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Introduction Results Proofs Closing

Balls in bins

Place m balls in n bins such that m/n → ρ

Bin 1 Bin 2 Bin n

Condensate

(ρ− ν)n balls

P (Bm,n = (m1,m2, . . . ,mn)) =
1

Zm,n

n∏
i=1

f (mi )

f (k) = ck−β β > 2 ν :=
∞∑
k=0

kf (k)

Distribution of bins with k balls [Janson 2012]

N(k)

n
P→ πk and

∞∑
k=1

kπk =

{
ρ if ρ ≤ ν

ν if ρ > ν.

But
∞∑
k=1

k
N(k)

n
=

m

n
→ ρ. So there is mass escaping!
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Introduction Results Proofs Closing

Localization in Random Geometric Graphs

Setting:

Vertices: Poisson point process with intensity n on Td

Edges: (v ,w) ∈ En ⇐⇒ ∥v − w∥ ≤ rn → 0

Expected number of edges: E [|En|] =
ωn2rdn

2
:= νn

On the event |En| ≥ (1 + δ)νn there is a localization phenomena
[Chatterjee and Harel 2020]

rn

≈
√
2δνn vertices
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Outline of the rest of the talk

Introduce model

State results

Upper large deviation

Edge-length distribution

Conditional degree distribution

Some ideas for the proof



Introduction Results Proofs Closing

Model definition

Vertices: points x ∈ Td
n (d-dimensional torus of volume n)

Lattice: n1/d ∈ N and Vn integer lattice on Td
n

Poisson: Vn Poisson point process of intensity 1 on Td
n

Each vertex has weight wx sampled from W : P (W > t) = t−(β−1) (β > 2)

Edges: two functions: ϕ : [0,∞) → [0, 1] and κ[1,∞)× [1,∞) → (0,∞)

(vx , vy ) ∈ E with prob. px,y (wx ,wy ) := ϕ

(
dn(x , y)

d

κ(wx ,wy )

)
Examples:

Geometric Inhomogeneous Random Graphs [Bringmann et al. 2019]:
ϕ(x) = 1 ∧ x and κ(u, v) = uv

Scale-free percolation [Deijfen et al. 2013, Deprez and Wüthrich 2019]:

ϕ(x) = 1− e−x−α

, α > 1 and κ(u, v) = uv

Poisson Boolean with heavy-tailed radii [Stoyan et al. 2013]:
ϕ(x) = 1{x∈[0,1]} and κ(u, v) = (u1/d + v 1/d)d

Age-based preferential attachment [Gracar et al 2019]:

ϕ(x) = 1 ∧ x−α, α > 1 and κ(u, v) = (u ∧ v)
1
γ
−1(u ∨ v), γ ∈ (0, 1)
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Result I: Upper large deviation

Assumptions:

cv ≤ κ(v ,w) ≤ Cvw (β−2)∨1 for all v ≥ w ≥ 1 and some 0 < c < C

K(v ,w) := limx↑∞ κ(xv ,w)/x exists

ϕ is continuous at 0 and c1{x≤c} ≤ ϕ(x) ≤ 1 ∧ Cx−α for some α > 0

|En|
n

P→ ν, Λ(w , z) := E
[
ϕ

(
∥z∥d

K(w ,W )

)]
, Λ(w) :=

∫
[−1/2,1/2]d

Λ(w , z) dz

F (ρ) :=
(β − 1)k

k!

∫ ∞

0

· · ·
∫ ∞

0

1{Λ(y1)+···+Λ(yk )>ρ}

k∏
i=1

y−β
i dyi , k = ⌈ρ⌉

Upper large deviation [vhH, et al. 2024+]

For any non-integer ρ > 0, under the assumptions above:

P (|En| ≥ (ρ+ ν)n) = (F (ρ) + o(1))n−k(β−2)
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What is wrong with integers?

The result: P (|En| ≥ (ρ+ ν)n) = (F (ρ) + o(1))n−k(β−2) for all non-integer ρ > 0

The main point: Large deviation is “equivalent” to that of
∑

x∈Vx
nΛ(Wx/n)

Consequence: at integer ρ = k optimal strategy depends on Λ(x) → 1 as x → ∞

1. Λ(y) = 1 ∧ y :

Optimal strategy: k vertices Wx ≥ n
Wx ≥ n ⇒ nΛ(Wx/n) ≈ n and hence kn additional edges

2. Λ(y) = 1− e−y

“Optimal strategy”: k vertices Wx = cn log n
They contribute nk(1− n−c) edges
Probability for this setting is (cn log n)−k(β−2) = o(n−k(β−2))

3. Λ(y) = y/(1 + y):

Optimal strategy: depends
k + 1 vertices Wx ≥ n or k vertices Wx ≥ nb, b > 1
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Result II: Empirical edge-length distribution

Recall: Λ(w , z) := E
[
ϕ

(
∥z∥d

K(w ,W )

)]
, λ(w , z) := E

[
ϕ

(
∥z∥d

κ(w ,W )

)]
Empirical edge density measure: µn :=

1

n

∑
{x,y}∈En

δdn(x,y)

∫
f dµY1,...,Yk =

∫
[−1/2,1/2]d

f (∥z∥)
k∑

i=1

Λ(yi , z) dz

Empirical edge-length distribution [vdH et al. 2024+]

Same assumptions as before. For any non-integer ρ > 0 and continuous bounded
function f with compact support. Conditional on the event |En| ≥ (ρ+ ν)n:∫

f (x) dµn(x)
P→ 1

2
E [λf (W )],∫

f
( x

n1/d

)
dµn(x)

d→
∫

f dµY1,...,Yk , where k = ⌈ρ⌉.

λf (w) =

{∑
z∈Zd f (∥z∥)λ(w , z) lattice case∫
f (∥z∥)λ(w , z) dz Poisson case
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Some observations

Result:∫
f (x) dµn(x)

P→ 1

2
E [λf (W )],∫

f
( x

n1/d

)
dµn(x)

d→
∫

f dµY1,...,Yk , where k = ⌈ρ⌉.

Average degree:
|En|
n

P→ ν =
1

2
E [λ1(W )] Mass is escaping:



Introduction Results Proofs Closing

Some observations

Result:∫
f (x) dµn(x)

P→ 1

2
E [λf (W )],∫

f
( x

n1/d

)
dµn(x)

d→
∫

f dµY1,...,Yk , where k = ⌈ρ⌉.

Average degree:
|En|
n

P→ ν =
1

2
E [λ1(W )] Mass is escaping:



Introduction Results Proofs Closing

Some observations

Result:∫
f (x) dµn(x)

P→ 1

2
E [λf (W )],∫

f
( x

n1/d

)
dµn(x)

d→
∫

f dµY1,...,Yk , where k = ⌈ρ⌉.

Average degree:
|En|
n

P→ ν =
1

2
E [λ1(W )]

Mass is escaping:



Introduction Results Proofs Closing

Some observations

Result:∫
f (x) dµn(x)

P→ 1

2
E [λf (W )],∫

f
( x

n1/d

)
dµn(x)

d→
∫

f dµY1,...,Yk , where k = ⌈ρ⌉.

Average degree:
|En|
n

P→ ν =
1

2
E [λ1(W )] Mass is escaping:



Introduction Results Proofs Closing

Result III: Degree distribution

Recall: each vertex x had weight Wx .

W(1) > W(2) > · · · > W(|Vn|) denote the order statistics

X(1) is location of vertex with weight W(i)

For all a ≥ 0 and 0 ≤ b ≤ k: π
(n)
a,b :=

1

|Vn|
∑
x∈Vn

1{Dbulk
x =a,Dhubs

x =b}
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For all a ≥ 0 and 0 ≤ b ≤ k: π
(n)
a,b :=

1

|Vn|
∑
x∈Vn

1{Dbulk
x =a,Dhubs

x =b}

Degree sequence of bulk and hubs [vdH et al. [2024+]

Same assumptions. Conditional on |En| ≥ (ρ+ ν)n:((
DX(i)

n

)
1≤i≤k

, (π
(n)
a,b)0≤a, 0≤b≤k

)
d→ ((Λ(Yi ))1≤i≤k , (πa,b)0≤a, 0≤b≤k)

and 1
n
DX(i)

P→ 0 for all i > k.

P (Y1 ≥ x1, . . . ,Yk ≥ xk) =
(β − 1)k

F (ρ)

∫∫∫ ∞

0

1{Λ(y1)+···+Λ(yk )>ρ}

k∏
i=1

1{yi≥xi∨yi+1}y
−β
i dyi
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Condensation I

((
DX(i)

n

)
1≤i≤k

, (π
(n)
a,b)0≤a, 0≤b≤k

)
d→ ((Λ(Yi ))1≤i≤k , (πa,b)0≤a, 0≤b≤k)

Y1, . . . ,Yk are iid according to distribution on previous slide

U,U1, . . . ,Uk are iid points uniform on Td
1

W Pareto with parameter β > 2

B
(i)
U,W

d
= Be

(
ϕ

(
d1(U,Ui )

d

K(Yi ,W )

))
πa,b = πa,b((Ui ,Yi )1≤i≤k := P

(
D∞(W ) = a,

k∑
i=1

B
(i)
U,W = b | (Ui ,Yi )1≤i≤k

)
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Condensation II

weights ∼ Wweights ∼ W

weights ≈ n

≈ nS edges

P (S > s) =
F (s)

F (ρ)
for all ρ ≤ s < k.
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Up next

Time for some proof ideas.
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Proof for upper large deviation I

Recall result: P (|En| ≥ (δ + ν)n) = (F (ρ) + o(1))n−k(β−2)

The main idea: split the edge set

Let εn → 0 and α ∈ (0, 1)

Main part Emain = {{x , y} ∈ En : dn(x , y) ≤ εnn
1/d ,Wx ∨Wy ≤ na}

Long edges Elong = {{x , y} ∈ En : dn(x , y) > εnn
1/d ,Wx ∨Wy ≤ na}

High weights Ehigh = {{x , y} ∈ En : Wx ∨Wy > na}

1. For any δ > 0, P (| |Emain| − νn| ≥ δn) = o(n−k(β−2))

Two applications of McDiarmid’s inequality

2. For any δ > 0, P (|Elong| ≥ δn) = o(n−k(β−2))

Simple upper bound on the probability

3. P (|Ehigh| ≥ ρn) = (F (ρ) + o(1))n−k(β−2)
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Proof for upper large deviation II

To show: P (|Ehigh| ≥ ρn) = (F (ρ) + o(1))n−k(β−2)

Rewrite the number of high edges:

|Ehigh|

=
∑
x∈Vn

Dx1{Wx≥na} −
∑

{x,y}∈En

1{Wx∧Wy≥na}

=
∑
x∈Vn

≈
∑
x∈Vn

1{Wx≥na} ≈
∑
x∈Vn

λn(Wx)1{Wx≥εn}

Approximate probability:

P

(∑
x∈Vn

λn(Wx)1{Wx≥εn} ≥ ρn

)

≈ P

(
k∑

i=1

λn(Wi )1{Wi≥εn} ≥ ρn

)

≈

(
n

k

)
(β − 1)k

≈ n−k(β−2) (β − 1)k

k!

∫ ∞

0

· · ·
∫ ∞

0

1{Λ(y1)+···+Λ(yk )>ρ}

k∏
i=1

y−β
i dyi

1

n
λn(nw) → Λ(w) :=

∫
[−1/2,1/2]d

E
[
ϕ

(
∥z∥d

K(w ,W )

)]
dz
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Summary

Summary:

We study rare event |En| ≥ (ρ+ ν)n in large class of spatial graphs

Results obtained (asymptotics)
Upper large deviation probability,
Edge-length distribution (traveling wave)
Degree distribution (condensation large weight vertices)

Rare event is attained by k = ⌈ρ⌉ vertices of weight n

Result are universal for non-integer ρ > 0

At integers optimal strategy depends on precise asymptotics

Some open challenges:

Analyze optimal strategies at integer ρ = k

Study structure for other rare events (e.g. triangles)
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