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> Stationary Poisson process 7 in RY with intensity one as nodes
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> Stationary Poisson process 7 in RY with intensity one as nodes
> o :RY — [0, 1] connection function with ¢(x) = ¢(—x) for
x € RY

» Connect x,y € 1, x # y, with probability ¢(x — y) by an edge
independently

Large degrees and components of scale-free random connection models |  Matthias Schulte 2



connection model (RCM) TUHH
Hamburg University of Technology

> Stationary Poisson process 7 in RY with intensity one as nodes

> o :RY — [0, 1] connection function with ¢(x) = ¢(—x) for
x € R9

» Connect x,y € 1, x # y, with probability ¢(x — y) by an edge
independently

Large degrees and components of scale-free random connection models |  Matthias Schulte 2



m connection model (RCM) TUHH
Hamburg University of Technology

Ny

> Stationary Poisson process 7 in RY with intensity one as nodes
> o :RY — [0, 1] connection function with ¢(x) = ¢(—x) for
x € RY

» Connect x,y € 1, x # y, with probability ¢(x — y) by an edge
independently

» Penrose (1991)
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> o(x,y) = exp(—cllx — y|?)
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> o(x,y) = exp(—c|x — y|?)

> o(x,y)=L{|[x—y| < r} withr>0
= random geometric graph
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The degree D of the typical vertex has the same distribution as the
degree of 0 if we add 0 as additional point to the RCM.
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. of the typical vertex of the RCM TUHH

The degree D of the typical vertex has the same distribution as the
degree of 0 if we add 0 as additional point to the RCM. Thus,

D2 Z 1{0 <> x} <2 Poisson (/]Rd o(x) dx).

xen
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> W positive random variable such that P(W > u) = u=#L(u),
u >0, with 8 > 0 and L slowly varying.
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> W positive random variable such that P(W > u) = u=#L(u),
u >0, with 5> 0 and L slowly varying.

» Mark the points of 7 with i.i.d. copies (Wj)xey, of W.
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> W positive random variable such that P(W > u) = u=#L(u),
u >0, with 5> 0 and L slowly varying.
» Mark the points of 7 with i.i.d. copies (Wj)xey, of W.
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> W positive random variable such that P(W > u) = u=#L(u),
u >0, with 5> 0 and L slowly varying.

» Mark the points of 7 with i.i.d. copies (Wj)xey, of W.

» Connect x,y € 1, x # y, independently with probability

AW, W, )

]P’(X(—)y)zl—exp(—m
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The degree D of the typical
vertex has the same distribution
as the degree of 0 if we add

(0, Wp) with independent

Wo 4 W to the scale-free RCM.
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The degree D of the typical
vertex has the same distribution
as the degree of 0 if we add

(0, Wp) with independent

Wo 4 W to the scale-free RCM.

If min{a, @B} > d, then
P(D > u) = {(u)u=*9, u>0,

with a slowly varying function ¢ : (0, 00) — (0, c0).
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Since

D£3"1{0 ¢+ x},

xen

for given weight Wy of the
typical vertex (or of 0),
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Since

D£3"1{0 ¢+ x},

xen

for given weight Wy of the
typical vertex (or of 0),

)\WOW) dx

X[

E[DlWO]:Ew/ 1—exp(—
Rd
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Since

D£3"1{0 ¢+ x},

XEN

for given weight Wy of the
typical vertex (or of 0),

AW W
IE[D|W0]:EW/ 1—exp(——0)dx
RY X[

= W5/ N/ E[W/M (1~ d/a)
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Since
D£3"1{0 ¢+ x},
XEN

for given weight Wy of the
typical vertex (or of 0),

AW W
IE[D|W0]:IEW/ 1—exp( H Tla )d
Rd

— WA CE[WAN(1 - d/a)

and
D £ Poisson (Wod/a)\d/o‘E[Wd/"]F(l —d/a)).
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Since
D£3"1{0 ¢+ x},
XEN

for given weight Wy of the
typical vertex (or of 0),

AW W
IE[D|W0]:IEW/ 1—exp( H fﬁa )d
Rd

— WA CE[WAN(1 - d/a)

and
D £ Poisson (W:/a)\d/O‘IE[Wd/a]F(l —d/a)).

Thus, for large Wo, D ~ WX/ 2RE[W4/2|F (1 - d/a).
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How does

max Deg(x
x€nn[0,nt/d]d g( )

behave as n — 0o?
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How does

max Deg(x
x€nn[0,nt/d]d g( )

behave as n — 00?

For random geometric graphs (see Penrose (2003)) there exist
sequences (ap)pen With

lim P(maximum degree € {a,, a, +1}) = 1.

n—oo
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» A random variable Z is Fréchet(y)-distributed with v > 0 if
P(Z<y)=e”"

for y > 0.

» Let P,, v >0, be a Poisson process on (0, 00) with intensity
measure v, such that

vy((a,b) = a7 — b7

for0<a< b< .
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Let
g(t) == inf{s > 0: P(W¥* <s)>1-1/t}, t>1,
kg the volume of the d-dimensional unit ball and
€= A%y (1 — d/a)EWY/,
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Let
g(t) == inf{s > 0: P(W¥* <s)>1-1/t}, t>1,
kg the volume of the d-dimensional unit ball and
€= A%y (1 — d/a)EWY/,

For the scale-free RCM with d < min{«, o}, as n — oo,

- d
D —, Fréchet(a3/d
fCI(n) Xenr?Fo?,),(l/d]d eg(x) reche (aﬁ/ )

and

Deg(x
{ gqg((n)) :x €nNnlo, nl/d]d} N (0, 00) - Pogpyd-
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Compare the point processes

_ | Deg(x) Sy Ll/dyd
Dy o= { Gty x €10

and

Wd/a
En = X _:x¢€ ﬂO,nl/dd}
{ q(n) 70l )

and use that &, is a Poisson process.
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Compare the point processes

_ | Deg(x) Sy Ll/dyd
o= { T xR}

and

Wd/a
En = X _:x¢€ ﬂO,nl/dd}
{ q(n) 70l ]

and use that &, is a Poisson process.

Our proof implies that, for any k € N,
lim P(point with k-th largest weight in [0, n*/d)d

has k-th largest degree) = 1.
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The results for the large degrees of the scale-free
RCM follow from a more general result in
Bhattacharjee/S. (2022) also applicable to:

» Norros-Reittu model
» Chung-Lu model
» Scale-free percolation model on Z9

» Ultra-small scale-free geometric networks
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Extension to other random graphs
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The results for the large degrees of the scale-free
RCM follow from a more general result in
Bhattacharjee/S. (2022) also applicable to:

» Norros-Reittu model

» Chung-Lu model

» Scale-free percolation model on Z9

» Ultra-small scale-free geometric networks

It is shown that the Hill estimator for the degree
distribution is consistent.
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What are the sizes of the large components within [0, n/9]9?
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What are the sizes of the large components within [0, n/9]9?

» Let C(x) be the component of x € 7 and |C(x)]| its cardinality.
» Define Vinax :={x€n: W > W, forall yecC(x)}.
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What are the sizes of the large components within [0, n/9]9?

» Let C(x) be the component of x € 7 and |C(x)]| its cardinality.
» Define Vinax :={x€n: W > W, forall yecC(x)}.
We study

max C(x)| and C :x € nNJo, Ydid
XGnﬂ[O,nl/d]dmvmax‘ (I and {[C()|: x € nn [0, n*/7] ax }
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Assume that o > d, E[W39/] < 00 and

0 := A4l (1 — d/a)E[W?9/*] < 1.

Then, there exists a constant ( > 0 such that, as n — oo,

L d
C — Fréchet d
¢q(n) Xem[o’r;}?ﬁ(]dmva (x)] réchet(o3/d)

and

€0 / d
{Cq(n) xenn [07 n1 d]d N Vmax} N (O, OO) — Paﬂ/d-
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Let |Co| denote the size of the component of 0 in the RCM with
the additional point (0, Ws) with independent W < W.

Under the assumptions of the previous theorem, there exists a
constant ¢ > 0 such that

— . d/a
im E[|Co| | Wo = w] — (w

w—00 Wd /o

=0.
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Let |Co| denote the size of the component of 0 in the RCM with
the additional point (0, Ws) with independent W < W.

Under the assumptions of the previous theorem, there exists a
constant ¢ > 0 such that

— . d/a
im E[|Co| | Wo = w] — (w

w—00 Wd /o

=0.

Proof idea of the theorem: Compare the point processes

_ flc(x)| Sy nl/d1d
D, = {Cq(n) txenn [0, ] N Vmax}

and &, := {WZ'*/q(n) : x € N [0, nV/9]9}.
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Recall g := A%/ gl (1 - d fa)B[W29/] < 1.
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Recall o := A\9/%k4T (1 — d/a)E[W?9/%] < 1. Since

|CO|§1+Z Z 1{0 <> x1 <> ... <> Xk}

k=1 (xl,...,xk)en;
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Recall o := A\9/%k4T (1 — d/a)E[W?9/%] < 1. Since

Gl <1+> Y Hoexe ... o xl,

k=1 (X1,---,Xk)€77§,g

we can bound E[|Co] | Wo] by

1+ZEW1, ,Wk/ Ryt - — e AWl d (g, )
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Recall o := A\9/%k4T (1 — d/a)E[W?9/%] < 1. Since

Col <14 > Howrx ... e xl,

k=1 (X1,---,Xk)€77;

we can bound E[|Co] | WO] by

1+ZEW1, W /]Rd)k — e AWl d (g, )
k
—14 WJ””‘ZEW;’/“ H W,-z"/“Akd/“(/ 1- eVl dx)
k=1 i—1 RY
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Recall o := A\9/%k4T (1 — d/a)E[W?9/%] < 1. Since

Col <14 > Howrx ... e xl,

k=1 (X1,~-,Xk)€77‘;

we can bound E[|Co] | WQ] by

1+ ZEWI, LW / e_AVV"‘lw"/”X"_X"—I"Q) d(xi,...

Rd)k

7Xk)

k
— 1+ wd/e ZEWZ/“ H VV,-Z"/“Akd/a(/ 1 eVl dx)
Rd

k=1 i=1
_ d/a W] O
=14 W E[WaTe] Z@
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Recall that
AW, W,
Bl ) = 1o (- 0K )

and define A¢ :=inf{\ > 0: P(|Co| = o0) > 0}.
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Recall that
AW, W,
Bl ) = 1o (- 0K )

and define A¢ :=inf{\ > 0: P(|Co| = o0) > 0}.

Let d > 2 and assume that min{a, a8} > d.
a) If af < 2d, then A\c = 0.
b) If af > 2d, then . € (0, ).
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Recall that
AW, W,
Bl ) = 1o (- 0K )

and define A¢ :=inf{\ > 0: P(|Co| = o0) > 0}.

Let d > 2 and assume that min{a, a8} > d.
a) If af < 2d, then A\c = 0.
b) If af > 2d, then . € (0, ).

The assumptions ¢ := A%k, (1 — d/a)E[W?9/%] < 1 and
E[W39/%] < oo imply af > 2d and A < Ac.
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Recall that

AW, W,
[Ix —YIIU“)
and define Ac ;= inf{\A > 0 : P(|Co| = o0) > 0}.

Let d > 2 and assume that min{a, a8} > d.
a) If af < 2d, then A\c = 0.
b) If af > 2d, then . € (0, ).

]P’(x<—>y)=1—exp(—

The assumptions ¢ := A%/ %kyl(1 — d/a)E[W?9/%] < 1 and
E[W34/2] < oo imply a8 > 2d and A < Ac.

There are some A < A with o > 1. For those it is open if our
result holds.
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> W positive random variable such that P(W > u) = u=#L(u),
u >0, with 5 > 0 and L slowly varying
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> W positive random variable such that P(W > u) = u=#L(u),
u >0, with 5 > 0 and L slowly varying

» Mark the nodes [n] := {1,..., n} with i.i.d. copies of W.
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> W positive random variable such that P(W > u) = u=#L(u),
u >0, with 5 > 0 and L slowly varying
» Mark the nodes [n] := {1,..., n} with i.i.d. copies of W.

17
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> W positive random variable such that P(W > u) = u=#L(u),
u >0, with 8> 0 and L slowly varying

» Mark the nodes [n] := {1,..., n} with i.i.d. copies of W.

» Connect /,j € [n] with Poisson(W;W;/>",_; Wk) many edges
independently.
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> W positive random variable such that P(W > u) = u=#L(u),
u >0, with 8> 0 and L slowly varying

» Mark the nodes [n] := {1,..., n} with i.i.d. copies of W.

» Connect /,j € [n] with Poisson(W;W;/>",_; Wk) many edges
independently.

» Norros/Reittu (2006)
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» W positive random variable such that P(W > u) = u=%L(u),
u >0, with 8> 0 and L slowly varying

» Mark the nodes [n] := {1,..., n} with i.i.d. copies of W.

» Connect /,j € [n] with Poisson(W;W;/ > ) _; Wk) many edges
independently.

» Norros/Reittu (2006)

D2 Deg(1) 4 Poisson( W) 4 Poisson( W)

v
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Define
G(t) :=inf{s>0:P(W <s)>1-1/t}, t>1,
and ¢ := E[W]/(E[W] — E[W?3]).

Assume that 8 > 2 and that E[W?] < E[W]. Then, as n — oo,

1

Za(n) o5 IC(7)] LN Fréchet(p)

{ CON. ¢ fn and W > Wi v j € C(i)} N(0,00) =% Pp.

Large degrees and components of scale-free random connection models |  Matthias Schulte 18



Thank you!

Hamburg University of Technology

Thank you!
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