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Motivation

• Convex body W ⊂ Rd;

• Poisson measure ηt on W of
intensity t dx;

• Connect if ‖x − y‖ < εt .

→ random geometric graph Gt

Functional of interest:

F(α)t :=
∑

edges e in Gt

|e|α,

for α ∈ R.

Does F(α)t satisfy a CLT? What is the speed of convergence?

→ Reitzner, Schulte, and Thäle 2017
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The Cost of Adding a Point

η Poisson measure on (X, λ) and F = F(η) Poisson functional

added edges
removed
edges

Add-one cost:

Dx F = F(η + δx)− F(η)

=
∑

| |α −
∑

| |α
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The Cost of Adding a Point

η Poisson measure on (X, λ) and F = F(η) Poisson functional

(a) Original RGG (b) RGG with an additional
point

added edges
removed
edges

Add-one cost:

Dx F = F(η + δx)− F(η)

=
∑

| |α −
∑

| |α

2/12



Method

F Poisson functional, EF = 0, and N standard Gaussian.

Distance:
dH(F,N) = sup

h∈H
|E h(F)− Eh(N) |

Stein’s Method:

dH(F,N) = sup
h∈H

|E f ′h(F)− Ffh(F) |,

where
f ′h(F)− Ffh(F) = h(F)− Eh(N) .

Malliavin Calculus: integration by parts formula

E Ffh(F) = E
∫
X
Dx L

−1 F · Dx fh(F)λ(dx).

→ Malliavin-Stein method (Nourdin and Peccati 2009; Nourdin, Peccati,
and Reinert 2009)
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Second-order Poincaré Inequality

Theorem (Last, Peccati, and Schulte 2016)

• Poisson measure η on σ-finite space (X, λ)

• Poisson functional F,D F ∈ L2, with σ = Var(F)1/2 and
F̂ = (F − EF)σ−1.

Let N ∼ N (0, 1).

dW (F̂,N) 6

2 σ−2

∫
X

(∫
X
E
[(

Dy F
)4] 14

· E
[(

D(2)
x,y F

)4] 14
λ(dy)

)2
λ(dx)

1/2

+ similar terms
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Moments of the Random Geometric Graph

Recall:

• Poisson measure ηt on W of intensity t dx;
• edge x ∼ y iff ‖x − y‖ < εt ;
• F(α)t =

∑
edges e in Gt |e|

α, for α ∈ R.

Then:

Dx F
(α)
t

=
∑

| |α

> |shortest |α ∼ exp(−sd/α)sd/α−1ds.

Hence:
E|Dx F(α)t |4 &

∫ ∞

1
s4 · exp(−sd/α)sd/α−1ds

Implying:

E|Dx F(α)t |4 < ∞ needs α > −d
4

Reitzner, Schulte, and Thäle 2017: Convergence up to α > − d
2 (and

beyond for different rescaling)
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Second-order Poincaré Inequality with 2p-Moments

Theorem (T. 2022)

• Poisson measure η on σ-finite space (X, λ)

• Poisson functional F,D F ∈ L2, with σ = Var(F)1/2 and
F̂ = (F − EF)σ−1.

Let N ∼ N (0, 1).

We have for p ∈ [1, 2]:

dW (F̂,N) 6

2σ−2

∫
X

(∫
X
E
[
|Dy F|2p

] 1
2p · E

[∣∣∣D(2)
x,y F

∣∣∣2p] 1
2p

λ(dy)

)p
λ(dx)

1/p

+ similar terms
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Multivariate Case: an Example

• ηt Poisson measure on Rd,
intensity t dx;

• convex bodies
W1, . . . ,Wm ⊂ Rd;

• GtWi random geometric graph in
Wi;

• F(α,i)t :=
∑

edges e in GtWi
|e|α.

Define:

F̂(α)t := φ−1
t

(
F(α,1)t , . . . , F(α,m)t

)
.

Does F̂(α)t satisfy a CLT? What is the speed of convergence?
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Multivariate Second-order Poincaré Inequality

• 4th-moment: Schulte and Yukich 2019

•
di(F,G) := sup

h∈H(i)
|Eh(F)− Eh(G)|

where h ∈ C i(Rd), bounded derivatives
•

dC(F,G) := sup
W⊂Rd convex

|P(F ∈ W)− P(G ∈ W)|

→ out of reach for now

• Malliavin - Stein & Malliavin - interpolation
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Multivariate Second-order Poincaré Inequality

Theorem (T. 2024+)

• F = (F1, . . . , Fm), with EFi = 0 and Fi,D Fi ∈ L2;
• C = (Cij)16i,j6m matrix;

• X ∼ N (0, C) multivariate Gaussian.

Then for all p ∈ [1, 2],

d(F,X) 6
m∑

i,j=1

|Cij − Cov(Fi, Fj)|

+ 4
m∑

i,j=1

(∫
X

(∫
X
E
[
|Dx Fi|2p

]1/2p
E
[
|D(2)

x,y Fj|2p
]1/2p

λ(dx)
)p

λ(dy)
)1/p

+ similar terms
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CLT for the Random Geometric Graph

Recall:

F̂(α)t = φ−1
t

(
F(α,1)t , . . . , F(α,m)t

)
,

with
F(α,i)t :=

∑
edges e in GtWi

|e|α.

Define matrix C by

Cij := vol(Wi ∩Wj).

Theorem (T. 2024+)

Assume t2εdt → ∞ and α > − d
2 . Let X ∼ N (0, C). Then for any p ∈ (1, 2]

s.t. 2pα+ d > 0, there is a constant c > 0 such that for all t > 1 large
enough,

d3(F̂
(α)
t ,X) 6 c

(
εt + (t ∧ (t2εdt ))

−1+1/p
)
.

If C is positive-definite, the same bound applies for d2 with a different
constant c.
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CLT for the Random Geometric Graph

Sparse regime: tεdt → 0,

d3(F̂
(α)
t ,X) . εt + (t2εt)−1+1/p

Thermodynamic regime: tεdt → c,

d3(F̂
(α)
t ,X) . εt + t−1+1/p

Dense regime: tεdt → ∞,

d3(F̂
(α)
t ,X) . εt + t−1+1/p
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When is C positive-definite?

For any x ∈ Rm,

xTCx > 0

⇔
∑
i,j

xixj vol(Wi ∩Wj) > 0⇔
∫
Rd

(
m∑
i=1

xi1Wi(z)

)2
dz > 0.

W1 W2 W3 W4

W1 W2 W3
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The End

Thank you!
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