Differential Topology
Example Sheet 5

1. Let j : RP"~! — RP" be the inclusion of a hyperplane. Use the Mayer-Vietoris sequence for
H,.(—;Zs) to show j, : Hy(RP"';Zs) — H}(RP™;Zs) is an isomorphism for 0 < k <n — 1.

2. Let C, be a chain complex of free Z-modules with b;, = rk Hy(C.) finite. Show that Hy(C,; St) =
T x T(Hy_1(Cy)) (the first term is a torus, the second a torsion subgroup).

3. (a) Let G be a group order m acting freely on M, and let 7 : M — M/G be the quotient
map. For any abelian group A, show that the kernel of 7* : H*(M/G; A) — H*(M; A)
is contained in T,,,(H*(M/G; A)) and that the image contains mH*(M; A)“ (where —¢
denotes the G-invariant part).

(b) Show that the orientation-reversing involution (2 : 21 : 22 : 23) +— (=21 : Zo : —Z3 : Z2) of
CP? has no fixed points. Let M be the quotient, and X C M the image of the projective
line {z2 = z3 = 0}. Show that X = RP? and calculate H(M\X;Zs) and H*(M;Zs).
What is H, (M)?

4. (a) Let X be a cell complex with a single 0-cell, 2-cell and 4-cell, such that the attaching map
for the 4-cell is the composition of a degree 2 map S* — S3 with the Hopf map S% — S2.
Is X homotopy equivalent to a closed manifold?

(b) Let S® v S denote the one-point union of two copies of S3. Let p : S — 53V S3 be
the map that collapses an equator S? C S2 to the basepoint in S3 Vv S2. Let Y be a cell
complex with a single 0-cell, two 2-cells and one 4-cell, such that the attaching map for
the 4-cell is the composition of p with the map S Vv $2 — S% Vv S? whose restriction to
each half is the Hopf map. Is Y homotopy equivalent to a closed manifold?

(Hint: What is the image in Y of a B? in the 4-cell whose boundary is the equator collapsed
by the attaching map? What is its complement?)
5. Let @ C CP* be the hypersurface {(z : -+ : 24) : Z?:o z7 = 0}. Show that CP*\ Q ~ RP*,
and deduce that @ has the same Betti numbers as CP3. Is Q ~ CP3?

(Hint: Consider CP*\ @ as the image of {(2o,...,24) € C®: Z?:o z7 =1}.)

6. (a) Show that any antipode-preserving map f : S™ — S™ (i.e. f(—z) = —f(x) for all x € S™)
has odd degree.
(b) Deduce the Borsuk-Ulam theorem: for any smooth f : S™ — R™ there is some z € S™ such

that f(x) = f(—=x).

7. (a) Let p,q:RP" 1 x RP"! — RP""! be the projection maps, and ¢ € H(RP""1;Z,) the
generator. Show that (p*c+ ¢*c)® = 0 € H*(RP" ! x RP""1;Z,) if and only if n is a
power of 2.

(b) Deduce the Hopf theorem: the dimension of any division algebra over R (i.e. an algebra
where every non-zero element has a multiplicative inverse; the multiplication need not be
associative or commutative) is a power of 2.

(Remark: In fact the only possibilities are 1, 2, 4 and 8.)

8. Let M™ be a closed oriented manifold with fundamental class [M] € H,(M;Z). Let [a] €
H%(M;7Z) and [8] € H"~%"(M;Z) be torsion classes, i.e. k[a] = 0, m[3] = 0 for some k,m € N.
Then we can write ka = dy for some v € C*~1(M;Z). Let

o] V8] = £ (U B)[M] € Q/Z.

(a) Show that [o] V [#] is well-defined (independent of choice of representatives o € C*(M; Z)
and 3 € C"~*"1(M;Z), and of the choice of v), and that [3]V[a] = (—=1)*"~ 2tV [a] v [4].



9.

(b)

(a)

(b)

Show that the ‘torsion linking pairing’
T(H*(M;Z)) x T(H"™""(M;Z)) — Q/Z, ([a],[5]) = [a] V [£]
is non-degenerate.

Let M be a closed oriented manifold of dimension 4k — 1. Let £(M) denote the image of the
quadratic form T(H?*(M;7Z)) — Q/7Z, [a] — [a] V [a]. If N is a closed oriented manifold
of the same dimension and f : M — N, show that (deg f)¢(N) C ¢(M).

Let M be a closed orientable manifold of dimension 3. Show that if w1 (M) = Z,, for a prime
p such that —1 is not a quadratic residue mod p, then there is no orientation reversing
diffeomorphism f: M — M.

10. Let Ao < -+ < An.

(a)
(b)

Let f:CP" — R, (20: - : 2n) — > Nil2i]?/ > |2i]?. Show that f is a Morse function,
identify the critical points, and compute H*(CP™;Z).

Let f:RP" =R, (xg:---:xy,) — Y. Na?/ > x?. Show that f is a Morse function and
identify the critical points. Identify the gradient flow (with respect to the standard round
metric on RP™) lines between critical points of adjacent index, and compute H*(RP™; Zs).
(Hint: Lift f to a function on S™, and show that if f > A; then (gradf).ex has the same
sign as xy.)

Let My, My be smooth manifolds with boundary, and f : 9M; — dM, a diffeomorphism.
Given collar neighbourhoods of M;, define a smooth structure on MUy My = My U My /~,
where x1 ~ x9 if ©; € OM; and f(z1) = x2. Show that different choices of collar neigh-
bourhoods give rise to equivalent smooth structures.

Let f: S" ! — S"~! be a diffeomorphism. Show that B" Uy B" is homeomorphic to S™
(B™ C R™ is the closed unit ball, and S™"~! is its boundary). We call this a twisted sphere.
Show that if it is not diffeomorphic to S™, then f is not smoothly isotopic to idgn—1 (i.e.
there is no smooth homotopy Fy,t € [0,1] with Fy = idgn—1 and Fy = f, such that F} is a
diffeomorphism for each fixed ).

Persuade yourself that the (oriented) diffeomorphism classes of smooth n-dimensional ori-
ented manifolds homeomorphic to S™ form an Abelian monoid under connected sums, i.e.
the binary operation is associative, commutative and has an identity element. (Take for
granted that the connect-sum operation is well-defined on connected oriented manifolds.)
Show that the twisted spheres form a subgroup, i.e. the set is closed under connected sums
and inverses exist. How does the operation of reversing orientation act on this subgroup?
(Remark: For n > 5, any smooth closed n-manifold homotopy equivalent to S™ is a twisted
sphere.)
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