G5 Geometry
Problem sheet on Chern-Weil theory

1. Let E, E’ be complex vector bundles on M. Deduce from the Chern-Weil definition that

(a) cx(E) are real cohomology classes,
(b) ci(E @ E') = c1(E) + e (E),
(¢c) ci(det E) = c1(E).

2. The action of SU(2) on C? induces an action by bundle isomorphisms on the tautological line

bundle O(—1) over CP'. Show that there is a unique SU(2)-invariant connection on O(—1),
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and that its curvature equals % of the volume form of the standard round metric (W

the stereographic chart z — (1:2) € CP!). Deduce that

/ e1(O(-1)) = -1,
cp?

3. Recall that R[\,...,\,]%", the ring of symmetric polynomials in n variable with coefficients
in a ring R, equals the free polynomial algebra R[o1, ..., 0,], where the elementatry symmetric
polynomials oy are defined by

(t=X)--(t=Ay) = t"—t"Loy + -+ (=1)"0,.
Let Pgr(n) denote the ring of GL(n)-invariant polynomials Mat,, »,(C) — C, and
det(t —m) = t" —t"" 'S (m) + - + (=1)"Z,(m).
for m € Maty, x,(C). Show that
r:Parm) — ClA, .., Anl,
P — P(diag(A1,...,\n))
is injective, with r(¥x) = 0. Deduce that Pgr,n) = C[E4, ..., X,].

4. Show that the direct sum of TCP™ with a trivial line bundle on CP™ is isomorphic to the direct
sum of n + 1 copies of O(—1). Compute the Chern classes of CP™.

5. Let E, E’ be real vector bundles over M
(a) Show that copy1(Ec) =0 for all k.
(b) Show that px(F @& E') = Zf:o pi(E)pk—i(E").

6. For m € Skew,R, let w(m) = Y-, ;mize’ Ae/ € A*(R*™)*. Let Pf : Skews,R — R be the
homogeneous degree n polynomial such that

w(m)™ = Pf(m) e' A--- A e?™ € A2 (R?™)*.
Show that
(a) Pf(g"mg) = det(g)Pf(m) for any g € GL(2n,R).
(b) Pf(m)? = det(m).

7. (a) For ay,...,a, € R, let Block(ay, ..., a,) € Skews,R be the matrix with blocks (_) %)
along the diagonal. Show that

r: Po@n) — Rlar, ..., a],
P — P(Block(ai,...,ay))

is injective, with image Rla?,...,a2]%". Deduce that Po2n) = R[Sz, 84, . . ., Xap].
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(b) Show that Pso(gn) = R[EQ, Y4y, Yop—2, Pf]
(c) Show that Po2nt1) = Pson+1) = R[X2, B4, ..., Xop].

8. Let F be a complex vector bundle of rank n, and Eg the underlying real vector bundle of
rank 2n.

(a) Express pi(ER) in terms of the Chern classes of E.
(b) Show that e(ERr) = ¢ (E).

9. (a) Let E be a real vector bundle over M, and s € I'(E) a transverse section, i.e. if s vanishes
at p € M then the composition Dys : T,M — T,E = T,M © E, — E, is surjective.
Then X := s71(0) is a smooth submanifold. Show that the normal bundle of X in M is
isomorphic to the restriction F)x.

(b) Let s be a transverse holomorphic section of a holomorphic vector bundle E over a complex
manifold M. Then X := s71(0) is a complex submanifold of M. Show that the normal
bundle of X in M is isomorphic (as a complex vector bundle) to £ x.

(c) Let M be a complex manifold and X C M a complex submanifold. Let U; be an open
cover of M with holomorphic functions f; : U; — C such that X N U; = f;l(O)7 and f;
vanishes to order 1 along X. Let [X] be the holomorphic line bundle with trivialisations
over U; such that the transition function from U; to U; is multiplication by f—i Explain

why this is well-defined, and show that [X] has a global holomorphic section vanishing to
order 1 along X. (Then ¢1([X]) = e([X]) = (Poincaré dual to X) € H%(M)).

10. Let p : C**! — C be a homogeneous polynomial such that D.,p # 0 for all z € C" where
p(z) = 0. Describe the Chern classes of X := {p = 0} C CP", and calculate the Euler
characteristic x(X).

11. (a) For an open set U C C™ containing 0, let BloU := {(z,p) € C"* x CP""! : 2z € p}. For
a complex manifold M of dimension n and z € M, show that there is a manifold Bl, M
with a holomorphic map 7 : Bl,M — M such that E := 7~ !(z) = CP!, TBl, M\E 1S
a biholomorphism Bl,M \ E — M \ {z}, and E has a neighbourhood biholomorphic to
BlpA™.

(b) Show that Bl,M is diffeomorphic to M#(—CP™), the connected sum of M and CP" with

its orientation reversed.
(c) Show that H*(Bl,M) is a direct sum of 7*H* (M) and the subspace generated by ¢ ([E]),
.. 761([E])n_1.

(d) The canonical line bundle of M is the holomorphic line bundle Kj; := A™T* M. Show that
KBIPM 2Ky ® [E}@)(nil).
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