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e Thickness in certain directions very small

Heterogeneous thin elastic structures

e Composite structures
o Elastic properties




homogeneous models of these objects
associated with wave propagation

One wishes to:
e Mathematically explain various effects

¢ Rigorously derive lower dimensional

¢ Quantify the approximation




o
Outline of the talk

@ Elastic thin structures - setting and tools

© Heterogeneous media in high contrast - metamaterials?

© Elastic heterogeneous plates in high contrast




@ Elastic thin structures - setting and tools




Thin (linearly) elastic structures

Parameter of thickness h > 0
Thin rod domain Q" := wy, x I

Thin plate domain Q" := w x hTl

L Thoo

Elastic properties: A € L®(Q"; R3*3%3%3)
A uniformly positive definite on symmetric matrices: da, 8 > 0

ale? < A@)E < BIEP, VoeQt eeR¥™P T =¢
Aijri(x) = Ajiga () = Apiy(z), Yoee Q" 44 kle{l,23}.

Standard change of coordinates: QF 5 Ql:=Q, V> V).
The operator of linear elasticity:

Apu = —div, (A(z) sym Viu), w:Q—R?, D(A,) c H%D (Q;R?).




Resolvent problem

Anu+ou=FfonQ, feL*(R%Y, a>o0.

Displacement approximations when A — 0

Rod case: Plate case:
by (z3)/h z20(x3) —x301b(x1,x2) ay(z1,x)
[ bao(z3)/h ] + [—:1:10(:[;3)] [—:Cgagb(xhxg)] + |i£12(1’1,l‘2):|
(—3151(13) —wgb;(wg)) Cl(.’l:3) b(a:l,;cz)/h 0
by € H*(I),0,a € H'(I). be H*(w), an € H' (w).

The spectrum of A, (The case of finite domain)

() = {0 <A <A< X o+, i o).

A< h*n;,  where 1; does not depend on h > 0.




Lemma (Korn's innequality for thin domains)

Let Q c R® be a thin domain (rod or plate with regular enough boundary) and T' c 9 of positive
measure. We have:

Iminlin < 7 (Imnwliaas) + b2 Isym Vasliz), Ve e H (R,

where C” depends only on the domain and 7y, is the appropriate scaling.

Lemma (Compactness property for plate like domains)

Let w = R? (bounded with Lipschitz boundary). If the sequence (¢");~¢ HiD (9; R3) satisfies:
lim supHsym Vhl,bhHLz < 0.
n— 00
Then (on a subsequence) we have the decomposition:
h 1 \T | 5n
P = (01 — x301b, a2 — 23020, h b) +,
sym V' = z(—zgvzb + sym Vza) + sym V",

s ~h L2
where b € H2 (w), @ € HI (w;R?), (" )n=0 © HY (% R?), hmyjntp Lo




The story of invariant subspaces

Assumption on additional material symmetries

Agjrs(z) = 0,A4333(z) =0, Ve, 4,j,ke{l,2}.
Bending and Stretching subspaces

L2, 4= {u € Lz(Q;R3), u(S(x)) = —Su(m)},
thretch = {u € L2(Q;R3)7 u(S(x)) = SU(ZE)},

where S(z) = Sroa(z) := (—x1, —22,23)7 in the case of rod, and
S(x) = Spiate(®) := (x1, 72, —23)" in the case of plate.

Invariant subspaces

Under the assumption on additional material symmetries, the spaces L%, ., and
L}..q are invariant for Aj. The spectrum of order h? is contained in O’(Ah|L§

).
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© Heterogeneous media in high contrast - metamaterials?




Heterogeneous media, mild contrast, scalar case

Small parameter (period of material oscillations) € > 0 .

Periodically oscillating heterogeneous material

o Material properties stored in A.(z) € R4*%.
o Ac(z) = A(D).
e A is Y-periodic on R?, Y = [0, 1]%.
The matrix A is symmetric and Ja, 8 > 0, such that:
al¢* < A(@)é-€ < B¢, Va,£eRY
Elliptic operator:
u = —div (A (z D(A.) c H'(Q).




Homogenisation in mild contrast

Heterogeneous problem

Q < R? bounded, 3¢ > 0, cl¢|> < A(y)€ - €, A Y-periodic.

f A(z/e)Vu. - Vodr = f fepdz, Ype Hy(Q), fe—fu L*(Q).
Q Q

A wish of engineers and numerics people?

Homogenised problem

f APV - Vpdz = f fodz, Yoe HH(Q).
Q Q
Abomg o L AW)E + Vywe(w)] -7, fy A@W)[E + Vywe ()] - Vyu(y) = 0.

Homogenised elliptic operator:

Au = — div (Ahomvu) . D(A) = HX(Q) n Hy(9).




Qualitative method by two-scale convergence

Definition

A bounded sequence (uc) < L?(92) weakly "two-scale" converges to
uw(z,y) e LA(Q xY) if

lim | ue(z)p(z,z/e)dy = JQ fy uw(z,y)p(z,y)dedy, e CE(QCL(Y)).

e—0 Q

Theorem (Two-scale compactness in L?)

Every bounded sequence in L?(f2) possesses a weakly two-scale convergent
subsequence.

Definition

A bounded sequence (u.) c L*() strongly "two-scale" converges to
u(z,y) e L2(Q x Y) if

tim [ we@)oe @y = | | uev)ota,)dudy,

e—0 Q

for all weakly "two-scale" convergent . =~ € L*(Q2xY).
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Homogenisation in mild contrast

Heterogeneous problem

Q < R? bounded, 3¢ > 0, c|¢|* < A(y)¢ - €, A Y-periodic.

J A(z/e)Vu. - Vodr = f feodz, Ype Hy(Q), fo—fuL*(Q).
Q Q

Every bounded sequence u. u H"'(Q) possesses a subsequence such that:

te—u(x), Vaue(z)2>Vu() + Vyo(z,y), Yoe L2(Q;HL(Y)).

Homogenised problem

J APy Vpdr = J fodr, Yo e Hy(Q).
Q Q

AMTE = L A(Y)[€ + Vywe(y)] - n, L A€ + Vywe(y)] - Vyo(y) = 0.




Resolvent and spectral convergence (Zhikov, Pastukhova)

Definition

Sequence of nonneg. selfadj. (A.) operators on H.. A nonneg. selfadj. operator
on a closed subspace Hy of H. P : H — Hy orthogonal projection.
The sequence (A:) converges to A in the sense of strong resolvent convergence, if

YA>0, (AetN) " f =% A+NPE VL f =% feH

Zhikov and Pastukhova: Convergence in variable Hilbert spaces - for example in
the sense of two-scale convergence.

Definition

The sequence of spectra o(A.) converges to the spectrum of A in the sense of
Hausdorff, if:

e VA€ o(A) exists a sequence A € o(A:) such that A — .
e If \c € 0(Ac) and Ac — A, then X € o(A).

The first one is the consequence of strong resolvent convergence. The second
needs a bit more work.




Quantitative results in the homogenisation of elliptic PDE

Quantitative results are given with the norm-resolvent estimates
(Birman, Suslina 2001., 2005., 2006., ...):

I(Ae + )7 — (A + [)_1||L2(Rd)~>L2(Rd) < Ce,
[(Ac + 1) ™" = (A+ )" — eReore (€) | L2 ey 11 me) < CE,
[(Ae + D)7 = (A + D7 = eReore (€) | L2 ey > 12 me) < CE%,

Cherednichenko, Velci¢ (2021. thin heterogeneous plates in mild contrast)
These quantitative results immediately yield spectral convergence.




High-contrast materials

Figure: Depiction of a material with high-contrast inclusions

shf Pre

e Tensor of material coefficients:

_/SJ:‘F ”Jlb.f, A( ) _ Astiff (y)7 Yy € Ystiff’
y 52 Asoft (y), Yy € Y;oft-

Mantg

o Agift, Asort uniformly positive definite.
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Homogenisation in high contrast

Heterogeneous problem

Qc R4 bounded, A (y) = €2Xsoft (y)Asoft (y) + Xstiﬂ(y)Astiﬁ (y)

f Ao (z/e)Vue - Vodr = f fepdr, Vpe HE(Q), fe i\f uL2(Q xY).
Q Q

Let u. = H'(Q) such that both u. and eVu. are bounded in L?(Q). Then (on a
subsequence):

ue Zu(e,y), eVue(e) 2 Vyu(z,y), we L3 HL(Y)).
Homogenised problem

f APy . Vopdz :f f f@ y)p(z)dz, Ve e Hs(Q).
Q Q JYeifr

A(y)Vyuo(,9) - Vyé(z, y)dyde = j f (@, v)E(e, v)dyde,  VE.
Q JYo¢p Q JYor¢

ahomg. = |

Ystiff

AW)E+Vyue) n [ AGE+Vyue()]- Tyo(s) =
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Two-scale limit operator and spectral characterisation

Micro and Macro operators

-Amacro «—> J Ahomvu . V‘Pd% D(Amacro) < H(:% (Q)

Q
Aumier f f AW)Vyto(z,y) - Vyb(@, y)dydz, D(Amiero) < LX(Q; X),
Q

Ysoft

X ={pe Hy(Y), ¢=0on Yeua}
Self-adjoint, nonnegative operator A defined through bilinear form:

f ARGy Vidz + j f AW)Vyuo(z,y) - Vot (. y)dydz,
Q QJY.

soft

D(A) € Hy(Q) + L (4 X) =V

o(A) = o(Amicro) U {A >0, B(}) € o(Amacro)} ,
0 A2C2
B =r+ ), ==

m=1

> \ Wm € U(Amicro)-
o, —




Limit operator

Equivalent formulations of Au = A\u

{ AsreemeUnpere = B(A)umacro

AmicroUmicro = )\(umacro iz umicro) Umacro # 0
macroUmacro = A(umacro aF <umicro>) = or
U = Umicro T Umacro <Umicro> = Umacro = 0
microWmicro = AUmicro
By
/s
p
”
/4
/n
>
L )
A Y * U) w“ “{ cen




To sum up

Let operators (A.), A be nonneg. selfadj. operators related to mild-contrast
homogenisation/high-contrast homogenisation. Then we have both the strong
resolvent convergence of the operators and Hausdorff convergence of spectra.




Remarks

- . ’ -

Vector version of Zhikov's beta function

BO) =T+ ), %<@>®<@>

¢ 3C>0st YA>0
B'NEE > ClEf?, VEeR?.

e The set of all A > 0 for which the generalised eigenvalue problem is solvable is
countable.

Scaling of frequencies

Studying (A + o)~ ' <= Studying dyu + Au = f
=i
Studying (%A + al) < Studying nonu + Au = f

The inertia term 70 u is equivalent to dz;u with £ = \/nt.




© Elastic heterogeneous plates in high contrast
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Heterogeneous thin elastic plate model

Ae, - i= —divy (Aeh(:—;, 22) sym Vh~) . D(A.,) c Hy, (),

€ Asuinr (y) Y € Youimr
h — ’ b
4 (y) B { 52 ASO“ (y)7 Yy e }/soft-

e Simultaneous homogenisation and dimension reduction
(both parameters €, h — 0)

23




Goals

24

To plug the dimension reduction and homogenisation of thin plates in the
abstract setting of operator theory (as much as possible)

To identify phenomena that come from dimension reduction, phenomena that
come from high-contrast homogenisation, and phenomena that come from the
interaction of these two settings

To give a systematic overview of models of heterogeneous thin plates in various
interesting regimes

To answer some important questions (What happens with the spectrum? What
are the properties of evolution equations?)




Systematic overview of properties

Time scale Standard time scale: t € [0, T] Long time scale: ¢ = ,17 e [0, %
-1 -
The resolvent of unscaled operator (A, + o) The resolvent of scaled operator (5 A., +al)
The level of contrast Unscaled spectrum o(A.,) Scaled spectrum o (5 A-, )

High contrast
Hey, = 5h2

Very high contrast
te, = en’h?
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First theorem on resolvent convergence - real time scale

Let A, , be an operator of linear elasticity on the thin plate with oscillating material coefficients in
high contrast. Then we have strong resolvent convergence:

Aeh — A,

where A is the operator associated with the problem:
Find (a,b)" € H)_ (w;R?) x L*(w), & € L*(w; Hgo (I X Yeote; RY)), such that:

Amacro(av b) + )\(Cl, b) + )‘<ﬁ> = <f>7
Amicro (%) + A(a, b) + A = f,

and we have Apacro(a, b) = Amacro(a, 0).




Second theorem on resolvent convergence - Long time scale

Let A., be an operator of linear elasticity on the thin plate with oscillating material coefficients in
high contrast. Then we have strong resolvent convergence:

1

h72A5h — A,

where A is the operator associated with the problem:

Find a € H)_(w;R?), b€ H2 (w), @€ L?(w; Ho(I X Yeors; R?)), such that:
Ag’;acrob + Ab = Mbend<f>,
a=a"+af,
Amicro'& = .f




Third theorem on resolvent convergence - Long time scale |l.

Let A., be an operator of linear elasticity on the thin plate with oscillating material coefficients in
VERY high contrast. Then we have strong resolvent convergence:

1

ﬁAsh, - A

where A is the operator associated with the problem:

Find a € H,lyD (w;R?), b e H,%D (w), e L*(w; Hyo(I X Yaors; R®)) such that
Anmacrob + Ab + i) = (fa),
a=a’,

Amicrot + A(0,0,0)T + A& = f.




Systematic overview of properties

Time scale

The level of contrast

Standard time scale: t € [0, 7]
The resolvent of unscaled operator (A., +al)™"
Unscaled spectrum o(A:,)

Long time scale: © = 7% € [0, %]
The resolvent of scaled operator (77A., + 0(1)"
Scaled spectrum o(75.A-),)

High contrast
ey = €n”

o Limit resolvent problem exhibits metamaterial
properties - is coupled through the spectral
parameter.

o "bending" deformations are contained in the
kernel of the effective operator.

o Limit resolvent problem does not exhibit
metamaterial properties.

.

The spectral parameter appears only with
"bending" deformations."

"bending" and "stretching" deformations are
coupled through nonlocal operator. The
coupling can be removed with additional
assumptions on material symmetries.

Very high contrast No limit. o Limit resolvent problem exhibits metamaterial
fey, = en’h properties.
* The spectral parameter appears only with
"bending" deformations and the "micro"
deformations. "
29




Spectral approximation theorems

Theorem

The sequence of spectra O’(h_erh) = {h72X", k725", ...} converges in the sense of
Hausdorff to the set cr(.A" ) = {A1, A2, ...}. Moreover,

macro

R2Xh - X,, h—0, VneN.

Theorem

Under the additional assumptions on material symmetries, the sequence of spectra A., |2
stretch
converges in the sense of Hausdorff to the set:

0(A) = 0(Amicro) U {\ > 0: The problem (1) has a nontrivial solution .}.

Generalised eigenvalue problem: Find A > 0 and 0 # a € H'lm (w,R?) such that:

Astretch a= 5Stretch ()\) a. (1)

macro

Theorem

In the case of VERY high contrast, the sequence of spectra O'(h_2A5h) converges in the sense of
Hausdorff to the set:

o(A) = o(Amicro) U {\ > 0: gbend()) € (AL )}

macro




Systematic overview of properties

Time scale

The level of contrast

Standard time scale: t € [0, 7]
The resolvent of unscaled operator (A., +al)™"
Unscaled spectrum o(A:,)

Long time scale: © = 7% € [0, %]
The resolvent of scaled operator (77A., + 0(1)"
Scaled spectrum o(75.A-),)

High contrast
ey = €n”

Limit resolvent problem exhibits metamaterial
properties.

"bending" deformations are contained in the
kernel of the effective operator.

The spectrum is polluted.

"'stretching" spectrum has band-gap structure
with infinite number of accummulation points.

o Limit resolvent problem does not exhibit
metamaterial properties.

The spectral parameter appears only with
"bending" deformations."

"bending" and "stretching" deformations are
coupled through nonlocal operator. The
coupling can be removed with additional
assumptions on material symmetries.

e The spectrum converges to the spectrum of
nonlocal operator (compact resolvent)..

Very high contrast
te, = en’h?

No limit.

o Limit resolvent problem exhibits metamaterial
properties.

* The spectral parameter appears only with
"bending" deformations and the "micro"
deformations. "

® The spectrum has band-gap structure with
infinite number of accummulation points.
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Effective hyperbolic evolution

Real time scale with high contrast

Ot ((a,0) T + ) (t) + A((a,0) T +a)(t) = PF(2),

((a,0)" +@)(0) = wo(z,y),  ((a,0)" +4@)(0) = Pua(z,y).

Long time scale with high contrast

afth(t) + quacrob(t) = Mbend (f(t))7
b(0) = bo € H2 (w),  8:b(0) = b1 € L*(w),

Cl(t) = ab(t) + af*(t)v Aoo’&(t,i‘, ) = (f*(t7 :%7 ')7O)T'

Long time scale with very high contrast

2:((0,0,6) T + @) (t) + .A((0,0,6) " + @) (t) = P£(2),
((0,0,6)" + @) (0) = uo(z,y), 2:((0,0,6)" +4)(0) = Pui(z,y).




Systematic overview of properties

Time scale

The level of contrast

Standard time scale: ¢ € [0, 7]
The resolvent of unscaled operator (A., +al)™"
Unscaled spectrum o(A.,)

Long time scale: £

The resolvent of scaled operator (77.A-, + al)
Scaled spectrum o(75 A, )

High contrast
Hey, = 6/12

Limit resolvent problem exhibits metamaterial
properties.

"bending" deformations are contained in the
kernel of the effective operator.

The spectrum is polluted.

o "stretching" spectrum has band-gap structure

with infinite number of accummulation points.

* Memory effects are present in the evolution

ormations do not show elastic

resistance to motion

Limit resolvent problem does not exhibit
metamaterial properties.

The spectral parameter appears only with
"bending" deformations."

"bending" and "stretching" deformations are
coupled through nonlocal operator. The
coupling can be removed with additional
assumptions on material symmetries.

The spectrum converges to the spectrum of
nonlocal operator (compact resolvent)..

evolution of the "

Standard hype bending"

deformations. Evolution of the ching"

component is partially quasistatic

Very high contrast
ey = €n’h?

No limit.

Limit resolvent problem exhibits metamaterial
properties.

The spectral parameter appears only with
"bending" deformations and the "micro"
deformations. "

.

The spectrum has band-gap structure with
infinite number of accummulation points.

e Memory s are present in the evolution
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Other ratios of € and h

® h « € - similar phenomenology to h ~ ¢.

e h » ¢ - inclusions behave like little elastic rods - loss of compactness of
normalized eigenfunctions - spectral pollution

34




o
The end

Thank you for attention!
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