
G2 Geometry
Problem sheet on Chern-Weil theory

1. Let E, E′ be complex vector bundles on M . Deduce from the Chern-Weil definition that

(a) ck(E) are real cohomology classes,

(b) c1(E ⊗ E′) = c1(E) + c1(E′),

(c) c1(detE) = c1(E).

2. The action of SU(2) on C2 induces an action by bundle isomorphisms on the tautological line
bundle O(−1) over CP 1. Show that there is a unique SU(2)-invariant connection on O(−1),
and that its curvature equals i

2 of the volume form of the standard round metric ( 4|dz|2
(1+|z|2)2 in

the stereographic chart z 7→ (1:z) ∈ CP 1). Deduce that∫
CP 1

c1(O(−1)) = −1.

3. Recall that R[λ1, . . . , λn]Sn , the ring of symmetric polynomials in n variable with coefficients
in a ring R, equals the free polynomial algebra R[σ1, . . . , σn], where the elementatry symmetric
polynomials σk are defined by

(t− λ1) · · · (t− λn) = tn − tn−1σ1 + · · ·+ (−1)nσn.

Let PGL(n) denote the ring of GL(n)-invariant polynomials Matn×n(C)→ C, and

det(t−m) = tn − tn−1Σ1(m) + · · ·+ (−1)nΣn(m).

for m ∈ Matn×n(C). Show that

r :PGL(n) → C[λ1, . . . , λn],
P 7→ P (diag(λ1, . . . , λn))

is injective, with r(Σk) = σk. Deduce that PGL(n)
∼= C[Σ1, . . . ,Σn].

4. Show that the direct sum of TCPn with a trivial line bundle on CPn is isomorphic to the direct
sum of n+ 1 copies of O(−1). Compute the Chern classes of CPn.

5. Let E, E′ be real vector bundles over M

(a) Show that c2k+1(EC) = 0 for all k.

(b) Show that pk(E ⊕ E′) =
∑k

i=0 pi(E)pk−i(E′).

6. For m ∈ Skew2nR, let ω(m) =
∑

i<j mije
i ∧ ej ∈ Λ2(R2n)∗. Let Pf : Skew2nR → R be the

homogeneous degree n polynomial such that

ω(m)n = Pf(m) e1 ∧ · · · ∧ e2n ∈ Λ2n(R2n)∗.

Show that

(a) Pf(gTmg) = det(g)Pf(m) for any g ∈ GL(2n,R).

(b) Pf(m)2 = det(m).

7. (a) For a1, . . . , an ∈ R, let Block(a1, . . . , an) ∈ Skew2nR be the matrix with blocks
(

0 ak
−ak 0

)
along the diagonal. Show that

r : PO(2n) → R[a1, . . . , an],
P 7→ P (Block(a1, . . . , an))

is injective, with image R[a2
1, . . . , a

2
n]Sn . Deduce that PO(2n) = R[Σ2,Σ4, . . . ,Σ2n].

1



(b) Show that PSO(2n) = R[Σ2,Σ4, . . . ,Σ2n−2,Pf].

(c) Show that PO(2n+1) = PSO(2n+1) = R[Σ2,Σ4, . . . ,Σ2n].

8. Let E be a complex vector bundle of rank n, and ER the underlying real vector bundle of
rank 2n.

(a) Express pk(ER) in terms of the Chern classes of E.

(b) Show that e(ER) = cn(E).

9. (a) Let E be a real vector bundle over M , and s ∈ Γ(E) a transverse section, i.e. if s vanishes
at p ∈ M then the composition Dps : TpM → TpE ∼= TpM ⊕ Ep → Ep is surjective.
Then X := s−1(0) is a smooth submanifold. Show that the normal bundle of X in M is
isomorphic to the restriction E|X .

(b) Let s be a transverse holomorphic section of a holomorphic vector bundle E over a complex
manifold M . Then X := s−1(0) is a complex submanifold of M . Show that the normal
bundle of X in M is isomorphic (as a complex vector bundle) to E|X .

(c) Let M be a complex manifold and X ⊂ M a complex submanifold. Let Ui be an open
cover of M with holomorphic functions fi : Ui → C such that X ∩ Ui = f−1

i (0), and fi

vanishes to order 1 along X. Let [X] be the holomorphic line bundle with trivialisations
over Ui such that the transition function from Ui to Uj is multiplication by fj

fi
. Explain

why this is well-defined, and show that [X] has a global holomorphic section vanishing to
order 1 along X. (Then c1([X]) = e([X]) = (Poincaré dual to X) ∈ H2(M)).

10. Let p : Cn+1 → C be a homogeneous polynomial such that Dzp 6= 0 for all z ∈ Cn where
p(z) = 0. Describe the Chern classes of X := {p = 0} ⊂ CPn, and calculate the Euler
characteristic χ(X).

11. (a) For an open set U ⊂ Cn containing 0, let Bl0U := {(z, p) ∈ Cn × CPn−1 : z ∈ p}. For
a complex manifold M of dimension n and x ∈ M , show that there is a manifold BlxM
with a holomorphic map π : BlxM → M such that E := π−1(x) ∼= CP−1, π|BlxM\E is
a biholomorphism BlxM \ E → M \ {x}, and E has a neighbourhood biholomorphic to
Bl0∆n.

(b) Show that BlpM is diffeomorphic to M#(−CPn), the connected sum of M and CPn with
its orientation reversed.

(c) Show that H∗(BlpM) is a direct sum of π∗H∗(M) and the subspace generated by c1([E]),
. . . , c1([E])n−1.

(d) The canonical line bundle of M is the holomorphic line bundle KM := ΛnT ∗M . Show that
KBlpM

∼= π∗KM ⊗ [E]⊗(n−1).

Questions and corrections to j.nordstrom@bath.ac.uk.
November 3, 2014

2


