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Motivation

« Convex body W c RY;

 Poisson measure n‘ on W of
intensity t dx; ® ®

e Connect if |[x — y|| < €.

— random geometric graph G;

Functional of interest: %

FY = ) el

edges e in G; -\.\' g

Does Ft(a) satisfy a CLT? What is the speed of convergence?

for o € R.

— Reitzner, Schulte, and Thale 2017 112
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The Cost of Adding a Point

n Poisson measure on (X, \) and F = F(n) Poisson functional

L] ] L] (]
% % ——= added edges
&——@ removed
. . edges
(a) Original RGG (b) RGG with an additional
point

Add-one cost:

Dx F = F(n+ dx) — F(n)
:Z\o—o\afz\o—o“
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F Poisson functional, EF = 0, and N standard Gaussian.

Distance:

dy(F,N) = :gfl |E h(F) — Eh(N) |

Stein’s Method:

dy(F,N) = sup |Ef;(F) — Ffn(F) |,
heH

where
Jo(F) — Ff(F) = h(F) —Eh(N).

Malliavin Calculus: integration by parts formula

E Ffy(F) = E/X Dy L™ F - Dy fo(F)A(dx).

— Malliavin-Stein method (Nourdin and Peccati 2009; Nourdin, Peccati,
and Reinert 2009)
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Second-order Poincaré Inequality

Theorem (Last, Peccati, and Schulte 2016)

* Poisson measure 7 on o-finite space (X, \)

* Poisson functional F,D F € L2, with ¢ = Var(F)*/? and
F=(F-EF)o 1

Let N ~ N(0, 1).
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Moments of the Random Geometric Graph
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Moments of the Random Geometric Graph

Recall:

« Poisson measure 7' on W of intensity t dx; . .

« edge x ~ y iff [x — y|| < &;

’ Ft(”) - Zedgesein G lel*, fora € R. ﬂ_ Q
Then:

D, ) = > jo—e ~ o
> |shortest @=—=e|* ~ exp(—s®/*)s?/*~1gs.
Hence:
E| Dy F¥|* > /OO §* - exp(—s?/%)st/o=14s

Implying: !

a d
E|Dy F* < 0o needs a>—

Reitzner, Schulte, and Thale 2017: Convergence up to o > —% (and

beyond for different rescaling)
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Second-order Poincaré Inequality with 2p-Moments

Theorem (T. 2022)
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Second-order Poincaré Inequality with 2p-Moments

Theorem (T. 2022)
* Poisson measure n on o-finite space (X, \)

* Poisson functional F,D F € L2, with o = Var(F)*/? and
F=(F-EF)o

Let N ~ N(0,1). We have for p € [1,2]:

C’M/(;?aﬁl) <

202 4<4E{|DyF|2p};

+ similar terms
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Multivariate Second-order Poincaré Inequality

o 4""_moment: Schulte and Yukich 2019

¢ Two distances:

di(F,G) :== sup |Eh(F) — Eh(G)|
heH®

where h € C'(R?), bounded derivatives

¢ Convex distance:

de(F,G):= sup |B(F e W)—B(Ge W)

WCRY convex

— out of reach for now

¢ Two methods: Malliavin - Stein & Malliavin - interpolation
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CLT for the Random Geometric Graph

Recall:

with

edges e in Gf/v,-

Define matrix C by

Cj == vol(W; N W}).
Theorem (T. 2024+)
Assume t?ed — oo and o > fg. Let X ~ N(0, C). Then for any p € (1,2]
s.t. 2pa+ d > 0, there is a constant ¢ > 0 such that for all t > 1 large
enough,
ds(F™),X) < (e + (EA () HH7)

If C is positive-definite, the same bound applies for d, with a different
constant c. 10712
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CLT for the Random Geometric Graph

Sparse regime: tef — 0,
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When is C positive-definite?
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When is C positive-definite?

For any x € R™,

2
TCx>O<:>Zx,x,voIWmW )>0& (Zx,]lw ) dz > 0.
iJj =

Ws W, *j
Ws —}T

==
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The End

Thank you!
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