Binomial and Poisson Random Polytopes

Bath, September 2023

Matthias Reitzner

',ﬂ‘
UNIVERSITAT o OSNABRUCK

e ey



Random polytopes

Random points X, ..., X, uniformly in K c R?

P,=[X.....X,] C K
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Random polytopes

Random points X, ..., X, uniformly in K C R?

Pn:[Xl,---,Xn]CK

fo(Pn) i vertices of P,
o f-vector: f(P,,) = fl(fD”) — : edge-s of Py
fa—1(Pn) f facets of P,

@ intrinsic volumes of P, : Vi(K) — Vi(P,)
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Expectations: K € K§,

K € ICS’JF:
EFf(P,) = € Qu(K) n'"" @1 + o(n'#1)
Va(K) — E V4(P,) = cq Q4(K) = o(n_d%l)

Barany, Buchta, Efron, R. , Rényi, Schneider, Sulanke, Wieacker, ...
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Expectations: K € K§,

Random points X, ..., X, uniformly in K C R?

P,=[X1,.... X, C K
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Expectations: K € P¢

K e P9
Ef(P,) =& T(K) In"'n+ o(In"n)
Va(K) = E Vy(P,) = &T(K)n*In®*n+o(ntIn?"" n)

Affentranger, Barany, Buchta, Efron, R. , Schneider , Schiitt, ...
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Expectations: K € P
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Expectations: K € P¢




Variance

Efron-Stein Jackknife inequality

Vg(Pa) < (n+ 1)E(g(Pat1) — g(Pn))’

KeKj,:

VF(P,) S n'" @1, VVy(P,) Sn ' an




K € Pd:

Vﬁ(IPn) é |nd—1 ]

V(K) — E Va(P,) S 172 In 1

Ba ra’ny, R



The floating body

Vy(C) =6

N



The floating body




The floating body




The floating body
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The floating body

fo(P,,) - {Xl, .. ,Xn} N K[,,—1|nm n ~ Bin(n, Vd(K[,,—lm--- n])) — ﬂ'()

24. September 2024 13 /35



Expectations: K € K§,

Poisson point process 7, in K C R?

M, =[n.] = Pn, N~ m(n)

Kelcg’#:

Ef(MN,) = B& Qu(K)N" @1 + Eo(N' 1)

Va(K) = E Vy(M,) = cg Qu(K) n~ a1 + o(n~@1)

e e vy



Expectations: K € K§,

Poisson point process 7, in K C R?

M, =[n.] = Pn, N~ m(n)

Kelcg’#:

E f(Py) = E& Qq(K)N* @1 + Eo(N'#1)

Va(K) = E Vy(M,) = cg Qu(K) n~ a1 + o(n~@1)

e e vy



Expectations: K € K§,

Poisson point process 7, in K C R?

M, =[n.] = Pn, N~ m(n)

Kelcg’#:

EFf(N,) = & Qq(K)n* @1+ o(n@1)

Va(K) = E Vy(M,) = cg Qu(K) n~ a1 + o(n~@1)

e e vy



Expectations: K € P¢

K e PY:
Ef(M,) =& T(K) In“*n+o(In?*n)
Va(K) —E Vy(N,) =&T(K)ntIn "t n+o(ntIn?"n)

e i o) )3



Variance

Poincaré inequality

Vg(nn) < nE(g(n, + 6x) — g(1n))?

Nualart und Vives, Last und Penrose, ...
o T = = T 9ac
B o4 september2024 16/35




Variance

K < ICgH_Z
VA(N,) S na1, VVa(N,) S nt-
K € P
— )<Ind 1n+o( a= 1n) VVy(M,) £ n2In?1np




K € ]Cg+

Vf:(nn) = C,'Qd(K)nl_d%l L

VVvy(N,) = Cde(K)n_l_dLH .

Calka, Yukich



Variances

KeK§,
VA(M,) = ¢Qq(K)n' a1 + .
V V(M) = csQq(K)n a1 + ..
Calka, Yukich
K € P9 simple
V£(N,) = cfh(K)Intn+ ...
VVy(N,) = cafy(K)n2In" " n+ ...
Calka, Yukich

e sy



de-Poissonization

K e K4,

|ka(Pn) - ka(nn)|
[V V4(P,) — VVy(N,)|

4

<nttan
4

SntTaa

K € P9:

IVE(P,) — VE(M,)| S ntin2+d
IVV4(P,) — VVy(N,)| S n 2 H2In3 "t p
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Variances

KeK§,
VE(P,) = ¢iQq(K)n* a1 + ...
VVy(P,) = caQq(K)n a1 + ..

K € P9 simple
V£i(P,) = cifo(K)In?n+ ...
VV4(P,) = cafo(K)n™2In?n+ ...

e ey



CLT for I,

Theorem
For K € K§, or K a polytope:

|IP (ﬁ(nn) — Efl(nn) < X) _ (D(X)

Vi,

Vd(nn) _ IE]Vd(l_ln)
|IP ( NIZ00) < x) — ®(x)

Barany, Braker, Cabo, Calka, Groeneboom, Hsing, Pardon, R.,
Schreiber, Thale, Yukich, Vu

e e o) i)



de-Poissonization

KeK§.:
|Frpny(X) = Frqny(X)] S 0~ Inast n

__2 _2
|Fvy(py(X) = Fyynyy(x)| £ n~ @ In@i n

K € P9:

_ 2
|Frpy(X) = Frmy(x)| < In 4d

Y
|Fv,(pay (%) = Fuynny ()| £ In™*

e sy



CLT

Theorem
For K € K§, or K a polytope:

f:(Pn) _ Ef;('Dn)
|]P ( VR < x) —P(x)| <e(n)—0
|IP (Vd(P") — EVa(Py) < x) —d(x)| <e(n)—0
VV4(P,)

Barany, Braker, Cabo, Calka, Groeneboom, Hsing, Pardon, R.,
Schreiber, Thale, Yukich, Vu

e sy



CLT for K,

K sufficiently smooth:

1 1 2
< C(K)n_i"'ﬁ In2ta1 n

Vd(Pn) - EVd(Pn)
']P ( \/W < x) — ®(x)

R., Vu

e i o) 2



CLT for K¢,

K sufficiently smooth:

< c(K)n~tan

Vd(Pn) - EVd(Pn)
’IP ( N2 < x) — (x)

v

R., Vu, Lachieze-Rey & Schulte & Yukich
stabilization!

e i o) 2



CLT for P




CLT for P




CLT for P2

Distribution function for rd chains (Buchta)
CLT for rd chains (Gusakova & Théle) — Poissonization
CLT for rd polygons (Gusakova & R & Thile) — de-Poissonization

K ¢ P2
Vio(Pn)

< x) — CD(X)‘ <cln Zn

e sy



Random polytopes with vertices on 0K

random points Xi, ..., X, uniformly on 0K

Pn:[Xl,---,Xn]CK
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Random polytopes with vertices on 0K

random points Xi, ..., X, uniformly on 0K

Pn:[Xl,---,Xn]CK
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Expectations

Kekd.: Ef(P,) = n

2 2

Vy(K) — BVy(P,) = cd/ = = =y
oK

Affentranger, Boréczky, Buchta, Fodor, Hug, Gruber, Miiller, R. ,
Schneider, Schiitt, Tichy, Werner, . ..
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Expectations

Kekd.: Ef(P,) = n

2 2

Vy(K) — BVy(P,) = cd/ O e o ()
oK

Affentranger, Boréczky, Buchta, Fodor, Hug, Gruber, Miiller, R. ,
Schneider, Schiitt, Tichy, Werner, ...

d=2: f(P,)=Hf(P,)=n

d=3: fo(P,)=n, A(P,)=3n—6, L =2n—4

e sy



Expectations

K€K§17+: Efo(Pn) _ n

2

Vy(K) — BVy(P,) = cd/ O e o ()
oK

Affentranger, Boréczky, Buchta, Fodor, Hug, Gruber, Miiller, R. ,
Stemeseder, Schneider, Schiitt, Tichy, Werner, ...

d>2: f(P,)=

d=2: fo(P) =Hf(Pn)=n

d=3: f(P,)=n, A(P,)=3n—6, L =2n—4

d>4: f(P,)is arandom variable, i > 1 Stemeseder

e sy



Expectations

Keks,: Ef(P,) = cn+ o(n)

2

Vi(K) —EVa(P,) = c4 /aK {0 e b )

Affentranger, Boréczky, Buchta, Fodor, Hug, Gruber, Miiller, R. ,
Stemeseder, Schneider, Schiitt, Tichy, Werner, ...

d>2: f(P,)=

d=2: fo(P) =Hf(Pn)=n

d=3: f(P,)=n, A(P,)=3n—6, L =2n—4

d>4: f(P,)is arandom variable, i > 1 Stemeseder

e sy



Expectation

Kekd.:

E £;(M5)

Vd(K) - IE)Vd(rln)

Vi£i(Mn)
VVy(,)

QN

cin+ o(n)

cd/ n(x)ﬁ dxn~ 7T + o(n~ 1)
oK

cin

2
n i a1

2

v

Richardson, R., Stemeseder, Vu, Wu

24. September 2024

29 /35



CLT for K% rd points on OK

Theorem
For K € K{. :

b < (M) — EA(M,) _ X) o)) =0

Vy(N,) —EV,(N,)
|]P< N2 0n) §x>—¢(x) —0

Richardson, Stemeseder, Vu, Wu

— no de-Possonization

e sy



CLT for K% rd points on OK

Theorem
For K € K{. :

Va(P,) — EV4(P,)
‘ ( Vi) S ) —®(x)] —0
Thale,

e Ty



CLT for K% rd points on OK

Theorem
For K € K{. :

§x>—¢(x) -0

‘]P (Vd(P,,) — EVy(P,) §X> o) =0

v

Thale, R., Sonnleitner

... using Lachieze-Rey & Schulte & Yukich

e Ty



Random polytopes with vertices on 0K

K € P?: random points Xi, ..., X, uniformly on 0K

P,=[X,....X,] C K

e sy



Random polytopes with vertices on 0K

K € P?: random points Xi, ..., X, uniformly on 0K

P,=[X,....X,] C K
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Random polytopes with vertices on 0K

K € P9: random points Xi, ..., X, uniformly on 9K

P,=[X,....X,] C K

©o

e sy



Expectations

K € P? a simple polytope:

Efy(P,) = csT(K)In“?n +o(In“?n)
Efy_1(P,) = caT(K)In2n +o(In?"2n)
Vy(K)—EVy(P,) = c(K)n a1 +o(n )

v

R., Schitt, Werner

e Ry



Open Problems

e [V, for polytopes
@ optimal rates in the CLT for K € P¢
@ random points on JK for K polytope: Var and CLT

B sy



Open Problems

e [V, for polytopes
@ optimal rates in the CLT for K € P¢
@ random points on JK for K polytope: Var and CLT

@ High-dimensional limits: Pierre's talk on Friday!
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Thank you!

o = = E = 9acn



