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Inflow from K Cherednichenko's Lecture

r solutions that can beconceived as waxes m e id x
ut

IS now k onlymakessense in discretevariable

a what's the fwy of a plane wave
Inhomogeneous mediaalwayspossetsopsin

II Lengthscale wavelength onpar with theperiod
near origin usual homogenization ee
extremecoefficients rescale and yin

retain thebandgapshame

4 x Lk xiii

2 now diffbelycadresdep on E e
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Overview
Schidinger or elliptic spectralproblem in Rs

E EnergyA w th w

eigenvalueofSc.hropT th Tu t wrk u 0

Periodic V T r satisfy Kx Yj VG

forthree independentvectors Y 42,43

FXIÉ pit
Floquet Bloch quasi periodic fields

uh g E.lyZjuIFiut
k k k k quasimomentum Blochwavevector

zj
et's eigenvalues of the shiftsbyng

Hperiodic G HSj E SjH m H commutes w shifts

H Sj are simultaneouslydiagonalizable
H is decomposed on simultaneouseigenstatesofHands

Dispersionfunction Dlt E O E Fu Hu Eu Sju zju

Bchtyarine
B Z E e le e Dez E of

Fermi variety I z e et Dez E O














































































































Exampled
Discretegraphene
model A y uh Italy te that e

extendedperiodically

Now let u be suchthat

Fief ult te Z uh

ante anti

2 An En
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it till0

I Z t Zz

det II It 0

DIE ta E EZ Hatta Itzitzi

E 3 2 ask coskit coskika

itConical Dirac É E 1 It elk teil
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1 Crider continuous discrete and in between

In Rd H 7 i A t V

ye electricpotential so electricfield E 711

A magneticpotential so magneticfluxfld B TxA

Quantummechanical stateSpace ECR

H is the generatorof the timedynamics

ikday Hy 4EUR'S

Idea of Fourier spectral analysis The harmonic solutions act

as a sortof basis for all solutions

yet 410 é't E Wh

Hy EX spectralproblemforH

Dischridiner operator in Id tightbindingapproximation

A V u n 2ducal t Eggen Va un

Harpermodel fr discretemagnet Schrodingeroperator
A magneticpotentialassigns ofled to an orientededge e ly ya

play pain In 22 let an dennee

and bn flu nt er
biting noChina

e 1,0
ezICO I I














































































































Apu n Yun emulate té un e tebnulntedteibaln.es

Special case of constant magneticfield B perpendicular to the lattice
Take an 0 but nib

Fix thrusquare is É É
Apu n hun t acute t un e t e Puente einBuen e

Notice that this operatorhasperiod I in na but not necessarily
in n If B 2tfqE 2 0 then AB hasperiod of in n

If BE RHQ then AB is quasiperiodic in n

Schrodingeroperators onmetricgraphs quantumgraphs

II.ggg.yg
date da ins't v

kex conditions fordomain C He

Eet'd af x

2 thefloquettraus frut Gelfandtransform z transform

FourierTransform warto the shift translation group2d

Zdqt slatmdygIgpmameasurespareCX.B
o

n x to x th f notationforshiftgroupaction


































































Ereaction f x ex 2d X n to x th is injective

te orbits look like 2d
Preserves u translationalsymmetrygroup

f se B f ne2d u Stu NLS

Fundamentaldomain W setof one representativepointperorbit

Uniquerepresentationof x ex
x y th yew ne 2d

Pointof view yeW is the localvariable

at2d is thegalvariable

Exampled X 22 with the countingmeasure theactionof Id is
just the additionwithin2d ti

o o a a o s

is supported
on thevertices

I a a o

Exampted X It

ikke



and a parametric

Iggyooo i
go

a

00 aid has two vertices

i t
ooo

00

deduction functions

let 2 act freely an X preserving the measurer
For a function f X Y and n e79

n f x f x ta

when Y is a Hilbert space H Id branes a

toy guff operators on E X H

Characters weights and Floquetmodes

The dualgroup of 2d is thegroupof characters of 2d
i.e all homomorphismsfrom 2d to et A character

q 29 tisdetwm.TO numbers

pleis ti so the dual of 2d is identifiedwith E



For Z Cz za E Ct the associated character is

4 24 E n as zh III
z z za is the weightvector

Zi ta are the weights or Floquetmultipliers

The unitarycharacters have 1 1 1 It j
Hd z e et A I Fj

The Raison d e'tre of characters They are

all the eigenfunctions of the Id action on J 299

n f m dz mtn flu dz m zhgem

and the weights Ej are the eigenvaluesof theactionf tej
These eigenfunctions can be extended to FIX e

Given f N Cl fan on afundamentaldomain

For x e X write x yt n fyeW ne 2d

f x flyth 4z n fly znfly
Eigenspace for weight z e ad



Ez f X 30 fath Ifa AxeX Ynet

These are the Floquet Blochmodes or

quasi periodic or pseudoperiodic functions

If ZE Td light t j then it is a

Blockmode Put

Ze elk n z elk

So f X th f x elkin fix eilkin
t t kind

23 Bloch wave

with quasi momentum or wavevector k Ck ka

Let Elza be a distinguished Floquetmode

ECE S E Ez
so that each f e Ey can be written as

f x I G Elz x IE E

where I is the periodic factor of f



ExampleslandI Take Elz y 1 for ye W

so Elz yt n I eikon

E For XE Rd put x ItXiv
The exponential function

Elz x z zed eilkin't thx

interpolates the character of across all orbits

Exampled For a metric graph take an embedding

into 2d and restrict the Elz x to the graph



Fez x Eflxth E ZE H XE X
i.e Ftz Each f Atn I
Rasondetre IG xtn Z Flt x ie

FCK E Ez

and fix flax dices di Efd
on the toast

It F file x dkn.dk

Isaf S Ice de g
d'd

23 Fourier inversion formula

decomposition of suitable f into eigenfunctions

of the unitary 2d action



Unitarily U ft I is an E isometric isomorphism

U x ECT ECW ECT W

Note

ftX L ZdLow ECW di

Since left x 1 1 for ZET I I is unitaryso

I EX SECH 24124 LCH LINK

is also unitary the usual Fourier transform

3DPeriodicoperator
An operator A in L x is dperiodic if it
commutes with the translational symmetrygroup2d

Aln f n At

The Floquet Bloch theoremsays that A is

decomposed or block diagonalized by the Floquet
transform i.e F operators Ala in Lw sth



At E ALIFE

ie Af x JAG IG x din
Id

Decomposable Operates Reed Simon Vol N

Direct integralof identical Hilbert spaces H over M A

H H'du CCM H I Lcm e EH

f e It is of the firm f f m dm

A bounded decomposable operator in H is defined through

a direct integral of operators

A FACE E ELM 2174s

M

by Af Alm f mlof
M



Eundamental Theorm on DecomposableOperators

An operator A in H Fa'd is decomposable if
M

and only if A commutes with all decomposable

operators of the form ppm I Jen where be ECM e

This can be extended to abound operators by
applying it to the resolvent E A The

details are technical and can be found inReedSimon

Proof that periodic operators are decomposable on Id

Suppose A commutes with 2d acting in x

Formertransform is unitary

it LEX SEEN a dit

A IA ti commutes with it I it
For ne Id

I n I ff z I dy fffe I digdk



By completenessof elkSneyd on Id

A commutes with all scalar multiplier operators

Jack ka I die died

By the FundamentalTheorem A is decomposable

F GACH di

Proof of DecompositionTheorem

C faintdu a If going Faintlykilof

Mainlandin tofu Giesey findfolksof
121

Sps A commutes with all operators
f I e ICMLCH's

whee ft I ME

Define Acm LCH by Army ACA th f te24

Then forall fe L Mia 4EH

Alf 4 A FI 14 FI A 114 f A114



So LACEY m flu Any Acm fay

Since A coincides with filmder on the dense subset

of H consistingof elements of the form flu
we obti

A Ether 11

DecompositionofSpectrum

Let A Sittang

Then TCA myrealms

For a periodicoperator A

real EM
EE RACK DLK E O
EEAAJFDLHESOfrsmehctd

EY.IEand stature
DIK Ej K 0

where Ej k are implicitly
defined energyus momentum

functions PKuchment2016



In graphene example there are just two bands

0 I elk tell
Eyck eigenvaluesof tekteika O

For ADE and metric graphs there are infinitely
many band functions

Elks jeN
Stfu

4733Let pillax be a'Iligenstate correspondingto Eyck

For any fe EX

Ilk x II ajfkldj.lk x
F x Iya k pills x died

Spyalpofpix dicky p LkE By

Af x SpaECp alp pep a dickies



Densityofstates

DoS at energy E S IOElockhall dick
IE

Fix E ofenergyE

it

Wannier States

A state formed by a single spectral band FFix j
Wh Sy4jCk x dick

Shifts wht u Spiking k x dick n t2d

27 wt tu l need are dense in HJ
9

projectiontojthband



Questionabout Wanner states Are theyexponentially
localized See Mencia 1983 Kuchment20091

timereversalsymmetry isolatedband

exponential decay

ACIrtreducibility of the Fermi or Blochvarieties

If a factorization holds

DIZ E D G E RG E

where D D are polynomial resp analytic

in Z then the Fermi variety I is reducible

EI LIEU IIE
If D D are polynomial analytic meromorphic

in E also the the Block varietyis reducible

Ba Ba v B
A



Consequence of Cir reducibility Ikuchmentlvainbergtook

Solve A E u f with
f compact support
ne EA
E E TCA

If such u exists then a local forcingwill

produce a non radiating response at an energy
within the radiation continuum

NOT typically possible on physical grounds

Quantumgraph case Act is a Laurentpolynomial

if it has finiterange

AG E IG FG

Irreducible acts EEIIIE.tnIIs at

IaenTda is polynomial u compactupport

ten
I IÉÉIEI

I is rational we L but not compact support



Multilayeredgraphene quantumgraph

AA stacked AB stacked

f
RealBlochsurface

AREpacked
twolayers Multiplestacking

The Fermivariety
is reducible

DIZ E DG E DGE
I I

i
Dirac points

No Diracpoints
because the two
connectingedges
are different

Fisher Li Shipman CommMathPhys20211



MMagneticoperators

Discretemagnetic Laplacian on 22

Harpermodel For n Chin e22

Au n ulnte tuen e t emBulnes temain e

If B HE A has periods I and q

If B 2 0 A is quasi periodic
it isnot periodic inn

Floquet transform ulna I Ila z

Alatalk z t Zi I tzzule.bz z t É n eBz za

I
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