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Recent progress in quantitative analysis of multiscale media

CUWB-I: 29.05.23 - 02.06.23



Formulation of the problem
Weak formulation and energy estimates

Existence and regularity of a solution
Asymptotic analysis

Fluid domain

Gin
¶

Gout
¶

Ge
¶

Gb
¶

W
¶

= H0, LL ´ H0, ¶L
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Fluid flow

ρf ∂tu
ε − µ△u

ε +∇pε = g
ε in Ωε × (0,Tε)

div uε = 0 in Ωε × (0,Tε)

u
ε = 0 on Γb × (0,Tε)

v ε = 0, pε = 0 on Γεin × (0,Tε)
v ε = 0, pε = Aε(t) on Γεout × (0,Tε)

u
ε(·, 0) = 0 in Ωε

uε = 0, v ε = ∂th
ε on Γεe × (0,Tε)
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Plate equations

n⃗·σε
f |y=ε n⃗ = −ρsb∂

2
t h

ε−B∂4
xh

ε+Mbγ∂2
xh

ε+f ε on Γεe×(0,Tε)

hε(0, ·) = ∂xh
ε(0, ·) = 0 in (0,Tε)

hε(L, ·) = ∂xh
ε(L, ·) = 0 in (0,Tε)

hε(·, 0) = ∂th
ε(·, 0) = 0 in (0, L)

Assumption:

lim
ε→0

(ε · B(ε)) = B0 ∈ (0,+∞)

lim
ε→0

(ε ·M(ε)b(ε)γ(ε)) = M0 ∈ [0,+∞)
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Variational formulation

−ρf

∫ Tε

0

∫
Ωε

u⃗ε · ∂tφ dxdydt + 2µ

∫ Tε

0

∫
Ωε

e(uε) : e(φ) dxdydt+

+Mbγ

∫ Tε

0

∫
Γεe

∂xφ2∂xh
ε dxdt + B

∫ Tε

0

∫
Γεe

∂2
xφ2∂

2
xh

ε dxdt−

−ρsb

∫ Tε

0

∫
Γεe

∂tφ2∂th
ε dxdt =

∫ Tε

0

∫
Γεe

φ2f
ε dxdt+

+

∫ Tε

0

∫
Ωε

φ · g ε dxdydt −
∫ Tε

0

∫
Γεout

Aεφ1 dydt
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Time rescaling

t̃ = ωεt, t̃ ∈ (0,T )

Aε(t) = A(ωεt) = A(t̃)

f ε(·, t) = f (·, ωεt) = f (·, t̃)

g
ε(x , y , t) = g(x ,

y

ε
, ωεt) = g(x ,

y

ε
, t̃)

∂t(·) = ωε∂t̃(·)

v ε = ωε∂th
ε on Γεe
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Test function φ = u

2µ

∫
Ωε

e(uε) : e(uε) dxdy + ωε d

dt

(
ρf
2

∫
Ωε

u
ε · uε dxdy +

+
Mbγ

2

∫ L

0
|∂xhε|2 dx +

B

2

∫ L

0

∣∣∂2
xh

ε
∣∣2 dx + (ωε)2

ρsb

2

∫ L

0
|∂thε|2 dx

)
=

= −
∫ ε

0
Auε(L, ·, t)dy +

∫ L

0
fv ε(·, ε, t) dx +

∫
Ωε

g
ε · uε dxdy
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∥A∥2H = ∥A∥2L∞(0,T ) +

∫ T

0

∣∣A′(τ)
∣∣2 dτ

∥f ∥2H = ∥f ∥2L∞(0,T ;L2(0,L)) +

∫ T

0
∥∂t f (τ)∥2L2(0,L) dτ
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A priori estimates

µ

2
∥∇u

ε∥2L2(Ωε×(0,T ))4 +
Bωε

4
∥∂xxhε∥2L∞(0,T ;L2(0,L)) ≤

≤
(
ωεL5

6B
∥A∥2H +

ωεL4

2B
∥f ∥2H +

+
ε3

2Lµ
∥A∥2L2(0,T ) +

ε3

2µ
∥g∥2L2(Ω×(0,T ))2

)
eT

ωε =
ε2

µ
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Existence and regularity of a solution

Theorem

If the given functions f , g , A belong to spaces H1(0,T ; L2(0, L)),
H1(0,T ; L2(Ω)) and H1(0,T ) respectively, than for every ε > 0
there is unique weak solution of the problem such that

u
ε ∈ H1(0,T ;H1(Ωε)) ∩ C 1([0,T ]; L2(Ωε)),

hε ∈ H2(0,T ; L2(0, L)) ∩ H1(0,T ;H2
0 (0, L)),

pε ∈ L2(0,T ; L2(Ωε)).

.
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Rescaled functions

Let us introduce the following sequence of functions defined on a
fixed domain Ω = Ω1

u(ε)(x , y) = u
ε(x , εy),

p(ε)(x , y) = pε(x , εy).

Every rescaled function satisfies

∥u(ε)∥2L2(Ω) = ε−1 ∥uε∥2L2(Ωε)
,

∥∂xu(ε)∥2L2(Ω) = ε−1 ∥∂xuε∥2L2(Ωε)
,

∥∂yu(ε)∥2L2(Ω) = ε ∥∂yuε∥2L2(Ωε)
.
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Estimates

1

ε
∥∂yu(ε)∥2L2(Ω×(0,T ))2 + ε ∥∂xu(ε)∥2L2(Ω×(0,T ))2 +

+ε ∥∂xxhε∥2L∞(0,T ;L2(0,L)) ≤ Cε3

∥p(ε)∥L2(Ω×(0,T )) ≤ C

∥∂xp(ε)∥H−1((0,L)×(0,T )) +
1

ε
∥∂yp(ε)∥H−1((0,L)×(0,T )) ≤ C
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Asymptotic expansions

u(ε) =
ε2

µ

∑
k≥0

εkuk , u
k = (uk , vk)

p(ε) =
∑
k≥0

εkpk

hε = ε
∑
k≥0

εkhk
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Effective equations

v0 = 0

∂xu + ∂yv = 0 in Ω× (0,T )

∂yyu = ∂xp − g1 in Ω× (0,T )

p = p(x , t)

−p = −B0∂
4
xh +M0∂

2
xh + f on Γe × (0,T )

v = ∂th on Γe × (0,T )
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Initial-boundary conditions

(u, v) = 0 on Γb × (0,T )

u = 0 on Γe × (0,T )

p = 0 on Γin × (0,T )

p = A on Γout × (0,T )

h(0, ·) = ∂xh(0, ·) = 0 in (0,T )

h(L, ·) = ∂xh(L, ·) = 0 in (0,T )

h(·, 0) = 0 in (0, L)
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Effective equation

∂th(x , t) =
1

12
∂xxp(x , t)−

∫ 1

0

1

2
ξ(1− ξ)∂xg1(x , ξ, t) dξ

−p = −B0∂
4
xh +M0∂

2
xh + f on Γe × (0,T )

−12∂th− 6

∫ 1

0
ξ(1− ξ)∂xg1(x , ξ, t) dξ = −B0∂

6
xh+M0∂

4
xh+ ∂2

x f

(
−B0∂

4
xh +M0∂

2
xh + f

)∣∣
x=0

= 0(
−B0∂

4
xh +M0∂

2
xh + f

)∣∣
x=L

= −A
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Convergence results

U =
{
φ ∈ L2(Ω) : ∂yφ ∈ L2(Ω)

}
∥φ∥U = ∥φ∥L2(Ω) + ∥∂yφ∥L2(Ω)

µ

ε2
u(ε) ⇀ u = (u, v) weakly in L2(0,T ;U)

p(ε) ⇀ p weakly in L2(Ω× (0,T ))

hε

ε

∗
⇀ h weak ∗ in L∞(0,T ;H2

0 (0, L))
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Limit (cluster point) properties

v = 0

∂th + ∂x

∫ 1

0
u(x , y , t) dy = 0 in the sense of distributions

∂th
ε

ε
⇀ ∂th weakly in L2(0,T ;H−1(0, L))

∂yp = 0

u = 0 on Γb ∪ Γe × (0,T )

h(0, ·) = ∂xh(0, ·) = h(L, ·) = ∂xh(L, ·) = 0 in (0,T )

h(·, 0) = 0 in (0, L)
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Weak formulation of the limiting problem

∫ T

0

∫
Ω
∂yu ∂yφ1 dxdydt +M0

∫ T

0

∫
Γe

∂xφ2∂xh dxdt+

+B0

∫ T

0

∫
Γe

∂2
xφ2∂

2
xh dxdt−

∫ T

0

∫
Γe

φ2f dxdt−
∫ T

0

∫
Ω
p divφ dxdydt =

=

∫ T

0

∫
Ω
φ1g1 dxdydt −

∫ T

0

∫
Γout

A(t)φ1 dydt
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Assumptions

f ∈ H2(0,T ; L2(0, L)) ∩ L2(0,T ;H2(0, L))

g = (g1, g2) ∈ H1(0,T ; L2(Ω)2)

g1 ∈ L2(0,T ;H1(Ω))

A ∈ H2(0,T )

f (x , 0) +
A(0)x

L
= 0

A(0)

L
− g1(x , 0) = 0, g2(x , 0) = 0

G (x , t) =

∫ 1

0
y(1− y)∂xg1 dy

Andrijana Ćurković The interaction between a thin fluid layer and an elastic plate



Theorem

Under the above assumptions there exists unique solution

h ∈ H1(0,T ;H2
0 (0, L)) ∩ L2(0,T ;H6(0, L))

of the initial-boundary-value problem

12∂th − B0∂
6
xh +M0∂

4
xh = −6G − ∂2

x f ,

h(0, ·) = h′(0, ·) = h(L, ·) = h′(L, ·) = 0,

B0∂
4
xh(0, ·)−M0∂

2
xh(0, ·) = f (0, ·),

B0∂
4
xh(L, ·)−M0∂

2
xh(L, ·) = f (L, ·) + A,

h(·, 0) = 0.

Every convergent subsequence of solutions of the rescaled problem
converges weakly, as ε → 0, to this unique solution.



Thank you for your attention!
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