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Introduction

Problem of interest

e dynamics of a micro-fluidic channel

—
— L

e geometric assumption: H/L < 1




Introduction

Motivation

e wide application area:

o micro-fluidic chips and soft actuators,
o blood flow in capillaries,

o oil flow in long elastic pipes,

[¢]

Micro/nanofibre

Microfluidic
chip

Figure: Zhang et. al. Lab Chip 20 (2020), 2572.




Introduction

Problem description

fluid - structure interaction (FSI) system:
07 (B + (v~ V)0) —divoy (8,) = £, Q(t) x (0,00),
dive =0, Q,(t) % (0,00),
05601 — psb 020:m + Bdan = —J"of(v,p)n” -e., w x (0,00),
v(z,n(z,t),t) = (0,0 (x,t)), wx(0,00),
v(z,0,t) =0, wx (0,00).

fluid stress tensor:

(Vo + (Vo)7).

N | =

of(v,p) = 2us D(v) —pl2,  D(v) =




Introduction

Nondimensionalization

non-dimensional variables:

s 5y = L b=ty s-P 1t L_0m
(xvz)_L(xvz)v v_vvv p_Pv t_T7 U—L
. L
pressure and time scale: P = % , T = v
neglecting hats:
Re(Qww+ (v-V)v) —Av+Vp=F, Qu(t) x (0,00),
dive =0, Qu(t) x (0,00),
pOun — 80301 + Bogn = —J"op(v,p)n” -e., wx (0,00),

v(z,n(z,t),t) = (0,0n(x,t)), w x (0,00),
v(z,0,t) =0, w x (0,00),

where:
usb . B
’ O L2uy Vo

L s
_ oV 7 p:QbV7 5=

Re
ty 1y pyL




Introduction

Scaling assumptions

scaling parameter — relative fluid thickness:

€_E<<1
L

e system coefficients:

Re ~ O(1), ngibReNO(s)7 5:'u—sb

orL prL
Eb? 1
b= ma—myz,y ~ o)

o time scaling £ = &%t

* 1 Fllzoe 0,000 (2 (0m2)) < C
e initial displacement: ny ~ O(¢)

~0(E™), rell,s




Introduction

Formal lubrication approximation

lubrication approximation in fluid channel:

_8221]1 + 33317 = 07
0:p=0,
Ozv1 + 0,v2 =0.
Reynolds equation for the pressure: [Bayada and Chambat 1986, Bayada, Chambat

and Ciuperca 1998]
~0x (K*0up) = —0¢h

h — rescaled height of the fluid film




Introduction

Formal lubrication approximation

lubrication approximation in fluid channel:

_8221]1 + 33317 = 07
0:p=0,
Ozv1 + 0,v2 =0.
Reynolds equation for the pressure: [Bayada and Chambat 1986, Bayada, Chambat

and Ciuperca 1998]

~0x (K*0up) = —0¢h
h — rescaled height of the fluid film
pressure balanced by:

e surface tension: p ~ —hg, [Giacomelli and Otto 2003, Giinther and Prokert 2008]
Oh = =0y (W’ hoa)

e structure bending: p ~ hgger [Hosoi and Mahadevan 2004, Hewitt et al 2014, Peng
and Lister 2020 .. .]
Ah = 9s (W haswes)




Outline of the rest

briefly on some related results from the literature
e existence of solutions
e uniform estimates

o identification of the reduced model

further perspectives




Reduced models
Related results for thin FSI problems

e thin fluid channel (2D) with visco-elastic wall (1D):
o fixed fluid domain (linear case):

dth = 8%h + Lo.t.

h — scaled vertical displacement

[Panasenko and Stavre 2006, Curkovié and Marugi¢-Paloka 2018]

e thin fluid channel (3D) with membrane wall (2D):
o fixed cylindrical domain (linear model): [Cani¢ and Mikeli¢ 2003]

e thin fluid — thin structure interaction (3D-3D):
o fixed domain (linear model): [B. and Muha 2021]

dh — BAS h = F.

o fixed cylindrical domain (linear model): [Panasenko and Stavre 2020]




Energy estimate

Formal calculations

v and 7 classical solutions: for every t € (0,7T)

1 £ P
SO0, +2 [ [ ()\D(Vv>|2dmds+5natn<t>uia<w>
TIS

+6 / 19602y cls + D102y < D1102m0]35(0) + / / £ - vdads




Energy estimate

Formal calculations

v and 7 classical solutions: for every t € (0,7T)
HMO1 v f | D(Vv)*dads + 21 0m(®)];
B L2(Qy (1)) ( ) o NPT L2 (w)
TI S
+5 [ 100nls s + D101 < Slotmtac + / f v dads

estimating the force term:

t t
£ vdads| < Cvol(Qy) / 712 o 0y ds + / ID(0)22 0, (o ds
(0] 0

Qp(s)

t t
.« Cvol@,) [ un||ioo<w>dsscvol(mo>( / \Iainl\iz(w>+ﬁ3t)
0 0




Solutions

Weak solutions

solution spaces: given time horizon T" > 0
e fluid solution space

VF(O T;Q(t)) = L*(0, T L*(24(1))) N L*(0,T; Vi (¢)) ,

where Vi (t) = {v € H1 (,(t)) : divv =0, v|;—0 =0, v is 1 — periodic in z};
® structure SOIUthn space

Vs(0,T;w) = WH(0,T; L (w)) N L=(0,T; Hyer(w)) N H'(0,T; H' () -
Definition
(v,m) € Vr(0,T;Q,(t)) x Vs(0,T;w) is a weak solution of the FSI problem if for

every (p,v) € C’Cl([ ,T); Ve(t) x ngr(w)) satisfying
p(t,z,n(t,z")) = dp(t, x)e, it holds

T
—// (v-Op+(v-V)p- v)dmdt+2// (v) : Vepdadt
0 J,(t) Qp(t)
T
—p/ /8tnat¢dwdt+§/ /8r6tn8m1/)dxdt+,6/ /aﬁnaiwdxdt
0 w 0 w 0 w
T
:// f-epdxdt.
0 JQ,(t)




Solutions

Strong solutions

existence of weak solutions [Chambolle, Desjardins, Esteban and Grandmont 2005;
Muha and Canié¢ 2013]:

o there exists 7" > 0 and a weak solution on (0,T);

e moreover, either T' = oo or limyr mingez n(x,t) = 0.




Solutions

Strong solutions

existence of weak solutions [Chambolle, Desjardins, Esteban and Grandmont 2005;
Muha and Canié¢ 2013]:

o there exists 7" > 0 and a weak solution on (0,T);
e moreover, either T' = oo or limyr mingez n(x,t) = 0.
Theorem ([Grandmond and Hillairet, ARMA 2016])
Let (n0,70) € Hior(w) X Hper(w) and vo € Vir(0). Then for every T > 0 there
exists a unique global-in-time strong solution (v, p,n) of the FSI problem in the
sense that (v, p,n) satisfy the FSI system pointwise a.e. Moreover, (v,p,n) are of
the following regularity:
n € H?(0,T; Lie(w)) N L*(0, T; Hyer () ,
n~ e L=(0,T; L™ (w)),
v e H'(0,T; H' (2u(t) N L*(0,T; H*(2(1)))
p € L0, T; H' (2(1))).

Theorem ([Schwarzacher and Sroczinski, SIMA 2022])

The strong solution is unique in the class of weak solutions.

11




Energy estimate revisited

and rescaled

consider FSI(e) problem + initial data: 7o = efjo, 170 =0, vo =0

20" 4 (v° - V)v° — Av" +Vp" = F°,  Q,(t) x (0,00),
dive® =0, Q,(t) x (0,00),
pe20un® — 627 TO20m" + Be Oy = —J"Ezrf('vg,pE)n"E ce,, wx(0,00),
v (z, 1% (z,1),t) = (0,°0n° (2,1)), w x (0,00),




Energy estimate revisited

and rescaled

consider FSI(e) problem + initial data: 7o = efjo, 170 =0, vo =0

200" + (v° - Vv — Av° +Vp© = f°,  Q,(t) x (0,00),
dive® =0, Q,(t) x (0,00),

pe® B — 0> 020" + Be AT = — T op (v, p7 )N ce.,  wx (0,00),
'UE(QZ,’I}E(QZ7 t)7t) = (O,azatns(m,t)), w X (07 OO) )

rescaled energy estimate: for a.e. t € (0,7

1 ) 2t ,
5”'0 ONz2@, @) + -5 /O/Q " |Vo®|*dzds
n

5 t
5 —r B
+7p2 ||5’t775(t)\|2L2<w) + 6¢? / ||at3z775||%2(w)d5 + ?€||ains|‘%w(0,t;L2(w)) <Ce.
0




Uniform estimates

on structure displacements

energy estimate:

o [[n°]lLoe0,msH2 () < Cé,




Uniform estimates

on structure displacements

energy estimate:

o [[n°]lLoe0,msH2 () < Cé,
uniform no-contact:
n°(z,t)
o L2 >¢ forae. (z,t) € wx (0,7),
€
o test functions: ¥ = 821°, @ = (—8,(%,0:C¢), where ¢ = dznx (W—ZE)

<¢

L (0,T;L (w) €

7775
o "distance” estimate

: S Dmin
L (0,T;L° (w))

o uniform estimate

£

775

775
n® B

L°°(0,T;H2(w)))

Loo (0,751 (w))




Uniform estimates

on structure displacements

energy estimate:

o [[n°]lLoe0,msH2 () < Cé,
uniform no-contact:
n°(z,t)
o L2 >¢ forae. (z,t) € wx (0,7),
€
o test functions: ¥ = 821°, @ = (—8,(%,0:C¢), where ¢ = dznx (W—ZE)

<¢

L (0,T;L (w) €

7775
o "distance” estimate

: S Dmin
L (0,T;L° (w))

7
* 1on° 20,7351 (w)) < Ce,
e Aubin-Lions lemma implies

o uniform estimate

£

775
n® B

L°°(0,T;H2(w)))

Loo (0,751 (w))

%6 Shoin C°(0,T); CM(@))




Uniform estimates

on fluid velocity and pressure

change of spatial variables:

0 — 1= g,
4 z Yy e (]
') = z . Ve =
Y 775(75,27) iaA
Y
/'76

transformed fluid velocity (&, 9,t) = v°(z, 2, t) satisfies

T
o 129° dids < Ce? VoS 2T dids < Ce?,
0 Q "

which eventually ylelds — — v in L*(0,T; L*(2)) (on a subsequence as & | 0)
e?




Uniform estimates

on fluid velocity and pressure

change of spatial variables:

T ne
|
775(75,27) iaﬁ

transformed fluid velocity (&, 9,t) = v°(z, 2, t) satisfies

T
o 129° dids < Ce? VoS 2T dids < Ce?,
0 Q "

which eventually ylelds — — v in L*(0,T; L*(2)) (on a subsequence as & | 0)
e?

VRS
< &

pressure estimate:
HPE”Hfl(o,T;H*l(Q)) <C




Reduced model
Limit bending model

rescaled FSI(g) problem involving the pressure term:

T
—63/ / - Orpndadt + &3 / / ¢ pnSdedt
-‘1-26// ndwdt—f// (Vy - p)n°dedt
T
754p/ /amfatwdxdtfasl”/ /at 1] 8zzpdxdt+—/ / 02nf 024 dzdt
0 Jw 0
:f/ /fgwpngdwdt
€Jo Ja




Reduced model
Limit bending model

rescaled FSI(g) problem involving the pressure term:

T
—63/ / - Orpndadt + &3 / / ¢ pnSdedt
-‘1-26// ndwdt—f// (Vy - p)n°dedt
T

754;)/ /amfatwdxdtfasl”/ /at 1] 8zwdxdt+—/ / 02nf 024 dzdt

0 Jw 0
:f/ /fgwpngdwdt

€Jo Ja

examination of limits as € | 0:

T
0//p8y¢2da:dt:0,
0 Q
T T T
. X{ng,}a/ /h@taiwdxdt+ﬂ/ /aihaiwdxdt:/ /pwdxdt,
0 w 0 w 0 w

° 8yv2:0,

T T T
o / / %8%]18%,01 dwdt—/ / (ph aggtp1 +p81h @1)da}dt = / / hfl (151 dxdt
0 Q 0 Q 0 JQ




Reduced model
Reynolds type equation

rescaled divergence-free equation:

T £
A

on the limit as € | 0 and ¢ = ¢/n°

T T
—/ /hvlazwdmdt—/ /hatwda:dtzo.
0 JQ 0 Jw




Reduced model
Reynolds type equation

rescaled divergence-free equation:

T £
A

on the limit as € | 0 and ¢ = ¢/n°

T T
—/ /hvlazwdmdt—/ /hatwda:dtzo.
0 JQ 0 Jw

1
U1 (JZ‘, Y, t) = §y(y - 1)h2(x,t)8xp(x,t) + hQ(I,t)Fl (JJ, Y, t) s

since formally

where F) satisfies —8§F1 = f1, the Reynolds type equation appears

T ; 1 T
/ / K3 (Eaxp — @) Ogtp dzdt — / / hoypdadt =0,
0 Jw 0 Jw

where & = fol Fidy.
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Reduced model

A single evolution equation

Theorem ([B. and Muha, Nonlinearity 2022])
Let (v®,p%,n°) be global strong solutions to FSI(c) problem. Then it holds:

e %v° — (v1,0) weakly in L*(0,T; L*(Q)),
p° —p weakly in H ' (0,T; L*(2))
e~ 'n® = h strongly in C° ([0, T]; C* (w))

T 1 T
/ /h3 <Eazp7 <1>) Dpt) dadt :/ /h&ﬂ/)dmdt,
0 w 0 w

T T T
Xh:g}(s/ /hataﬁwdxdwrﬁ/ /aﬁmﬁ«pmm:/ /pz/)dxdt.
0 w 0 w 0 w

Moreover, h is unique positive classical solution of

)
)

where (h,p) satisfy:

_ o, (L ain — 0 5.62h —
Oth = 0, (h 8x<128zh Xir=a} 150 02h @)).




Future perspectives

e error estimates for approximate solutions
n° =¢h,

p° = BOzh — X(r=5}80,0;h,
2
vi = %y(y - 1)h281p5 +2R*F, vi=0,




Future perspectives

e error estimates for approximate solutions
n° =¢h,

® = BOrh — X{r=3)80: 031,
2
Vi = %y(y — 1)h%8.p° +2h*F, v5=0,

)
Il

e Navier slip boundary conditions

(v(z,n(z,t),t) — (0,0n(z, 1)) - n" =0, wx
v(z,0,t)-e. =0, wXx

(2005 D() -1 +7,0) (2,02, 8),8) - 77 =0, w x
(2uy D(v) - e +vov) (z,0,t) e, =0, wX




