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Boolean Models in Euclidean Space: Applied Sciences

Figure: Lava, Puy de la Nugére, Volvic, France, https://www.kristallin.de/s2/f_diaman.htm, Matthias Braunlich, Hamburg,
CC-BY-SA 3.0,
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Figure: Pores in aerated concrete created by the reaction of aluminum with the binding agents lime and cement used in
production. https://www.bauen.de/a/porenbeton-fuer-den-hausbau.html
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Figure: Oban, Scotland, 24/08/12
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(a) EsB slice (b) SE slice (c) volume rendering of the EsB stack

Figure: Porous structure of a zirconium dioxide filtration membrane, imaged by means of a Field Emission Scanning
Electron Microscope (FE-SEM) & tomography package, Roldan, Redenbach, Schladitz, Klingele, Godehardt 2021
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Figure: Blood cells of a frog, https://www.microscopyu.com/gallery-images/frog-blood-cells
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Boolean Models in Euclidean Space: Construction

Poisson point process
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Philosophy:
® Gain information about the intensity of the underlying Poisson process and the shape distribution of the
particles via measurements on the Boolean model (union set) within an observation window W.
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Poisson point process — Poisson particle process (indep. marking) — Boolean model

Philosophy:
® Gain information about the intensity of the underlying Poisson process and the shape distribution of the
particles via measurements on the Boolean model (union set) within an observation window W.

& Approach: Derive relations between local or asymptotic mean values for various functionals of the
typical particle and the Boolean model (state of the art up to, say, 2013).
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Summary and outlook

@ BMs in d-dim. Euclidean space: starting with mean value relations (Miles & Davy 1978), recently
variances and limit theorems could be treated (Heinrich, Molchanov 99, Heinrich, Spiess 13, H., Last,
Schulte 2016, H., Klatt, Last, Schulte 2017, Schulte, Yukich 2019, Betken, Schulte, Théle 2022)).
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Summary and outlook

BMs in d-dim. Euclidean space: starting with mean value relations (Miles & Davy 1978), recently
variances and limit theorems could be treated (Heinrich, Molchanov 99, Heinrich, Spiess 13, H., Last,
Schulte 2016, H., Klatt, Last, Schulte 2017, Schulte, Yukich 2019, Betken, Schulte, Théle 2022)).

BMs arise by attaching to the points of a Poisson point process independently i.i.d. random shapes and
taking the union set. Equivalently: union sets of Poisson particle processes.

BM is a benchmark model in stochastic geometry and its applications.

® BMs in a much more general framework: spaces of constant curvature.
@ Here we focus on hyperbolic space. Why?

® Unexpected phenomena have been discovered in exploring Poisson processes of A-geodesics / flats in
hyperbolic space (Betken, Buhler, Herold, H., Rosen, Kabluchko, Thale).

® New effects and challenges occur, general trend to study random geometry in other spaces than Euclidean.

® Hyperbolic structures are central in geometry, graph theory, ... and its fun!
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Basic hyperbolic geometry

® H? d-dimensional hyperbolic space (simply connected RM with constant sectional curvature —1)

Figure: Circles and geodesics in the Poincaré disk model
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Basic hyperbolic geometry

® H? d-dimensional hyperbolic space (simply connected RM with constant sectional curvature —1)

Figure: Circles and geodesics in the Poincaré disk model

® C? compact convex subsets of HY
® 7, set of isometries, A\ Haar measure on Zy, x € Z4 fixed,

HO() = / 1{ox € -} \(do).
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Balls in hyperbolic spaces

® p fixed point in HY
® Bg closed ball with radius R and centre p
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Balls in hyperbolic spaces

® p fixed point in HY
Br closed ball with radius R and centre p
Surface area and volume of By are given by

HI~(OBR) = wysinh?"(R)
and

R
HY(BR) = wy / sinh®~"(r) dr,
0

wg denotes the surface area of the unit ball in R.
Note that H~"'(0Bg)/HY(Br) — d — 1 as R — oo. (General strict lower bound: Gallego & Solanes '05)
® Similar for V;(Bg)/Vy(Br) — d —1as R — oo (withj € {0,...,d —2}).
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Horoballs

Forue S 'andteR,letB, = HleooB(epr((t + R)u), R). The limit B, ; is a horoball (limit/border ball).
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Boolean model in hyperbolic space

® 7 is a stationary Poisson process on K¢, i.e., a stationary
random collection of particles or a random counting measure
on K¢ (with additional distributional properties)

a the intensity measure A = E7 is isometry invariant:

ogN =N forp € 1.

® induced stationary Boolean model

z=|JK

Ken

® ConsiderZNWandZNBgas R — oo
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Boolean model in hyperbolic space

Suppose that A is locally finite, i.e.,
AN{KeK?:KNC+#>}) < oo forallcompact C C HC.

Let ¢y : K¢ — H be an isometry covariant centre function and v := [ 1{cs(K) € B} A(dK) < oc.
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Boolean model in hyperbolic space

Suppose that A is locally finite, i.e.,
AN{KeK?:KNC+#>}) < oo forallcompact C C HC.
Let ¢y : K¢ — H be an isometry covariant centre function and v := [ 1{cs(K) € B} A(dK) < oc.

Theorem (H., Last, Schulte '24+)
If f: K9 — [0, 00), then

[ oon@) = [ [ 106 xae)atee)

with v € [0, c0) and a probability measure Q invariant under all o € Zy with o(p) = p and concentrated on
Kg :={K € K9 : cy(K) = p}. It ¥ > 0, then Q is uniquely determined, G ~ Q is called typical particle.

For the 1-parallel set G(') of G we have EE Vol(G(")) < oo.

Compare with the Euclidean situation.
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A basic functional: volume
Define v; = E Vol(G) and the mean covariogram function of the typical grain

C(x,z) =EX({0 € Zg : 0x,0z € G}) = ECs(X,2) = %/

1{x,z€ K}AN(dK), x,ze€H"
/Cd
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A basic functional: volume
Define v; = E Vol(G) and the mean covariogram function of the typical grain
1
C(x,z) =EX{0 € Zy : 0X,0z € G}) = ECg(x, 2) = ;/ 1{x, z € K} A(dK), x,z € HY.
’Cd

Euclidean counterpart: C(0,z) = EVol(GN (G + z)) for z € R9. Let W € K°.

Theorem (H., Last, Schulte ’24+)

EVO|(Zﬂ W) = VO|(W)(1 = e’“"’"), EVd_1(Z N W) = Vd(W)’yvd_1e’7"" A Vd_1(W) (1 = e’”"’d) .
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A basic functional: volume
Define v; = E Vol(G) and the mean covariogram function of the typical grain
1
C(x,z) =EX{0 € Zy : 0X,0z € G}) = ECg(x, 2) = ;/ 1{x, z € K} A(dK), x,z € HY.
’Cd

Euclidean counterpart: C(0,z) = EVol(GN (G + z)) for z € R9. Let W € K°.

Theorem (H., Last, Schulte ’24+)

EVol(ZN W) =Vol(W)(1 —e %),  EVy_1(ZNW) = Vg(W)yvg_1e 7" + Va1 (W) (1 —e 7).
If E Vol(G()? < oo, then with independent U ~ Uniform(S¢~") and — T ~ Exp(d — 1).

. VarVol(ZNBg) 2y / 7C(p,2) d
R 2 T ) 2 _1)P B .
Jim. ol e s (e )P(z € By,r) H%(dz)
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Comparison with Euclidean case

e 2V / (79" —1)P(z € By,7) H*(dz)
H
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Comparison with Euclidean case

e—z'yvd / (e’yC(Z) _ 1) dz e*Z’YVd / (e’YC(va) _ 1)P(Z c BU,T) Hd(dz)
R He

/\([a]B,q]) ~ Hd_1 (GIBBR) ~ wde_1
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Comparison with Euclidean case
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Comparison with Euclidean case

e 1 / (79" —1)P(z € By,7) H*(dz)
Hd
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Comparison with Euclidean case

e 1 / (79" —1)P(z € By,7) H*(dz)
Hd

N([OBg]) ~ HI " (0BR) ~ wgR?™" N([0BR]) ~ 1O~ (0Bg) ~ wqel® VA
w _
Vol(Bg) ~ %dl?d Vol(Br) ~ ——*= o eld "
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® additive: p(U U V) = ¢(U) + (V) — p(UN V), U,V e RE,

® isometry invariant: ¢(oU) = ¢(U), for p€Zy and U € RY,
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Geometric functionals

Let R? be the convex ring, the set of unions of finitely many compact convex sets.

Amap ¢ : RY — Ris called a geometric functional if it is

® measurable,

® additive: p(U U V) = ¢(U) + (V) — p(UN V), U,V e RE,

® isometry invariant: ¢(oU) = ¢(U), for p€Zy and U € RY,
® locally bounded: sup{|¢(K)|: K € K%, 0 € Ty, K C 0By} < 0.

Sometimes ¢ is assumed to be continuous on K°.

Examples (no Hadwiger available): Vo, ..., V4 (via the Steiner formula in H)

d—1
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Geometric functionals

Let R? be the convex ring, the set of unions of finitely many compact convex sets.

Amap ¢ : RY — Ris called a geometric functional if it is

® measurable,

® additive: p(U U V) = ¢(U) + (V) — p(UN V), U,V e RE,

® isometry invariant: ¢(oU) = ¢(U), for p€Zy and U € RY,
® locally bounded: sup{|¢(K)|: K € K%, 0 € Ty, K C 0By} < 0.

Sometimes ¢ is assumed to be continuous on K°.

Examples (no Hadwiger available): Vp, ..., V4 (via the Steiner formula in HY) and  (Euler characteristic)

d—1

Va(B(A, 1)) = Val(A) + 3l (DVi(A),  ay(r) := (d]f ‘) / " coshi () sinh® I (f)dt, > 0.

j=0
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Asymptotic expectations

On the set of horoballs ]B%ﬁ, we define the (o-finite) measure

d

p(-) = / / 1{By; € -}el¥" 1 dt HI " (du).
Wa  Jsg=' IR
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Asymptotic expectations

On the set of horoballs BY, we define the (o-finite) measure

oo () [ 1{Buce Jel@ D't 13 (du).

Sd1

Theorem (H., Last, Schulte ’24+)

If ¢ : RY — R is a geometric functional that is continuous on X%, then

Ep(Z NBR) = )T
Iimu— Z /// H(GN KN ...NK,NB)
R—o0 V0| BH = BY Jice J ()1

x A" N(d (K, . . ., Kn)) Q(AG) i (dB).
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Asymptotic expectations

On the set of horoballs B¢, we define the (o-finite) measure

1{]3 ¢ € 1el I dtHI T (du).

fno (+)

Sd1

Theorem (H., Last, Schulte ’24+)

If ¢ : RY — R is a geometric functional that is continuous on X%, then
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Asymptotic expectations

On the set of horoballs B¢, we define the (o-finite) measure

oo () [ 1{Buce Jel@ D't 13 (du).

Sd1

Theorem (H., Last, Schulte ’24+)

If ¢ : RY — R is a geometric functional that is continuous on X%, then

Ep(Z NBR) = )T
Iimu— Z /// HGN KN ... N K, B)
R—o0 V0| BH = BY Jice J ()1

x A" N(d (K, . . ., Kn)) Q(AG) i (dB).

For any measurable, additive, locally bounded functional ¢, the mean E¢(Z N W) has a series expansion.
Compare to Euclidean counterpart! (not in the literature, no continuity required) my, z,.. = E¢(Zgu N [0, 1)%)
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Example of an explicit mean value formula

Corollary (H., Last, Schulte '24+)
lfd=2and W e K2 then x = (Vo — V)

1)

v v, vi)?
EX(ZNW) = (1—677%) + Va(W)e ™ 22 4 vy(w)e (’y +12_ M) :

2m 47

where v; := EV;(G). The asymptotic density of the Euler characteristic is given by

]
Myz =€ 7" — 7" 41 +ye o (vt v).
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Example of an explicit mean value formula

Corollary (H., Last, Schulte '24+)
lfd=2and W e K2 then x = (Vo — V)

27 4 )

v v, vi)?
EX(ZNW) = (1—677%) + Va(W)e ™ 22 4 vy(w)e (’H— 1 _ (%) ) :

where v; := EV;(G). The asymptotic density of the Euler characteristic is given by

v2 1
myz =~ " —y2e7 L L 4T — (v + ).
.Z =" Y ar 7 27T(1+ 2)

In the Euclidean case, x = W, and (classical formula by Miles '76)

LW EHI(0G)

—YV; 2
mX7ZEuc:rye 72_7 e Z
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Asymptotic variances

Theorem (H., Last, Schulte '24+)

Assume that E Vol(G(1)? < co. If ¢ : RY — R is a geometric functional that is continuous on K9, then

. Varg(Zn BR) / / / 2
I (GNnkN...NK,NB
HI—>mo<> Vol BR Z n! BY J1cd J(Kcd)n—1 =l " )

x N7 (d (Kz, - . ., Ky)) Q(AG) gy (dB)

with ¢*(-) = E¢(Z N ) — ¢(:).
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Asymptotic variances

Theorem (H., Last, Schulte '24+)

Assume that E Vol(G(1)? < co. If ¢ : RY — R is a geometric functional that is continuous on K9, then

Varp(Z N B
jim Y2re(Z0Br) _ Z / / / “(GNKe N ...N KyN B)?
R—o0 Vol BR n! BY J1cd J(Kcd)n—1

x N7 (d (Kz, - . ., Ky)) Q(AG) gy (dB)

with ¢*(-) = E¢(Z N ) — ¢(:).

Local formulas, limsup is finite (for mb, add., loc. bounded functionals); covariances, ...
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Local covariances (example)

For local covariances of mb., add., loc. bounded functionals in W, we have series expansions. For special
functionals such as Vy_1, Vg, these can be simplified. Assume EVoI(G(”)2 < 00. Define measures

M ;= E/ / 1{(x,y) € -} Ci(G,dx) Cj(G,dy) fori,je {d—1,d}on (]I-]Id)z.
He JHd

Theorem (H., Last, Schulte '24+)
Assume that E Vol(G(")? < co. Let v; = EV;(G) for i € {0,...,d}. If W € K9, then

Cov(Va_t (ZN W), Vg(Z N W)) = —e 2oy, / (avc(w) . 1)cw(p, 2) H%(dz)
+erzmy [ @00y, 2) Mora(dly, 2)

+ e 2" / / (67902 —1)1{z € W} Cy_1(W, dy) H%(dz).
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Asymptotic covariances (example)

For asymptotic covariances of continuous geometric functionals we have series expansions. For special
functionals, these can be simplified. Assume that E Vol(G(")? < co. Recall that

M, ::E/ / 1{(x,y) € -} G/(G,dx) C(G.dy) fori,j€ {d—1,d}.
HI JHA

Theorem (H., Last, Schulte '24+)
Assume that E Vol(G(")? < oo. If u € S¢~" is (arbitrarily) fixed, then

Gyt = —e2 1y / / (709 — 1)1{p.z € B} H(02) mn(0B)
4 e2rey / / 10Ny, z € B} My_s o(d(y. 2)) jus(dB)
+(d—1)e 2 / (€7°0:2) _ 1)1{z € B, 0} H(d2).
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Central limit theorems

Theorem (H., Last, Schulte '24+)

Let N be a standard Gaussian random variable. Let ¢ : R — R be a geometric functional such that

liminf —Var AZ )

0.
MY T Vol(Br)

a) If EVol(G(M)? < oo, then

#(ZNBR) —EH(ZNBR) d

Sk = — N as R — cc.
Var(¢(Z N Bg))
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Central limit theorems

Theorem (H., Last, Schulte '24+)

Let N be a standard Gaussian random variable. Let ¢ : RY — R be a geometric functional such that

liminf —Var AZ )

0.
MY T Vol(Br)

a) If EVol(G(M)? < oo, then

H(ZNBr) —EH(ZNBR) 4

Sk = — N as R — oo.
Var(é(Z N BR))

b) If EVol(G(1)* < oo, there exists a constant C € (0, co) such that

sup [P(Sp < t) —P(N < t)| < c R>1.

< ey 72

Daniel Hug, KIT



Lower bounds for variances

Theorem (H., Last, Schulte ’24+)

Assume that E Vol(G(1)2 < oo and let ¢ : R? — R be a geometric functional. If there exists some m € Ny
such that

/ (G K O... 1 Kn) £ 0} A™(d (Ki, ... Kn)) Q(dG) > O,
K (fcdym

then y I
Iiminf—ar¢( AIED)

0.
e " Vol(Br)
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Lower bounds for variances

Theorem (H., Last, Schulte ’24+)

Assume that E Vol(G(1)2 < oo and let ¢ : R? — R be a geometric functional. If there exists some m € Ny
such that

/ (G K O... 1 Kn) £ 0} A™(d (Ki, ... Kn)) Q(dG) > O,
K (fcdym

then y .
Iiminf—ar¢( AIED)

0.
S T Vol(Br)

For m = 0, the hypothesis means that P(¢(G) # 0) > 0.
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Proof strategies

@ Approaches for Euclidean Boolean models: H., Last & Schulte (2016), Schulte & Yukich (2019) and
Betken, Schulte & Thale (2022) (Euclidean Poisson cylinder processes)

@ Careful analysis of boundary effects for asymptotic formulas for expectation and variance

@ Upper bounds for the Wasserstein distance and the Kolmogorov distance from Last, Peccati & Schulte
(2016) and Basse-O’Connor, Podolskij & Théale (2020) for the central limit theorems
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Proof strategies

@ Approaches for Euclidean Boolean models: H., Last & Schulte (2016), Schulte & Yukich (2019) and
Betken, Schulte & Thale (2022) (Euclidean Poisson cylinder processes)

@ Careful analysis of boundary effects for asymptotic formulas for expectation and variance

@ Upper bounds for the Wasserstein distance and the Kolmogorov distance from Last, Peccati & Schulte
(2016) and Basse-O’Connor, Podolskij & Théale (2020) for the central limit theorems

® Lower variance bound by Schulte & Trapp (2024+): If a functional F of 5 with EF? < oo satisfies

E/ (D%, 1, F)? N*(d (Ki, K2)) §aE/ (DkF)? AN(dK) < oo, for some a € (0, 00),
(K9)2 ’ xcd

then

4 2
Var F > ME/’Cd(DKF) A(dK).
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Proof strategies

@ Approaches for Euclidean Boolean models: H., Last & Schulte (2016), Schulte & Yukich (2019) and
Betken, Schulte & Thale (2022) (Euclidean Poisson cylinder processes)

@ Careful analysis of boundary effects for asymptotic formulas for expectation and variance

@ Upper bounds for the Wasserstein distance and the Kolmogorov distance from Last, Peccati & Schulte
(2016) and Basse-O’Connor, Podolskij & Théale (2020) for the central limit theorems

® Lower variance bound by Schulte & Trapp (2024+): If a functional F of 5 with EF? < oo satisfies

E/ (D%, 1, F)? N*(d (Ki, K2)) §aE/ (DkF)? AN(dK) < oo, for some a € (0, 00),
(K9)2 ’ xcd

then 4
VarF > ——E Dk F)? A(dK).
o 7( 2)2 ~/’Cd( K ) ( )

@ Various results from integral geometry:
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Results from integral geometry |

Lemma (H., Last, Schulte '24+)
Let ¢ : K9 UBZ — R be a bounded, measurable functional. Assume that

lim_(B(expy((t + R)u). A)) = p(Bu) @
for H3~' @ H' almost all (u, t) € SJ~" x R and that there exists some r, € (0, 00) such that
o(K)=0 forallK € K%with KNB,, = 2. (3)
Then

. 1
Jim s /H o(B(x, A) H(dx) = / #(8) 1u(aB),

Daniel Hug, KIT



Results from integral geometry i

Lemma (H., Last, Schulte '24+)

If L € K9 and v : K9 — R is a continuous functional such that 1»(@) = 0, then the map ¢: K¢ UBY — R,
K — (LN K), satisfies the hypothesis of the preceding lemma and

. 1
dim s | (LB A () = /Bglp(ma) 115 (dB).

In particular, if L € K9 and y, z € HY, then
Vol(L) :/ Vol(L N B) iy (dB)
B

and
lim # (Bly, R) 0 B(z, ) =/ 1{y, z € B} pnp(dB).
B

R—o0 Vd (BF;)
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Results from integral geometry lll

Lemma (H., Last, Schulte '24+)
(a) Let Ae K%and u € S§" be fixed.

Ad Vd(A n B) Va_q (A n B) ﬂhb(dB)

= /IBd Vd(A n B)Cd_1(A, B) /,th(dB) aF (d = 1)/1_ 1{p € QA} Vd(QA n BU,O) A(d@),

h

(b)
/ Va—1(AN B)? juyp(dB) = / Co—1(A, B)? np(dB)
BY B

(1) / 1{p € 0A}(2Co1(0A, Buo) + Co—1(Buo, 0A)) A(do).
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Sketch of proof

/ Va(ANB) V1 (ANB) ns(0B) = / Va(ANB)Ca_1(A. B) to(9B)+(d—1) / 1{p € 0A} Vi(0ANBy) A(do).

h

From the lemma,

. Jua Va(ANB(x, R)) Va—1(ANB(x, R)) H%(dx)
/IBE g Va(AN B)Vy_1(AN B) upp(dB) = RI|_>mOO Vo(Br)

The integral in the numerator on the rhs is the sum of
H(R) = / Va(ANB(x, B))Ca_1 (A, B(x, A)) H4(dx),
He
b(R) = / Va(ANB(x, B))Ca_1 (B(x, A), A) H4(dx),
Hd

The limit wrt /; can then be treated with the first integral geometric lemma.
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Starting point for the proof of CLTs

Write
OR = \/Varqﬁ(ZﬂIB%H) and Fgr =

It follows from Last, Peccati, Schulte '16 that

#(Z N BRr) — E¢(Z N BR)
OR ’

dWass(FFh N) S T‘I = T2 = T3

with

1/2
R Y (1 A C TS GRS DN C NS I
(Kc)®

1/2
T, = (/( ) E(szﬁ,KsFR)Z(Diz(zstFR)z /\:‘}(d(}q’,(27 K3))> ?
193

T3=/ E| Dk Fr[® A(dK).
cd
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Lemma (H., Last, Schulte '24+)

Let ¢ : RY — R be measurable, additive, and locally bounded. Let m € N. Then there exists a constant
Cm € (0, 00), depending only on m, d, 7, and Q, such that

(@)

E|¢(Z 0 W)™ < cflyM(¢)mE2™ Tl V(W)™

forall W e K¢,

(b)
E|Dk(Z N W)|™ < CM(3)™ V(K N W)™

forall K, W € K9,

()
E|DK1 KA Z N W)™ < CaM(9)™ Vag(Ki N Kz N W)™

for all Kq, Ko, W € K1.
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Continuation of the proof of CLTs
From the Cauchy—Schwarz inequality and the preceding Lemma (b), (c) it follows that

4C4M(9)*

2
s —a
Op

/( | Valbs 0B Valke 1 Ba)V5 (K 1Ko 1)
K
x Vg(Ko N Kz NBR) A3(d(Ki, Ko, K3)).

The integral on the right-hand side can be rewritten as

Ji :=~°E /Iavd(éh G1 NBRg) Va(02 G2 NBR) Va(01 Gi Nos G NBR) V(02 Go Nos Gz NBR)

d

x X3(d(o1, 02, 03))

with independent copies G1, G, and G3 of the typical particle.
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Economic covering of hyperbolic space

Almost disjoint decomposition of R? by (half-open) cubes is a key tool in dealing with additive functionals in
stochastic geometry.

The next lemma is used to bound additive, locally bounded functionals and their iterated difference operators in
terms of the volume functional.

Lemma (H., Last, Schulte '24+)

There exist a countable set M C H and a constant ¢, € N such that

U B(x,1/2) =H°

XeEM

and
{x e M:yeB(x,1/2)}| < cy forally € H’.
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