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ABSTRACT

The simplest particle-based mass-action models for Turing instability — i.e. those with only two component
species undergoing instantaneous interactions of at most two particles, with the smallest number of distinct
interactions - fall into a surprisingly small number of classes of reaction schemes. In previous work we have
computed this classification, with different schemes distinguished by the structure of the interactions. Within a
given class the reaction stoichiometry and rates remain as parameters that determine the linear and nonlinear
evolution of the system.

Adopting the usual weakly nonlinear scalings and analysis reveals that, under suitable choices of reaction
stoichiometry, and in nine of the 11 classes of minimal scheme exhibiting a spatially in-phase (“true activator-
inhibitor”) Turing instability, stable patterns are indeed generated in open regions of parameter space via a
generically supercritical bifurcation from the spatially uniform state. In three of these classes the instability is
always supercritical while in six there is an open region in which it is subcritical. Intriguingly, however, in the
remaining two classes of minimal scheme we require different weakly nonlinear scalings, since the coefficient
in the usual cubic normal form unexpectedly vanishes identically. In these cases, a different set of asymptotic
scalings is required.

We present a complete analysis through deriving the normal form for these two cases also, which involves
quintic terms. This fifth-order normal form also captures the behaviour along the boundaries between the
supercritical and subcritical cases of the cubic normal form. The details of these calculations reveal the distinct

roles played by reaction rate parameters as compared to stoichiometric parameters.
We quantitatively validate our analysis via numerical simulations and confirm the two different scalings
for the amplitude of predicted stable patterned states.

Introduction

Since the highly-cited initial exploration by Alan Turing [1], there
has been huge interest, across many scientific fields, in understand-
ing mechanisms for the spontaneous emergence, out of homogeneous
equilibrium states, of structure and spatial patterns. The emergence
of structure from spatial uniformity has been particularly relevant in
biological science where it is motivated, as Turing’s original work was,
by the challenge of understanding the origin of structure in embryology
and related areas of development. Classic textbook surveys of pattern
formation from various perspectives include [2-5].

On the mathematical side, much of this work has made use of a rel-
atively small number of model equations which have attained a canon-
ical status in the field; for example the Gierer-Meinhardt [6], Brusse-
lator [7], Schnakenberg [8], and Gray-Scott [9] models of reaction—
diffusion dynamics. It is noteworthy that the latter three of these
models all contain cubic-order reaction terms, which would most par-
simoniously be interpreted as describing the simultaneous interaction

of three particles, despite this being intrinsically extremely unlikely
and non-generic in a physical sense; alternatively one could consider
this as a limiting case of a more complicated reaction scheme in
which two particles form a complex which then rapidly interacts with
a third particle. To the authors’ knowledge, there are two published
models of Turing instability with a mass-action reaction scheme having
only quadratic nonlinearities: the Levin-Segel model for spatial pattern
formation in phytoplankton distribution [10], and more recently from
Woolley, Krause, and Gaffney, one of a pair of mass-action reaction
diffusion PDEs which can be used to generate patterns in specific
subregions of space [11]. Other models for spatial pattern forma-
tion, particularly those motivated by biological phenomena, employ
a wide range of other forms of nonlinearity in the reaction-diffusion
scheme, for example rational nonlinear functions (sigmoidal, Hill-type,
Michaelis-Menten, etc.), which are also justifiable in terms of the
equilibration on faster time scales of a subset of reaction processes,
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leaving the model describing the effective nature of the interactions
on a slower timescale.

Our work focuses on the exploration and analysis of the simplest
possible reaction schemes that contain only generic interaction terms,
i.e those that contain only zeroth, first and second order reactions that
correspond in mean-field PDE models to constant, linear, and quadratic
terms, respectively. We then look for mean-field PDEs that are able to
give rise to spatial patterns from an initially spatially homogeneous
stable equilibrium state. In previous work [12] we established that
quadratic polynomial reaction terms between two species, labelled U
and V, with no separation of time scales and Fickian diffusion, can be
sufficient for a homogeneous steady state to exist and to satisfy the con-
ditions required for a linear instability with a preferred wavenumber
that is positive, i.e. a ‘Turing instability’. Such reaction dynamics are
readily interpretable as arising from elementary reactions (i.e. reactions
between at most two particles) under the assumption of mass-action
kinetics. They therefore form a class of minimal reaction schemes
through which we can directly link microscopic particle interactions
to macroscopic Turing instability.

In [12], we computed the complete set of two-species mass-action
reaction schemes that can exhibit Turing instability and which use
the smallest possible number of elementary reactions. This analysis
revealed that there was a fundamental difference between reaction
schemes which could generate patterns in which the concentrations of
the two chemical species fluctuated spatially in phase with each other
(type-I) and those in which the two concentrations were spatially in
antiphase (type-II). Minimal reaction schemes for type-I patterns con-
tain only three reactions, whereas minimal reaction schemes for type-II
patterns necessarily contain four reactions; it is not possible to generate
type-II patterns with only three reactions. This work concentrated on
the linear stability of spatially uniform equilibrium states and computed
the conditions under which that state would become linearly unstable.

In this paper we develop this analysis further by considering the
weakly nonlinear development of the linear instabilities previously
identified. To be precise, we present here a complete analysis of the
weakly nonlinear development of Turing instabilities for the type-
I minimal reaction schemes, in one spatial dimension. Each scheme
comprises a bi-particulate autocatalytic reaction of one species, 2U —
..., an inter-specific reaction U +V — ... which reduces the count of one
or both species, and some third reaction. This third reaction, and the
qualitative effects of the first two reactions on each species are what
distinguish the different classes.

Although the weakly nonlinear asymptotic approach that we use is
well-known, the results contain surprises and, as with many nonlinear
analyses, would be extremely hard to predict without working through
the details. Our analysis is partly analogous to that of Rottschéffer
and Doelman in [13] - if one sets their cubic coefficients (a and b) to
0 — where the same generic amplitude modulation equation, and the
same degenerate vanishing of coefficients, are considered in regards
pattern evolution as one approaches the degeneracy. Here, in contrast,
our focus is on the connections between our underlying particle-based
reaction schemes and the sign of the determining coefficient in the
amplitude equation, as well as establishing that stable patterns do
indeed exist for the minimal models discussed here.

Our major conclusion is that we are able to show that all of these
type-I reaction schemes, under certain conditions, are able to support
stable, spatially periodic patterns that arise from the Turing instability:
i.e. that for each type-I reaction scheme there exists an open region
in parameter space, in which the instability will result in a stable
patterned state that lies close to the species concentrations attained in
the spatially uniform equilibrium. As a result, this analysis confirms
that our set of type-I ‘minimal schemes’ are, with appropriate choices
of parameter values, suitable models for the study of pattern formation,
and can be connected directly to physically-realistic individual-based
chemical reaction schemes.
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Although it is difficult to summarise the results for all 11 classes of
type-I together, our results allow a number of interesting conclusions
to be drawn. First, we find that two cases, labelled in [12] as ¢ and d,
are unexpectedly degenerate in their nonlinear behaviour. We comment
on these in great detail below, in Section 4 in particular. Turning to
the other nine classes, a general conclusion is that the pattern forming
instability is supercritical if the (pseudo-)reaction 2U — n U + m|V
produces a sufficiently large number of particles of U compared to the
number of particles of V' that are produced, i.e. n; is sufficiently large
compared to m;. We make this statement precise in each subsection
of Section 3 and express it in terms of the ratio of stoichiometric
coefficients w, := m;/(n; — 2). In some classes the conditions for
supercriticality involve a second stoichiometric ratio, denoted w; which
we define in the relevant subsections below. In these classes we find
that it is always the case that for any fixed value of ws, the instability
is supercritical for sufficiently small w,.

Finally, in cases in which the nature of the instability is not de-
termined as expected at third order, more complicated analyses sug-
gest that the reaction schemes are still able to sustain stable periodic
patterns near the onset of the instability.

The remainder of the paper is organised as follows. Section 1 sets
up the general structure of the PDE model that we analyse; i.e. a two
species reaction—diffusion system with ‘full’ quadratic reaction terms,
for which Turing instability occurs for appropriately chosen parameter
values.

Section 2 presents the generic weakly nonlinear analysis for the
problem. This multiple-scales analysis follows a standard route (see
e.g. the textbook by Hoyle [3], or the review by Cross and Hohen-
berg [14]) and results, as expected, in a real Ginzburg-Landau equa-
tion [15,16], or, if we ignore the possibility of modulational depen-
dence on a long spatial scale, a real Stuart-Landau equation [17,
18]. The weakly nonlinear analysis therefore suggests that branches
of steady patterned states bifurcate away from the zero amplitude
solution as the ratio of diffusivities is varied. The character of this
bifurcation is determined by the sign of the coefficient, —K, of the
cubic term in the normal form, which we can determine explicitly but
is a notably complicated function of the system parameters. General
forms for the coefficients in the Ginzburg-Landau equation are well
known: see [19] or [20] for general symbolic expressions, or [21] and
more recently [22] which include code to compute them via symbolic
manipulation. Here our focus is on finding the parameter regimes for
which K is positive or negative.

In Section 3, we explore the general conditions for K > 0, cor-
responding to the case in which the pattern-forming instability is
supercritical. Working through the 11 distinct classes of type-I minimal
schemes, it is intriguing that the sign of K is fixed for any fixed choice
of stoichiometry and does not depend on the reaction rates. In two
classes (labelled ¢ and d) we find, curiously, that K vanishes identically,
for all choices of the stoichiometry, due to a particular orthogonality
relation.

In Section 4 we investigate and resolve the behaviour in classes
¢ and d, by using a different scaling for the leading order amplitude
and applying the orthogonality condition to derive a cubic-quintic
Ginzburg-Landau evolution equation. This prompts a more general
form for the calculation (summarised in Section 5) of what happens
when K vanishes. This exploration applies to the six classes in which
K can take either sign, along codimension-two curves that form the
boundary between regions of K > 0 and K < 0.

Together, the bifurcation behaviour predicted by the three subtly
different amplitude equations in Sections 3-5 elucidates the picture
of the weakly nonlinear behaviour of a general quadratic reaction
model for Turing instability, and interprets this fully for the 11 cases
of type-I instability. Specifically, we can evaluate when the appropriate
coefficients are positive or negative, thus characterising the bifurcations
as supercritical or subcritical, and, where they are supercritical we can
quantitatively predict the pattern amplitude. These quantitative predic-
tions are supported by numerical simulations, presented in Section 6.
We summarise and draw conclusions in Section 7.



F.R. Waters et al.

1. Problem specification

Under the usual assumptions of Fickian diffusion and mass-action
reaction kinetics, the general PDE system for a reaction—diffusion sys-
tem is

w\ (D O o fu F(u,v)
()= o) () (e @

where u(x, 1), v(x, t) are the concentrations of two species, D, D, > 0 are
the species’ diffusivities, F and G are, for the reasons outlined above,
restricted to be quadratic polynomials, and the subscript 7 denotes the
partial derivative with respect to t. We suppose that Eq. (1) supports
a spatially uniform steady state (u*,v*). Rearranging about this state
yields

D, 0 * 3=
U\ 2 ! Ve b (YT ) e N s uhw - 9]
v, 0 D, v—vU 1 2
S —0v")
with
s (B E)
G, G
N* =<F;u F:v F;u)
* * * >
Guu GMU GLL

where subscripts -,, -, denote partial derivatives with respect to u and
v, respectively, and the superscript -* denotes that these derivatives
are evaluated at the steady state (u*, v*). We further assume that the
steady state is Turing unstable — i.e. that it is linearly stable to spa-
tially uniform perturbation, but is unstable to some spatially periodic
perturbation with non-zero wavenumber. This enforces (by swapping
species labels u < v if necessary) that the signs of the entries in the
Jacobian J* are

ot T
. )

that is: J*, > 0> J¥ and J*,J3 < 0. By nondimensionalising 7 = J} 1,
% = 4/J},/Dx and defining u —u* = U, v —v* = /-JJ [J,V, we
obtain the following coupled PDE:s for the (scaled) perturbations (U, V)
to the homogeneous steady state:

U; 1 0\ s 1 —pu U .
. A% N|UV |, 2
(=L D)o ) p0) @
12
21/
where
D, '11*2 Jl*l Jl*l
1 0 ¢
N’—L (FZ;U Fy F;V)
T * * * * *
T (o _JIZ/JZ*I Gy Gyy Gyy

and 9; and V denote, respectively, time and space derivatives with
respect to 7 and %. From our assumption on the signs of the entries
of the Jacobian J*, we see that 9 is necessarily positive. We observe
that the sign of u corresponds to the type of Turing instability the
system may undergo: if 4 > 0 then concentration maxima of one species
coincide with those of the other species, sometimes referred to as ‘pure’
activator-inhibitor dynamics — we refer to reaction schemes which
exhibit these dynamics as ‘type-I’. If u < 0, then concentration maxima
of one species coincide with minima of the other species, often referred
to as ‘cross’ activator-inhibitor dynamics; we refer to reaction schemes
which exhibit these dynamics as ‘type-II’. We analyse this governing
PDE system (2) for U,V in one spatial dimension, so V2 = 0@, and we
drop the hats * for notational convenience.
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1.1. Linearised analysis

Neglecting the nonlinear terms in Eq. (2), by the Routh-Hurwitz
stability criteria, the uniform steady state U = V = 0 is linearly stable
to spatially-independent perturbations if and only if

9>1 and 4>>9. 3)

We shall assume that u, 9 are constrained so that inequalities (3) hold.
Making the usual Fourier mode ansatz (U, V') « exp(47 + ikx), under the
linearisation we obtain

{_kz((l) g>+<;14 :’5)‘“} <g>=0.

Equating the determinant of the matrix here to zero, we deduce the
dispersion relation for A(k?):

P+ =1 —-NA+ Gk =6 -2 +u> -9 =0. (€))
After solving for 4, we find that the linearised temporal growth rate
Re(A(k?)) for a given wave number k is positive if and only if

Sk* — (5 -k + it —9<0. (5)
From the constraint (3) that x? > 9, there exist values of k that satisfy
inequality (5) if and only if

5>9 and (6§ —9)%>45(u*-9),

which, after some algebra, are satisfied simultaneously for some § if
and only if 6 > &, where

b0 = (1nl+ Ve —9)

Neglecting any selection mechanism on feasible perturbation modes
(e.g. from boundary conditions), for example by assuming we are look-
ing for solutions on an unbounded domain, the ‘critical’ wavenumber
k., — corresponding to the first unstable wavemode as § increases past
8, — is therefore given by

69—
2_ %
c = 250 4 (6)
and has linearised growth rate
k2
Ahg) = (5= 69) + O = &)°) - 7
0 —

If 56 > &y, then the interval (k_,k,) of wavenumbers for which the
growth rate 4 is positive is defined by

1-k%\2 1
ky ==k, + ] (6-80)2 +O6 - 5y) (8)
* 48,

Thus, as we expect for steady-state pattern formation problems where
the dispersion relation has a locally quadratic maximum, if 6 — §, =
O(¢?) where ¢ > 0 is small, then the characteristic growth rate of
the critical instability mode is O(¢?), while the width of the band of
unstable wavenumbers is O(¢).

2. Weakly nonlinear analysis

To explore the weakly nonlinear behaviour of the system close
to the Turing instability threshold, we let § = &, + 8,¢> for some
small parameter ¢ > 0. In line with the scalings noted at the end of
the previous section, we anticipate that the generic weakly nonlinear
dynamics will evolve on the slow time scale T = £?¢, and long length
scale X = ex. We consider T and X to be formally independent of ¢ and
x, and look for solutions U(x, X,T), V(x, X, T) to the governing Eq. (2)
that are independent of the fast time scale ¢, since the linear instability
does not exhibit rapid oscillations in time. Thus we rewrite 9, — 29y,
0, — 0, + €dy. Substituting these scalings into the governing PDEs we
obtain

U U U
2 (YT _ 2
£ (VT> —£(V> + (2ed,x +€70xy) <6OV>
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L2
0 2Y
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where

1 0 1 —u
L=
AL

is the O(1) part of the linear operator. It is useful to define

1 0 1 —u

2,2

L :=-— + >
pkc( 0) < 9>sp/0,

which describes the action of £ on a pair of functions (f;, f,) that have
short length scale dependence f;(x) « exp(+ipk,x).

Using the relations (5) and (6) we deduce the useful result that
ur—9= 5Ok‘c‘ from which we can deduce, via a direct calculation, that
det(L,) = (p? — 1)*8,k?, and so L, is invertible if and only if p # 1. We
now propose an asymptotic expansion

(§) ) () ()

and solve Eq. (9) for the amplitudes (U V) order-by-order.
2.1. Solution at order &

At leading order, we recover the linear problem:

_ (U
O‘E(m>’

and for a non-zero leading order solution, we deduce that (U, V;) must
have short length scale dependence exp(+ik x), such that it lies in the
kernel of £. Thus we have an eigenvector problem

L <l121>:° = <L;,Il>:(a+ﬁ)n, 10)

where 7 is the right-eigenvector of L; with eigenvalue 0:

. —H
”‘(ﬂ—%ﬂ’

and a(x, X,T) = exp(ik,x)A(X,T) where A(X,T) is a complex-valued
amplitude. We use overbars - to denote complex conjugate. We also
define £ to be the left-eigenvector of L, with eigenvalue 0:

o H
5"<—a—kb>’

and we note, intriguingly that £7 and n satisfy conditions involving,
separately, the diffusion and reaction terms:

E(é §)n=a(; :§>n=0. an

This in itself is curious, though it appears generic to any Turing
instability in a system with Fickian or ‘diagonal’ diffusion: the right-
and left-eigenvectors of L, with eigenvalue zero together annihilate
both the steady state Jacobian and separately the diffusion matrix at
criticality.

2.2. Solution at order &2

Retaining only the next-to-leading order terms from Eq. (9), and
substituting in the leading-order solution (10), we find
U\ _ . NS S A S I SN T S}
£<V2> = —2ik,(ay — dy) <0 50>” <|a| + 5 +a )) My, (12)
where the 2 X 2 matrix M is most compactly written as the product of
the 2 x 3 matrix N of coefficients of the nonlinear terms and a 3 x 2
matrix:
—u 0
M :=N|-(1-k?) -u |- (13)
0 -(1-k2)
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Given the x-dependencies on the right-hand side of Eq. (12), we look
for a solution

Ua\ Z 0O 4 w® 4 0®

v, ,
where w® contains only terms with short length-scale dependencies

exp(+ipk,x). The linearity of £ then implies that (12) decomposes into
three uncoupled equations:

Low(o) = —|a|2M11 s

. (1 0 _
Llw(l) = =2ik, (0 6(,) (axy —ay)n,

1 .
Lyw® = —E(a2 +a@)Mn .

The solution components w®,w? are determined uniquely since L,
and L, are invertible. In addition, the middle equation, for w(V, is also
soluble, as the right-hand side lies in the image space of L,. In this
case w(V is determined only up to an additive scalar multiple of 7. No
extra information about the nonlinear behaviour is gained by including
this homogeneous component (being effectively a copy of the leading
order solution but shifted down an order of ¢), so we choose w(!) to be
orthogonal to n. Defining

- 8 <1—k§>
T Gt+bu\ -u )’

which satisfies

1 0
L.¢=
16 <0 50) T

we find the solution:

U . _ _ 1 N
<V§> = —2ik (ax — ay)¢ — |al*Ly' Mn - 5(a2 +a’)Ly;' Mn, 14
where we have not evaluated fully the vectors Lal Mn and L;l Mn since
this is, in general, just algebraically lengthy.

2.3. Solution at order &3

At the next order, we obtain terms with a long time derivative od;,
and we may obtain an evolution equation for the amplitude A(X,T).
Retaining terms of order £ from the governing Eq. (9) and substituting
in the leading order solution (10), we find

U. _ _ 1 0
L <Vj> =(ar+arn—(axy +adyy) (0 60) n

2 2 ~(0 U, - U,
—k (1 —k.)a+a) <5z> — 20,y <50Vz> —(a+a)M<VZ) .

In order for this to be solvable for (Uj, V3), all terms on the right-hand
side with x-dependency exp(+ik.x) must lie in the image space of L, —
i.e. orthogonal to &. Substituting in for (U,,V,) using (14) and taking
an inner product with &7, we obtain the solvability condition
6g— 1 46

. : K aap

Ap= — Ayy +6A— ————
k2T T o e TR e - ke

(15)

c

where the coefficient K is defined to be
. 1, 1,1

K ._—§TM(L0 +1L; )Mn.

Scaling our variables

1
So—1 . 45, \? o A
T= T, X= X, A=k, (1-Kk)A,
k2 1— k2 E

c

and neglecting the hats, we obtain the real Ginzburg-Landau equation
Ap = Ayx +8,A— KA|A|? . 16)
If A is independent of the long-lengthscale X, this reduces to the
Stuart-Landau equation

Ap = 6,A— KA|A*.
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The characteristic T- and X-scalings deployed to obtain Eq. (16) are
as expected from the asymptotic expansions (7) and (8) respectively,
while the scaling for A ensures that the cubic term balances the terms
with derivatives.

If K > 0, then stable stripe pattern solutions with |A| = (5,/K)'/?
are expected to bifurcate from the linearly unstable zero amplitude
solution for &, > 0 (the Turing instability regime), while if K < 0 then
linearly unstable stripe patterns bifurcate away from the linearly stable
zero solution and exist in the region 6, < 0 (i.e. outside the region
of parameter space where the uniform state is Turing-unstable). In the
latter, ‘subcritical’, case, it is possible that the branches of patterned
solutions will turn around in parameter space, through saddle-node
bifurcations, resulting in stable patterned states that exist on both sides
of the bifurcation point. For any given reaction scheme, it is therefore
essential to understand the sign of K.

3. The sign of K

After some algebraic rearrangement, presented in detail in
Appendix A, we can write K as

__5¢&Mn (19 &Mn
6 8gk2 \ 15 k2(1—k2)

+ oMy, +M22>= 17)

where M;; denotes the (i, j)th entry of the matrix M. Thus K is positive
if (and only if) either

19 &Mn
SoMy + My > ——=—>""1_ 18a
0T TR T s k21— k) (182)
™
or SgMy; + My < 2 _EMN__ (18b)

15 k2(1 - k2)
and we note that K can vanish if (and only if) either

EMn=0

or &I Mn= —%kﬁ(l — k) (8oM ), + My,) .
In our previous work [12], we derived a complete classification of mini-
mal mass-action reaction schemes, involving only elementary reactions
(i.e. where reactions may occur between at most two particles), that can
exhibit Turing instability. This previous work focused on the derivation
of the classification itself through the linear analysis that determines
when a Turing instability is possible. Now, having presented the weakly
nonlinear analysis in Section 2, and using the inequalities (18a) and
(18b), we can explore directly the weakly nonlinear development of
the Turing instability. That is, in terms of stoichiometric coefficients
and reaction rate parameters, we can derive the conditions under which
these minimal schemes may be expected to support stable patterned
solutions, at least in the vicinity of the Turing instability threshold at
5= 5.

For our minimal type-I schemes (those for which the concentrations
spatially oscillate in-phase, also referred to as a pure-Turing instability
as opposed to cross-activator-inhibitor dynamics), it turns out that
sign(K) is independent of the values of the reaction rate parameters.
As discussed in the introduction, we focus our attention here on these
classes of minimal scheme and in later subsections present details of
all 11 minimal type-I classes. The results are summarised in Figs. 1
and 2 which show, for each type-I class, a plot illustrating sign(K) as
a function of either one ratio, which we denote by w,, or two ratios
(denoted by w; and w;) of the stoichiometric effects of the underlying
reactions.

For each class we can show that inequality (18b) is the relevant
condition determining the sign of K, i.e. §)M; + M,, < 0 < ETMn for
all choices of stoichiometry which permit Turing instability, and thus
K is positive if and only if inequality (18b) holds.

Intriguingly we find that for classes ¢ and d it is the case that
ETMn = 0 for any choice of reaction stoichiometry and rate parameters
such that Turing instability occurs, and so K = 0. This is due to
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w1

a +— >
1 2 w1

C +— .
1 W1

€ — I
1 w1

g +— >

-
©|

I I
K >0 K=0 K <0

Fig. 1. Graphical illustration of the sign of K for five of the 11 classes of minimal
type-I Turing-unstable reaction schemes. Letters a, c, e, g, i denote the different minimal
schemes labelled as in [12] and as set out in the separate subsections of Section 3. In
each case, within the Turing unstable regime, sign(K) is a function of only a single
parameter: @, = m, /(n; — 2), the ratio of the stoichiometric effects on the second and
first species due to the (pseudo-)reaction 2U — n,U +m, V. In a and g, at the boundary
between K > 0 and K < 0 there is a unique value for @, which yields K = 0. Also in
a and g, there are upper and lower bounds on w, beyond which a Turing instability
does not occur; in ¢, e and i there is only a lower bound on w,.

a particular degeneracy of the nonlinear terms and is explored in
detail in Section 3.2. This then motivates additional weakly nonlinear
analysis which we present in Section 4. All the other classes contain
Turing-unstable reaction schemes for which K > 0, and some contain
Turing-unstable reaction schemes for which K < 0. Where there is a
boundary K = 0, we see that K is positive for sufficiently small w,
below a threshold value which may depend on the other ratio w;.

To reduce the amount of analysis required, we group the 11 schemes
into five pairs and one singleton. In each case, subject to the stoichio-
metric conditions that permit Turing instability — which we simply
state here, but are derived in detail in [12] - the nondimensionalised
form, Eq. (2), is derived explicitly, and we then show that either

(i): 6gM;; + My, <0 and é'Mn>0, or
>ii): EMn=0.

The two classes that satisfy this second condition (¢ and d) are the sub-
ject of the analysis in Section 3.2; for the rest, given the stoichiometric
conditions for the reaction scheme to be Turing-unstable, K is positive
if and only if inequality (18b) is satisfied:

19 &Mnq
— ——— < —(6gM || + My,) .

50— k) (6o My + M)

In all cases this can be simplified to an inequality involving only ratios
of the stoichiometric effects of each reaction on each species. What we
mean by this is that for a Turing-unstable reaction scheme of three
reactions:

p]U+q]V£> mU+mV

U + qle U +myV

p3U + @V —> nyU +myV
the sign of K depends only on the ratios
(n;—p;) : (mj—gq;), i=123.

To this end, we will express the results in terms of the variables w; =
|m; — q;1/\n; — p;| and w; = |n; — p;|/|m; — ¢;| (to avoid dividing by zero)
as appropriate. It is important to note in the presentation of different
classes that the definitions of the w; and w; may differ from one class
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I
K>0

I
K=0

w1 w1

I
K <0

Fig. 2. Sign of K for the remaining six classes of minimal type-I Turing-unstable reaction schemes. In each of these, within the Turing unstable regime, sign(K) is a function of
two ratios (as opposed to one, for the classes in Fig. 1) of stoichiometric effects. Letters b, d, f, h, j and k correspond to the classification of minimal schemes as in [12]. White
regions do not allow a Turing instability to take place; the boundaries of the coloured regions are set out in the relevant sub-sections of Section 3.

to another, although in classes a, ¢, e, g and i we consistently define
®; = m /(n; —2) which is the ratio of the stoichiometric increases in the
second and first species, respectively, in the reaction 2U — n,U +m,V.
We summarise the results in Figs. 1 and 2. In classes e, i and k we
find that K is sign definite. In other classes sign(K) is a particularly
simple function of w;, in others we defer to numerical evaluation.

3.1. Classes a and b

Recalling essential details from [12], the reaction schemes for
classes a and b and associated stoichiometric conditions to allow Turing
instability are

w o AU my
aju+v >0

@ = nyU
subject to:  2(n}) —2)>m; >n] -2,

and

W AU mY
bU+V >4

) ﬁ>n3U+m3V

subject to:  2(n) —2)nz > myny + (0} = 2my , my > n =2, ny>my,

where the reaction rate constants r; are positive. We note that for all
choices of the stoichiometry there is always a non-empty open subset
of Ri in which the values of (r|,r,,r;) enable a Turing instability to
take place. The coefficients n;, m; of the reaction products are always
nonnegative integers, and following the notation of [12]: primes are
used to indicate additional imposed constraints, specifically that coef-
ficients denoted by a single prime are greater than one, e.g. nj,m; > 1
and double primes denote coefficients greater than two: n’,m}’ > 2. The
corresponding mean-field PDE model for the concentrations u(x, ) and
v(x,1) is

u, = Duvzu + 73+ f‘luz —ryuv ,
v, = D,V?0 + P35 + Flou? — ruv

where 7| = (1 —2)r|, 73 = n3r3, and we define the stoichiometric ratios

my ms
W) = ———, w3 = — .
! nf =2 3 ny
For the reaction scheme to be Turing-unstable, we find that these must
satisfy 0 < w3 < land 1 < w; < 2 — w3. If w3 = 0 then we
are considering scheme a, otherwise we are considering scheme b. By
rescaling u = u* + U, v = v* + vV, about the homogeneous steady state

ut = £}
Py
we transform the PDE model (1) into the nondimensionalised form
Lr2
U; I 0\er (1 -n U ;U
= \Y N 1
G)-{G Dl IO () o
where 1 = 77, x = y/tD, %, and

1 Ve —-DH -3

1—-ow; . P13 0| — @

o =17 (@, = D(1 —w3)

T= s
PP, 20—y
2-w) —w
\/—L 2(601 1)+ ! £
ﬁ 1—603
1-—
9= 23
2—w; —w;
u=vd,
R 2 —pv . _
N = L p=2
a (2601"71 —ﬁ> ’T

We note that we have taken N to be a 2 x 2 matrix here since there are
no V2 terms in the PDE model; in the definition of N as a 2 x 3 matrix
the entries N3, N3, in the final column are (for these reaction schemes)
both zero. In this section, we continue to omit these zero entries, since
the lack of V2 terms is common to all the minimal reaction schemes for
type-I instability, as is the form of the nondimensionalisation (19); what
varies between classes of schemes is how the coefficients z,v, 9, u, N
depend on the system parameters. For classes a and b, we have that
the matrix M defined in (13) takes the form

—iz [ 4Sgud — pu(Sy+9)  —2p8u>
—2p80ud )

T 2609 \ 4o 6,97 — pO(Sy + 9)
thus
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—rytul(w; — 1)(6y + 39) + 3(1 — w3)(6) — I)]
292 — w| — w3) ’
which is always negative. A direct calculation finds that
So+9 <4(w1 - D(w, — w3)5019 L 1 (53 3 82)> ’
1 —w;

2
46,

SoMyy + My =

TMn="#
§'Mn=Ftu 2-w, - o

which is always positive. Accordingly, after much rearranging we can
deduce that, provided that w; and/or w; are chosen such that the
reaction scheme is Turing-unstable, K is positive if and only if

(@) = 1D)(8+273(1 — w3)) — 169 (1 —w5)” < 0.

For class a we have w; = 0, so this condition then simplifies to become

K>0 = o <305 16014.
281

For class b the inequality involves both w; and w; and is represented
graphically in the top-left panel of Fig. 2.

3.2. Classes ¢ and d

The reaction schemes and associated stoichiometric conditions to
allow Turing instability for classes ¢ and d are

"oy
20— nU+mV
r
CAU+V 0
3o,
U— nU
subject to: m; >n} -2,
and
oo
20— nU+mV
r
d\Uu+Vv—9
r
U—> niU +myV
subject to: my >n} =2, ny—1>my .
The corresponding mean-field PDE model is
u, = DuVZu + Fyu+ f‘luz —ruv,
v, = vazu + Fyo3u + fla)luz —rpuv,
where 7 = (n] = 2)ry, 73 = (0} = Drs,
L m ]
) 1= , w3 = ,

" 3 /
n 2 ny 1

and for the reaction scheme to be Turing-unstable, these must satisfy
0 < w3 < 1 < w,. Class ¢ is defined by the special case of w; = 0;
if w3 # 0 then we are considering class d. As previously, by rescaling
u=u*+U, v=0v*+vV, about the homogeneous steady state

31— s _f'3w1—w3

s

Pl —1°

5

r, w;—1
we are able to put this into the nondimensionalised form (19), where
now

1o -1
T l-wy
1
V=——4/o,
Vi
9=p,

u=\por .

N 2 —pv .
N = L p==2.
e (2‘1’1"—l —ﬁ> ? Py
This gives that

_ TP (38gu —pd
28, \ 8o+ 9)

—28u?

TMn=
—260;419> and &TMn=0,

and hence K = 0 for all combinations of parameters in these two cases.
The explanation for this degeneracy can be seen clearly when we write
the system out fully in its nondimensionalised form:
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(2)-{G D= D)=l 2)6)-

Since all the reaction terms, in both equations, involve a factor of
U, the coefficients in the quadratic terms are precisely the same as
those in the linear terms. This does not, of course, depend on the
nondimensionalisation itself and holds also in other statements of the
problem, for example specialising the PDE system (1) to the form

u\ _ (D 0 2 fu uf(u,v)
()=(3 o) v () (s

in which all the nonlinear terms contain a factor of u and f and g
have vanishing second partial derivatives at the (nonzero) steady state.
When this holds, relations such as (11) emerge directly in the nonlinear
parts of the calculations and result in the quantity &TMn vanishing
identically.

3.3. Classes e and

For these two classes, the reaction schemes and stoichiometric
conditions to allow Turing instability are

w LU emy
eU+V g
v SENY]
subject to: m; >n} -2,
and
w LU my
fiu+v 2
v ZonU
subject to:  my >n) =2, (n] =2)2ny + 1) > myny,
and the corresponding mean-field PDE model is
u, = DMVZu +rywi0 + f‘lwluz —ryuv,
v = vazu —r3v+ fluz —ryuv ,
where 7| = m;r;, and we define
n’l’ -2

wy = w3 =Ny .
1 m ’ 3 3

For the reaction scheme to be Turing-unstable, @, and w; must satisfy
w3/QRw; + 1) < w; < 1. Class e is the case w; = 0, and class f is the
case wj # 0. Rescaling u = u* + U, v = v* + vV about the homogeneous
steady state

(w5 + @,)?

u*_r_3w3+w1 _ Firs
r% (lI-w) w3+ 1)’

*

r, 1—w

we obtain the nondimensionalised form (19) with
r (1 - (w3 +1)

T=— ,
Fir3 (w3 + @) )(Qws + D — w3)
V_L (w3 + @ )(w3 +2 — @)
NG (w5 + 1)2w, ’
. (w5 + 1)
=p .
(w3 + @ Qw3 + )w| — w3)
H=vwd,
- L (2w, —pv . I
N = ,h==.
T <2v-1 —,3) =5

Direct calculation of the matrix M gives
R . 5otd N
T [ AwSou - /m;j—fs —2p0u? [ (w,9)
26 \ 4,509 — p(6y + 9) —2p8ou

and so, after considerable algebra,

LY wi(l - @) N g
50M1|+M22———2w1 —(w3+1)2 +3w; | (6 =9
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2(1 - @)

which is negative. We find also that
Sg+ Hud (1 -
STMH=Tf1( o +9ud (1 — @)
25% w3+ 1

<4(l — o (w3 + ™ )w; 5

0

Qw; + Nw — w;

(o) + 2w w3 + w32)
+ G-=9 | .,
w5 + 1

which is positive, and so the relevant condition is inequality (18b) and
K is positive if and only if

19 &TMn
Em < —(50M11 + M22) .

Expressing this inequality only in terms of w,, w5 is possible, though
simplifying it is arduous and uninformative. However, it is easy to
verify that in the case of w; = 0 (class e) the above inequality holds for
all choices of 0 < w; < 1. For class f the inequality involves both w,
and w; and is represented graphically in the top-right panel of Fig. 2.

3.4. Classes g and h

For classes g and h, the reaction schemes and stoichiometric condi-
tions to allow Turing instability are

w LdU+my
giU+V >4
v U +v
subject to: 2(n/1’ -2)>m > n’l’ -2,
and
W AU mY
hqu+v 24
4 =ongU +mly
" !
subject to: 20" :nlz;sn; mlzn; 13(:'1/”?2)(,1,12 -1,
with corresponding mean-field PDE model
u, = DuVZu + P30+ ?luz —ryuv ,
v, = DUVZU + 30030 + f1w1u2 —ruv,
where 7| = (n’l/ —2)r, F3 = n3r3, and we define, for these cases,

/ —
oom o e m, —1
nl =2 e ny

[

For the reaction scheme to be Turing-unstable, we must have 0 < w3 < 1
and 1 < w; < 2 — w;. Rescaling u = v* + U, v = v* + vV about the
homogeneous steady state

* BLE (“’1 _“)3)2

w_ 3o —o
U =—-=—-7 —_—,
r% (0; = DA —w3)

s

r, w;—1
we obtain the nondimensionalised form (19) with
s (0 — D1 — w3)

P75 (0] — w3) (2—a}1 —w3) ’

w ' (0] [O]
v= L ! 3 <2w1 2+ L 3 ),
\/13 1 —aw; 11—,
9o o1 (1 — w3)?
(0] — w3) (2 - — a)3)
_w
w,
R 2 —pv . I
N = , p=—.
i (2001"_] —p > ? 7
For these classes
__Th (48oud — poyu(Sy +9)  —2pw,8ou’
2609 \ 45097 — pO(Sy +9)  —2pdoud )’
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and so
TF pu
6o M M, = —
oMy + My 29
v w(w) — 1)2(50 +39) + 300 (1 - a)3)2(50 -9 2@ - 19 )
(0] — w3) (2—a)1 —a)3)

which is negative, and

71 p (6 +9) 2
TMp= L8207 % (1
§'Mn=—7 26, (@ =1)

« wf (60—19)+2(a1%—w§)19 N 20l V2 -9
a)](a)l—a)3)(2—a)1—co3) w; —1

which is positive, and so K is positive if and only if inequality (18b)
holds:
19 &Mn

— < —=(6gM ;| + My,) .
50— k) (o Myy + M)

This inequality does not hold throughout the Turing-unstable region, so
K can take either sign. Simplifying the inequality to state it in terms of
; and w; is hypothetically possible, but practically onerous. Even in
the simpler case of class g for which w; = 0, there are Turing-unstable
reaction schemes for which K < 0, and the exact condition for class g
is much simpler to state:

1862 — 681/481
< 225
This condition for class g is illustrated schematically in Fig. 1, and
the more complex dependence of sign(K) on w; and w; for class h is
illustrated in the lower-left plot in Fig. 2.

K>0 = o ~ 1.6473 .

3.5. Classes i and j

For these two classes, the general reaction schemes and conditions
to be Turing-unstable are

Loy
2U— njU+mV
iUy ,

v g
and
Loy
2U—nU+mV
iju+vay

3

V— n3U
subject to: n’l’ -2>mny,
giving the corresponding mean-field PDE model
u, = Duvzu + rywsv + 7oy u? — ryuv
v, = D,V2v—ryo+ i,
where we define

n =2

1

w = w3 =Ny .
1 m ’ 3 3

For the reaction scheme to be Turing-unstable we must have 0 < w; <
w,. Rescaling u = u* + U, v = v* + vV about the homogeneous steady
state
r rr
W= 2(w +wy), 0t = 1—23(w1 +@3)
7'2 r2

we obtain the same nondimensional Egs. (19) now with

r=l2 1
Pirs w%—wg ’
V:L 2(w1+w3)’
VA

d=p 1

2_ 2
Wy T
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u=vwd,
. (2w —pv .
N = ! ==
e (2\/’1 0 > s
In this case we find that
_ T (AwP6ud — pu(Sy+9)  —2p,u’
T 2w,8,9 4wlsy9? 0

and thus

SoM +M ——i(z 250 + @28y + 9) + w5y — 9))
0M11 22—2wlwow;0 w0y — B

which is always negative, and

(50 + 19),43 Vo, + w5

w| -
Wl (\/ \/w1+w3)+2w3\/w1+w3)

which is positive. Accordingly, K is positive if and only if inequality
(18b) holds:
19 ™My

15 12(1 - k2)

§'Mn =i

< =(6gM i + M»y,) ,

After much algebraic manipulation and simplification, taking into ac-
count that 0 < w3 < w), this inequality holds if and only if

(157 +38)/r > 53y + 2,

where we introduce y := (w, +w3;)/(2w,) for convenience. If we resort
to the cubic formula, then this inequality can be further simplified
and expressed purely in terms of the ratio w;/w,. Within the Turing
instability regime it is equivalent to

W, + Wy < §+ 24/1099 cos ¢y —2m
2w, 45 45 3 ’

(20)

where

Cy .= arccos 19007
0 ‘= —
10994/1099

and the right-hand side of inequality (20) evaluates to approximately
0.90973. In particular, for class i we have w; = 0, so the above
inequality becomes independent of w; and is numerically true; there-
fore K > 0 for all choices of stoichiometry in class i. For class j the
inequality involves both w, and w; and is represented graphically in
the lower-centre panel of Fig. 2.

3.6. Class k

For the final class of reaction schemes
noon
2U— nU+mYV
I
kU +V—= my .
3
V—90
a Turing instability is feasible, in terms of the existence of open sets of

reaction rates and diffusivities, for any choice of stoichiometric product
coefficients n’l’ >2, m; > 1, m; > 0. The mean-field PDE model is

20 a2
u, = D,V-u+#u —ryuv,

=D,Vv- rv + Flo? + ryoyuv |
where 7| = r|(n; —2) and
m

w, =
Voo =27

oy ::m;—l,

satisfying ,, w, > 0. The nonzero homogeneous steady state is
«_T 1 «_Fis 1
r% © +w,

rw+w,

and the equations are put into the dimensionless form (19) by defining
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¥
T=—(w +®,),
7

173

V= L\/_\/Za)l +w, ,
p

9= pwy ,

u=pv,

|N

2 —pv P
N =1} =
i <2a)1v_1 ﬁw2> ’

Computation yields

~>

__T 46gu — u(dy +9) 264>
T 726, \4pw 8y + py(Sy +9)  2pwrdop)
and thus
Thu .
SoMy + My = ——— (268) + (8p — 9) + 2pw,)

which is always negative, and

(50 + 0% o +o,
(0 + @) ,
253 2w; + w,

which is always positive. By inequality (18b) we have that K is positive
if and only if

20, +
D3 jzate
15 2\ oy+m,

which is true for all w;,w, > 0, and so K is positive for all reaction
schemes in class k.

In summary, we have computed the cubic coefficient in the standard
weakly nonlinear analysis for each of the 11 classes of minimal reaction
schemes for type-I Turing instability. We find that in three classes (e, i,
and k) the instability is always supercritical, while in six cases (a, b, f,
g, h, and j) there are regions of both supercriticality and subcriticality.
As a general rule, the instability is found to be supercritical when o, =
my /(n; — 2), i.e. the ratio of the stoichiometric increases in the second
and first species due to the reaction 2U — n U + m;V, is sufficiently
small, and subcritical when it is larger. In the remaining two cases (c
and d) there is a degeneracy in the structure of the linear and nonlinear
terms caused by the existence of a common factor of u, which means
that the sub- or supercriticality of the bifurcation is not determined at
this order.

ETMn=

4. Further analysis for classes ¢ and d.

If TMn = 0, as we observed in Section 3.2, then the real Ginzburg-
Landau amplitude Eq. (16) cannot describe nonzero uniform equilib-
rium solutions for the amplitude A. In order to capture nonzero steady
states, if they exist, we must introduce new scalings in the asymptotic
expansion to allow for larger amplitudes. We do this by proposing a
new asymptotic expansion for the amplitudes (U, V) while keeping the
same scalings as introduced previously for the slow time scale T' = £2¢
and long length scale X = ex:

U, Us

U 1N e U, EN
=¢g2 2 2 2 cee 21
<V> £ Vi +£<VI>+S Vi + @n

2 2
In this new computation we also impose the additional constraint
ETMn = 0 which is a new condition relating x4 and 9. We explore the
effects of varying y and 9 close to this constraint by perturbing them
and writing y — u+ep;, 9 — 9+€9,. Substituting this into the governing
Eq. (2) we have

5 Ul U 0 - U
3 H
2 =L
€20 VL <V> e (Ml —191> <V>
2

s v s 0
+e20yy 5oV +E20,, 5V
2

2
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sU°
Uv |+0@E) .
3V

+2¢e0,x (52]1/) +N (22)

Comparing the constraint &TMn = 0, to Eq. (11), we observe that the

two vectors
0
5o) "

1
Mn and <O
are both orthogonal to & and therefore (since these are all non-zero
vectors in R?) they must be scalar multiples of each other. Similarly,
the vectors
0
)

1
ETM and &7 < 0
are also both orthogonal to 5 and so must be multiples of each other.
We can therefore write

1 0 1 0
= TM = &
Mn=px <O 50)'1, &M = 1€ <0 50) >
where the scalars y;, y, can be computed simply by multiplying these
equations by ' and &, respectively, to obtain
n"'Mn &M

- _mMn s Ms 23
260(1 — k2)>2 250(1 = k2)2 @3

X1 > X2

These expressions turn up repeatedly in the asymptotic calculation that
follows when we consider terms order by order in solving Eq. (22). Full
details of the calculation are presented in Appendix B; in this section
we summarise the approach and present the result.

At leading order (which is now O(e!/2) with these new scalings)
we obtain an eigenvalue equation for the matrix L,, defined as before,
which has the expected solution

U

v (24)

=(a+anm,

[SIERNNTE

where a(x, X, T) = exp(ik,x)A(X, T) and, also as before, A(X,T) is an as-
yet-undetermined complex-valued amplitude. Proceeding in a similar
manner to before, when we arrive at third order (i.e. O(¢3/2)) there is
now a new solvability constraint which relates x4, and 9,:

0=§T(0

b _”1>n = 2up =1 -K)9; .
1

_191

which enforces the requirement that the change in §, due to the per-
turbations y;, 9, is only O(e?), rather than O(¢) as might be expected,
ie.

So(u + €y, 9+ €91) = 6y, 9) + O(?) .
An amplitude equation for A is retrieved at fifth order (i.e. O(&%/2)),

where applying the solvability condition yields the cubic-quintic
Ginzburg-Landau equation

Ap = Axx +8,A =205 + 0 + aDAIAP = 1l Qi + x)AlAL

+2upiAy + % (223 4301000 +547) iAx AP

+ l

5

At u; = 0, the existence (and stability) of spatially constant solutions
depends upon the coefficient of the term A|A|* which we denote by K,

(—6)(22+)(1;(2+5;(12)iA2/iX . (25)

Ky =t nQun+ ).

If K, > 0, then stable stripe pattern solutions with |A| = (6,/K,)'/*
bifurcate from the unstable zero amplitude solution for 6, > 0, while if
K, < 0 then unstable stripe patterns bifurcate away from the stable zero
solution for 6, < 0. Away from u, = 0, nonzero stable homogeneous
solutions can still exist if

Q0+ a0+ XD > 46,00 102 + 1) -

In the specific cases of classes ¢ and d, it is straightforward to compute
the numerators of the expressions in (23) directly. We obtain

10

Physica D: Nonlinear Phenomena 471 (2025) 134427

2t w
5o
which implies y; = 2y, # 0. Thus we can further rescale to obtain the

amplitude equation

nMn=— (6o—9) =26TME .

Ap = Ayx +65,A— A|A]* + 15—4,'/4)(|A|2 + ‘g‘mmx ,

which admits stable spatially homogeneous solutions |A| = 621/ * that
exist when 6, > 0. To summarise, although classes ¢ and d appear to be
degenerate in the sense that the coefficient K in the usual amplitude
equation vanishes identically, this more detailed analysis confirms that
we should still expect that stable spatially periodic patterns could be
generated in these cases.

5. Codimension-two cases in which K =0

As Figs. 1 and 2 clearly illustrate, there are boundary cases in which
the cubic coefficient K vanishes at particular values of w, (in classes a
and g), or along specific lines in the (w,, ;) plane (in classes b, f, h and
J)- At these boundary points and lines, we find that K vanishes because
the second factor in Eq. (17) vanishes (and in all cases the first factor
&T M n remains finite and, in fact, strictly positive). To investigate what
happens at these boundaries, we are able to repeat the analysis of the
previous subsection in slightly greater generality, using the condition
that K = 0 but without assuming that £TMn vanishes. This results
again in amplitude equations of the same form, i.e. the cubic-quintic
Ginzburg-Landau equation

Ap = Axx + 8, A+ u g AlAP — g AlAL*
+2u1iAx + q3iAx| AP + quiA%Ay

where ¢, ¢,, g3 and g, are complicated real-valued functions of y and
9. In the special case in which é&TM7n = 0 this form reduces to that
previously calculated, i.e. Eq. (25). Details of the general calculation
are provided in Appendix C. As in the previous case, we focus on
determining the sign of ¢, as a function of the stoichiometric effect
ratios w; for the six relevant classes.

For the four cases that have boundary lines in the (@, w;)-plane on
which K =0, Fig. 3 plots the sign of ¢, in the (w;, w;) plane along with
dash-dotted lines which correspond directly to the boundaries between
the coloured regions in Fig. 2. This allows us to explore the sign of
¢, when K = 0, and hence whether we expect the instability to be
stabilised at larger amplitudes if K is small and negative, so that the
instability is subcritical. The 1-parameter boundary values in classes a
and g may be seen by setting w; = 0 in the corresponding plots for
classes b and h respectively.

We conclude that in cases a, f and g, since ¢, > 0 when K = 0, that
the instability is stabilised by the quintic-order term. Cases b, h and j
appear, for very small w;, to be even more delicate still.

We remark only that if ¢, < 0 along the line on which K = 0, then
small-amplitude patterned states may well not exist; and if both K and
¢, vanish then a further rescaling may well be required in order to
pursue the analysis further; we do not pursue this even more degenerate
case here.

6. Numerical simulations

In this section we present numerical simulations in two example
cases, in order both to illustrate the calculations presented in previous
sections and to validate their predictions. Simulating the example cases
for diffusivity ratios 6 a little above the Turing instability threshold
value, &), confirms that a small-amplitude spatially periodic perturba-
tion to the uniform steady state can settle down to a stripe pattern at
later times: see Figs. 4, 6 and 9. In Fig. 4 we use an example from class
a, corresponding to the PDEs

u\ (1 0\ ofu 1+ 2u? — puv
(U,>_<0 5>V <U>+< 3u? — puv ’

(26)
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Fig. 3. Sign of g, for the four classes of minimal type-I Turing-unstable reaction schemes for which - within the Turing unstable regime — there is a boundary K = 0 (dash-dotted
line). Enlarged insets of the figures highlight specifically the corners in which the line K =0 crosses into a region where g, < 0.

u(z,t)

400

200

x 0 t

v(z,t)

26

2.55

25

245

400

200

z 0 t

Fig. 4. Numerical simulation of the PDEs (26) corresponding to a reaction scheme from class a, in a one-dimensional domain of length L =27 with periodic boundaries, for times
0 <t <400. We take the initial condition to be the spatially uniform steady state (u*,v*) = (1,5/2) plus a small-amplitude, spatially sinusoidal perturbation to u. The perturbation
grows over time in both species (v and v are spatially in phase) before settling to a steady stripe pattern with three peaks — one peak here spans the periodic boundary. Full

details of parameter values and initial conditions are given in Appendix D.

where we set p = 6/5. These support a homogeneous steady state
w*,v*) = (1,5/2) which undergoes a Turing instability when 6 = §, =
6(5 + 2\/6)/5 ~ 11.9. The Fourier coefficients i(k,t) corresponding to
the spatiotemporal profile u(x,t) from Fig. 4 are plotted in Fig. 5. The
plot shows that the solution is dominated by the mode that corresponds
to the domain being filled by three periods of the periodic pattern.
The plot on the right-hand side of Fig. 5 compares the growth rate
of this most unstable Fourier mode at early times (0 < ¢t < 120) to
the theoretically-predicted growth rate from the linearised analysis (c.f.
Eq. (4)). The agreement is very satisfactory.

Figs. 6 and 7 are generated similarly from numerical simulations of
the following PDEs which correspond to an example from class ¢

w\ (1 0\ ofu u+2u? — puv
(2)=0 8= () (5220)

(27)

11

where we set p = 11/5. These PDEs support a homogeneous steady state
(w*,v*) = (1,15/11) which undergoes a Turing instability at 6 = §, =
112+ \/5)/ 10 ~ 4.1. Dispersion relations (4) for both systems, showing
the linearised growth rate as a function of perturbation wavenumber
are plotted in Fig. 8. It is of interest to note that the PDEs (26) and
(27) differ only in one term, yet the first is in class a and we find K > 0
in this case, while the second is in class ¢ for which K = 0 always.

For the first system ((26) from class a), the weakly nonlinear anal-
ysis predicts that steady patterned solutions exist for 6 > §, with a
leading order amplitude |A| that scales like (6 — &,)!/2. Specifically,
choosing the spatial origin so that the amplitude A is real, from the
leading order form of the asymptotic solution we have

(g) = 2¢| Al cos(k.x)n + oY,
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In(amplitude)

u
/ v

4] x exp(A(K)?)

200 300 400

t

0 100

Fig. 5. Fourier mode amplitudes from the simulation shown in Fig. 4. The ‘effective wavenumber’ k, gives the number of wavelengths of each perturbation mode contained in the
spatial domain. Left: The Fourier amplitudes &, (f) in the profile u(x,) plotted on a log scale, the vertical axis is cropped roughly at machine precision: exp(—35) ~ 10~'%. Right: The
Fourier amplitude of the most unstable wavemode (k, = 3) in both species profiles from the simulation. At early times, the growth of the perturbation matches well the linearised

prediction |A| « exp(A(k,)1).

u(z, t)

100
10
50
x 20 0 t

14

v(x,t)

100

T 0 t

Fig. 6. Numerical simulation of the PDEs (27) corresponding to a reaction scheme from class ¢ in a one-dimensional domain of length L =22 with periodic boundaries, for times
0 < 7 < 100. The uniform steady state (u*,v*) = (1,15/11) is initialised with an added small-amplitude spatially sinusoidal perturbation to u. The perturbation grows over time in
both species (spatially in phase) before settling to a steady stripe pattern. Full details of parameter values and initial conditions are given in Appendix D.

where, from Eq. (15) at steady state,

k(1 —K%)

1
|Al = — (6~ 80)7 .

K2
Combining these, we have the prediction for the amplitudes Uy _, V_
of the critical wavemode i.e. the coefficients of cos(k,x) when U and V'
are expanded in a Fourier cosine series:

U, 2k (1 — k2 |
(ch> = #(5—50)5n+0(5—50) )
kc Ki

For the given stoichiometry (o, = 3/2) and chosen parameter values

(F =2,r,=p=06/5 7 = 1), we have y = 3/10/5, 9 = 6/5,
ke =1/ \/3 —2and

3

N ® -2v10 ’

i

3 (V10+2V15 -6
M=-2 . ,
5\ 6+2v6  -$V10

12

§T M n= @ V10 .
25
Thus we can evaluate
72
K=-—=09-2vVv6),
=0-2V6)
yielding the leading order steady state predictions

5 (37\/3- 90) :

19

G=6)7 (28a)

19,1 = 26 = Volla, | (28b)
where @, 0, are the corresponding Fourier coefficients of the original
variables (u, v), and we use moduli such that these predictions still hold
under a change of origin.

For the second system ((27) from class c¢), the weakly nonlinear
analysis, discussed in Section 4, predicts that |A| instead scales like
(8 — 8y)'/* since K = 0. Specifically, and again choosing the origin so
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Fig. 7. Fourier mode amplitudes from the simulation shown in Fig. 6. The ‘effective wavenumber’ k, gives the number of wavelengths of each perturbation mode contained in

the spatial domain. Figure descriptions as in Fig. 5.

Re()\) k

Re())

= SN k

Fig. 8. Dispersion relations displaying the linearised temporal growth rate of a wave perturbation to the homogeneous steady state as a function of the wavenumber - c.f. Eq. (4)

— for (left:) the set up used in Fig. 4 and (right:) the set up used in Fig. 6. Crosses mark the growth rates for discrete wavenumbers k, =0, 1,2, ...

selected by imposing periodic

boundary conditions. In each case, only the three-wavelength mode (k, = 3) is linearly unstable. Growth in the other modes, observed in Figs. 5 and 7, is due to nonlinear coupling

between modes.

that the amplitude A is real, we have at leading order the solution in
the form

U 1
(V) =2¢e2| Al cos(k.x)n+ O(e) ,

where, from (25), at steady state
i 36k5(1 — k? i i
e2|A| = # (6 = 8)7 .
2520022 + 218
Combining these, we predict the Fourier amplitudes (Ukc’ Vkr):

0, 36kS(1 - k2) i L 1
(V"c>=2 —S———— | -8)in+0O(5-8)2).
ke, 257 102202 + x1)8g

For the given stoichiometry (w = 3/2) and chosen parameter values
(Fy =2, =p=11/5f = 1), we have y = V/165/10, 9 = 11/10,

k. =1/(v/3-1)/2 and
N - 2 —1/165/10
~\V165/5 ’

~11/10
V165
n=2pn= T(l—\/g),

yielding the leading order steady state predictions

13

1

722v3-3)\*
l%'{#) G=50)% | (292)
0] = G- V3la, | (29)

again expressed in terms of the corresponding Fourier coefficients of
the original variables (4, v). Since, in this case, there are no exp(xik,x)
terms at order (6 — &,)!/? (i.e. at order £2), the error in the predictions
given by Egs. (29) is O((8 — 8,)>/*). Even further, by considering the
third order terms in the expansion (21), choosing the origin so that the
amplitude A is real and assuming A to be independent of X, we can
extract the first correction to these predictions:

U, 1 5 a ) 5
<ch>=2£2|A| n+66E|A| C+cem | +0(2),

where the constant ¢ is not determined by our analysis thus far. If ¢ is
chosen correctly, this then allows us to predict how (at steady state)
the leading Fourier amplitudes vary with an error of (6 — 6,)°/* — for
details see Appendix D. These predictions are validated via a set of
numerical simulations to determine the amplitude of the steady-state
pattern above the instability threshold, the results of which are plotted
in Fig. 9. We observe very strong agreement not just in terms of the

(30)



F.R. Waters et al.

T ——1U
e
4t v

=AY & (8 — )2

-3 -2 -1 0
In(§ — o)

Physica D: Nonlinear Phenomena 471 (2025) 134427

-0.5
1 o7
=15 / o
f// o
B ///,.
-2 8 - ——u
5 ——
” oA o (8 — Go)
< ——e fitted first correction
-2.5
-7 -6 -5 -4 -3 -2
In(d — &o)

Fig. 9. Steady state amplitude of a planewave perturbation estimated from numerical simulations of an example Turing-unstable reaction scheme from class a (left) and from class
¢ (right), compared to the predicted leading order steady state amplitudes (dashed lines) |A|* « 6, and |A|* « &, respectively. Crosses plot the steady state values of the amplitude
of the critical Fourier instability mode after the simulation has, up to a tolerance, reached stationarity; i.e. when the difference between two sequential numerical iterates in a
chosen vector norm falls below a chosen threshold value. For these simulations we chose the uniform norm ||x — y||, = max, |x; — y,| and the threshold value 10~8. Dashed lines

show the leading order predictions for the steady state amplitudes as per the weakly nonlinear analysis, c.f. Eqs. (28) and (29); in the right-hand plot the dash-dotted lines show
the two-term prediction from Eq. (30) with ¢ = —2.16, details of which are provided in Appendix D.

power law scaling of the amplitudes as a function of § — §;, but also
with the exact numerical coefficients predicted by our analysis.

Details of the numerical scheme along with parameter values are
provided in Appendix D, but as a brief summary: we simulate the
reaction-diffusion PDEs in Fourier space using a Taylor approximation
to an exponential time differencing scheme [23,24]. Initial simulations
(Figs. 4-7) were performed with a fine spatial mesh and small time step
to establish that stable stripe patterns are indeed possible. Sets of simu-
lations over a range of values of § (Fig. 9) were performed on a coarser
spatial mesh with larger time steps and employing a low-pass filter
(i.e. aliasing) to ensure numerical stability. Code files are available
from the Zenodo digital repository (doi:10.5281/zenodo.14185376) as
supplementary material.

7. Conclusions

In this paper we have built directly on our previous work [12]
and explored the weakly nonlinear development of the pattern-forming
instability that these eleven classes of PDE all, by construction, exhibit.

Curiously, almost every model reaction—diffusion system commonly
used in the literature is implicitly much more complicated than the 11
classes explored here which all corrrespond to minimal (i.e. comprising
only three individual chemical reactions and two species) schemes,
within which each chemical reaction is either zeroth, first or second
order.

We have shown here that these reaction-diffusion systems with
quadratic reaction dynamics can be sufficient, at least as far as for-
mal weakly nonlinear analysis demonstrates, to exhibit stable Turing
patterns. The weakly nonlinear analysis enables us to predict quantita-
tively the steady state amplitude of patterns, at least sufficiently close to
the Turing instability threshold, and we provide, in Fig. 9, verification
of this for periodic patterns that have the critical wavenumber k.. Our
analysis also highlights the important role played by the functional
form of the reaction terms in prescribing which types of bifurcations
can occur as parameter values are varied.

Our main conclusions are as follows. Firstly, that each of the 11
classes of type-I reaction scheme is able to produce small amplitude sta-
ble patterns, as long as suitable stoichiometric coefficients are chosen.
Of particular interest is that the pattern forming instability is super-
critical when the ratio of stoichiometric coefficients w; := m;/(n; —2)

14

in the reaction 2U — n U + mV is sufficiently small. Hence a higher
level of autocatalytic activity within this reaction, i.e. higher values of
n;, serve to produce more supercritical pattern forming behaviour. We
remark that the reaction 2U — n;U + m;V is common to all 11 classes
that we consider here. This commonality was a conclusion from our
previous work [12] which derived the 11 minimal classes.

Secondly, we draw attention to the highly degenerate nature of
classes ¢ and d, in which all nonlinear terms contain factors of U.
The degenerate nature of the weakly nonlinear analysis in these cases
appears not to have been noted before, and appears to be quite subtle,
in that it is closely related to the degeneracy in the linear terms which
describes the Turing instability, but is algebraically complicated. It may
be of interest in future work to see whether similar degeneracies emerge
when reaction-diffusion systems with three or more components are
considered.

Thirdly, we note that analysis of the boundary cases (within classes
a, b, f, g, h, and j) in which the pattern forming instability switches
from being supercritical to being subcritical shows that the higher-order
terms that appear here have a stabilising effect on the instability, so that
even in regions of parameter space where the instability is subcritical
(i.e. K < 0) we might expect that stable patterns at larger amplitudes
exist.

Especially in such cases, the amplitude equations that we derived
here have overall a rich bifurcation structure and many more equilibria
than just spatially uniform states [25], but a more detailed investigation
of these either in the general case of quadratic reaction dynamics
or in the specific cases of minimal Turing-unstable reaction schemes
is beyond the scope of this paper. In particular we expect that in
subcritical cases there are regions of parameter space away from the
Turing instability threshold where localised patches of pattern exist and
are stable, with bifurcation diagrams containing homoclinic snaking
curves.

Another natural direction for future work is the extension of our
results in one spatial dimension into a more general analysis of pattern
selection in two or more spatial dimensions, for example the rela-
tive stability of two-dimensional stripe patterns (corresponding to the
one-dimensional patterns studied here) versus spot patterns that arise
through the superposition of multiple plane waves.

One important application of these results will be in the study of
stochastic reaction—diffusion systems. For an individual-based model of
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a scheme of reactions, each of which involves at most two particles,
the mean-field approximation to the dynamics yields a PDE system (1).
Our work here opens the way for a systematic analysis of so-called
‘stochastic Turing patterns’ in these systems in comparison to deter-
ministic Turing patterns predictable in the mean field. In particular,
the subcritical cases suggest — provided the mean-field predictions hold
robustly in the presence of finite-sized effects — the potential for less
transient stochastic patterning outside a mean-field Turing-instability
range, where fluctuations can repeatedly drive the system between two
branches of stable patterns. An exploration of such models and such
effects is anticipated as future work.
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Appendix A. An alternative expression for K

Here we derive the alternate expression for K given in Eq. (17) at
the beginning of Section 3. First, we have that for p # 1

. —p*8ok2 = 9 U
P det(L,) —p PPk +1
(1~ ki))

_ 1 1 ( —u?
(P = 126pk4 | 1—-k2 \—p(1 = kD) (1-k2)?

2 1,2 (% O
_ 1 1 T2 2(6 O
'<p2—1)250k2‘{1—k%"§ v Ukc((’ 1>}

and so
5,(6 O
+6k0<0 1

—sz,‘TM (%) ?) Mn> . (A1

Now we observe that an arbitrary 2 X 2 matrix Z = (Z;;) can be
decomposed as the following sum of four 2 x 2 matrices:

o %Zu=Zn (1 —p +19211+Zzz L0
T 5+ u =9 5+9 \0 &

(0 Zo),%Zu-Zn (0 u

Zy 0 S0+ 9 -u 0)°

which yields that
0 V4 60Z Z. 0
T7Zn = & 12) , 202117 22
§1zn 5{(221 0) S+9  \-u 0 g
1—k2
(1—k2

_ —(l—kf)ZﬂT 5021 —Zn Zzz
IlZ]z 50+19

_ 1 (19 Mn?
okt \ 18 1-12

Physica D: Nonlinear Phenomena 471 (2025) 134427

a1z, -7y T+§0211—Zzz 0\’ —pu
- 0 8y + 9 2u° -(1-k2)

Zin—Zy \'
_(1_k2)( - 21)'1
60Z1y — Zyp

By directly multiplying the matrices we also observe that

M <50 0) M= < SoM}, + M3Myy (8o M,) + Mzz)M12>
0 1 (BoMyy + MMy, 8gMaMyy + M2, ) °

M2|)) ™

and so, combining these results we then have that
[ 0 (6gM | + My)(M, —
.fTM(O >M11:(1—k2,)< 3 2
0 1 ¢ 50M11 - M22
M, - M.
=(1 - k)M, + M )( 127 )Tn
T 2T\ 6o My, — My,
= (6gM,; + Mp)ETMn .

Using this result for the last term on the right-hand side of (A.1) then
yields

K=-gM (15" + 113" ) Mn

1 <19 & Mn)?

—k2 SoM ) + Myp)E'M
§Ok? 18 1— k% ( 011 22)6 7l>

58 Mn (19 &My
15 k2(1 - k2)

oo \ 15 +50M“+M22> ,
0

which is the expression for K stated at the start of Section 3.

Appendix B. Derivation of the quintic Ginzburg-Landau equation
in the special case in which T M7 vanishes

With the asymptotic scalings introduced at the start of Section 4,
including the perturbations to x and 9 given by y — u + ey, and
9 — 9 + €9, the scaled reaction-diffusion equations become

s U, U 0o - U U
] 7= Hi 2
£20r v £<V>+E<;41 _19|> <V>+(256xX + € aXX)<50V>
2

~y?
H 0 2 3
+e20u | gy, | EN f]V; +0O@E),
2 14
which when separated by powers of ¢ yield the following at successive
orders

1772
;U1
2
o) : 0:£<[I£1>+N UlV% ,
1 |2 )
Vi
2
3 U3 0 _ Ul
3 3 My 3
O(e2 0=L]_ 2|+ 2
) V3 (/41 —191> Vi
2 2
U1U1
Ul UV, +UV
20 2 N 1 + 1
+20,x 5oV + 1 +U;
3 ViV,
2
U 0 —m\ (U
(9(52):0=£<2>+< )(
123 w9 Vi
U, ,U; 172
U 22 2V
+20y [ L)+ N|ULVI+UsV [+ N UV, |,
X S0V, 3 2 2 2 [’
ViVs "
2 2

with an amplitude equation to be found at fifth order from the solv-
ability condition. Given the leading order solution (24), we have

Uy _ 1 )
E<Vl> = 2(a+a) Mn



F.R. Waters et al.

U
= ( l)=—(|a|2L61+%(a2+§2)L;1)M11,

|4
and so
Us 0
5 _ —H . _ 1 0
L] 2|=- —2ik, -
Vi (a+a)<M1 _81>11 ik (ax ax)<0 50)"
2

_ _ _ 1 _ _
+(a+a)|al*M (Lol + %Lzl) Mn+ §(a3 +a@)ML;' My .

Imposing the usual solvability condition at order £3/? results in a new
constraint:

0=§T<0
Hy

_”1>n fe. 2up =1 —-kH9, , (B.1)

_191

which corresponds to the constraint that 6y(u +epu;, 9+€9) = 6y(u, 9+
O(e?), i.e. even though we are perturbing 4 and 9 by an (¢) amount,
we do this in such a way that & is only ©(¢?) away from criticality. We
shall assume that y,, and 9, are chosen such that (B.1) holds, and note
that this constraint also implies that

(0 —M1>n_—(1—k§>m (1 0)11
o =9 H 0 4
2
0 —,ul> (1 = k)py <1 0)
and &7 = —¢ s
¢ <I41 -9 JZ # o By
and thus the second order solution is in fact
U\_ 1 2 1.5
(m)" i (1o = 5@ +ah) .

where y, is as defined in Eq. (23) in Section 4. Substituting this into
the expansion at @(¢/2) and solving, we find that

(B.2)

Us 7 e 3, 3
HN=p+b+ =@+,
v, b+b¢ e (@ +an
2
where
-k 517
b= —Ca—ZlkcaX+gk—za|a|2‘

We recall that every factor of a(X,T) is implicitly multiplied by the
short-lengthscale term e'*e* which is omitted for clarity. The fourth

order terms give
—ur\ (Ur\ _ U
) () -2

<(2)=-(

U.U; 12
z 2 271
- N U%V%+U%V% — N UlVl s (B.S)
Vv 3VE
2 2
but we can avoid solving this in full by looking ahead to the fifth order
terms:
U U U
or % =L % + 0 =i %
Vi Vs w =9 )|V
2 2 2
Us Us 0
2 2
+20,x 5oV +0xx sV + 0,y 5Vi
2 2 2
U,U;
U 2
+@+aM <V2> +N Uqu +U%Vl
? nvs
2

We see that, when we impose the solvability condition, the fourth
order solution (U,,V,) will feature only through the inner product
ETM(U,,V,)T, and so any terms in (U,,V,)" that are parallel to 5 do
not contribute to the solvability condition. In fact, most of the terms
on the right-hand side of Eq. (B.3) are parallel to M7, yielding terms
parallel to n when the linear operator is inverted. The solution at fourth
order is then found to yield
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&M <II£2> = —(ab + ab)e™M Ly' M — (ab + ab)e™M Ly' M¢
2

2 2
= 225001 — K2)(ab + ab) — 22 5,(1 - K2)(ab + ab
e o(1 —k2)(a +a)—m o(1 — k;)(ab + ab) .
c c
Substituting all lower orders into the fifth order equation, after some

simplification, the solvability condition at fifth order is

B=1, 45 +(5 u >A
—5 Ar = T—5Axx P ey
k% l—kg kg(l —k?)
51189 2 2 2
- 275 + + AlA
6/4k‘c‘ ( Xy, T X102 ){]) [A]
2577 126, 5
1 4 H19 .
- 2p + AlA|" +4——iA
36k?(1—k3)( X2 )(1) [A] uk, X
P (222 +3 210 +547) iAx | A]?
3k3(1 —k%)
8y

+—2 (—642+ +512)iA%A, .
3k§(1—k§)( X5+ 0 +5x7) iATAx

This can be presented more conveniently by introducing the scaled
variables

46, N -1, 2568, IR
X = X, T= T, A=| ——— A,
1-k2 K2 36k6(1 — k2)
and using new bifurcation parameters

Voo -k w2

, 0y i=0) — ——— .
ke, Hi s 0 2 K201 - )

(S
o7
S
=

o=
Neglecting *s we get
Ar =Axx +6A— (2)(22 + 1102 +){12) AlA? - )(12)(2 (2 + 11) AlAL*
. 2 .
+2uiAy + 3 (2)(22 +3nn +5)(|2) IAX|A|2
+1
5

which is the quintic Ginzburg-Landau Eq. (25) given at the end of
Section 4.

(=622 + 1an +547) iA%Ay

Appendix C. Derivation of the quintic Ginzburg-Landau equation
in the general case in which K =0

In general K = 0 if and only if ETM(L;' + %L;l)Mr’ = 0. If this
holds, then by comparing to Eq. (11), we can write

_ _ 1 0
M(LG' + 3L MR = v, <O 50)'1
0
5) "

-1, 171 T -1, 1y-1
MM (LG + S L7 My EMLG + 1L YME

1 0 1 0
T T
U (0 50)'1 ¢ (0 50>§
Equipped with these, but burdened with a more general form for the

second and third order solutions, we can proceed similarly to before,
picking back up the analysis from Appendix B up to Eq. (B.2). Now

4)-

-1 1,-1 _ 1
and §TM(L; +5L)M =y, &7 <0

where

v = dw2=

_ 1 P
—la*Ly" My - E(az +a’)Ly' Mn,

and
Y3 = (b+HE+ L@+ LML My,
V; 2 3 2
2
where
(1= k2)u
=q—1 2ik,ay +yalal* .

i
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Then solving the fourth order equation explicitly gives

U\ _ =1 (0 =) ;4 7 vyl 4.(0)
(V2>—|a| L; w9, Ly Mn—(ab+ab)L; M¢ — |al™y

N B VTR R
+—(a2+a2)Ll( >L M
P\ =8/ !
+ 4ik,(aay — aay)L;" <1 O> L;'Mny
c X X/ 0 50 2

—(ab+ab)L;' ME — (& + @)|al*y® — (@* + a*)y? ,

where
| (LalMﬂ)l 0
y©O = ELalN (Ly'Mm),  (Lg'Mm), |Ly' M7y
0 (Ly' M),
1 (Ly' M), 0
+ L5 N[ @y My, (L;iMﬂ)n Ly Mn,
0 (L Mn),
1 1 (Ly M, 0
y® =313 ML MLy M+ S L3N | (Lg' My, (L My | 15" M,
0 (Ly' M),
1 1 (L3 M), 0
Y=L ML ML M+ S LN (L My, (Ly My | Ly M,
2
0 (L Mmn),

Finally, the solvability condition at fifth order is

0 - -

é‘Trl(ar+ﬁr)=§T< ”1>C(b+b)

up =9

+2ik, £ <(1) ; ) Lby = by) = 6,k2(1 — k»)*(a + @)
0

+ Pi(a+ @)|al* + Py(b + b)|a|* + Py(a’b + @®b)

+ Py(a+ d)|al* + ik Ps(ay — ay)lal*, (c1)
where
po=emr (O TR v Rermnt (O TR Lo
0 m _(()1 0 2 2 m —191 2 ’
(Ly' M), 0
Py=—EML'ME - EML;'ME - EN (L' Mn), (L' M), (¢,
0 (Ly" M),
X (Ly' M), 0
P3:_§TML(;‘M§-§§TN (L;'Mun), (L3 M), (¢,
0 (L' M),
. (Ly' M7, 0
P4:—§TM(y<°)+y(2>)—Z§TN (L;'Mm), (L;'Mm), |L;' ML Mn,
0 (L' M),
P =48 ML 10 L;'Mny
5 2 \o 5o 2 :

Rearranging Eq. (C.1), we find
A = Ag g +5, A+ g AIAP = AIAI* +201iA g +q3i A% A +quiAg | Al

where

LI £ PR LUk Y eSS
R VI TR

1
K2(1 — k22

1 2
:-1/— Py —5,(1—k ,
43 50]{%(1—]{3)3( 3 0( c)WI)
=] ! P — 2P, — 4y, 8y(1 — k>
=73 50k2(1——k2)3(5_ ) — 4y 8(1 = k7))
(4 c

As a check on the algebra here, we observe that in the specific case in
which ETMn =0 we have P, = P, = P; =0, and further simplifications

q =

a (P, + Py, + Py,

q4
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yield precisely the same quintic Ginzburg-Landau equation as was
derived in Appendix B.

Appendix D. Numerical simulations

For the numerical simulations, two example minimal schemes were
selected: one from class a for which K > 0 and one from class ¢ (for
which K = 0), given below in schemes (D.1), (D.2) respectively. Since
the diffusion terms are diagonal, the governing PDEs

1y2
U\ _[(1 O\en, (1 -u U 2
() =G 8l D)) enin]
=V
2
are easily Fourier transformed in space:
Lo~ =
N N Lo«
O\ _[ (1 0 1 —u 0, 2
() ={-26 5G| @ |
E(V*V)k

where (- % -) denotes a convolution, and this transformed system
is integrated numerically on a one-dimensional spatial domain x €
[0, L] with periodic boundary conditions using a fifth-order Taylor
approximation to Cox and Matthews’ mETD4RK method [23], which
has fourth-order accuracy. Following Kassam and Trefethen [24], it
is simpler to evaluate the nonlinear terms in real space, and so the
implementation of the numerical scheme becomes pseudospectral, with
the diagonality of the diffusion terms being exploited to efficiently
evaluate the linear terms in Fourier space. Code files are available from
the Zenodo digital repository: doi:10.5281/zenodo.14185376.

D.1. Example from class a

The first example corresponds to the (pseudo-)reaction scheme

W 4u 3V
U+Vv=g . (D.1)
g2 U
with parameter values (ry,r,r3) = (1, g, 1). We also fix the diffusiv-

ity of species U to be unity. Accordingly, the PDEs being integrated
numerically are

2_°0
5 u\ _ 1 0 V2 u + 1+22u —65uv ,
v 0 D, v 3u - suv

or equivalently

u=1\_[/1 o0\, (1 -2 u—1
(2D 2)e (R
D)

6 -2)\w-nw->

and the nondimensionalised form (19) is

2()={6 2w+ (m )0

where U=u—1, V = 11000 - 2).

D.1.1. Figs. 4 and 5

To establish that the system can settle to a stable stripe pattern, the
PDE system was integrated on a spatial domain x € [0, L] with L =27 -
being approximately three wavelengths of the critical instability mode
— with periodic boundary conditions using a regular spatial mesh of 210
nodes and a time step of 271, initialised with
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u(x,0) = u* + ﬁ cos(3 - ) | p(x,0) = v* .
The diffusivity of the second species was chosen to be D, = %, where
the instability threshold value is §, = 2(5 + 2\/6) ~ 11.8788. The
resultant spatiotemporal profiles u(x, t), v(x, t) are shown in Fig. 4. The
time evolution of the Fourier mode amplitudes for the first species are
shown in the left-hand plot of Fig. 5. The time evolution of the Fourier
amplitude of the critical instability mode for both species is shown in
the right-hand plot of Fig. 5. The linearised analysis predicts that at
early times the growth rate of this mode will be

_ 1 2 2 ~
Mk) = % <\/(115k2 +22)° — 1440 — 135k —2> ~ 0.02032 ,

where the wavenumber is k = %’” The slope of the dashed line in Fig. 5
indicates this prediction.

D.1.2. Fig. 9 — left-hand plot
To investigate how the stripe amplitude scales with the diffusivity,
the same system was simulated on the domain x € [0, L] now with

L = 6x/\ -2+ \/— — being exactly three wavelengths of the critical
instability mode — with periodic boundary conditions and the same
initialisation of

1

u(x,0) = u* + g cos(3 - ) o(x,0) = 0",

with different choices of the diffusivity D, € [, + exp(-5),8, +
1]. If D, is chosen closer to the threshold, computation times in-
crease exponentially; for D, much further from the threshold the
asymptotic assumptions break down and our predictions lose accuracy.
For efficiency, these repeat simulations were performed on a regular
spatial mesh of only 27 nodes allowing a larger time step of 278.
High wavenumber modes of k, > 32 were also filtered out. The
simulations were run until the change in Fourier-transformed con-
centrations i(k, 1), i(k, ) between time steps was smaller than 1078 in
uniform norm, and the final amplitude of the 3-period Fourier mode
was recorded. These final time amplitudes are shown on a log scale in
the left-hand plot of Fig. 9. The weakly nonlinear analysis predicts, for
a pattern of the critical waveform, a steady state amplitude

K2(1 — k2)?
jap = SR I s, .
Evaluating for this case of class a, with our chosen parameter values,
yields the steady state prediction

25 (—90 + 37\/6)
A= s 2

The leading order asymptotics give
(U> =e(a+an+ OE>)
v
= 2¢ cos(k,x)An + O(e>) assuming A € R,

where €2 = (§ — §,)/8,. Together then, we have the leading order
prediction

5 (—90 + 37\/6)

19

)=

1
|’7kc| = (6—10¢)2 ,

- 5 .
17,1 = 26 = Vo)l | .

The dashed lines in Fig. 9 plot this prediction.
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D.2. Example from class ¢

The second example corresponds to the (pseudo-)reaction scheme
2w 4U +3V
U+v>g , (D.2)

r3
U— 2U

with parameter values (r,r,,r3) = (1,11/5,1). Again we fix the diffu-
sivity of species U to be unity. Accordingly, the PDEs being integrated
numerically are

) u\ _ 1 0 v2 u + u+2u2—15—1uu
"\v 0 D, v 3u2—%uv ’

or equivalently

u—1 _ 1 0 2 2 —15—1 u—1
— L —1y2
+<6 _i)<(u_21)(,,_£> ’
5 11

and the nondimensionalised form (19) analysed above is

1
a?<U>= (1 0>@2+ 11 —5“165 <U>
14 0 D, 75 V165 -3 v
_1 L2
. 2 gVies\ (iu ,
$V165 -5 uv

where 7 = 2t, & = \/Ex, U=u-1,V= 1]—5 165 (v— %)
D.2.1. Figs. 6 and 7

To establish that the system can settle to a stable stripe pattern, the
PDE system was integrated on a spatial domain x € [0, L] with L =22 -
being approximately three wavelengths of the critical instability mode
— with periodic boundary conditions using a regular spatial mesh of 20
nodes and a time step of 2719, initialised with

ok 1 27nx o
u(x,0) =u +mcos<3-T> , v(x,0)=0".

The diffusivity of the second species was chosen to be D, = g, where

the instability threshold value is 6, = %(2 + \/5) ~ 4.1053. The
resultant spatiotemporal profiles u(x, t), v(x, t) are shown in Fig. 6. The
time evolution of the Fourier mode amplitudes for the first species are
shown in the left-hand plot of Fig. 7. The time evolution of the Fourier
amplitude of the critical instability mode for both species is shown in
the right-hand plot of Fig. 7. The linearised analysis predicts that at
early times the growth rate of this mode will be

k) = % ( (35Kk2 +42)7 — 2640 — 55K — 2) ~ 0.08486 ,

where the wavenumber is k = 31—71” The slope of the dashed line in Fig. 7
indicates this prediction.

D.2.2. Fig. 9- right-hand plot
To investigate how the stripe amplitude scales with the diffusivity,

the same system was simulated on the domain x € [0,6x/1/ -1+ \/3) -
being exactly three wavelengths of the critical instability mode — with
periodic boundary conditions and the same initialisation of

1

u(x,0) = u* + mcos<3~ 2%) . 0(x,0) = v*

with different choices of the diffusivity D, € [§,+exp(—7), §,+exp(—2)].
For efficiency, these repeat simulations were performed on a regular
spatial mesh of only 27 nodes allowing a larger time step of 2-8. High
wavenumber modes of k, > 32 were also filtered out. The simula-
tions were run until the concentrations u(x, 1), v(x, t) had approximately
reached stationarity and the final amplitude of the 3-period Fourier
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mode was recorded. These final time amplitudes are shown on a log
scale in the right-hand plot of Fig. 9. The weakly nonlinear analysis
predicts, for a pattern of the critical waveform, a steady state amplitude
98y = 93y + ) 5

|Al* =
465
1006,

2
which, evaluating for this case of class ¢, with our chosen parameter
values, yields the steady state prediction

“342y3

The leading order asymptotics give
1
(g) =¢e2(a+amn+0O(e)

1
=2¢e2 cos(k.x)An + O(e) assuming A € R,

where €2 = (5 — §,)/8,. Together then, we have the leading order
prediction

72 (—3 + 2\/5) :

1
35 6—-6p)% ,

|, | = (D.3a)

10 = =G = Vala,| - (D.3b)

The dashed lines in Fig. 9 plot this prediction. We can even pull out
the first correction to predictions (D.3) by including terms up to O(3/2).
Assuming A € R and A to be independent of X, we have

- 2
(%) — 2t A+ 2 S B e+ 0D,
Vi, 3 k2
where ¢ is some constant that could be determined by continuing our
analysis to higher orders in £. For our purposes, we simply estimate ¢
based on the output of the numerical simulations. Evaluating y,,k2,7,¢
for the particular parameter values of our simulation and transforming
this back in terms of u and v we get

1

72 (—3+2\/§) !

lig, | = 6=
1
7571 [ 1063 = 1/3) 1
X 1+(2—\/§)(m) T+c (5—50)2 B
1
72(-3+2\/§) ! 5
o | = | ——s——6-d0)| - G-V
1
75 \1 {11123 +61/3) 1
x 1_(2_\/§)<E) 2973 —¢]®=5)

Through a process of trial and improvement, we can find a suitable
value for ¢ in order that the error in the prediction is reduced from
O((6 = 65)*) to O(8 — 6p)°/%).
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Data availability

Data will be made available on request.
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