Chapter 1

Linear algebra: key concepts

1.1 Vector spaces

Definition. A vector space V over a field F is a set V' with two operations:

addition V xV — V: (v,w) — v+ w such that:

e v+w=w+wv, forall v,weV;
s ut(v+w)=(u+v)+w, forall u,v,weV;
* there is a zero element 0 ¢V for which v+0=v=0+v, forall veV;
* each element v € V has an additive inverse —v ¢ V for which v+ (—v) =
0=(-v)+wv.
In fancy language, V with addition is an abelian group.

scalar multiplication FxV — V : (\,v) = Av such that

s M+pv=M+upv,forall veV, \peF.
* Mv+w)=X v+ 2w, forall vweV, NeF.
o (Awv=Awv),forall veV, \uekF.

e lv=w,forall veV.

We call the elements of F scalars and those of V vectors.

1.2 Subspaces

Definition. A vector (or linear) subspace of a vector space V over F is a non-
empty subset U C V which is closed under addition and scalar multiplication: when-
ever u,uj,us €U and ANeF,then u; +u, €U and \ucU.



In this case, we write U <V .

Say that U is trivial if U = {0} and proper if U # V.

1.3 Bases

Definitions. Let v,...,v, be a list of vectors in a vector space V.

(1) The span of vy,...,v, is
span{vy,...,opti={ o1+ -+ Ao [N EFI<i<n} <V
(2) v1,...,v, span V (or are a spanning list for V') if span{vy,...,v,} =V.

(3) v1,...,v, arelinearly independent if, whenever \jv;+---+\,v, =0, then each
A =0, 1<i<n,andlinearly dependent otherwise.

(4) v1,...,v, is a basis for V if they are linearly independent and span V.

Definition. A vector space is finite-dimensional if it admits a finite list of vectors
as basis and infinite-dimensional otherwise.

If V is finite-dimensional, the dimension of V', dimV, is the number of vectors in a
(any) basis of V.

1.3.1 Useful facts

Proposition 1.1 (Algebra 1B, Corollary 1.4.7).
Any linearly independent list of vectors in a finite-dimensional vector space can be
extended to a basis.

Proposition 1.2 (Algebra 1B, Corollary 1.4.6).
Let V be a finite-dimensional vector space and U <V . Then

dimU < dimV
with equality ifand only if U=V".

1.4 Linear maps

Definitions. A map ¢: V — W of vector spaces over F is a linear map (or, in older
books, linear transformation) if
P(v+w) = ¢(v) + dp(w)
P(Av) = Ag(v),



forall v,weV, XeF.
The kernel of ¢ is ker¢:={veV|¢p(v) =0} <V.

The image of ¢ is im¢ :={¢(v) |veV} <W.

Definition. A linear map ¢ : V — W is a (linear) isomorphism if there is a linear
map ¢ : W — V such that

Yo¢=idy, potp=idw .

If there is an isomorphism V — W, say that V and W are isomorphic and write
V=w.

Lemma 1.3 (Algebra 1B, lemma 1.2.3).
¢:V — W is an isomorphism if and only if ¢ is a linear bijection (and then  =¢~1).
Notation. For vector spaces V,W over F, denote by Ly(V,W) (or simply L(V,W))

theset {¢:V — W | ¢ islinear} of linear maps from V to W .

Theorem 1.4 (Linearity is a linear condition).
L(V,W) is a vector space under pointwise addition and scalar multiplication. Thus

(¢ +¢)(v) := ¢(v) + ¥ (v)
(AD)(v) := Ao (v),

forall ¢, e L(V,W), veV and XeF.
Proposition 1.5 (Extension by linearity).

Let V,W be vector spaces over F. Let vy,...,v, be a basisof V and wy,...,w, any
vectors in W.

Then there is a unique ¢ € L(V,W) such that
o(v;) = wy, 1< <n. (1.1)
Theorem 1.6 (Rank-nullity).
Let ¢:V — W be linear with V finite-dimensional. Then
dimim ¢ 4+ dim ker ¢ = dim V.
Proposition 1.7.

Let ¢ : V — W be linear with V,W finite-dimensional vector spaces of the same
dimension: dimV =dimW .

Then the following are equivalent:



(1) ¢ is injective.
(2) ¢ is surjective.

(3) ¢ is an isomorphism.



Chapter 2

Sums and quotients

Convention. In this chapter, all vector spaces are over the same field F unless we

say otherwise.

2.1 Sums of subspaces

Definition. Let V;,...,V, <V . Thesum V; +...+V, is the set

i+ 4+ Vei={vi+-4uv|v; €V, 1 <i<k}

Proposition 2.1.
Let Vi,....,V,, <V. Then

1) i+ 4+ WV <V.
Q) If wW<VvVand V,...,V, <W then Vi,..., Vi, <Vi+- -+ V. <W.

2.2 Direct sums

Definition. Let V;,...,V, <V. Thesum V; +---+V; isdirectifeach veV; +---

can be written
v=v1+- -+ U

in only one way, that is, for unique v; € V;, 1 <i<k.

In this case, we write Vi ®---@ 'V, instead of Vi +---+ V4.

Proposition 2.2.

+ Vi



Let Vi,...,Vp, <V . Then V; +.--+V, is direct if and only if whenever v; +---+v, =0,
with v; e V;, 1<i<k,then v, =0, forall 1<:<k.

Proposition 2.3.
Let Vi,V < V. Then V; +V; is direct if and only if Vi NV, = {0}.

Definition. Let V;,V5, < V. V is the (internal) direct sum of V; and 1, if V =
Vies.

In this case, say that 15 is a complement of V; (and V; is a complement of ;).

Proposition 2.4.
Let Vi,...,V, <V, k>2. Then the sum V; +--- +V; is direct if and only if, for each
1<i<k, Vin(¥,.V;) =1{0}.

2.2.1 Induction from two summands

Lemma 2.5.
Let V4,..., Vi, <V.Then Vi +-.-+ 7V, isdirectifand only if V1 +---+V,_; is direct and
V14 + V1) + Vi (two summands) is direct.

2.2.2 Direct sums, bases and dimension

Proposition 2.6.
Let V1,V, <V be subspaces with bases B;: v1,...,vx and By: wy,...,w;. Then Vi+V; is
direct if and only if the concatenation' B,5;: vy,..., v, wy,...,w; is a basis of V; +15.

Corollary 2.7.

Let Vi,...,V, <V be finite-dimensional subspaces with B; a basisof V;, 1 <i<k.
Then Vi + --- + V} is direct if and only if the concatenation B;...B, is a basis for
i+ V.

Corollary 2.8.
Let V1,..., Vi, <V be subspaces of a finite-dimensional vector space V with Vi+..-+V,
direct. Then

dimVi®--- eV, =dimV] +---+dim V.

1The concatenation of two lists is simply the list obtained by adjoining all entries in the second list to the
first.



2.2.3 Complements

Proposition 2.9 (Complements exist).
Let U <V, a finite-dimensional vector space. Then there is a complementto U .

2.3 Quotients

Definition. Let U <V . Say that v,w € V are congruent modulo U if v—weU. In
this case, we write v =w mod U .

Lemma 2.10.
Congruence modulo U is an equivalence relation.

Definition. For v eV, U<V ,theset v+ U :={v+u|ueU} CV is called a coset
of U and v is called a coset representative of v + U .

Definition. Let U < V. The quotient space V/U of V by U is the set V/U,
pronounced “V mod U ", of cosets of U:

VU ={v+U|veV}.
This is a subset of the power set? P(V) of V.
The quotient map ¢:V — V/U is defined by
qv) =v+U.
Theorem 2.11.
Let U<V.Then, forv,weV, XeF,

w+U)+(w+U):=@w+w)+U
Av+U):= )+ U

give well-defined operations of addition and scalar multiplication on V/U with respect
to which V/U is a vector space and ¢: V — V/U is a linear map.

Moreover, kerq=U and imq=V/U.
Corollary 2.12.
Let U <V. If V is finite-dimensional then so is V/U and

dimV/U =dimV — dim U.

2Recall from Algebra 1A that the power set of a set A is the set of all subsets of A.




Theorem 2.13 (First Isomorphism Theorem).
Let ¢: V — W be a linear map of vector spaces.

Then V/ker¢ = im¢.

In fact, define ¢ : V/ker¢ — im ¢ by

where ¢:V — V/ker¢ is the quotient map.

Then ¢ is a well-defined linear isomorphism.



Chapter 3

Polynomials, operators and
matrices

3.1 Polynomials

Definitions. A polynomial in a variable z with coefficients in a field F is a
formal expression

k=0
with coefficients a, € F such that only finitely many a; are non-zero.
Two polynomials are equal if all their coefficients are equal.

The zero polynomial has all coefficients zero.

The degree of a polynomial p is degp = max{k € N | a # 0} . By convention, deg0 =

—00.

The set of all polynomials in = with coefficients in F is denoted F[z].

Definition. A polynomial is monic if its leading coefficient is 1:

n

Theorem 3.1 (Algebra 1A, Proposition 3.10).
Let p,q € Flz]. Then there are unique r, s € F[z] such that
p=sq+r

with degr < degq.



Theorem 3.2 (Fundamental Theorem of Algebra).
Let p € C[z] be a polynomial with degp > 1. Then p has a root. Thus thereis ¢t € C
with p(t) =0.

Theorem 3.3.
Let p € Clz] and \q,...,\; the distinct roots of p. Then

forsome acC and n; €Z,, 1 <i<k.

n; is called the multiplicity of the root ).

3.2 Linear operators, matrices and polynomials

3.2.1 Linear operators and matrices

Definition. Let ¥V be a vector space over F. A linear operator on V is a linear
map ¢:V = V.

The vector space of linear operators on V is denoted L(V) (instead of L(V,V)).
Notation. Write M, (F) for M, «,(F).

Definition. Let V be a finite-dimensional vector space over F with basis B:vy,...,v,.
Let ¢ € L(V). The matrix of ¢ with respect to 5 is the matrix A = (4;;) € M, (F)
defined by:

o(v;) :ZAijUi; (3.1)
=1

forall 1<j<n.

3.2.2 Polynomials in linear operators and matrices

Notation. For ¢,¢ € L(V) write ¢y for ¢oy € L(V).

Similarly, write ¢™ for the n-fold composition of ¢ with itself:

and define ¢° :=idy, ¢! :=¢.

Finally, for A€ M, (F),set A°=1,, A'=A.
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Definition. Let p € F[z], p=ao+---+anz™, ¢ € L(V) and A € M, (F). Then p(¢) € L(V)
and p(A) € M, (F) are given by:

p(¢> = Qo ldV +a1¢ +- 4+ an(bn = Z akd)ka

keN
p(A) :=aglp, +a1A+ -+ a, A" = Z apAF.
keN
Proposition 3.4.
For p,q € Flz], ¢ € L(V) and A e M,(F),
(p+q)(d) = p(d) + q(d) (p+q)(A) = p(A) + q(A) (3.2)
(r9)(¢) = p(¢)a(¢) = q(¢)p(¢) (pg)(A) = p(A)q(A) = q(A)p(A) (3.3)

3.3 The minimum polynomial

Proposition 3.5.
Let A € M, (F). Then there is a monic polynomial p € Flz] such that p(4) =0.

Similarly, if ¢ € L(V) is a linear operator on a finite-dimensional vector space over F
then there is a monic polynomial p € F[z] with p(¢) =0.

Definition. A minimum polynomial for ¢ € L(V), V a vector space over F is a
monic polynomial p € Flz] of minimum degree with p(¢) = 0: thus, if r € F[z] has
r(¢) =0 and degr < degp, then r=0.

Similarly, a minimum polynomial for A € M,(F) is a monic polynomial p of least
degree with p(4)=0.

Theorem 3.6.
Let ¢ € L(V) be a linear operator on a finite-dimensional vector space over a field F.
Then ¢ has a unique minimum polynomial.

Similarly, any A € M, (F) has a unique minimum polynomial.

We denote these by m, and m, respectively.

Proposition 3.7.
Let ¢ € L(V) be a linear operator on a finite-dimensional vector space over F and
p € Flz].

Then p(¢) =0 if and only if my4 divides p, that s, there is s € F[z] such that p = smy .
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3.4 Eigenvalues and the characteristic polynomial

Definitions. Let V' be a vector space over F and ¢ € L(V).

An eigenvalue of ¢ is a scalar A € F such that there is a non-zero v € V' with
d(v) = M.
Such a vector v is called an eigenvector of ¢ with eigenvalue ).
The X-eigenspace E,()\) of ¢ is given by
Ey(\) == ker(¢ — Nidy) < V.
Definition. Let V be a finite-dimensional vector space over F and ¢ € L(V).
The characteristic polynomial A, of ¢ is given by
Ap(N) :=det(¢p — Nidy) = det(A4 — AI),
where A is the matrix of ¢ with respect to some (any!) basis of V.

Thus degAy =dimV .

Lemma 3.8.
A scalar A € F is an eigenvalue of ¢ if and only if A is a root of A,.

Definitions. Let ¢ € L(V) bein a linear operator on a finite-dimensional vector space
V over F and X\ an eigenvalue of ¢. Then

(1) The algebraic multiplicity of A\, am()\) € Z, , is the multiplicity of A as a root
of A¢.

(2) The geometric multiplicity of \, gm(\) € Z; , is dim E4(A).

Theorem 3.9.
Let ¢ be a linear operator on a finite-dimensional vector space V over C. Then ¢
has an eigenvalue.

Proposition 3.10.
Let ¢ € L(V) be a linear operator on a vector space over a field F and let v € V be
an eigenvector of ¢ with eigenvalue \:

B(v) = Av. (3.4)
Let p € Flz]. Then

so that v is an eigenvector of p(¢) also with eigenvalue p(}).
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Corollary 3.11.
Let ¢ be a linear operator on a finite-dimensional vector space V over F. Then any
eigenvalue of ¢ is a root of m, .

3.5 The Cayley-Hamilton theorem

Theorem 3.12 (Cayley-Hamilton! Theorem).

Let ¢ € L(V) be a linear operator on a finite-dimensional vector space over a field F.
Then Ay(¢) =0.

Equivalently, forany A e M, (F), Aa(4)=0.

Corollary 3.13.
Let ¢ € L(V) be a linear operator on a finite-dimensional vector space over a field F.

(1) m, divides A, . Equivalently, m, divides Ay, forany A e M, (F).
(2) The roots of my are exactly the eigenvalues of ¢.

LArthur Cayley, 1821-1895; William Rowan Hamilton, 1805-1865.
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Chapter 4

The structure of linear
operators

4.1 On normal forms

Definition. Matrices A, B € M,(F) are similar if there is an invertible matrix P ¢
M, (F) such that
B =P 'AP.

4.2 Invariant subspaces

Definition. Let ¢ be a linear operator on a vector space V. A subspace U CV is
¢ -invariant if and only if ¢(u) e U, forall uweU.

Lemma 4.1.
Let ¢, € L(V) be linear operators and suppose that ¢y = ¥¢ (say that ¢ and ¢
commute).

Then kery and im are ¢-invariant.

Definition. Let V,... .V, <V with V=V, &---¢V, and let ¢, € L(V;), for 1 <i<k.

Define ¢:V — V by
d(v) = ¢1(v1) + -+ + @i (vk),

where v=uv; +---+uv, With v; €V, for 1 <i<k.

Call ¢ the direct sum of the ¢, and write ¢ =¢1 ®--- @ ¢y, .
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Definition. Let A;,..., A; be square matrices with A; € M,,.(F). The direct sum of
the Al is
Ay 0

M@ DAy = € My (F),

where n=n; +---+ny.

A matrix of this type is said to be block diagonal.

Proposition 4.2.
Let Vi,...,V&a <V with V =Vi®---9V;, and let ¢, € L(V;), for 1 < i < k. Let
p=¢1®--- D¢ . Then

(1) ¢ islinear sothat ¢ € L(V).

(2) Each V; is ¢-invariantand ¢y, = ¢;, 1 <i<k.

(3) Let B; beabasisof V; and ¢; have matrix A; with respectto B;, 1 <i<k. Then
¢ has matrix A; @ ---® A, with respect to the concatenated basis B=5;...8;.

Proposition 4.3.
Let Vi,...,Va <V with V=Vi&---®V, and let ¢ € L(V). Suppose that each V; is
¢ -invariant.

Then ¢ =¢1 @ - @ ¢ where ¢; := ¢y, € L(V;) .

Proposition 4.4.
Let Vi,..., Vi, <V with V=Vie ---aV,, ;€ L(V), 1<i<k and ¢=¢1 B - P ¢ .

Then:

1) ker¢ =ker¢gy @ --- @ ker ¢y, .
2) im¢p=im¢; ®---Dimaey .
3) p(¢) =pl¢1) @ - & p(ew), forany p € Fla] .

(
(
(
(4) Ay =TI= A, -

)
)
)
)

Proposition 4.5.
Let ¢ € L(V) be a linear operator on a finite-dimensional vector space over a field F
and let \,..., )\, be the distinct eigenvalues of ¢.

Then ¢ is diagonalisable if and only if

k
V=D Es\). (4.1)
i=1
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4.3 Jordan decomposition

4.3.1 Powers of operators and Fitting’s Lemma

Proposition 4.6 (Increasing kernels, decreasing images).
Let V be a vector space over a field F and ¢ € L(V). Then

(1) ker¢® <ker¢ft!, forall ke N. Thatis,
{0} =ker ¢ < kerp < kerp? <....
If ker ¢* = ker *+! then ker ¢* = ker ¢**", for all n € N.
(2) im¢* >im¢**!, forall k€ N. That is,
V=im¢®>im¢>ime¢? > ....

If im ¢* = im ¢**! then im¢* = im ¢**", for all n € N.

Corollary 4.7.
Let V be finite-dimensional with dimV =n and ¢ € L(V). Then, forall ke N,

ker ¢" = ker ¢"*

im ¢" = im ¢" k.

Theorem 4.8 (Fitting!’s Lemma).
Let ¢ € L(V) be a linear operator on a finite-dimensional vector space over a field F.
Then, with n =dimV ', we have

V =ker¢" & im ¢".

4.3.2 Generalised eigenspaces

Definition. Let ¢ € L(V) be a linear operator on an n-dimensional vector space over
a field F. A generalised eigenvector of ¢ with eigenvalue ) is a non-zero v e V
such that

(¢ — Aid)™(v) = 0. (4.2)

The set of all such along with 0 is called the generalised eigenspace of ¢ with
eigenvalue )\ and denoted G,()\). Thus

Gy(N) =ker(¢p — Aidy)" < V.

Lemma 4.9.
Es(N) < Gy(X) <V and Gy4(N) is ¢-invariant.
1Hans Fitting, 1906-1938.
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Lemma 4.10.
Let ¢ € L(V) be a linear operator on an n-dimensional vector space over F and
A1, A2 € F distinct eigenvalues of ¢. Then G,4(A1) NGy(A2) = {0}.

Theorem 4.11 (Jordan? decomposition).
Let ¢ € L(V) be a linear operator on a finite-dimensional vector space over C with
distinct eigenvalues \;,...,\;. Then

k
V=P GsN).
i=1

Definition. A linear operator ¢ on a vector space V is nilpotent if ¢* =0, for some
k € N. or, equivalently, if ker¢* =V .

Proposition 4.12.
Let ¢ € L(V) be a linear operator on a finite-dimensional vector space V over F.

Then ¢ is nilpotent if and only if there is a basis with respect to which ¢ has a strictly
upper triangular matrix A (thus A;; =0 whenever i > j):

Proposition 4.13.
Let A € C be an eigenvalue of a linear operator ¢ on a complex finite-dimensional
vector space. Then

am(A) = dim Gy4(A).

Proposition 4.14.
Let ¢ € L(V) be a linear operator on a finite-dimensional vector space over C with
distinct eigenvalues Ay,..., .. Set ¢; = ¢, (r,) - Then

(1) Each my, = (z — \;)% , for some s; < dim G4(\;) .
(2) mg =TI me = [Tiey (@ — N)% .
Corollary 4.15.
Let ¢ € L(V) be a linear operator with minimum polynomial Hle(gs — )% . Then

Go(Ni) = ker(¢ — Aiidy)™.

2Camille Jordan, 1838-1922.
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4.4 Jordan normal form

4.4.1 Jordan blocks

Definition. The Jordan block of size n € Z, and eigenvalue X € F is J(\n) €
M, (F) with X\’s on the diagonal, 1's on the super-diagonal and zeros elsewhere. Thus

A1 0. 0

J(\n) = S0
.

0 A

Notation. Set J, := J(0,n) so that J(A\,n) =\, + J, .

Lemma 4.16.
Let vy,...,v, be a basis for a vector space V and ¢ € L(V).

Then the following are equivalent:

(1) ¢ has matrix J, with respectto vy,...,v,.
(2) QZS(’Ul):O and gi)(v,-):vi_l,for 2<i<n.
(3) vi=¢""v,), 0<i<n—1 and ¢"(v,) =0.

Theorem 4.17.
Let ¢ € L(V) be a nilpotent operator on a finite-dimensional vector space over F.
Then there are vy,...,v, €V and ny,...,n; € Z, such that

o™ (v1), . d(v1), 01, 0T (k) - DUk, vk
is a basis of V and ¢"i(v;) =0, for 1 <i<k.
Corollary 4.18.

Let ¢ € L(V) be a nilpotent operator on a finite-dimensional vector space over F.
Then there is a basis for which ¢ has matrix J,, ®--- @ J,, .

Proposition 4.19.
Let ¢ € L(V) be nilpotent with matrix J,,,&---®J,, forsome basisof V. Then ny,...,n;
are unique up to order. Indeed,

#{i | n; > s} = dimker ¢° — dimker ¢° ',

for each s >1.
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Proposition 4.20.
In the situation of Proposition 4.19, we have

mey =a,

where s = max{ny,...,ng} .

4.4.2 Jordan normal form

Theorem 4.21.

Let ¢ € L(V) be a linear operator on a finite-dimensional vector space V over C.
Then there is a basis of V' for which ¢ has as matrix a direct sum of Jordan blocks
which are unique up to order.

Such a basis is called a Jordan basis and the direct sum of Jordan blocks is called the
Jordan normal form (JNF) of ¢.

Corollary 4.22.
Let ¢ € L(V) be a linear operator on a finite-dimensional vector space V over C with
distinct eigenvalues Xi,...,\;. Then

k

me = H(m — )%

i=1

where s; is the size of the largest Jordan block of ¢ with eigenvalue ;.

Corollary 4.23.
Any A e M,(C) is similar to a direct sum of Jordan blocks, that is, there is an invertible
matrix P € M, (C) such that

PlAP=A1®---®A,,
with each A; a Jordan block.
A1 @---® A, is called the Jordan normal form (JNF) of A and is unique up to the

order of the A4;.

Theorem 4.24,
Matrices A,B € M,(C) are similar if and only if they have the same Jordan normal
form, up to reordering the Jordan blocks.
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Chapter 5

Symmetric bilinear forms and
quadratic forms

5.1 Bilinear forms and matrices

Definition. Let VV be a vector space overa field F. Amap B:V xV — F is bilinear
if it is linear in each slot separately:

B(Avy 4 va,v) = AB(v1,v) + B(va,v)
B(v, Av1 +v2) = AB(v,v1) + B(v, va),

forall v,vi,v2 €V, v,v1,v2 € V and A eF.

A bilinear map V xV — F is called a bilinear form on V.

Definition. Let V be a vector space over F with basis B = vy,...,v, and let B :
V xV — F be a bilinear form. The matrix of B with respect to B is A € M, (F)
given by

A;; = B(v;,v5),

for 1<i,57<n.

Proposition 5.1.
Let B: VxV — F be a bilinear form with matrix A with respectto B=1v4,...,v,. Then
B is completely determined by A: if v =37 x;v; and w=>""_, y;ju; then

B(v,w) = Z ry; Ay = x' Ay.

ij=1

Proposition 5.2.
Let B: V xV — F be a bilinear form with matrices A and A’ with respect to bases
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B:vi,...,v, and B :vf,... v, of V. Then

A =pPTAP

where P is the change of basis matrix!from B to B’: thus vl = Yo Pijv, for 1 <j <

n.

Definition. We say that matrices A, B € M,,(F) are congruent if thereis P € GL(n,F)
such that
B =PTAP.

5.2 Symmetric bilinear forms

Definition. A bilinear form B:V xV — F is symmetric if, forall v,w eV,

B(v,w) = B(w,v)

5.2.1 Rank and radical

Definitions. Let B: V xV — F be a symmetric bilinear form.
The radical rad B of B is given by

radB:={veV | Bv,w)=0, forall weV}.
We shall shortly see that rad B< V.

We say that B is non-degenerate if rad B = {0} .

If V is finite-dimensional, the rank of B is dimV — dimrad B (so that B is non-
degenerate if and only if rank B =dim V).

Lemma 5.3.
Let B: V xV — F be a symmetric bilinear form with matrix A with respect to a basis
Vi,...,0,. Then v=>" zv; €rad B if and only if Ax =0 if and only if x"A=0.

Corollary 5.4.
Let B: V xV — F be a symmetric bilinear form on a finite-dimensional vector space
V with matrix A with respect to some basis of V. Then

rank B = rank A.

In particular, B is non-degenerate if and only if det A #0.

1Algebra 1B, Definition 1.6.1.
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5.2.2 Classification of symmetric bilinear forms

Convention. In this section, we work with a field F where 1+1 # 0 sothat 1 = (1+1)~!
makes sense. This excludes, for example, the 2-element field Z.

Lemma 5.5.
Let B:V xV — F be a symmetric bilinear form such that B(v,v) =0, forall v e V.
Then B=0.

Theorem 5.6 (Diagonalisation Theorem).
Let B be a symmetric bilinear form on a finite-dimensional vector space over F. Then
there is a basis vy,...,v, of V with respect to which the matrix of B is diagonal:

B(Ui,’l}j) = O7

forall 1<i#j<n.Wecall v,...,v, adiagonalising basis for B.

Corollary 5.7.
Let A € M, «,(F) be symmetric. Then there is an invertible matrix P € GL(n,F) such
that PTAP is diagonal.

5.2.3 Sylvester’s Theorem

Definitions. Let B be a symmetric bilinear form on a real vector space V.

Say that B is positive definite if B(v,v) >0, forall v e V'\ {0}.

Say that B is negative definite if —B is positive definite.

If V is finite-dimensional, the signature of B is the pair (p,q) where
p=max{dimU | U <V with By, positive definite}

q = max{dim W | W <V with By . negative definite}.

Theorem 5.8 (Sylvester’s Law of Inertia).
Let B be a symmetric bilinear form of signature (p,q) on a finite-dimensional real
vector space Then:

* p+qg=rankB;

* any diagonal matrix representing B has p positive entries and ¢ negative en-
tries (necessarily on the diagonal!).
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5.3 Application: Quadratic forms

Convention. We continue working with a field F where 1+1#0.

Definition. A quadratic form on a vector space V over F is a function Q : V = F
of the form

Q(v) = B(v,v),

forall veV,where B:V xV — F is a symmetric bilinear form.

Lemma 5.9.
Let Q : V — F be a quadratic form with Q(v) = B(v,v) for a symmetric bilinear form
B. Then

B(v,w) = 3(Qv +w) — Q(v) — Q(w)),

forall v,weV.

B is called the polarisation of (.

Definitions. Let @ be a quadratic form on a finite-dimensional vector space V over
F.

The rank of @ is the rank of its polarisation.

If F=R, the signature of Q is the signature of its polarisation.

Theorem 5.10.
Let Q be a quadratic form with rank r polarisation on a finite-dimensional vector
space over F.

(1) When F =C, there is a basis vy,...,v, of V such that
Q) _wiv) =ai+ -+l
=1
(2) When F =R and Q has signature (p,q), there is a basis v4,...,v, of ¥V such that

n
Q(Zwivi):xf—l—---—i—xi—xiﬂ—---—xf.
i=1
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