
Differential Topology

Assessed Coursework

Submit solutions (with cover sheet) by 4pm on Friday 24 February.

1. Let Mn be an oriented manifold without boundary. Let Xn−k ⊂ M be an oriented closed
submanifold (i.e. X is compact without boundary), and Y k ⊂ M an oriented submanifold
without boundary that is closed as a subspace of M (but not necessarily compact).

(a) Show that there is a unique element PD(Y ) ∈ Hn−k(M) such that
∫

Y
α =

∫
M
α∧PD(Y )

for any α ∈ Ωk
c (M) such that dα = 0.

(b) Show that there is a unique element PDc(X) ∈ Hk
c (M) such that

∫
X
α =

∫
M
α∧PDc(X)

for any α ∈ Ωn−k(M) such that dα = 0 (you may assume that the de Rham cohomol-
ogy of M is finite-dimensional). Show that the image of PDc(X) under the natural map
Hk

c (M) → Hk(M) is PD(X).

Recall that a real rank k vector bundle over X with total space E and projection map π :
E → X is defined by local trivialisations: every x ∈ X has a neighbourhood U ⊂ X with a
diffeomorphism ψU : π−1(U) → U ×R

k such that p1 ◦ψU = π (where p1 : U ×R
k is projection

to the first factor), and the transition functions ψV ◦ψ−1
U : (U ∩ V )×R

k → (U ∩ V )×R
k have

the form (y, v) 7→ (y, gUV (y)v) for some smooth map gUV : U ∩ V → GL(k,R).

Recall that X has a tubular neighbourhood T , i.e. a neighbourhood with a diffeomorphism
j : NX → T from the total space of the normal bundle of X in M , identifying X ⊂ T with the
zero section in NX .

(c) Let τ ∈ Ωk
c (NX) be a representative of the Poincaré dual of X in NX . Let F = π−1(x) be

a fibre in NX (note that F has a natural orientation, as it is the quotient TxM/TxX of
oriented vector spaces). Show that

∫
F
τ = 1, and that j∗τ = PDc(X).

(Hint: Consider
∫

π−1(U)
π∗ρ∧τ , for ρ ∈ Ωn−k(X) supported in a trivialising neighbourhood

U for NX near x.)

X and Y are said to intersect transversely if TxM = TxX ⊕ TxY for every x ∈ X ∩ Y . Let
ǫ(x) = 1 if the orientation of TxM agrees with that on the right hand side coming from the
orientations of Y and X. The intersection number of X with Y is

∑
x∈X∩Y ǫ(x), which is finite

since X ∩ Y is a discrete compact subset of X. (If k(n − k) is odd then ǫ(x), and hence the
intersection number, depends on the ordering of X and Y .)

(d) If X and Y intersect transversely, show that the intersection number of X with Y equals∫
M
PDc(X) ∧ PD(Y ).

(Hint: If the tubular neighbourhood T of X is thin enough, U is small trivialising neigh-
bourhood for NX near x ∈ X ∩Y , then the image of T ∩Y in U ×R

k is a graph over R
k.)

[7 marks]

2. (a) Identify sets of submanifolds of R
2\{0} whose Poincaré duals forms bases for H1(R2\{0})

andH1
c (R2\{0}) respectively. Is R

2\{0} diffeomorphic to the interior of a compact manifold
with boundary?

(b) Compute H1(R2\Z) and H1
c (R2\Z) (where Z is identified with {(n, 0) ∈ R

2 : n ∈ Z}). Is
R

2\Z diffeomorphic to the interior of a compact manifold with boundary?
(Hint: Consider Un = {(x, y) ∈ R

2\Z : |x− n| < 3
4}.)

[6 marks]
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3. Let M be a compact manifold and X ⊂ M a closed submanifold. Let U = M \ X, and let
i : U →M and j : X →M denote the inclusion maps.

(a) Show that j∗ : Ω∗(M) → Ω∗(X) is surjective. Let Ω∗(M,X) be its kernel, and H∗(M,X)
the cohomology of this cochain complex. Show that for any β ∈ Ωk(M,X) such that dβ = 0
on some tubular neighbourhood T of X, there is a γ ∈ Ωk−1

c (T ) such that the support
of β + dγ is contained in U . Deduce that the map H∗

c (U) → H∗(M,X) induced by the
chain map Ω∗

c(U) →֒ Ω∗(M,X) is injective. Prove that it is also surjective, and deduce
that there is a long exact sequence

0 → H0
c (U)

i∗→ H0(M)
j∗

→ H0(X) → H1
c (U) → · · ·

(b) Recall that a plane cubic curve E ⊂ CP 2 is diffeomorphic to T 2. Compute the Betti
numbers of U = CP 2 \ E. What is the image of H2

c (U) → H2(U)? (Hint : The Fubini-
Study form ω ∈ Ω2(CP 2) restricts to an orientation form on any complex curve.)

[7 marks]

Questions and corrections to j.nordstrom@imperial.ac.uk.
March 9, 2012
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