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Introduction
Problem of interest

• dynamics of a micro-fluidic channel

• geometric assumption: H/L� 1
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Introduction
Motivation

• wide application area:
◦ micro-fluidic chips and soft actuators,
◦ blood flow in capillaries,
◦ oil flow in long elastic pipes,
◦ . . .

Figure: Zhang et. al. Lab Chip 20 (2020), 2572.
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Introduction
Problem description

x

z

Ωη(t)

η(x, t)

0 L

nη(x, t)

ex

ez

fluid - structure interaction (FSI) system:

%f (∂tv + (v · ∇)v)− div σf (v, p) = f , Ωη(t)× (0,∞) ,

div v = 0 , Ωη(t)× (0,∞) ,

%sb∂ttη − µsb ∂2
x∂tη +B∂4

xη = −Jησf (v, p)nη · ez , ω × (0,∞) ,

v(x, η(x, t), t) = (0, ∂tη(x, t)) , ω × (0,∞) ,

v(x, 0, t) = 0 , ω × (0,∞) .

fluid stress tensor:

σf (v, p) = 2µf D(v)− pI2 , D(v) =
1

2
(∇v + (∇v)T ) .
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Introduction
Nondimensionalization

non-dimensional variables:

(x̂, ẑ) =
1

L
(x, z) , v̂ =

1

V
v , p̂ =

p

P
, t̂ =

t

T
, η̂ =

η

L

pressure and time scale: P =
µfV

L
, T =

L

V
neglecting hats:

Re (∂tv + (v · ∇)v)−∆v +∇p = f , Ωη(t)× (0,∞) ,

div v = 0 , Ωη(t)× (0,∞) ,

ρ∂ttη − δ∂2
x∂tη + β∂4

xη = −Jησf (v, p)nη · ez , ω × (0,∞) ,

v(x, η(x, t), t) = (0, ∂tη(x, t)) , ω × (0,∞) ,

v(x, 0, t) = 0 , ω × (0,∞) ,

where:

Re =
%fV L

µf
, ρ =

%sbV

µf
, δ =

µsb

µfL
, β =

B

L2µfV
.
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Introduction
Scaling assumptions

scaling parameter — relative fluid thickness:

ε =
H

L
� 1

• system coefficients:

Re ∼ O(1) , ρ =
%sb

%fL
Re ∼ O(ε) , δ =

µsb

µfL
∼ O(ε−r) , r ∈ [1, 3]

β =
Eb3

12(1− ν2)L2µfV
∼ O(ε−1)

• time scaling t̂ = ε2t

• ‖f‖L∞(0,∞;L∞(Ωη(t);R2)) ≤ C
• initial displacement: η0 ∼ O(ε)
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Introduction
Formal lubrication approximation

lubrication approximation in fluid channel:

−∂zzv1 + ∂xp = 0 ,

∂zp = 0 ,

∂xv1 + ∂zv2 = 0 .

Reynolds equation for the pressure: [Bayada and Chambat 1986, Bayada, Chambat

and Ciuperca 1998]

−∂x
(
h3∂xp

)
= −∂th

h – rescaled height of the fluid film

pressure balanced by:

• surface tension: p ∼ −hxx [Giacomelli and Otto 2003, Günther and Prokert 2008]

∂th = −∂x
(
h3hxxx

)
• structure bending: p ∼ hxxxx [Hosoi and Mahadevan 2004, Hewitt et al 2014, Peng

and Lister 2020 . . . ]

∂th = ∂x
(
h3hxxxxx

)
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Outline of the rest

• briefly on some related results from the literature

• existence of solutions

• uniform estimates

• identification of the reduced model

• further perspectives
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Reduced models
Related results for thin FSI problems

• thin fluid channel (2D) with visco-elastic wall (1D):
◦ fixed fluid domain (linear case):

∂th = ∂6
xh+ l.o.t.

h – scaled vertical displacement

[Panasenko and Stavre 2006, Ćurković and Marušić-Paloka 2018]

• thin fluid channel (3D) with membrane wall (2D):
◦ fixed cylindrical domain (linear model): [Čanić and Mikelić 2003]

• thin fluid – thin structure interaction (3D-3D):
◦ fixed domain (linear model): [B. and Muha 2021]

∂th−B∆3
2dh = F .

◦ fixed cylindrical domain (linear model): [Panasenko and Stavre 2020]
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Energy estimate
Formal calculations

v and η classical solutions: for every t ∈ (0, T )

1

2
‖v(t)‖2L2(Ωη(t)) + 2

∫ t

0

∫
Ωη(s)

|D(∇v)|2dxds+
ρ

2
‖∂tη(t)‖2L2(ω)

+ δ

∫ t

0

‖∂t∂xη‖2L2(ω)ds+
β

2
‖∂2
xη‖2L2(ω) ≤

β

2
‖∂2
xη0‖2L2(ω) +

∫ t

0

∫
Ωη(s)

f · v dxds

estimating the force term:

• ∣∣∣∣∣
∫ t

0

∫
Ωη(s)

f · v dxds

∣∣∣∣∣ ≤ C vol(Ωη0)

∫ t

0

‖η‖2L∞(ω)ds+

∫ t

0

‖D(v)‖2L2(Ωη(s))ds

• C vol(Ωη0)

∫ t

0

‖η‖2L∞(ω)ds ≤ C vol(Ωη0)

(∫ t

0

‖∂2
xη‖2L2(ω) + η2

0t

)
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Solutions
Weak solutions

solution spaces: given time horizon T > 0
• fluid solution space

VF (0, T ; Ωη(t)) = L∞(0, T ;L2(Ωη(t))) ∩ L2(0, T ;VF (t)) ,

where VF (t) =
{
v ∈ H1(Ωη(t)) : div v = 0, v|z=0 = 0, v is 1− periodic in x

}
;

• structure solution space

VS(0, T ;ω) = W 1,∞(0, T ;L2(ω)) ∩ L∞(0, T ;H2
per(ω)) ∩H1(0, T ;H1(ω)) .

Definition
(v, η) ∈ VF (0, T ; Ωη(t))× VS(0, T ;ω) is a weak solution of the FSI problem if for
every (ϕ, ψ) ∈ C1

c ([0, T );VF (t)×H2
per(ω)) satisfying

ϕ(t, x, η(t, x′)) = ∂tψ(t, x)ez it holds

−
∫ T

0

∫
Ωη(t)

(v · ∂tϕ+ (v · ∇)ϕ · v) dxdt+ 2

∫ T

0

∫
Ωη(t)

D(v) : ∇ϕdxdt

−ρ
∫ T

0

∫
ω

∂tη∂tψ dxdt+ δ

∫ T

0

∫
ω

∂x∂tη∂xψ dxdt+ β

∫ T

0

∫
ω

∂2
xη∂

2
xψ dxdt

=

∫ T

0

∫
Ωη(t)

f ·ϕ dxdt .
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Solutions
Strong solutions

existence of weak solutions [Chambolle, Desjardins, Esteban and Grandmont 2005;

Muha and Čanić 2013]:
• there exists T > 0 and a weak solution on (0, T );
• moreover, either T =∞ or limt↑T minx∈ω η(x, t) = 0.

Theorem ([Grandmond and Hillairet, ARMA 2016])

Let (η0, η̇0) ∈ H3
per(ω)×H1

per(ω) and v0 ∈ VF (0). Then for every T > 0 there
exists a unique global-in-time strong solution (v, p, η) of the FSI problem in the
sense that (v, p, η) satisfy the FSI system pointwise a.e. Moreover, (v, p, η) are of
the following regularity:

η ∈ H2(0, T ;L2
per(ω)) ∩ L2(0, T ;H4

per(ω)) ,

η−1 ∈ L∞(0, T ;L∞(ω)) ,

v ∈ H1(0, T ;H1(Ωη(t))) ∩ L2(0, T ;H2(Ωη(t))) ,

p ∈ L2(0, T ;H1(Ωη(t))) .

Theorem ([Schwarzacher and Sroczinski, SIMA 2022])

The strong solution is unique in the class of weak solutions.
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Energy estimate revisited
and rescaled

consider FSI(ε) problem + initial data: η0 = εη̂0, η̇0 = 0, v0 = 0

ε2∂tv
ε + (vε · ∇)vε −∆vε +∇pε = fε , Ωη(t)× (0,∞) ,

div vε = 0 , Ωη(t)× (0,∞) ,

ρε5∂ttη
ε − δε2−r∂2

x∂tη
ε + βε−1∂4

xη
ε = −Jη

ε

σf (vε, pε)nη
ε

· ez , ω × (0,∞) ,

vε(x, ηε(x, t), t) = (0, ε2∂tη
ε(x, t)) , ω × (0,∞) ,

rescaled energy estimate: for a.e. t ∈ (0, T )

1

2
‖vε(t)‖2L2(Ωη(t)) +

ε−2

2

∫ t

0

∫
Ωη(s)

|∇vε|2dxds

+
ρε5

2
‖∂tηε(t)‖2L2(ω) + δε2−r

∫ t

0

‖∂t∂xηε‖2L2(ω)ds+
β

2ε
‖∂2
xη
ε‖2L∞(0,t;L2(ω)) ≤ Cε .
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Uniform estimates
on structure displacements

energy estimate:

• ‖ηε‖L∞(0,T ;H2(ω)) ≤ Cε,

uniform no-contact:

• ηε(x, t)

ε
≥ c for a.e. (x, t) ∈ ω × (0, T ),

◦ test functions: ψ = ∂2
xη
ε, ϕ = (−∂zζε, ∂xζε), where ζε = ∂xηεχ

(
z
ηε

)
◦ uniform estimate

∥∥∥∥ 1

ηε

∥∥∥∥
L∞(0,T ;L1(ω))

≤
C

ε
◦ ”distance” estimate∥∥∥∥ εηε

∥∥∥∥
L∞(0,T ;L∞(ω))

≤ Dmin

(∥∥∥∥ εηε
∥∥∥∥
L∞(0,T ;L1(ω))

,

∥∥∥∥ηεε
∥∥∥∥
L∞(0,T ;H2(ω))

)
• ‖∂tηε‖L2(0,T ;H−1(ω)) ≤ Cε ,
• Aubin-Lions lemma implies

ηε

ε
→ h in C0([0, T ];C1(ω))
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Uniform estimates
on fluid velocity and pressure

change of spatial variables:

(
x̂
ŷ

)
=

(
x
z

ηε(t, x)

)
, ∇εη =


∂x̂ − ŷ

∂x̂η
ε

ηε
∂ŷ

1

ηε
∂ŷ


transformed fluid velocity v̂ε(x̂, ŷ, t) = vε(x, z, t) satisfies∫ T

0

∫
Ω

|v̂ε|2η̂ε dx̂ds ≤ Cε2

∫ T

0

∫
Ω

|∇εηv̂ε|2η̂ε dx̂ds ≤ Cε4 ,

which eventually yields
v̂ε

ε2
⇀ v in L2(0, T ;L2(Ω)) (on a subsequence as ε ↓ 0)

pressure estimate:
‖pε‖H−1(0,T ;H−1(Ω)) ≤ C
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Reduced model
Limit bending model

rescaled FSI(ε) problem involving the pressure term:

−ε3

∫ T

0

∫
Ω

vε · ∂tϕ ηεdxdt+ ε3

∫ T

0

∫
Ω

(vε · ∇η)vε ·ϕ ηεdxdt

+ 2ε

∫ T

0

∫
Ω

Dη(vε) : Dη(ϕ) ηεdxdt− 1

ε

∫ T

0

∫
Ω

pε(∇η ·ϕ) ηεdxdt

−ε4ρ

∫ T

0

∫
ω

∂tη
ε∂tψ dxdt− δε1−r

∫ T

0

∫
ω

∂t∂xη
ε∂xψ dxdt+

β

ε2

∫ T

0

∫ L

0

∂2
xη
ε∂2
xψ dxdt

=
1

ε

∫ T

0

∫
Ω

fε ·ϕ ηεdxdt

examination of limits as ε ↓ 0:

•
∫ T

0

∫
Ω

p ∂yφ2 dxdt = 0 ,

• χ{r=3}δ

∫ T

0

∫
ω

h∂t∂
2
xψ dxdt+ β

∫ T

0

∫
ω

∂2
xh∂

2
xψ dxdt =

∫ T

0

∫
ω

pψ dxdt ,

• ∂yv2 = 0 ,

•
∫ T

0

∫
Ω

1

h
∂yv1∂yϕ1 dxdt−

∫ T

0

∫
Ω

(ph ∂xϕ1 +p∂xhϕ1)dxdt =

∫ T

0

∫
Ω

hf1φ1 dxdt
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Reduced model
Reynolds type equation

rescaled divergence-free equation:

0 = −
∫ T

0

∫
Ω

(
vε1∂xϕ−

∂xη
ε

ηε
vε1ϕ

)
dxdt+

∫ T

0

∫
ω

∂tη
ε

ηε
ϕ dxdt ,

on the limit as ε ↓ 0 and ψ = ϕ/ηε

−
∫ T

0

∫
Ω

hv1∂xψ dxdt−
∫ T

0

∫
ω

h∂tψ dxdt = 0 .

since formally

v1(x, y, t) =
1

2
y(y − 1)h2(x, t)∂xp(x, t) + h2(x, t)F1(x, y, t) ,

where F1 satisfies −∂2
yF1 = f1, the Reynolds type equation appears∫ T

0

∫
ω

h3

(
1

12
∂xp− Φ

)
∂xψ dxdt−

∫ T

0

∫
ω

h∂tψ dxdt = 0 ,

where Φ =
∫ 1

0
F1dy.

16



Reduced model
Reynolds type equation

rescaled divergence-free equation:

0 = −
∫ T

0

∫
Ω

(
vε1∂xϕ−

∂xη
ε

ηε
vε1ϕ

)
dxdt+

∫ T

0

∫
ω

∂tη
ε

ηε
ϕ dxdt ,

on the limit as ε ↓ 0 and ψ = ϕ/ηε

−
∫ T

0

∫
Ω

hv1∂xψ dxdt−
∫ T

0

∫
ω

h∂tψ dxdt = 0 .

since formally

v1(x, y, t) =
1

2
y(y − 1)h2(x, t)∂xp(x, t) + h2(x, t)F1(x, y, t) ,

where F1 satisfies −∂2
yF1 = f1, the Reynolds type equation appears∫ T

0

∫
ω

h3

(
1

12
∂xp− Φ

)
∂xψ dxdt−

∫ T

0

∫
ω

h∂tψ dxdt = 0 ,

where Φ =
∫ 1

0
F1dy.
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Reduced model
A single evolution equation

Theorem ([B. and Muha, Nonlinearity 2022])

Let (vε, pε, ηε) be global strong solutions to FSI(ε) problem. Then it holds:

ε−2vε ⇀ (v1, 0) weakly in L2(0, T ;L2(Ω)) ,

pε ⇀ p weakly in H−1(0, T ;L2(Ω)) ,

ε−1ηε → h strongly in C0([0, T ];C1(ω)) ,

where (h, p) satisfy: ∫ T

0

∫
ω

h3

(
1

12
∂xp− Φ

)
∂xψ dxdt =

∫ T

0

∫
ω

h∂tψ dxdt ,

χ{r=3}δ

∫ T

0

∫
ω

h∂t∂
2
xψ dxdt+ β

∫ T

0

∫
ω

∂2
xh∂

2
xψ dxdt =

∫ T

0

∫
ω

pψ dxdt .

Moreover, h is unique positive classical solution of

∂th = ∂x

(
h3∂x

(
β

12
∂4
xh− χ{r=3}

δ

12
∂t∂

2
xh− Φ

))
.
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Future perspectives

• error estimates for approximate solutions

ηε = εh ,

pε = β∂4
xh− χ{r=3}δ∂t∂

2
xh ,

vε1 =
ε2

2
y(y − 1)h2∂xpε + ε2h2F , vε2 = 0 ,

• Navier slip boundary conditions

(v(x, η(x, t), t)− (0, ∂tη(x, t))) · nη = 0 , ω × (0,∞) ,

v(x, 0, t) · ez = 0 , ω × (0,∞) ,

(2µf D(v) · nη + γηv) (x, η(x, t), t) · τ η = 0 , ω × (0,∞) ,

(2µf D(v) · ez + γ0v) (x, 0, t) · ex = 0 , ω × (0,∞) .

18



Future perspectives

• error estimates for approximate solutions

ηε = εh ,

pε = β∂4
xh− χ{r=3}δ∂t∂

2
xh ,

vε1 =
ε2

2
y(y − 1)h2∂xpε + ε2h2F , vε2 = 0 ,

• Navier slip boundary conditions

(v(x, η(x, t), t)− (0, ∂tη(x, t))) · nη = 0 , ω × (0,∞) ,

v(x, 0, t) · ez = 0 , ω × (0,∞) ,

(2µf D(v) · nη + γηv) (x, η(x, t), t) · τ η = 0 , ω × (0,∞) ,

(2µf D(v) · ez + γ0v) (x, 0, t) · ex = 0 , ω × (0,∞) .

18


