M216: Exercise sheet 2

Warmup questions

1. Let U,W <V be subspaces of a vector space V.
When is UUW also a subspace of V'?
2. Let VW be vector spaces, vq,...,v, a basis of V and wi,...,w, a list of
vectorsin W. Let ¢:V — W be the unique linear map with
P(vi) = wi,
forall 1 <i<n. Show:
(a) ¢ injects if and only if wy,...,w, is linearly independent.
(b) ¢ surjects if and only if wq,...,w, Spans W.
Deduce that ¢ is an isomorphism if and only if wq,...,w, is a basis for W .
Homework
3. Let V be a vector space. Alinear map n:V — V is called a projection if
MTOT =T.
In this case, prove that kermnim = = {0} and deduce that V =kerr®imr.
4. Let Uy,U,Us < R? be the 1-dimensional subspaces spanned by (1,2,0),

(1,1,1) and (2,3,1) respectively.

Which of the following sums are direct?
(@) Ui+U;, for 1<i<j<3.

(b) Ui1+U+Us.

Additional questions

5.

Let V1,V5, V3 < V. Which of the following statements are true? (In each
case, give a proof or a counter-example.)

(@ i+ (VanVz)=WVi+Vo)n (Vi +V3).

(b) Vin(Va+V3) =(VinVe) + (VinVs).

(c) inVe)+(VinVa) CVin(Va+V3).

Let V1,V/,V2a <V and supposethat V=Vi®V, and V=V/a®V,.
(@) Must V; =V/7?

(b) Are Vi and V] isomorphic?
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M216: Exercise sheet 2—Solutions

If U CW then UUW = W is a subspace and similarly if W C U . In any other
case, UUW s not a subspace: we can find v e U\ W and w € W\ U and then
ut+w¢U (else w=(u+w)—ueU)andsimilarly u+w ¢ W . Thus UUW is not
closed under addition.

(@) Mwi+--+ Mw, =0 ifand only if \jv; +---+ M\, ekerg. Thus wy,...,w, is
linearly independent if and only if ¢ has trivial kernel.

(b) ¢ surjects if and only if any w € W can be written w = ¢(v), or equivalently,
w = QS()\lvl + -+ )\nvn) = )\1?1)1 +---+ )\nwna

forsome \;, 1<i<n.

Let v € kerrNnim=. Then there is w € V such that v = n(w) since v € im=n. But
v € kerm also so that

Thus kerrnimz = {0} so it remains to show that V = kerx+im= . For this, write
v=(v—m7(v))+n(v). The second summand is certainly in im=« while

m(v—m()) =n(v) —w(r(v)) =7(v) —7(v) =0

so the first is in kerm and we are done.

(a) All these sums are direct as each U;nU; = {0}.

(b) Notethat (2,3,1) =(1,2,0)+(1,1,1) and so can be written in two different ways
as a sum wu; + ug + us , with each w; € U; :

(1,2,0)+ (1, 1,1
(0,0,0) +(0,0,0
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Thus U; + U, + Us is not a direct sum.
This shows us that U; nU; = {0}, i # j, is not enough to force U, + U, + Us to be
direct.

(a) This is false: take V1,15, V3 < R? to be the subspaces spanned at (1,0), (0,1)
and (1,1) respectively. Then any V; +V; = R? and V;nV; = {0}, for i # j.
Now the left side is Vi + {0} = V; while the right is R?NR? = R? .

(b) This is also false. With the same V; as in part (a), the left sideis ,NR2 =1}
while the right is {0} + {0} = {0} .

(c) This is true: V5, V3 < Vo + V3 so that VinVo,ViNnVs < Vin (Va+ V3). It now
follows from Proposition 2.1 that (V1 NV,)+ (ViNnV3) CVin (Ve + V3).

(a) No: a given V; has many complements. For example, take V =R?, V; to be
spanned by (1,0) and then V;,V/ to be spanned by (0,1) and (1,1) respec-
tively.



(b) Thisis true. For example, consider the projection =; with image V; and kernel
Va2 and restrict this to V{ to get a linear map V{ — Vi. Then ker(m ;) =
kerm NnV{ =V, nV/ = {0} so that vy injects. Moreover, for v; € V;, write
vy =v] +vy With v] € V{ and vy € V2. Then v; = 7(v1) = m1 (v} + v2) = 1 (v]) SO
that my )y, : V{ — Vi surjects also and so is an isomorphism.



