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Heterogeneous thin elastic structures

‚ Composite structures
‚ Elastic properties
‚ Thickness in certain directions very small
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One wishes to:

‚ Rigorously derive lower dimensional
homogeneous models of these objects

‚ Mathematically explain various effects
associated with wave propagation

‚ Quantify the approximation
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Outline of the talk

1 Elastic thin structures - setting and tools

2 Heterogeneous media in high contrast - metamaterials?

3 Elastic heterogeneous plates in high contrast
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Thin (linearly) elastic structures

Parameter of thickness h ą 0

Thin plate domain Ωh :“ ω ˆ hI

Thin rod domain Ωh :“ ωh ˆ I

‚ Elastic properties: A P L8
pΩh;R3ˆ3ˆ3ˆ3

q

‚ A uniformly positive definite on symmetric matrices: Dα, β ą 0

α|ξ|
2

ď Apxqξ : ξ ď β|ξ|
2, @x P Ωh, ξ P R3ˆ3, ξT “ ξ.

Aijklpxq “ Ajiklpxq “ Aklijpxq, @x P Ωh, i, j, k, l P t1, 2, 3u .

‚ Standard change of coordinates: Ωh
Ñ Ω1 :“ Ω, ∇ Ñ ∇h.

‚ The operator of linear elasticity:

Ahu :“ ´divhpApxq sym∇huq, u : Ω Ñ R3, DpAhq Ă H1
ΓD

pΩ;R3
q.
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Resolvent problem

Ahu ` αu “ f on Ω, f P L2
pΩ;R3

q, α ą 0.

Displacement approximations when h Ñ 0

Rod case:
«

b1px3q{h
b2px3q{h

p´x1b
1
1px3q ´ x2b

1
2px3qq

ff

`

«

x2dpx3q
´x1dpx3q

apx3q

ff

bα P H2
pIq, d, a P H1

pIq.

Plate case:
«

´x3B1bpx1, x2q
´x3B2bpx1, x2q

bpx1, x2q{h

ff

`

«

a1px1, x2q
a2px1, x2q

0

ff

b P H2
pωq, aα P H1

pωq.

The spectrum of Ah (The case of finite domain)

σpAhq “

!

0 ă λh
1 ď λh

2 ď . . . λh
i Ñ `8, i Ñ 8

)

.

λh
i ď h2ηi, where ηi does not depend on h ą 0.
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Lemma (Korn’s innequality for thin domains)

Let Ω Ă R3 be a thin domain (rod or plate with regular enough boundary) and Γ Ă BΩ of positive
measure. We have:

}π1{hψ}
2
H1 ď C

γ
´

}π1{hψ}
2
L2pΓ;R3q

` h
´2

}sym∇hψ}
2
L2

¯

, @ψ P H
1

pΩ;R3
q,

where Cγ depends only on the domain and π1{h is the appropriate scaling.

Lemma (Compactness property for plate like domains)

Let ω Ă R2 (bounded with Lipschitz boundary). If the sequence pψh
qhą0 Ă H1

γD
pΩ;R3

q satisfies:

lim sup
nÑ8

›

›sym∇hψ
h›
›

L2 ă 8.

Then (on a subsequence) we have the decomposition:

ψ
h

“

´

a1 ´ x3B1b, a2 ´ x3B2b, h
´1

b
¯T

` ψ̃
h
,

sym∇hψ
h

“ ı
`

´x3∇2
x̂b ` sym∇x̂a

˘

` sym∇hψ̃
h
,

where b P H2
γD

pωq, a P H1
γD

pω;R2
q, pψ̃

h
qhą0 Ă H1

γD
pΩ;R3

q, hπ1{hψ̃
h L2

Ñ 0.
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The story of invariant subspaces

Assumption on additional material symmetries

Aijk3pxq “ 0,Ai333pxq “ 0, @x P Ω, i, j, k P t1, 2u .

Bending and Stretching subspaces

L2
bend :“

␣

u P L2
pΩ;R3

q, upSpxqq “ ´Supxq
(

,

L2
stretch :“

␣

u P L2
pΩ;R3

q, upSpxqq “ Supxq
(

,

where Spxq “ Srodpxq :“ p´x1,´x2, x3q
T in the case of rod, and

Spxq “ Splatepxq :“ px1, x2,´x3q
T in the case of plate.

Invariant subspaces

Under the assumption on additional material symmetries, the spaces L2
stretch and

L2
bend are invariant for Ah. The spectrum of order h2 is contained in σpAh|L2

bend
q.
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Heterogeneous media, mild contrast, scalar case

Small parameter (period of material oscillations) ε ą 0 .

Periodically oscillating heterogeneous material

‚ Material properties stored in Aεpxq P Rdˆd.
‚ Aεpxq “ Apx

ε
q.

‚ A is Y -periodic on Rd, Y “ r0, 1s
d.

The matrix A is symmetric and Dα, β ą 0, such that:

α|ξ|
2

ď Apxqξ ¨ ξ ď β|ξ|
2, @x, ξ P Rd.

Elliptic operator:

Aεu :“ ´ div pAεpxq∇uq , D pAεq Ă H1
pΩq.

uε
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Homogenisation in mild contrast

Heterogeneous problem

Ω Ă Rd bounded, Dc ą 0, c|ξ|
2

ď Apyqξ ¨ ξ, A Y -periodic.
ż

Ω

Apx{εq∇uε ¨ ∇φdx “

ż

Ω

fεφdx, @φ P H1
0 pΩq, fεáf u L2

pΩq.

A wish of engineers and numerics people?

Homogenised problem
ż

Ω

Ahom∇u ¨ ∇φdx “

ż

Ω

fφdx, @φ P H1
0 pΩq.

Ahomξ ¨ η :“

ż

Y

Apyqrξ ` ∇ywξpyqs ¨ η,

ż

Y

Apyqrξ ` ∇ywξpyqs ¨ ∇yvpyq “ 0.

Homogenised elliptic operator:

Au :“ ´div
´

Ahom∇u
¯

, D pAq “ H2
pΩq X H1

0 pΩq.
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Qualitative method by two-scale convergence

Definition

A bounded sequence puεq Ă L2
pΩq weakly "two-scale" converges to

upx, yq P L2
pΩ ˆ Y q if

lim
εÑ0

ż

Ω

uεpxqφpx, x{εqdy “

ż

Ω

ż

Y

upx, yqφpx, yqdxdy, φ P C8
c pΩ;C8

# pY qq.

Theorem (Two-scale compactness in L2)

Every bounded sequence in L2
pΩq possesses a weakly two-scale convergent

subsequence.

Definition

A bounded sequence puεq Ă L2
pΩq strongly "two-scale" converges to

upx, yq P L2
pΩ ˆ Y q if

lim
εÑ0

ż

Ω

uεpxqφεpxqdy “

ż

Ω

ż

Y

upx, yqφpx, yqdxdy,

for all weakly "two-scale" convergent φε
2

Ýáφ P L2
pΩ ˆ Y q.
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Homogenisation in mild contrast

Heterogeneous problem

Ω Ă Rd bounded, Dc ą 0, c|ξ|
2

ď Apyqξ ¨ ξ, A Y -periodic.
ż

Ω

Apx{εq∇uε ¨ ∇φdx “

ż

Ω

fεφdx, @φ P H1
0 pΩq, fεáf u L2

pΩq.

Theorem

Every bounded sequence uε u H1
pΩq possesses a subsequence such that:

uεáupxq, ∇uεpxq
2

Ýá∇upxq ` ∇yvpx, yq, @v P L2
pΩ;H1

#pY qq.

Homogenised problem
ż

Ω

Ahom∇u ¨ ∇φdx “

ż

Ω

fφdx, @φ P H1
0 pΩq.

Ahomξ ¨ η :“

ż

Y

Apyqrξ ` ∇ywξpyqs ¨ η,

ż

Y

Apyqrξ ` ∇ywξpyqs ¨ ∇yvpyq “ 0.
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Resolvent and spectral convergence (Zhikov, Pastukhova)

Definition

Sequence of nonneg. selfadj. pAεq operators on Hε. A nonneg. selfadj. operator
on a closed subspace H0 of H. P : H Ñ H0 orthogonal projection.
The sequence pAεq converges to A in the sense of strong resolvent convergence, if

@λ ą 0, pAε ` λq
´1 fε

εÑ0
ÝÝÝÑ pA ` λq

´1 Pf, @fε, fε
εÑ0

ÝÝÝÑ f P H.

Zhikov and Pastukhova: Convergence in variable Hilbert spaces - for example in
the sense of two-scale convergence.

Definition

The sequence of spectra σpAεq converges to the spectrum of A in the sense of
Hausdorff, if:

‚ @λ P σpAq exists a sequence λε P σpAεq such that λε Ñ λ.
‚ If λε P σpAεq and λε Ñ λ, then λ P σpAq.

The first one is the consequence of strong resolvent convergence. The second
needs a bit more work.
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Quantitative results in the homogenisation of elliptic PDE

Quantitative results are given with the norm-resolvent estimates
(Birman, Suslina 2001., 2005., 2006., ...):

Quantitative result

∥pAε ` Iq
´1

´ pA ` Iq
´1∥L2pRdqÑL2pRdq ď Cε,

∥pAε ` Iq
´1

´ pA ` Iq
´1

´ εRcorrpεq∥L2pRdqÑH1pRdq ď Cε,

∥pAε ` Iq
´1

´ pA ` Iq
´1

´ ε pRcorrpεq∥L2pRdqÑL2pRdq ď Cε2,

Cherednichenko, Velčić (2021. thin heterogeneous plates in mild contrast)
These quantitative results immediately yield spectral convergence.
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High-contrast materials

uε

Figure: Depiction of a material with high-contrast inclusions

Figure: Unit cell in a high-contrast material

‚ Tensor of material coefficients:

Apyq “

"

Astiffpyq, y P Ystiff ,
ε2 Asoftpyq, y P Ysoft.

‚ Astiff , Asoft uniformly positive definite.

16



Homogenisation in high contrast

Heterogeneous problem

Ω Ă Rd bounded, Aεpyq “ ε2χsoftpyqAsoftpyq ` χstiffpyqAstiffpyq

ż

Ω
Aεpx{εq∇uε ¨ ∇φdx “

ż

Ω
fεφdx, @φ P H1

0 pΩq, fε
2

Ýá f u L2pΩ ˆ Y q.

Theorem

Let uε Ă H1pΩq such that both uε and ε∇uε are bounded in L2pΩq. Then (on a
subsequence):

uε
2

Ýáupx, yq, ε∇uεpxq
2

Ýá∇yupx, yq, u P L2pΩ;H1
#pY qq.

Homogenised problem

$

’

’

&

’

’

%

ż

Ω
Ahom∇u ¨ ∇φdx “

ż

Ω

ż

Ystiff

fpx, yqφpxqdx, @φ P H1
0 pΩq.

ż

Ω

ż

Ysoft

Apyq∇yu0px, yq ¨ ∇yξpx, yqdydx “

ż

Ω

ż

Ysoft

fpx, yqξpx, yqdydx, @ξ.

Ahomξ ¨ η :“

ż

Ystiff

Apyqpξ ` ∇ywξpyqq ¨ η,

ż

Ystiff

Apyqrξ ` ∇ywξpyqs ¨ ∇yvpyq “ 0.
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Two-scale limit operator and spectral characterisation

Micro and Macro operators

Amacro ÐÑ

ż

Ω

Ahom∇u ¨ ∇φdx, DpAmacroq Ă H1
0 pΩq

Amicro ÐÑ

ż

Ω

ż

Ysoft

Apyq∇yu0px, yq ¨ ∇yξpx, yqdydx, DpAmicroq Ă L2
pΩ;Xq,

X “
␣

φ P H1
#pY q, φ “ 0 on Ystiff

(

Self-adjoint, nonnegative operator A defined through bilinear form:
ż

Ω

Ahom∇u ¨ ∇φdx `

ż

Ω

ż

Ysoft

Apyq∇yu0px, yq ¨ ∇yξpx, yqdydx,

DpAq Ă H1
0 pΩq ` L2

pΩ;Xq “: V

Theorem

σpAq “ σpAmicroq Y tλ ą 0, βpλq P σpAmacroqu ,

βpλq “ λ `

8
ÿ

m“1

λ2c2m
ωm ´ λ

, ωm P σpAmicroq.
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Limit operator

Equivalent formulations of Au “ λu

# Amicroumicro “ λpumacro ` umicroq
Amacroumacro “ λpumacro ` xumicroyq

u “ umicro ` umacro

ðñ

"

Amacroumacro “ βpλqumacro
umacro ‰ 0

or
"

xumicroy “ umacro “ 0
Amicroumicro “ λumicro
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To sum up

Theorem

Let operators pAεq, A be nonneg. selfadj. operators related to mild-contrast
homogenisation/high-contrast homogenisation. Then we have both the strong
resolvent convergence of the operators and Hausdorff convergence of spectra.
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Remarks

Vector version of Zhikov’s beta function

βpλq “ λI `

8
ÿ

n“1

λ2

ωn ´ λ

@

φn

D

b
@

φn

D

‚ DC ą 0 s.t. @λ ą 0

xβ1
pλqξ, ξy ą C|ξ|

2, @ξ P R2.

‚ The set of all λ ą 0 for which the generalised eigenvalue problem is solvable is
countable.

Scaling of frequencies

Studying pA ` αIq
´1

ðñ Studying Bttu ` Au “ f

Studying
´

1
η
A ` αI

¯´1

ðñ Studying ηBttu ` Au “ f

The inertia term ηBttu is equivalent to Bt̃t̃u with t̃ “
?
ηt.
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Heterogeneous thin elastic plate model

‚

Aεh ¨ :“ ´ divh

´

Aεhp
x1
εh

, x2
εh

q sym∇h¨

¯

, DpAεhq Ă H1
γD

pΩq,

‚

Aεhpyq “

"

Astiffpyq, y P Ystiff ,
ε2 Asoftpyq, y P Ysoft.

‚ Simultaneous homogenisation and dimension reduction
(both parameters ε, h Ñ 0)
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Goals

‚ To plug the dimension reduction and homogenisation of thin plates in the
abstract setting of operator theory (as much as possible)

‚ To identify phenomena that come from dimension reduction, phenomena that
come from high-contrast homogenisation, and phenomena that come from the
interaction of these two settings

‚ To give a systematic overview of models of heterogeneous thin plates in various
interesting regimes

‚ To answer some important questions (What happens with the spectrum? What
are the properties of evolution equations?)
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Systematic overview of properties

Time scale

The level of contrast

Standard time scale: t P r0, T s

The resolvent of unscaled operator pAεh ` αIq
´1

Unscaled spectrum σpAεhq

Long time scale: t̃ “ t
h2 P r0, T

h2 s

The resolvent of scaled operator
`

1
h2Aεh ` αI

˘´1

Scaled spectrum σp 1
h2Aεhq

High contrast
µεh “ εh

2

Very high contrast
µεh “ εh

2h2
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First theorem on resolvent convergence - real time scale

Theorem

Let Aεh
be an operator of linear elasticity on the thin plate with oscillating material coefficients in

high contrast. Then we have strong resolvent convergence:

Aεh
Ñ A,

where A is the operator associated with the problem:
Find pa, bq

J
P H1

γD
pω;R2

q ˆ L2
pωq, ů P L2

pω;H1
00pI ˆ Ysoft;R3

qq, such that:

Amacropa, bq ` λpa, bq ` λxůy “ xfy,

Amicropůq ` λpa, bq ` λů “ f ,

and we have Amacropa, bq “ Amacropa, 0q.

26



Second theorem on resolvent convergence - Long time scale

Theorem

Let Aεh
be an operator of linear elasticity on the thin plate with oscillating material coefficients in

high contrast. Then we have strong resolvent convergence:

1

h2
Aεh

Ñ A,

where A is the operator associated with the problem:
Find a P H1

γD
pω;R2

q, b P H2
γD

pωq, ů P L2
pω;H1

00pI ˆ Ysoft;R3
qq, such that:

Ab
macrob ` λb “ Mbendxfy,

a “ a
b

` a
f
,

Amicroů “ f .
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Third theorem on resolvent convergence - Long time scale II.

Theorem

Let Aεh
be an operator of linear elasticity on the thin plate with oscillating material coefficients in

VERY high contrast. Then we have strong resolvent convergence:

1

h2
Aεh

Ñ A,

where A is the operator associated with the problem:
Find a P H1

γD
pω;R2

q, b P H2
γD

pωq, ů P L2
pω;H1

00pI ˆ Ysoft;R3
qq such that

Ab
macrob ` λb ` λxů3y “ xf3y,

a “ a
b
,

Amicroů` λp0, 0, bq
T

` λů “ f .
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Systematic overview of properties

Time scale

The level of contrast

Standard time scale: t P r0, T s

The resolvent of unscaled operator pAεh ` αIq
´1

Unscaled spectrum σpAεhq

Long time scale: t̃ “ t
h2 P r0, T

h2 s

The resolvent of scaled operator
`

1
h2Aεh ` αI

˘´1

Scaled spectrum σp 1
h2Aεhq

High contrast
µεh “ εh

2

‚ Limit resolvent problem exhibits metamaterial
properties - is coupled through the spectral
parameter.

‚ "bending" deformations are contained in the
kernel of the effective operator.

‚ Limit resolvent problem does not exhibit
metamaterial properties.

‚ The spectral parameter appears only with
"bending" deformations."

‚ "bending" and "stretching" deformations are
coupled through nonlocal operator. The
coupling can be removed with additional
assumptions on material symmetries.

Very high contrast
µεh “ εh

2h2
No limit. ‚ Limit resolvent problem exhibits metamaterial

properties.
‚ The spectral parameter appears only with

"bending" deformations and the "micro"
deformations. "
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Spectral approximation theorems

Theorem

The sequence of spectra σ
`

h´2Aεh

˘

“
␣

h´2λ
εh
1 , h´2λ

εh
2 , . . .

(

converges in the sense of
Hausdorff to the set σ

`

Ab
macroq “ tλ1, λ2, . . . u. Moreover,

h
´2

λ
εh
n Ñ λn, h Ñ 0, @n P N.

Theorem

Under the additional assumptions on material symmetries, the sequence of spectra Aεh
|
L2
stretch

converges in the sense of Hausdorff to the set:

σpAq “ σpAmicroq Y tλ ą 0 : The problem (1) has a nontrivial solution .u.

Generalised eigenvalue problem: Find λ ą 0 and 0 ‰ a P H1
γD

pω,R2
q such that:

Astretch
macro a “ β

stretch
pλqa. (1)

Theorem

In the case of VERY high contrast, the sequence of spectra σ
`

h´2Aεh

˘

converges in the sense of
Hausdorff to the set:

σpAq “ σpAmicroq Y tλ ą 0 : βbendpλq P σpAb
macroqu.
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Systematic overview of properties

Time scale

The level of contrast

Standard time scale: t P r0, T s

The resolvent of unscaled operator pAεh ` αIq
´1

Unscaled spectrum σpAεhq

Long time scale: t̃ “ t
h2 P r0, T

h2 s

The resolvent of scaled operator
`

1
h2Aεh ` αI

˘´1

Scaled spectrum σp 1
h2Aεhq

High contrast
µεh “ εh

2

‚ Limit resolvent problem exhibits metamaterial
properties.

‚ "bending" deformations are contained in the
kernel of the effective operator.

‚ The spectrum is polluted.
‚ "stretching" spectrum has band-gap structure

with infinite number of accummulation points.

‚ Limit resolvent problem does not exhibit
metamaterial properties.

‚ The spectral parameter appears only with
"bending" deformations."

‚ "bending" and "stretching" deformations are
coupled through nonlocal operator. The
coupling can be removed with additional
assumptions on material symmetries.

‚ The spectrum converges to the spectrum of
nonlocal operator (compact resolvent)..

Very high contrast
µεh “ εh

2h2
No limit. ‚ Limit resolvent problem exhibits metamaterial

properties.
‚ The spectral parameter appears only with

"bending" deformations and the "micro"
deformations. "

‚ The spectrum has band-gap structure with
infinite number of accummulation points.
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Effective hyperbolic evolution

Real time scale with high contrast

Btt

`

pa, bq
J

` ů
˘

ptq ` A
`

pa, bq
J

` ů
˘

ptq “ Pfptq,

`

pa, bq
J

` ů
˘

p0q “ u0px, yq, Bt

`

pa, bq
J

` ů
˘

p0q “ Pu1px, yq.

Long time scale with high contrast

Bttbptq ` Ab
macrobptq “ Mbend

`

fptq
˘

,

bp0q “ b0 P H2
γD

pωq, Btbp0q “ b1 P L2
pωq,

aptq “ abptq
` af˚ptq, A00ůpt, x̂, ¨q “ pf˚pt, x̂, ¨q, 0q

J.

Long time scale with very high contrast

Btt

`

p0, 0, bq
J

` ů
˘

ptq ` A
`

p0, 0, bq
J

` ů
˘

ptq “ Pfptq,

`

p0, 0, bq
J

` ů
˘

p0q “ u0px, yq, Bt

`

p0, 0, bq
J

` ů
˘

p0q “ Pu1px, yq.
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Systematic overview of properties

Time scale

The level of contrast

Standard time scale: t P r0, T s

The resolvent of unscaled operator pAεh ` αIq
´1

Unscaled spectrum σpAεhq

Long time scale: t̃ “ t
h2 P r0, T

h2 s

The resolvent of scaled operator
`

1
h2Aεh ` αI

˘´1

Scaled spectrum σp 1
h2Aεhq

High contrast
µεh “ εh

2

‚ Limit resolvent problem exhibits metamaterial
properties.

‚ "bending" deformations are contained in the
kernel of the effective operator.

‚ The spectrum is polluted.
‚ "stretching" spectrum has band-gap structure

with infinite number of accummulation points.
‚ Memory effects are present in the evolution.
‚ "bending" deformations do not show elastic

resistance to motion.

‚ Limit resolvent problem does not exhibit
metamaterial properties.

‚ The spectral parameter appears only with
"bending" deformations."

‚ "bending" and "stretching" deformations are
coupled through nonlocal operator. The
coupling can be removed with additional
assumptions on material symmetries.

‚ The spectrum converges to the spectrum of
nonlocal operator (compact resolvent)..

‚ Standard hyperbolic evolution of the "bending"
deformations. Evolution of the "stretching"
component is partially quasistatic.

Very high contrast
µεh “ εh

2h2
No limit. ‚ Limit resolvent problem exhibits metamaterial

properties.
‚ The spectral parameter appears only with

"bending" deformations and the "micro"
deformations. "

‚ The spectrum has band-gap structure with
infinite number of accummulation points.

‚ Memory effects are present in the evolution.
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Other ratios of ε and h

‚ h ! ε - similar phenomenology to h „ ε.
‚ h " ε - inclusions behave like little elastic rods - loss of compactness of

normalized eigenfunctions - spectral pollution
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The end

Thank you for attention!
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