riemann—Hilbert factorization

exp (zX1(z) +tX2(z)) h = h_(2)hy(2), he H_. (7)
«40>» «F» «=)r «=)» = Q>
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The matrices
Ny =
Ny =

satisfy the ZCE

P

P

+ (h:lazh,) = (A;'cAp)z,

+<h

:1az2h_> = (AEIO'AQ)Zz + [AalaAo,AalAﬂz

My M _
2L 2 W, M) =o.
ot 0w T M1 Mo
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The matrices
=y (h ozh_ ) (A5 o Ag)z,
My =py <h:1022h_> = (AEIO'AQ)Zz + [AalaAo,AalAﬂz

satisfy the ZCE
My My

—— _ = 4 [My, Ms] =0. 8
5% + [M1, M2] (8)
Define
1, _ S3 81715'2
S =Z(A;toAo) = § Sio;
Z( o7 0) S1 + 1S2 - :l i
where

0 1 0 —i 1 0 Pl soim matei
o1 = ) g9 — 3 o3 — are aull spin matrices.
'Yl S P =0 -1 P

3
Note that S2 =1 = 37, S?2=1.
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The zero—curvature equation for M; and My is equivalent with the matrix
equation

oS 1

— = —[S5, Sza]. 9

= 5, 5] ©)
which is the Heisenberg magnet equation (6) for the unit vector S = (S1, S2,.53)

: 1
after rescaling t — ;t.
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zero—curvature equation

Let G be a Lie group with Lie algebra g. Assume Aj, As € g satisfy the

0A1 0As

— — — +[A,A2] =0.
Oxo ox1 (A1, 42]
A gauge transformation I'y: g — g on a pair of matrices (A1, A2) by an element
g € G is defined by

_ dg _
Lg(Ax) = gAkg 1+3_ﬂ;qu L

k=1,2.

(10)
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zero—curvature equation

Let G be a Lie group with Lie algebra g. Assume Aj, As € g satisfy the

0A1 0As
— — — +[A,A2] =0.
Oxo ox1 (A1, 42]
A gauge transformation I'y: g — g on a pair of matrices (A1, A2) by an element
g € G is defined by
_ 99 _
Tg(Ar) = gArg ™" + g

1
Bmk ’

k=1,2.

(10)

m [y defines an action of the group G on the associated Lie algebra g.

m The zero—curvature equation is invariant under the gauge transformation:

if By = Ty(Ay), then ZCE(A1, As) <  ZCE(By, Ba).
«40>» «F» «=)r «=)» = Q>
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Remarks

A gauge transformation generally changes the type of equation represented by
ZCE. Such equations are called gauge equivalent (e.g. the nonlinear

Schroédinger and Heisenberg magnet equation).
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Remarks

A gauge transformation generally changes the type of equation represented by
ZCE. Such equations are called gauge equivalent (e.g. the nonlinear
Schroédinger and Heisenberg magnet equation).

Residual gauge transformations leave a particular equation invariant.
Such transformations preserve the particular shape of A; and As, and lead to
a hierarchy of infinitesimal symmetries of the equation and associated

conservation laws.
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The well known gauge equivalence between the NLS and HM equations can be

interpreted in terms of different Riemann—Hilbert factorization of the group G.
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Gauge transformation between the NLS and HM equations

The well known gauge equivalence between the NLS and HM equations can be

interpreted in terms of different Riemann—Hilbert factorization of the group G.

Theorem
Suppose
exp (zX1(2) + tX2(2)) = g— (2, )9+ (z,t), g€ G-,

is a solution of the RH factorization for the NLS equation, and let
M. = =il k —
k*p+(97 oz gf), k=1,2.

If g4 (z,t) = Y 02y Bn(z,t)2", then the matrices defined by the gauge
transformation

—1 8B0

MkEFBOq(Mk):BO*leBOfBO o k=1,2,

satisfy the ZCE which is equivalent with the HM equation (6).
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Example

Suppose g—(z,t) =1 + Zgil Ap(z,t)z=%. Then Bo(x,t) can be found explicitly
from
BO(:E7 t) = A;rl ((E, t)AN (07 0)

and the matrix
S3 S1 — 152

1
S = fBalaBo = .
7 S1 + 152 —S3

represents solution of the HM equation.
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Example

Suppose g—(z,t) =1 + Zszl Ap(z,t)z=%. Then Bo(x,t) can be found explicitly
from

BO ({t, t) = A;rl (CE, t)AN (07 0)
and the matrix

1
S = fBalaBo = .
7 S1 + 152 —S3

S3 S — ng:l

represents solution of the HM equation.

If we denote

An(z,t) = {“ "l An0,0) = [“(’ b“] :
—b —bg ao
then
4Re(abagbo)
SS =1+ ) (11)
(lal? = [6*)(laol? — |bo|?)

2 _ 132 7 22 _ 1.2

Sy 4 iSy =2 (lal [b]*) agbo + abbg — abad (12)

(lal* = [81*)(lao|* — [bo[?)
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Consider the solution of the RH problem for the NLS equation
—ia tanh(2ax) —iqe—io’t sech(2aux)
g—(z,t) =1+ o 2L
—iae?2*"t sech(2aur) iactanh(2au)
Then Egs. (11) and (12) yield the solution
S1(z,t) = 2cos(2a2t) tanh(2ax) sech(2azx),
So(z,t) = —2sin(2a2t) tanh (20 sech(2a:z),

S3(z,t) = 2sech?(2ax) — 1.

S = (51, S2,53) magnetization vector which rotates about the z—axis.
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Many evolution equations can be written in zero—curvature form on finite
dimensional Lie algebras.

Examples

(1) The Kortweg—de Vries (KdV) equation

Ut = Ugzz + SUUg

is equivalent with the ZCE for A, A2 € sl(2,R),

0 1 —Lug u
A = . Ag = 2

1
SUzz — 53U S Uz

«40> «F» «=)r «=) = Q>



(2) The Harry Dym equation
1

3
Ut = — U Ugzx
4

is equivalent the ZCE for A1, Az € sl(2,R) given by
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(2) The Harry Dym equation
1

3
Ut = — U Ugzx
4

is equivalent the ZCE for A1, Az € sl(2,R) given by

(3) The focusing nonlinear Schrédinger equation for a complex valued function wu,
. 2
g — Uz — 2|u|u =0,

is equivalent with the ZCE for A1, As € su(2,C) defined by

5 Ag =

—i|ul? —iuz]

—ity  ilul?
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Residual gauge transformations for the KdV equation

Suppose that A;, As € sl(2,R), A; = A;(z, 1),

T —-R q —p

0A1 0As
_— 4+ — A1, As] = 0. 13
% T o +[A1, A2] (13)

satisfy the ZCE
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Residual gauge transformations for the KdV equation

Suppose that A;, As € sl(2,R), A; = A;(z, 1),
A = R S A= P u
T - q —p

0A1 0As
_— 4+ — A1, As] = 0. 13
% T o +[A1, A2] (13)

satisfy the ZCE

We fix a particular gauge of A; as

0 1
A = T 0:| (Drinfeld—Sokolov gauge). (14)
fr=-1% 5u, then Az is completely determined by u since p = 7%1@ and
q=pz — 7u2 hence
_1
Ap=| 2% " (15)
—3Uzz — 35U Uz

In this case, the ZCE equation (13) is equivalent with the KdV equation.
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Goal: determine residual gauge transformations that leave the DS gauge of A;
invariant. Bu successive application of such transformations we can find new

solutions of the KdV equation.
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Goal: determine residual gauge transformations that leave the DS gauge of A;
invariant. Bu successive application of such transformations we can find new

solutions of the KdV equation.

Idea: represent the sl(2,R) matrices in DS gauge as the level set of a function and

find the gauge symmetry group of the set.
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Goal: determine residual gauge transformations that leave the DS gauge of A;
invariant. Bu successive application of such transformations we can find new

solutions of the KdV equation.

Idea: represent the sl(2,R) matrices in DS gauge as the level set of a function and

find the gauge symmetry group of the set.

If G is a local Lie group of transformations acting on the manifold M, then to
every X € T.G we associate the vector field X:M—>TM by

5 d
X(a) = el I exp(7X) - a.
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Goal: determine residual gauge transformations that leave the DS gauge of A;
invariant. Bu successive application of such transformations we can find new

solutions of the KdV equation.

Idea: represent the sl(2,R) matrices in DS gauge as the level set of a function and

find the gauge symmetry group of the set.

If G is a local Lie group of transformations acting on the manifold M, then to
every X € T.G we associate the vector field X:M—>TM by
N d

X(a) = el I exp(7X) - a.

Theorem

Let G be a connected local Lie group of transformations acting on the
m~dimensional manifold M. Suppose that F: M — R}, I < m, is of maximal rank

on the level set

S={zeM|F(z)=0}.
Then G is a symmetry group of S if and only if the Lie derivative
LeF(xz)=0 VeeS, k=1,2,...,1,

for every infinitesimal generator X of G.
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Define F': sl(2,R) — R? by

F( “ bD:(a,bl).

S={A€sl(2,R)| F(A) =0}

Then

consists of matrices in DS gauge. Using sl(2,R) ~ R3, we find

1 0 O

DF(4) = {0 1 0

] VAe€sl(2,R) = rank(DF)=max.onS.
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Define F': sl(2,R) — R? by

F( “ bD:(a,bl).

S={A€sl(2,R)| F(A) =0}

Then

consists of matrices in DS gauge. Using sl(2,R) ~ R3, we find

1 0 O

DF(4) = {0 1 0

] VAe€sl(2,R) = rank(DF)=max.onS.
Consider a one—-parameter groups of gauge transformations

G = {rg(f) | g(r) = exp(rL(z,1)), T € R}, L € si(2,R).

We want to determine conditions on L such that I'; () is a residual transformation.

The group G acts on sl(2,R) by

Ty (4) = g(r) Ag(r) ™ + 20 gy
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Hence, G is a symmetry group of the level set S iff
L;F(A)=0 VAeS

where L is the vector field on si(2,R) defined by

- d oL
L(A) = E T:OFQ(T>(A) = [Lv A} + %
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Hence, G is a symmetry group of the level set S iff
L;F(A)=0 VAeS

where L is the vector field on si(2,R) defined by

oL
T:OFQ(T>(A) = [Lv A} + =

E(A) - i ox

dr

Hence L € sl(2,R) is an infinitesimal generator of the gauge symmetry group of S
iff oL
£;P(A4) = DF(A)(IL, 4] + 6—) —0 VAesS. (16)
z
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Hence, G is a symmetry group of the level set S iff
L;F(A)=0 VAeS

where L is the vector field on si(2,R) defined by

oL
T:OFQ(T>(A) = [Lv A} + =

E(A) - i ox

dr

Hence L € sl(2,R) is an infinitesimal generator of the gauge symmetry group of S
iff oL
£;P(A4) = DF(A)(IL, 4] + 6—) —0 VAesS. (16)
z

To evaluate the condition (16), denote
1
L=|Y Y| a=|° €Ss.
v —w T 0

oL
L, A — =
(L, ]+8x

Then

Ty — v+ wg 2w + Yo
—2wT +v, —Ty+v—wy '
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1 0

Using DF(A) = 0

we find

oL Ty—’U+'LUI
DR (1L,41+57) = [ -

hence L must satisfy the condition

Ty —v+wy =0, 2w+yz=0.
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1 0
0

Using DF(A) = we find

oL Ty — v+ wg
DF(A)(IL, A+ 5) = [ -

hence L must satisfy the condition
Ty —v+wy =0, 2w+yz=0.
The choice T' = —%u yields the KdV equation, thus
| i
—3UY ~ 3Yaz  3Ye

is an infinitesimal generator of the gauge symmetry group for the KdV equation

(17)

parametrized by the function y(z,t).
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1 0
0

Using DF(A) = we find

oL Ty — v+ wg
DF(A)(IL, A+ 5) = [ -

hence L must satisfy the condition
Ty —v+wy =0, 2w+yz=0.
The choice T' = —%u yields the KdV equation, thus

_ ~3Yx y

= m)
|:_;uy - éym éyx}

is an infinitesimal generator of the gauge symmetry group for the KdV equation

parametrized by the function y(z,t).

m The function y satisfies a linear PDE depending on the solution u of the KdV

equation.

m The equation is found by expanding the gauge transformations of the KdV

matrices into powers of 7.
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For L given by Eq. (17), consider the gauge transformation of

1
A — 0 1 A, — U U
1 1 ’ 2 1 1,2 1
—zu — S Ugy — U su,
2 Pt ) 2 Yz
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For L given by Eq. (17), consider the gauge transformation of

1
A1: ) A2:

0
1
2

0 1 0 0
l_‘g(T) (Al) = 1 +7 1 + 0(72)7 (18)
_§u 0 _§yrcaca: -

UYx — %Uacy 0

* Yt — UYz + UzyY
* *

1
—lo.
Fy(r)(A2) = {1 2 +7

1,2
Uz — SU

1, +o(‘r2). (19)
2 T
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For L given by Eq. (17), consider the gauge transformation of

1

A = , Ag=

0
1
2

0 1 0 0
Fg(T)(Al) = 1 +7 1 1 +0(7-2)7
—u 0 —5Yzxx — UYz — 5U2Y 0
1
—5U * —uYyz +u
Fg(‘r)(AQ) — 1 2 11 , L i Yt Yz zY +O(T2).
— Uz — U 5Usz * *

Equations (18) and (19) give deformations of u to first order in 7:

5u(y) = Yzaz + 2Yz + Uz Y,
Su(y) =yt — uyz + uzy.
which imply that

Yt = Yzzx + guyz
Remark

(18)

(19)

(20)

Eq. (20) is the linear equation associated to KdV found by Gardner by the Inverse

scattering transform.

S. Kresié—Jurié
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Theorem (Infinitesimal transformations of KdV)

If u satisfies the KAV equation and y is a solution of the associated linear equation
(20), then
L= 1 _%yﬁ 1y
—3UY — 5Yzx 3Yz
is an infinitesimal generator of the gauge symmetry group for the KdV equation
and

satisfies the KdV equation to first order in 7.
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Hierarchy of residual gauge transformations for KdV

and associated conservation laws

To each solution u of the KdV equation one can associate a hierarchy of residual

gauge transformations L(1), L)) L) and associated local conservation laws.
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Hierarchy of residual gauge transformations for KdV

and associated conservation laws

To each solution u of the KdV equation one can associate a hierarchy of residual

gauge transformations L(1), L)) L) and associated local conservation laws.

Suppose y(1) is a solution of the associated linear equation (20) and define

AW = su(y™M) = yS + 2uyl? + uay®.
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Hierarchy of residual gauge transformations for KdV

and associated conservation laws

To each solution u of the KdV equation one can associate a hierarchy of residual

gauge transformations L(1), L)) L) and associated local conservation laws.

Suppose y(1) is a solution of the associated linear equation (20) and define
G = su(y™) =yl + 2uyf” + uay™).
Then G() satisfies the evolution equation
¢ =G, + 3u, GO+ 3uGHH

which can be written as the local conservation law

aG() oF (1)

o o PO =65 1+ 3uc®)

for density GV and flux F().
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Define y(2) by the condition yf,;Z) = GM . Then
1)
y? = / %dz =FM =&, 4 3uy?,

hence y(?) also satisfies Eq. (20).
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Define y(2) by the condition yf,;Z) = GM . Then
1)
y? = / %dz =FM =&, 4 3uy?,

hence y(?) also satisfies Eq. (20).

By iterating the above procedure we obtain an infinite hierarchy of

solutions of Eq. (20) defined by

gt =6 G0 = su(y™),
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Define y(2) by the condition yf,;Z) = GM . Then
1)
y? = / %dz =FM =&, 4 3uy?,

hence y(?) also satisfies Eq. (20).

By iterating the above procedure we obtain an infinite hierarchy of

solutions of Eq. (20) defined by

gt =6 G0 = su(y™),

B local conservation laws

aG(™m) oF (™)

5 5 FM =g 4 3u6™, n>1.
X
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Define y(2) by the condition yf,;Z) = GM . Then
1)
y? = / %dz =FM =&, 4 3uy?,

hence y(?) also satisfies Eq. (20).

By iterating the above procedure we obtain an infinite hierarchy of

solutions of Eq. (20) defined by

gt =6 G0 = su(y™),

B local conservation laws

aG(™m) oF (™)

5 5 FM =g 4 3u6™, n>1.
X

By starting with the trivial solution y(1) = 1, we find
v =,
3
y<3) = 5“2 + Uzz,

15
g = s

5
6 + 5%2” + buzy + Uzzz etc.
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The corresponding infinitesimal generators of the gauge symmetry group are given

by

L = e
—%u 0
I 1
—5U, u
L — 27
- K
1 1 1
[~ 2z — 3u® Qs
B 1 3 3,2
—5Ugzz — 5 UUx Uge + S5U
L(3) _ 2 2 2 ’
1 3 3 1
| — 3 Uzzze — 2Uulgy — 5’1@ - ZU3 sUzzx + %uuz

Gauge transformations and symmetries




