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A class of high-order compact (HOC) finite difference schemes is developed that
exhibits higher-order accuracy at the grid points yet utilizes only a compact stencil.
This is achieved by using the governing differential equation to approximate leading
truncation error terms in the central difference scheme. The method is first de-
veloped for steady convection diffusion problems on uniform grids. The high-order
accuracy of HOC schemes is demonstrated, as well as their tendency to suppress
false oscillations. Second, this class of approximations is used to solve the stream-
function vorticity form of the 2D, steady, incompressible Navier-Stokes equations.
Numerical results for this application compare favorably with previously published
results in the literature, despite use of coarser grids with the HOC scheme. Third,
HOC iterative performance is analyzed, revealing that even though HOC condition
numbers are higher than those of more standard schemes, certain gradient-type al-
gorithms actually converge slightly faster for HOC formulations than for standard
formulations on problems of equivalent size. HOC theory is then extended to nonuni-

form grids in 1D and 2D by mapping to a computational domain with a uniform
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mesh. It is found that the derivatives of the mapping functions can degrade the
overall accuracy of the HOC formulation if they are not approximated to sufficient
order. A method is proposed for computing high-order compact grid metrics for the
case where the grid is obtained by solving a differential equation, as happens with a
Helmholtz grid generator. In the absence of such a differential equation, more stan-
dard non-compact differencing can be used to obtain high-order metrics. In 2D, the
nonuniform grids must be orthogonal to maintain fourth-order accuracy. Finally,
other restrictions to previous HOC schemes are removed by extending the theory
to transient problems, nonlinear Poisson problems, and 3D linear Poisson problems.
Transient HOC formulas are found to have slightly stricter stability requirements
on the time step for forward Euler than for more standard schemes, although this
is alleviated by the fact that coarser grids may be used. However, HOC forward
Euler is an implicit formulation, making backward Euler and Crank-Nicolson more

attractive because they are unconditionally stable.
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Chapter 1

Introduction

1.1 Background and Objectives

Finite difference methods have long been used to approximate the solution of ordi-
nary or partial differential equations (PDEs). These methods involve discretizing
the domain of interest into a structured mesh of grid points and approximating
derivatives by difference quotients. At each grid point, the value of the desired func-
tion or functions are treated as unknowns, and the governing differential equation
or equations are approximated by a sparse system of algebraic equations that can
then be solved with an appropriate matrix solution algorithm. This approxima-
tion process and the resulting system characteristics are what distinguish one finite
difference method from another.

Finite differencing is a relatively straightforward method of developing nu-
merical approximations to boundary value problems. However, it does suffer the
disadvantage of requiring a structured mesh!. This is in contrast to finite element
methods, which are designed to accommodate highly unstructured meshes, as well

as irregular problem data and solutions by virtue of finding approximations to the

'There is an exception to this. Tworzydlo [139] proposed a finite difference method for arbitrary
curvilinear coordinates which did not require a structured mesh. However, this was accomplished at
the expense of a considerably more complicated formulation and is not utilized in this dissertation.



weak, or variational form of the problem. On the other hand, finite difference meth-
ods lend themselves quite easily to Taylor series analysis of truncation errors, and
this property is exploited in the present work to develop rigorous high-order approx-
imations.

The simplest (and most familiar) finite difference scheme for second order
elliptic PDEs is the central difference scheme (CDS) on a uniform structured mesh.
In this method, first and second partial derivatives at a grid point are represented
by linear combinations of the three function values at, and directly adjacent to, the
grid point in the corresponding coordinate directions. Higher derivatives require
additional points. In general, derivatives of order p can be approximated in the CDS
with p+ 1 symmetrically-located points if p is even. The coefficients for this case are
also symmetric. For odd p, p+2 nodes are required, although the coefficients are anti-
symmetric, meaning the center coefficient for odd derivatives is always zero. The
CDS was named to reflect this symmetry in the stencils and coefficients. Taylor series
analysis of the truncation errors for central difference approximations shows that
the scheme asymptotically approaches the values of the approximated derivatives as
O(h?) as the mesh size h approaches zero.

Methods with accuracy better than O(h?) are called higher-order methods.
These methods are desirable because their greater accuracy allows coarser meshes
to be used, thus lowering computational costs. The standard method for achieving
higher-order accuracy is to include additional grid points into the approximations
representing the derivatives. In general on a structured mesh, a derivative of order
p may be approximated to order m with p 4+ m — 1 points if p is even. If p is
odd, p+ m points are required. A general finite difference theory was developed by
Patterson [110] for approximating first and second derivatives up to O(AV~') on a
grid of N nodes.

High-order methods achieved in this manner always require non-compact

stencils that utilize grid points located beyond those directly adjacent to the node



about which the differences are taken. This complicates formulations near bound-
aries, increases matrix bandwidth, and increases communication requirements for
implementation on parallel computer architectures. Still, non-compact high-order
schemes are a popular choice. See, for example, Leonard [81, 53] or Bradley [11],
who use non-compact differencing for the first derivatives. A. Datta Gupta, et
al. [29] also implement this strategy in the context of a total variation diminishing
(TVD) flux limiting scheme implemented in uTcomMP and UTCHEM [4]. Other ex-
amples include the essentially non-oscillatory (ENO) schemes of Harten [54, 55], the
high-order schemes of Jain [64] and Lele [79]2, or the mimetic and support-operator
differencing of Castillo [19, 20].

In light of the problems caused by non-compact finite difference schemes, it
is desirable to develop a class of schemes that are both high-order and compact.
Hirsh [60] conducted numerical experiments with a class of high-order compact
schemes in which the first and second derivatives are treated as unknowns resulting
in a mixed method, unlike the schemes developed in the present work. Forester [39]
proposed a high-order filter that allowed the underlying method to remain compact.
Defect correction techniques [56] take advantage of certain aspects of multi-level
schemes to obtain high-order accuracy compactly. Also of interest are the discrete
weighted mean approximations of Gartland [41], Noye’s [100, 104] weighted modified
equation method and the higher-order upwind difference scheme of Wilkes [148].

High-order compact (HOC) schemes of the type studied here increase the
accuracy of the standard central difference approximation from O(h?) to O(h*) by
including compact approximations to the leading truncation error terms. They are
a spatial implementation of the temporal Lax-Wendroff [78] idea and were first
proposed in the context of the present methodology by MacKinnon and Carey [86]
for material discontinuities. MacKinnon, Carey, Johnson and Langerman followed

with similar research (see [87, 88, 90, 91]) for convection diffusion problems. About

?Lele’s “compact” schemes are actually non-compact, although they are relatively compact com-
pared to spectral methods; hence their name



the same time, Abarbanel and Kumar [1] independently developed an HOC scheme
for the Euler equations. These schemes are similar to the methods proposed by
Dukowicz [37], Wong [151], Dennis [34, 35] and M. M. Gupta [51, 52], although they
are derived in a different manner. They also have the added advantage of suppressing
or reducing numerical oscillations. For example, the HOC scheme presented in
Section 2.3 has been proven to be non-oscillatory for steady and homogenous 1D
convection diffusion with constant coefficients [90, 131].

The early study of HOC methods was restricted to a single, steady 1D or 2D
equation on uniform meshes. Analysis of these methods was also limited to their
accuracy and oscillation properties. In an effort to improve the practical applications
of HOC methods, this dissertation addresses these limitations. An outline of the
thesis is as follows: The main ideas of the HOC methodology are developed in
Chapter 2, and then formulated for the set of stream-function vorticity equations
for steady, 2D, incompressible flow in Chapter 3. Issues related to the performance
of HOC schemes are then addressed in Chapter 4. Chapter 5 covers the extension of
the HOC method to nonuniform grids in 1D and 2D, and finally, Chapter 6 extends
the HOC methodology to a variety of problem types, including transient, nonlinear,

and 3D applications.

1.2 Contributions

The following list is a description of the new and original work presented in this

dissertation:?

Chapter 2 provides a systematic approach to HOC theory, and a new O(hS) for-
mulation for the 2D Poisson equation for the special case where the fourth
derivatives of the forcing function are known (for example, when the analytic

form of the forcing function is known).

#Some aspects of these contributions have been accepted for publication [134, 133].



Chapter 3 develops new HOC stencils for the stream-function vorticity equations
and wall boundary conditions, including applications to a number of model

problems.

Chapter 4 is an original analysis of the eigenvalues, condition numbers, conver-

gence properties and parallelizability of HOC schemes.

Chapter 5 covers the first extension of HOC methodology to nonuniform grids in

1D and 2D.

Chapter 6 provides several new HOC extensions, including formulations for tran-
sient convection diffusion in 1D, transient diffusion in 2D, nonlinear Poisson

problems, and 3D linear Poisson problems.



Chapter 2

High-Order Compact
Methodology

2.1 Introduction

This chapter provides a systematic treatment and overview of high-order compact
theory [90, 131, 132] as applied to the steady convection diffusion equation. It covers
1D and 2D problems with variable convection coefficients solved on uniform grids.

To introduce the main ideas, consider a typical two-point boundary value

problem (BVP)

d? d
a0 o= 500, (2.1)

with constant coefficients a and u, source term S and Dirichlet boundary data
¢(0) = ¢o and ¢(1) = ¢;. This model problem is representative of a class of
transport problems and permits the main steps of the formulation to be clearly
presented. Assume that the domain [0, 1] is divided into evenly spaced cells of length
h, and that ¢; refers to the approximation of ¢(z;), where z; is the coordinate of a

typical node. Taylor series expansions of ¢;_1 and ¢;41 yield the standard central



difference model of (2.1) at grid point i:

Pic1 —2¢0i+ Giy1 | Pi1 — i1
—a 2 +u T + ¢ — 7= S(xy), (2.2)

where 7; is the truncation error at node ¢ given by

B[ dPe  di¢ ;

We obtain the O(h?) central difference scheme (CDS) when 7; is dropped from the
formulation in (2.2).

Clearly, if the leading term in (2.3) vanished the scheme would be at least
O(h*). Alternatively, if the leading term in (2.3) is approximated to O(h*), and
retained in (2.2) then we would have a modified scheme that is O(h*). To obtain
a high-order compact (HOC) scheme, we approximate the derivatives on the right

hand side of equation (2.3) and include them in the discrete equation. Relations for

fT? and fo can be constructed by differentiating (2.1) to get
$o _ udé 1 (@ _ @) (2.4)
dz3  adz?  a\dz dz)’ '
o _ by 1 (g a5
dzt  adz®  a\dz? dz?)’
_ (uPta)d*o  u <d¢ dS) 1d2S (2.5)
N a? dz?  a? \dz dz adz?’ '

By including the O(h?%) approximations to the derivatives on the right hand
sides of (2.4) and (2.5) in our formulation, the rate of convergence is increased to
O(h*), as desired, and the resulting scheme remains compact. The system is still
tridiagonal. It will be shown later that this new formulation has other attractive
properties.

The source term S plays an important role in approximating % and j%‘ff.
If the derivatives of S are known analytically, this knowledge can be used in equa-
tions (2.4) and (2.5). However, if only a discrete approximation to S is available,

ds

O(h?) central differences can be used to approximate 2> and

d?S

2.7, which still results



in O(h*) convergence for the difference equation. Note that the use of (2.4) and (2.5)
implies strong regularity assumptions on the solutions and data, and increases the
mathematical complexity for deriving the discrete model. Successively higher-order
compact schemes could be devised by repeating the above procedure to obtain a

scheme that is of some arbitrary high-order.

2.2 Model Equation

Consider the steady convection diffusion equation in 1D,
—a— +u— =5, (2.6)
x

on some domain €2 where ¢ is the transport variable of interest, a is a positive
diffusion constant (for example, viscosity in fluid mechanics or the permeability in
a reservoir simulation), u is a variable convection velocity and S is a source term
such as a body force. Equations in the form of (2.6) arise frequently in engineering
fields such as fluid mechanics, heat transfer, oil and gas reservoir simulation, and
semiconductor device modeling.

If we wish to model (2.6) numerically, we can simplify our task by non-
dimensionalizing the problem. Choosing a characteristic length L, velocity U, and
solution value ¢* (either from the boundary conditions or a combination of other
characteristic values), and letting (/Ab = %, it = {7, and £ = ¥, the non-dimensional
convection diffusion equation is

_d* N UL d¢  L?

dz2 T Tq Ydg T ad

(2.7)

The quantity % that appears in (2.7) is extremely important in both the
physics and numerics of the solution and is called the Reynolds number (Re) in fluid
mechanics and the Peclet number (Pe) in the fields of reservoir simulation and heat
transfer. In a general discussion of convection diffusion processes, the terms are

essentially interchangeable. For analysis of numerical approximations to problems



with constant convection velocities, © = U, examination of a local Reynolds number,
based on a characteristic length Az (the size of the grid cells of the discretization) is

appropriate. This leads to the definition of the cell Reynolds or cell Peclet numbers,

uA: L
Reh:Peh:u x:U—h:Re-h,

a a

where h = % is the non-dimensional mesh size. This quantity is important in the

study of spurious numerical oscillations, the stability of time-dependent problems,
and the convergence properties of numerical approximations to (2.7).

To further ease the development of high-order compact approximations to
the non-dimensional model equation (2.7) and comparisons to other more standard

I2s

schemes, we define ¢ = Re - % and f = prel?

and drop the hats from the governing
equation, with the understanding that we are always discussing non-dimensional

quantities. The model convection diffusion equation in 1D is therefore

¢ do
AR

I (2.8)
We remark that in general, ¢ and f can each vary in space, and are assumed to be
sufficiently smooth for the following formulations. Note also that the cell Reynolds
number for the constant coefficient case is ch.

Balancing the numerical contributions of the central difference approxima-
tions to convection-dominated problems requires refining the grid to prohibitively
small sizes. Grids that are too coarse (that is, that violate the cell-Peclet condition
ch < 2 [6]) result in non-physical oscillations. Many approaches for resolving this
problem have been proposed and implemented by researchers. The simplest is to
use one-sided differencing on the convection term rather than central differencing.
This is equivalent to the addition of an artificial (or numerical) diffusion term [122].
The side on which to apply the differencing is determined by the sign of the convec-
tion coefficient, so this technique is called upwinding, and the method is called the

upwind difference scheme (UDS). This method has the advantage of being uncon-

ditionally non-oscillatory, but the accuracy is reduced to O(h). It has been shown



that upwinding is numerically equivalent to adding artificial viscosity, so in effect,
UDS models the wrong problem at coarser grids. This implies a need for finer and
finer grids, which is also one of the problems with CDS. This motivates the con-
struction of a method that has higher-order accuracy, yet suppresses or eliminates

oscillations.

2.3 1D Convection Diffusion

We now discretize equation (2.8) using central differencing. We first consider differ-
encing on a uniform grid, and will generalize the problem to nonuniform grids in a
later chapter.
We define 67 ¢;, for n = 1,2 to be the standard central difference operator for
the n-th derivative of ¢ at grid point ¢ on a uniform grid of mesh size i (see Table 2.1
for a list of 1D central and one-sided difference operators). Central differencing (2.8)
yields
—82¢; + eibpp — T = fi, (2.9)

where 7; is the local truncation error at node 7, derived from Taylor series analysis,

RE | d*¢  d*¢
i = — [2c— — —= hY). 2.1
T 19 [ A dat Z,+O( ) (2.10)

A compilation of the truncation errors of interest in this dissertation are provided

in Appendix A.

2.3.1 HOC Formulation

The central difference scheme (CDS) for (2.8) is obtained by neglecting 7; in (2.9).
The truncation error at grid point i is O(h?), corresponding to the leading term
in (2.10). The basic idea behind the HOC approach is to find compact approxi-

mations to the derivatives in (2.10) by differentiating the governing equation. This
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Table 2.1: Definitions of 1D §-Operators on a Uniform Mesh

‘ Operator ‘ Formula
5I¢Z it 12—h¢¢—1
Pit1—bi
5; b; ¢i—}<§5i—1
i1~ 20+ di—
512;@ bit1 hq; +éi—1

gives
d>¢ d*¢ . dedp df
da3 . “d? Tdzdz  dz Z,’
= ci0opi + 0uciduthi — Oufi + O(h?), (2.11)
and
diol  _ | & ded’  dlcdp df
dat . NPT dz dz?  dz?dx  dz? Z,’
= ¢ e + 28,¢:620; + 82¢i6,0; — 82 f; + O(h?) (2.12)
(1 8$3 ' r-tY Yt it At v o xrd? . N

Relations (2.11) and (2.12) can be combined with (2.10) to yield the new truncation
error expression,

2

T = % [(C? — 20,¢;)82; + (€i8pc; — 62¢)0,ti — il fi + 52]3} +0(rY).  (2.13)

We can use (2.13) to increase the accuracy of our approximation in (2.9). The

resulting high-order compact scheme is therefore
—AZ5£¢Z + Cibp; = F; + O(h4), (2.14)

where



Ci = ¢+ % (592502' — Ci5z0i) ;

Fo= fﬁ%(éifi—ciézfi).

For the constant coefficient case, this simplifies to

c2h?
- (1 + 03 ) 82¢; + cdpti= F; + O(RY). (2.15)

Equations (2.14) and (2.15) provide compact approximations to (2.8) with fourth-

order asymptotic rates of convergence.

2.3.2 Oscillations

A serious problem associated with central difference (and other) approximations
to the convection diffusion equation is that under certain conditions an oscillatory
approximation is obtained even though the analytical solution is smooth and mono-
tonic. An undesirable side effect of this phenomenon is that certain nodes can have
negative solution values where positive values are the only physically possible ones;
for example, concentrations in a species transport problem may oscillate with neg-
ative values and these can be coupled adversely to other solution field variables in
biological production models [63] or chemical reactions [143]. In the standard cen-
tral difference approximation to the one-dimensional, homogeneous problem with
constant coefficients, the solution will be oscillatory if the so-called cell-Peclet con-
dition [6],

|ch| <2, (2.16)

is violated.

The problem of false oscillations and what to do about them is a topic
of spirited debate in the literature (see, for example, Gresho [47], Leonard [81],
Mokhtari [97], Price [114] or Roache [122]). The simplest proposal is to decrease

the mesh size such that relationship (2.16) holds, which can be costly in terms of

12



memory and computation time. A second solution is to change to some type of
upwinding approach [120], which usually prevents oscillations at the cost of de-
creasing accuracy to O(h). A common proposal is to use CDS when cell-Peclet
holds and UDS when cell-Peclet is violated [53, 130], but this simply degenerates
to UDS for strongly convective flows. Many researchers support using some type
of guaranteed non-oscillatory scheme such as uniformly non-oscillatory (UNO), es-
sentially non-oscillatory (ENQO), and total variation diminishing (TVD). See Suresh
and Huynh [137] for a description and comparison of these and other schemes.

The HOC approximation provides a more attractive alternative, because it
is more accurate for coarser grids. Moreover, in 1D the steady homogeneous scheme
is unconditionally non-oscillatory, as will now be shown.

We begin with the homogenous, constant-coefficient form of (2.8), where
¢ = const and f = 0, and we define the solution differences to either side of node ¢

as
A(bz_ - (bz - ¢i—17
AdT = dip1 — ¢
The central difference operators can be expressed as
1
8,00 = —(AdT + AdT
¢ Qh( ¢z —I_ ¢2 )7
1 _
5925@ = ﬁ(Abe - Ag; ).
Substituting these expressions into (2.15) yields
Ly (AF — AGT) + —(Adf + Ag7) =0
A2 ' 12 ‘ t T op T R
Rearranging to isolate A¢; and Ag¢; gives
c 1 c? c 1 c?
AT | — 4+ =+ — Aot | = - = - — —
¢ (Qh + h? + 12) + A% (Qh h? 12) 0
and the ratio of adjacent slopes for the HOC scheme is

A¢F /b *h* 4 6ch+ 12
A¢7 /b 2h? —6ch + 12

(2.17)

13



The corresponding ratio for the standard central difference scheme is

Adt/h 2 h
OL/h _ 2t ch (2.18)
A¢- /b~ 2—ch

and for the upwind difference scheme,

A¢Z.+/h_ 14+ch, ¢>0, (2.19)
N L <o '

1—ch?

A negative ratio of adjoining slopes corresponds to oscillations in the solution.
Clearly this is the case in (2.18) when the cell-Peclet condition (2.16) is violated.

The ratio of adjacent slopes for the HOC scheme in (2.17), however, is always posi-

tive, with a minimum of glﬁ at ch = —2v/3 and a maximum of % at ch = 24/3.

Both ratio curves are graphed in Figure 2.1. The limits at 400 are +1 for the HOC

scheme and —1 for the CDS.

Ratio of Adjacent Slopes

Figure 2.1: Ratio of adjacent slopes for the 1D CDS and HOC methods. A method

is oscillatory anywhere its ratio is negative.

To illustrate these results, consider the 1D convection diffusion model prob-

lem with the following problem data: ¢ = Re and f = 0 for 0 < z < 1 and boundary

14
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Figure 2.2: Exact 1D model problem solutions for Re = 1, 2,5, and 10.

conditions ¢(0) = 0,¢(1) = 1, where the Reynolds number, Re, is a constant intro-
duced as a measure of convection relative to diffusion. The resulting exact solution
is

¢@) = g1 (2.20)
that exhibits a layer at = 1 for Re > 1. The exact solution is shown in Figure 2.2
for Re =1, 2, 5, and 10. Figure 2.3 shows the exact solution for Re = 50 along
with the CDS and HOC approximations to the solution for h = é, which clearly
violates the cell-Peclet condition. The oscillations in the CDS solution are obvious.
As predicted, the HOC solution does not oscillate (although at this coarse grid level,
the errors in the layer are evident). Since both formulas involve three-point schemes
(but with different weights), the computational complexity of the solution methods

are identical but the new formula offers increased accuracy and oscillatory stability.
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Figure 2.3: Exact, CDS, and HOC solutions to the 1D convection diffusion model
problem for ¢ = 50, h = %.

2.3.3 Numerical Studies

The truncation errors given by expressions (2.9), (2.14) and (2.15) represent the
pointwise error in approximating the differential equation (but not necessarily the

solution). Let the error at any grid point ¢ be defined by
E=¢(z:) — il .

Moreover, let ¢ be a grid point common to a set of uniformly refined grids. Then,

asymptotically, we expect the pointwise error to converge as
E=Chr™,
for some m. This implies
log ¥ =log C' + mlogh.

Hence, the data log E/ vs. log h should be asymptotic to a straight line with slope
m, which provides us with a method for experimentally determining the order of

accuracy of a given method.
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167 32

For each of the following model problems, the cases h = %, %, and é
are solved and the error reported is the absolute solution error at the right-most
interior grid point on the coarsest grid, where the error tends to be large. The
convergence rate m is calculated from the formula

E(h=55)

E(h= )

The 1D model problem was run for values of Re = 1,2,5, and 10, and the

=2".

i

solution error was measured at @ = 0.75. The results are shown in Figure 2.4.
The expected convergence rates were recovered; m ~ 1 for UDS, m = 2 for CDS,
and m = 4 for HOC. Note that in some cases, the errors for large A do not lie on
the asymptotic line. This simply indicates that A is large enough for higher-order
truncation terms to become significant and affect the error. Verification for the

variable-coefficient case will be presented in Section 5.2.2.

2.4 2D Convection Diffusion

We turn our attention now to the 2D form of (2.8),

¢ 09 o¢ 09 _
_ (@ + 8—y2) + s + dé?_y =/, (2.21)

where the problem data ¢, d and f are sufficiently smooth to construct the following

formulations.

2.4.1 HOC Formulation

For convenience in applying the HOC method to solve equation (2.21), we first
consider the case where ¢ and d are constants, and restrict the domain €2 to a union
of rectangular shapes. Divide this domain into a uniform mesh of square cells, where
each vertex serves as a node and the vertical and horizontal distance between two

adjacent nodes is h, a constant.
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1D Convection Diffusion Convergence, Re = 2.0
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Figure 2.4: Convergence results for 1D convection diffusion, for Re = 1,2,5 and 10,

solved by CDS, UDS, and HOC scheme.
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We let ¢;; denote ¢(z;,y;), etc., and again substituting the standard central

difference operators into equation (2.21) to yield
—820ij — Oobij + cOudij + ddydi; — Tij = fij, (2.22)

where the truncation error is

R (2P 2P\ (0% 0% ’

As before, we now seek approximations to the derivatives in (2.23) and in-

clude them in the finite difference formulation (2.22). Differentiating equation (2.21)

yields

Po P | 06 96 0f

9 = “ozog ‘oz T Yz0y " or (2:24)
e e P e f

901 = “aszog T Vgay T aar (2.25)
Po _ Po 6 0% Of

T T TR TR T (220
e 9 P ¢ 0f

oyt = “oway ooy a0y 220

Note that all the terms on the right hand side of equation (2.24) have compact O (h?)
approximations at node ij (see Table 2.2 for a complete list of 2D cross-derivative

operators). For example,

3¢ h? % o)
TP | 5824 — — |2 ht
Ox Oy? G v Pis 12 |~ 9z30y? + Ox Oyt y + O,
etc. Therefore, 237? can be approximated to O(h?). Now all the terms on the right
9%

hand side of equation (2.25) have O(h?) approximations, so =1 can be approximated
to O(h?). The same is true for 237? and 247?. The result is that all the left hand side
terms of equations (2.24)—(2.27) have O(h?) approximations.

Substituting equations (2.24)—(2.27) into equation (2.23) and simplifying
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Table 2.2: Definitions of 2D Cross Derivative §-Operators on a Uniform Mesh

‘ Operator ‘ Formula

000y Bij
0F 65 bij
5567 i)

- 0F by
Oz 0y Pij

Dit1, 41— Pi—1,j+1 —Pit1,j—1+Pi—1,j—1
4h2

Dit1,j+1—Pig+1—Pit1,j+Pi;
72

Qit1,5—Pij—it1,5—1+bi j—1
7,2

Gijr1—bi1, 41— Pij+di—1
72

Qij—bi—1,j—ij—1+di—1, -1
73

528, 4
826} bij
5267 i)
8.8, i

874
o 52¢”

2(bij—1—di j41)Fdit1 j+1—ig1 j—1+di—1 41 —di—1 -1
2h3

2(dij—bige1)Ftdit1 41— big1 i +bi1 j41— i1y
73

2(bij—1— iy )t it1,5—Pit1,j—1FPi—1,j—Pi—1,j—1
73

2(bi—1j—bit1,5)Fbit1 41— i—1 41 FHdit15-1—di—1 -1

2h3
2(dij—big1,5)Fbit1,541—Fig41+big1 -1~ ¢ j—1
73

2(dic1j—dij)+digr1—di—1j41+bij—1—di—1,;-1
73

5262

4¢ig—2(¢i+1,]+¢i—1,]+¢z‘,]+1+¢¢,J—1)+
7

Git1,j4+1+Pig1,j—1+di—1 j41+di—1,j-1
73

yields an error term of the form

_ R ,0% ¢ ,0°¢ ¢ ¢ 9
T El 902 ¥ 200y Y oy TP 0et0 T n0y?  outay |, T
L K A ) ) | a
— | = — h*). 2.2
12 [(%2 dy? “9z (?y +O( ) (2:28)

Now, substituting the O(h?) approximations to the derivatives in (2.28) and insert-
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ing in (2.22),

27,2 d2h?
_ (1 4 ¢ ) 825 — (1 + ) 8y ij + cOppij + dbydij—

12 12
h2

E [5§5Z¢” — C(Sx(squ” — d6§5y¢” + Cd(sx(syqbij} =

g [82—f + I Af da—f] + O(hY). (2.29)

fis + 0z2 = 0y? oz oy

L)

If the convection coefficients ¢ and d are allowed to vary over the domain, this
increases the algebraic manipulation required to derive the HOC formula. Using the
same procedure as for constant coefficients, the HOC formula for variable coefficients
is

—Aij62¢i; — Bij0idij + Cijbuthij + Dijbydij—
h2
(6262645 — cij0.0201; — dij028,61; — Gijdu0,6i;] = (2.30)

6
Fij + O(h"),

where the coefficients A;;, B;;, C;;, D;j;, F;; and Gy are given by

Aij = 1+ % (C?j - 25z‘cij)7
Bij = 1+ % (d?] — 25ydij),

h2
Cij = ¢+ D (53702']' + 5502']‘ — CZ']'(SQECZ']' - dij(syci]'),
h2
Dij = dij + E (5£d’t] + 55(1” — Cij(sxdij - dijéydij),
h* 2
Fj = fitg <5rfij + 0, fij — cijo fij — dij(syfij)7
Gij = 5yci]' + 5Id” — Cijdij.
Note that in 2D both HOC stencils involve all nine points due to the introduction of
cross derivatives of ¢ into the formulation, as compared to the standard five-point
CDS stencil. Due to the compact nature of the stencil, there is only a minor increase

in matrix bandwidth. For example, for a square domain of N total grid points, the

half-bandwidth w for CDS is given by w = VN + 1 while the HOC half-bandwidth
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is w = VN + 2. Since the operation count for the elimination procedure of a
band solver is approximately w?N [135] for large N, the HOC scheme results in an
increase in elimination operations ofO(NB/Q). This is negligible at large N compared
to the total elimination operations, which is O(N?). The back-substitution stage
requires O(NS/Z) operations for both schemes, which is also negligible compared to
the elimination stage. (Note that iterative performance will be studied in Chapter 4.)

The more complicated matrix coefficients and right-hand side vector for the
HOC scheme compared to CDS also incur additional operations. The number of
multiplications and divides required to compute the HOC system for variable con-
vection coefficients is approximately 56 N, compared to approximately 6 N for the
CDS. While this is a greater than nine-fold increase in operations, it is also negligible
compared to the elimination stage.

A comparison of operations between CDS and HOC should not neglect the
savings obtained by the increased HOC accuracy, which allows for coarser grids. If
we roughly equate the errors on a CDS mesh of size hcps and an HOC mesh of size

hgoc, then

htps = hyoc (2.31)
and use the fact that A = N=/2 for a 2D problem, we can estimate that the number
of grid points required to solve a HOC system is Ngoc =~ v/Ncps. The ratio of
required operations is therefore

CDS _ Nips
HOC ™ N},

= N¢ps,

hence the computation is approximately a factor of Ngopg faster.

2.4.2 Numerical Studies

We now consider two 2D model problems to test the HOC formulation for convection

diffusion with constant coefficients and variable coefficients, respectively.
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Problem 1. Gartland [41] proposed the following model problem,

C:Re7d:07 f:07 0§$7y§17

¢(z,0) =0, ¢(z,1) =0, 0<z<1,

#(0,y) =sinmy, ¢(1,y) =2sinmy, 0<y<I,
with exact solution

2e~F¢/2inh oz + sinh o (1 — z)

— Re-z/2 _:
o(z,y) e sin Ty -

o = /7?4 Re?/4.

(See Figure 2.5 for a surface and contour plot of the exact solution.) This model

3

problem produces a layer along the line z = 1, but convection is limited to the z
direction only. It also provides a good example of how the HOC scheme suppresses
oscillations for 2D problems. Figure 2.6 shows contour and surface plots for the

CDS and HOC solutions to model problem 1 with Re = 100 and h = 11—6, which

violates the cell-Peclet condition for CDS but results in a smooth HOC solution.

Exact Solution
2.0q
15+
1.04
0.5
0.0

1.0

Figure 2.5: Surface and contour plot of the exact solution to the 2D model problem
1, for Re = 20. The asterisk (*) denotes where the error is measured.
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CDS Solution HOC Solution

Figure 2.6: Surface and contour plots of the oscillating CDS and non-oscillating
HOC solution to the 2D model problem 1 with Re = 100, h = 11—6.

This model problem was tested for Re = 2,5,10 and 20. The error was
measured at a grid point located at z = 0.75, ¥y = 0.5. The convergence rates,
shown in Figure 2.7 are again O(h*) as predicted.

Problem 2. The previous model problem had constant convection coeffi-
cients. Gupta [52] proposed the following 2D model problem with variable convec-

tion coefficients:
c=—-Re-z,d=Re-y, 0<z,y<l1,

o(z,0) = ¢(z,1) =0, 0<z<1,
#(0,y) = ¢o(1,y) =0, 0<y<1,

combined with the following forcing function,
f=ety [my(G — 2z — 22y — 2y) + Re - zy(2? — yZ)} .
The resulting exact solution is
¢(x,y) = 2y(l — z)(1 — y)e ™.

Clearly, this exact solution is independent of the Reynolds number, even though
Re appears in the convection coefficients. Surface and contour plots of the exact
solution are shown in Figure 2.8.

This model problem allowed HOC formulations for both constant coefficients,

equation (2.29) labeled “HOC-C,” and variable coefficients, equation (2.30) labeled
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2D Model Problem 1, Re=5.0
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Figure 2.8: Surface and contour plot of the exact solution to the 2D model problem
2. The asterisk (*) denotes where the error is measured. Note that the solution is
independent of Re.
“HOC-V,” to be tested. The error was measured at the grid point z = y = 0.75.
Reynolds numbers of Re = 0,1,10, and 100 were run, with the results presented in
Figure 2.9. Note that for Re = 0, no convection is present and therefore UDS is
equivalent to CDS, and HOC-C is equivalent to HOC-V. For this case, convergence
rates of 2 and 4 respectively, are obtained. For the other cases, with non-zero
convection, m = 1 for UDS, m = 2 for CDS and HOC-C, and m = 4 for HOC-
V, all as predicted, with the exception of unexpected poor performance of UDS at
Re = 100.

Further verification of the HOC schemes for the convection diffusion equation

via additional model problems can be found in [90] and [132].

2.5 2D Linear Poisson Equation

The stationary diffusion equation can be treated here as a special case of the con-

vection diffusion equation (2.21), with zero convection coefficients ¢ = d = 0, and
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Figure 2.9: Convergence results for the 2D model problem 2, for Re = 0,1, 10, and

100.
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we immediately obtain an O(h?*) compact formula. However, this simplification
allows (under certain conditions) even higher-order accuracy than we have previ-
ously obtained. In fact, an O(h®) finite-difference stencil was reported as early as
1967 by van de Vooren [140] for the 2D Laplace equation. In the present section
we extend this result to include non-zero forcing functions. The simplification of
ignoring convection will also provide a simple starting place for the study of the
HOC scheme applied to 3D and nonlinear problems such as those encountered in
reaction-diffusion applications. These are addressed in Sections 6.5 and 6.6.

Consider the Poisson equation,
-Vip = f, (2.32)

on some domain Q with appropriate boundary conditions on 9€2. The central dif-
ference scheme for (2.32) in 2D follows from (2.22) by setting convection coefficients
¢ = d = 0 to obtain

—820ij — Oudi; — Tij = fij, (2.33)
where

Ti; = —

+ O(h%). (2.34)

L)

12| 925 T 9yt| . T 360 | 928 T 9y°

h? [a% a%] h [a% a%]
]

We have included both O(h?) and O(h*) terms in (2.34) because we wish to approx-

imate all of them in order to construct an O(h®) scheme.

To obtain compact approximations to the O(h?) terms in (2.34), we simply

take the appropriate derivatives of (2.32),

[o) *f ¢

FrO PO P r (2:35)
0*¢ *f 9%
7o - 2J_ °? 2.
oy* oy:  0z20y?’ (2.36)
Substituting (2.35) and (2.36) into (2.34) yields
_ h2 ) 84¢ h4 86¢ 86¢ 6
Tij = E [V fzy+27am28y2‘|ij— ﬁ [@‘Fa—yG ”‘}‘O(h ) (237)
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We can easily get an O(h*) method in the same way as before by substituting
difference expressions for the O(h?) terms in (2.37) and including these in the finite

difference approximation (2.33). The resulting higher-order scheme follows from

R

h2

We can, however, obtain an O(h®) scheme for this governing equation. Note
that the approximation to the cross derivative of ¢ in (2.37) introduces additional
O(h*) terms that we must be careful to include in our derivation of an O(h®) scheme.
More specifically, substituting the finite difference expressions for the cross derivative

of ¢ and its truncation error terms into (2.37) gives us

h2 2 252
T = E {V fij =+ 25z6y¢ij} —
W[5 9% P 95 ;
360 [@—F D210y +58x28y4+8—y6 ij+0(h ) (2.39)

Clearly, to get a compact O(h®) approximation, we require compact expressions
for the four derivatives of order 6 in (2.39). This can actually be done by further

differentiating (2.32). The required expressions are

¢ otf %
Frc R R (240)
¢ otf ¢
3% = "oyt BaToe® (2.41)
and
6 6 4
¢ 00 ___0J (2.42)

0z40y? | 9z2oyt T 9x%0y?
The key here is that we can use (2.40)—(2.42) to algebraically eliminate all the
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derivatives of ¢. The 2D, O(h®) compact approximation! to (2.32) is therefore

h2
~83ij = 830 — 828,64 + O(h°) =
h? h i

EVQf,A-J- + — lV“f + 27] , (2.43)
ij

fii + 360 922012

where V4 is the biharmonic operator.

We have previously verified the O(h?*) theory for diffusion and convection,
including one case where Re = 0, so numerical studies of that formulation would be
redundant. The O(h®) results have been verified in the literature [140] for f = 0,
leaving only the O(hS) theory for f # 0 unverified. However, in Section 6.6 we
extend the treatment to 3D and provide supporting numerical experiments, and the

3D theory contains the 2D theory as a special case.

2.6 Summary

In this chapter, we have provided a framework for HOC theory for 1D and 2D
convection diffusion with variable convection coefficients on uniform grids. The
1D, homogeneous, constant coefficient case was demonstrated to be non-oscillatory
for all cell-Peclet numbers. The predicted O(h*) convergence rates were verified
for 1D and 2D cases, including the variable coefficient case in 2D. Also, a new
O(h%) HOC formula for the Poisson equation was developed for the case when the
fourth derivatives of the source term are known or can be approximated to sufficient

accuracy.

'If we compute the matrix coefficients from the left-hand side of (2.43) or (2.38), we see that they
are the same as the coefficients published by van de Vooren [140] for the O(h®) approximation to the
Laplacian. Indeed, we see that (2.38) and (2.43) are the O(h®) approximation to the Laplacian, if
we merely substitute f = 0. But we now have a sixth-order approximation for the Poisson equation
as well, provided the indicated derivatives of f are known analytically or can be approximated to
sufficient accuracy.
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Chapter 3

Stream-Function Vorticity

3.1 Introduction

We now develop the HOC scheme for the stream-function vorticity form of the
steady, incompressible, 2D Navier-Stokes equations. This form is desirable for a
number of reasons. The three governing equations (continuity and vector momen-
tum) in three unknowns (pressure and two velocity components) are reduced to two
equations in two unknowns (stream function, ¥, and vorticity, ¢), with the pressure
dropping out of the formulation. More importantly, the governing equations are
composed of a coupled pair of transport equations to which our theory can be di-
rectly extended. There are also two auxiliary equations relating the velocities to the
stream function that will have to be considered, as well as the boundary conditions,

which are always a concern with the (¢, () formulation.

3.2 Governing Equations

For a non-dimensionalized velocity field V' = uz+ v}, where 2 and 3 are unit vectors

in the z and y directions, respectively, the stream function ¥ may be defined to
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within an arbitrary constant by

_ %
o

The definition of t implies that the incompressible continuity condition is satisfied.
The 2D scalar vorticity is defined as the signed magnitude of the curl of the velocity,

(=2 - g—Z, and implies from (3.1) and (3.2) that

—VZp = (. (3.3)

Taking the curl of the 2D vector momentum equation, we obtain the scalar

vorticity transport equation

—Vi( + ReV -V( = f, (3.4)

where f is a non-dimensional forcing function, and Re = % is the Reynolds number,
with U a characteristic velocity, L a characteristic length scale, and v the kinematic
viscosity of the fluid.

For the purposes of this study, we will consider wall boundary conditions, as
these present some difficulty in maintaining high-order accuracy. The definition of
the stream function, (3.1) and (3.2), can be used to relate any velocity boundary
conditions to the stream function. For a wall boundary moving tangentially to its

surface with a constant velocity V,,, the no-slip, no-penetration condition becomes

oy
5 = (3.5)
o

5 = O (3.6)

where n is the direction normal to the wall, and s is tangent to the wall. The latter
equation implies 7 is constant on the boundary. Transport equations (3.3) and
(3.4), together with velocity relations (3.1) and (3.2), plus boundary conditions (3.5)
and (3.6) complete the mathematical description of the fully coupled stream-function

vorticity problem.
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3.3 HOC Formulation

The HOC formulation for the stream-function equation (3.3) follows by substituting
¥ for ¢, and ¢ for f in equation (2.38) to obtain

h? h?
— 02 — Oabi; — Eﬁﬁ?ﬁ’m’ =Git 13 [53_(}']' + 55@;}- (3.7)
Note that we do not know the fourth derivatives of ¢, so we cannot use the O(h°)
expression (2.43).
The HOC approximation to the vorticity equation (3.4) is obtained by sub-
stituting ¢ for ¢, and setting ¢ = Re-u and d = Re - v in equation (2.30). However,

u and v are derived from % by (3.1) and (3.2) and therefore these equations should

also be represented to sufficient order. For example,

o
27 — 83/ Z']47
h? 33¢
= §tij— — = R
yflr)] 6 8y3 ZJ—I_O( )7
and using (3.3),
o[ a9y 4
Uy; = 5yl,bz] - E [_a_y - 8$28y y ‘I’O(h )7
= &, + w (5 Cij + 6268 ¢) + O(h%) (3.8)
- ylrzy 6 YSty zYy ¥y . .

Likewise, for the y component of the velocity (3.2),

h2
vij = =0pij = (2G5 + 6.62055;) + O (h*). (3.9)

Neglecting the O(h*) terms in equations (3.8) and (3.9), we obtain the high-order
compact approximations for the velocity components, u;; and v;;, to be used in the
vorticity transport equation.

3.3.1 Boundary Conditions

We seek now to construct compact high-order formulas for wall boundary conditions.

Let us first consider boundary condition (3.5), applied for convenience at a vertical
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wall z = 0, so that the normal direction is simply the z-direction. For an arbitrary

node (z1,y;) along this boundary, the given velocity is

o _ _ 9y
Ul] N 8$ 1]‘7
R % R 0Pe| B3 0%
= Gt G| Y | T ger| TOUD G0
13 1 1

where 87 represents the forward difference operator in the z direction. Using (3.3),

—g?ﬁ in (3.10) can be written as
7yl c 0%
E2 R A Yl
8$ 1; 8y 15
= _Clja

where we have used the fact that g%f = 0 on a vertical wall. Furthermore,

(a0 x| Py
0z ’ dzly; 0x0y? 1].’
0¢ 0%
= - 2| +— ,
dozly;  0y? ’
_ %
N al’ 15 k

where we have used (3.2) to relate 1) and v and the fact that 2273 is also zero on a

vertical wall. Finally,

o __oc| o
oz* 1 0z? 1 0z 0y? 1
Substituting these expressions into (3.10) yields
h h* a¢ h3 9% B3 v
= 5t — Gy — — 2| - 2 R Y. 11
A A e A 7 A Y 7 L 24 dxoy 1j+0( ). (1)

A second-order compact approximation can be easily obtained by simply

neglecting the third, fourth, and fifth terms on the right of (3.11). That is,
+ h 2
v1j = =071 = 5Ci; +O(h7), (3.12)
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and setting vy; = V,,. However, this scheme will locally pollute the accuracy of the
HOC solution near the boundary.
A third-order compact approximation can be obtained by utilizing a one-

sided difference approximation for % in (3.11) so that
oy = —0F gy, — O -_h—25+ +O(R® 3.13
17 — z P1j 2(1] 6 zC1]+ ( ) ( . )

To obtain fourth-order accuracy in (3.11), we need three approximations at
a’C.

the wall: (1) an O(h?) approximation to %; (2) an O(h) approximation to 7—; and
(3) an O(h) approximation to 82222' The third requirement is the easiest, simply
v e,
1j
Examining the terms involving % and g%ﬁ,
h? o¢ h3 9% h? h 9% h3 9%
- = - 2> — T 2 2> h2 - 7>
6 dxly; = 24 92| 6 [T g g TOMD 5 g
15 17 1y
h? B3 9%
— st 25 ht 1
6% 51 T 31 a2 1j+0( ) (3.15)
and using (3.4) we can write
9% a¢ oc| 0%
Pl = Re-wy5~| +Re-vij o~ — 55| — fi
0z? T T 0z 1 T oy ;o 0y? T I
= {Re - 010y C1j = 55@;} ~ fij +O(1?), (3.16)

where we have used the fact that u;; = 0. Applying (3.14)—(3.16) in (3.11), the

complete, fourth-order, compact approximation to the boundary condition is there-

fore
L h R LR .
0 = 3G~ 5 0G5y (Re-wigd, Gy = 63G) = (3.17)
h3
Vi~ o (5;551’11 - flj) +O(h%)

Similar formulations can easily be derived for the remaining three walls of a rectan-

gular cavity and are provided in Table 3.1.
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Table 3.1: HOC O(h*) wall boundary conditions for a rectangular cavity with an
M x N mesh in stream-function vorticity form.

‘ Wall ‘ Formula ‘
Left [ —dten, — 5+ 150 — 5 (Re-vi6, — 62) ] 1y =
3

vy — % (6582005 - /1))

. , 2 3
Right | =67 ¢n; + {% e (Re cupr0y — 55” My =
CIVERS % (5;5ZUMJ' = fmj
Top 8, hin — {% - %5; — B (Re - uiné, — 5§)J GN =
un + 5 (5355; u;N + fz’N)
Bottom 5;";&2'1 + {% + %5; — % (Re U1 0y — 5£)J i =
Ui — % (59255;“2'1 + fil)

Boundary conditions at the corners are handled in a similar manner. The
restricted geometry at the corners prevents the derivation of a fourth-order compact
formula, but a third-order approximation is possible. For example, at the upper
left corner (z1,yar), we can approximate (3.5) in both the horizontal and vertical
directions. Summing these results and replacing high-order terms with appropriate

difference expressions, we obtain
h h? . _
SN+ [5:C1N - 5;(1N} = - [5j‘¢’1N + 4, ‘¢1N} -
h2
UIN — OIN — E {5;5;2“]\[ + (5;5;’01]\[} + O(h3)7 (318)

where N is the index of nodes along y = 1. A complete list of all O(h?®) corner
boundary conditions is given in Table 3.2.
A second-order corner formula, the lowest-order approximation of (3.5) that

still involves the vorticity, can be obtained by dropping the O(h?) terms from (3.18):
h
§C1N =—|&Fvv + 5;‘¢1N} —uin — vy + O(h?).

Note that when ¢ = 0 on the boundary, this reduces to

h
§C1N =-—uNn — 1INt O(h2)7
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Table 3.2: HOC O(h®) corner boundary conditions for a rectangular M x N cavity
in stream-function vorticity form.

‘ Corner ‘ Formula ‘
Lower left l&;’,‘ + 5;'J 1 + %Cll + % {5; + 5;” (11 =
Ul — Y11 — % 5;5;%1 - 5;5;?)11}

Lower right | — {6; — 5;J Yar + B — % {5; — 5;J (M1 =
upmt + vm + % _5; SFunm + 5;5;UM1}
Upper left [5; - 5y_J N+ %CIN + % {5; - 5y_J QN =
—UN — VN — % _6j5y_u1N — 5j5y_v1N}
Upper right | — {5; + 5y_J YN+ %C_MN - % [5; + 5y_J CMN =

—umn +omn + 850 umn — 858 UMN}

which reduces even further to (15 = 0 when the wall velocities are zero.

3.3.2 Coupled and Decoupled Forms

Solution to the nonlinear problem proceeds by iteration. Let us consider a typical
iterative step. The current iterates are given by the solution at the previous step.
Using these current iterates in a successive approximation scheme, we can compute
higher-order compact approximations to the velocities from (3.8) and (3.9). Using
this result in (2.30) with ¢ = Re-u, d = Re-v to approximate the vorticity transport

equation (3.4), we obtain the HOC approximation at the interior nodes:
e =F", (3.19)

where ¢ represents the HOC matrix for (3.4) and F™ is the current HOC forcing

vector. Note that C’(n)

is not a square matrix; it has only as many rows as there are
interior grid points. The remaining HOC equations at the boundary nodes follow
from our choice of (3.12), (3.13), or (3.17). Similarly, let L and L be the non-square

CDS and HOC matrices for the Laplacian that correspond to the interior nodes.
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The HOC matrix representation of (3.7) at the interior nodes is therefore

. h2

Ly + [I + EL] ¢(=0. (3.20)
Finally, the boundary conditions (3.5) and (3.6) may be expressed

Ny +BC=0", (3.21)

and
¥p =0, (3.22)

where N is the “normal derivative” matrix, B is the vorticity boundary matrix,
ﬁ(n) is the current HOC velocity term, and the subscript p refers to boundary
points only. (Similarly, the subscript ; will refer to interior points in the block
matrix notation.)

In the coupled algorithm, the current values of % and ¢ are computed simul-
taneously. For conceptual clarity, let us split @ and ¢ into two parts, one containing
only interior data, one containing only boundary data. The values at a successive

approximate iterate (n+1) are thus computed by solving (3.19)—(3.22) concurrently,

- I I L
Li; Lip I+ 3L 15058 Py 0
o I o o) ¥ 0
o o B = : (3.23)
o o Cir Cip Cr F
_NU NiB Brp Bgg 1L (B ] _f]_

where L, L, C, N, and B have been partitioned into sub-matrices corresponding to
interior and boundary components. We emphasize that the last row represents (3.5),
the normal derivative boundary condition on . For the case Re = 0 (Stokes flow),
the matrix €™ is constant and for O(h*) or O(h*) wall BCs the vector AR
constant so these problem are linear and the system (3.23) is solved only once.
The decoupled algorithm is simply a block iterative form of the coupled

algorithm. We solve for the stream function and vorticity separately by lagging the
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appropriate terms:

L Sy C ()
Li; Lig P | I+l FLlis Cr

o I . o o s |
) 1) - () g
Cir Cip Cr | o o Py n F
Bigp Bpp CB | | N1 Nis Pp U

Note that we have not changed the equations that model the system, but only the
procedure by which the successive approximations are defined. The bottom row in
the second matrix problem looks like a vorticity boundary condition, but in reality
it is not. It is a stream function boundary condition, in which the vorticity only
serves to model higher-order terms.

All of the numerical experiments in the section that follows are computed
using the decoupled algorithm, with the added provision that successive iterates may
be under-relaxed to prevent divergence. That is to say, if 4’ is the stream function

computed from the first half of the decoupled algorithm, then " *! is given by
,¢n+1 — w¢/+ (1 _ w)¢n7

where 0 < w < 1 is the relaxation factor.

3.4 Numerical Results

We now verify the HOC formulation of the (1, () equations with a model problem
with known analytic solution, as well as the lid-driven cavity problem, entrance flow

into a cascade of thin plates, and the backward-facing step problem.

3.4.1 Model Problem Results

To construct a test problem with known solution we specify the stream-function
P =-8(z—2?)*(y - y*)?,
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Figure 3.1: HOC vorticity error convergence plots on the boundary and at the
midpoint for the model problem with Re = 0.
on the unit square. The corresponding vorticity solution, derived from equation (3.3),
is

¢ = 16[(62% — 62 + 1) (y — y*)? + (z — 2%)(6y* — 6y + 1)],

and the velocities, derived from (3.1) and (3.2), are

u = —16(z —2?)*(y — y*)(1 - 2y),

v = 16(z —2?)(1 - 22)(y — y*)*.

This problem was designed such that the no-slip, no-penetration condition
holds for the velocities w and v on the boundary. The problem is driven by the forcing
function f, which is constructed by substituting the above functions {, » and v
in (3.4). In the following numerical test we solve the linear Stokes flow problem, Re =
0, to better isolate the effect of the choice of boundary conditions. The fourth-order
scheme is applied in the interior and each of the boundary treatments is compared.

In Figure 3.1 the vorticity error at a representative boundary point (z = 0.5, y = 0),
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and at the midpoint (z = y = 0.5) are graphed for a succession of meshes and for
each of the implementations of the boundary conditions discussed: O(h?) boundary
conditions are labeled “SECOND” in the plots, O(h®) boundary conditions are
labeled “THIRD,” and O(h*) boundary conditions are labeled “FOURTH.” Results
for the case where we use our knowledge of ( to provide specified boundary conditions
(labeled “SPEC”) are also included for the vorticity error at the midpoint. The
experimental asymptotic convergence rate m of the error E at the stated points is
computed by using the results for the meshes h = %, h = é, and is included in the
plot.

Figures 3.2 and 3.3 are surface and contour plots of the HOC stream function
and vorticity on a 17 x 17 grid. They are visually indistinguishable from the exact
surface and contour plots.

The boundary error plot indicates that the rates of convergence are as pre-
dicted by the boundary condition formulas. This verifies our interpretation of the
boundary condition we use as that of the stream function. These rates of convergence
are maintained on the interior. It is interesting to note that the O(h?*) boundary
conditions result in smaller errors at the midpoint than do specified exact boundary

conditions using the known vorticity function.

3.4.2 Driven Cavity Results

The lid-driven cavity flow (described in Figure 3.4) is a standard test case for Navier-
Stokes computations, and there are numerous published results that can be used for
comparison purposes. However, this problem is complicated by the presence of two
corner singularities [49]. We consider the unit cavity Q = [0, 1] x [0, 1] with horizontal
lid velocity « = 1,v = 0. On the remaining sides u = v = 0.

Table 3.3 is a short description of the results for HOC driven cavity runs
for selected combinations of Re, grid size, side boundary condition accuracy, and

corner boundary condition accuracy. For Stokes flow (Re = 0), the most accu-
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Figure 3.2: Surface and contour plot of the HOC stream function solution for the
analytic model problem.

Figure 3.3: Surface and contour plot of the HOC vorticity solution for the analytic
model problem.
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Figure 3.4: Problem description for the lid-driven cavity.

rate combination of boundary conditions produces good results at a grid as coarse
as 11 x 11.

However, for convection-dominated cases, we see that this combination of
boundary conditions results in oscillations on coarse grids. When the corner bound-
ary condition accuracy is reduced from O(h?) to O(h?), the magnitude of oscilla-
tions drops, indicating that the singularities are better represented by low-order
approximations. Nevertheless, oscillations persist for this combination of bound-
ary conditions, probably due to the convective component of the fourth-order side
boundary condition. When we reduce the accuracy of the side boundary conditions
from O(h*) to O(h?), these oscillations disappear, even on coarse grids. However,
this pollutes the accuracy of the solution on the interior slightly.

Returning to Stokes flow, contours for @ and ( obtained from the HOC
solution on a uniform 31 x 31 grid are shown in Figure 3.5. Next in Figures 3.6-3.8,
for Re = 100 the vorticity along the moving wall, the horizontal velocity u along
the vertical centerline and the vertical velocity v along the horizontal centerline are
compared with the fine grid results of Ghia, et al. [43]. These HOC results are for

a 21 x 21 grid and are comparable to the results from a 129 x 129 fine grid in [43].
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(a) Stream Function (b) Vorticity

Figure 3.5: HOC driven cavity contours of the stream function and vorticity for
Re =0 on a 31 x 31 grid.
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Figure 3.6: Driven cavity results for the vorticity along the moving wall, Re = 100.
Note: results utilize O(h®) wall boundary conditions and O(h?) corner boundary
conditions.
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Table 3.3: Qualitative HOC driven cavity results for selected Re, grid size, and
boundary conditions.

Re Grid Side | Corner | Comments

BCs BCs
0 6x6 | O(h*) | O(h®) | Very coarse, but no oscillations
0 |[11x11 | O(h*) | O(h®) | Better resolution of flow features
100 | 11 x 11 | O(h*) | O(h?®) | Large oscillations in ¢ on moving wall
100 | 11 x 11 | O(h*) | O(h?*) | Smaller oscillations in ¢ on moving wall
100 | 11 x 11 | O(R®) | O(h?*) | No oscillations, but corner separation bubble

is not resolved

100 | 21 x 21 | O(R®) | O(h?*) | No oscillations, accurate solutions, corner
bubble appears

400 | 31 x 31 | O(h*) | O(h®) | Large oscillations in ¢ on moving wall
400 | 31 x 31 | O(h*) | O(h*) | Very slight oscillations in ¢ on moving wall
400 | 31 x 31 | O(h*) | O(h*) | No oscillations, both corner separation bub-

bles resolved

400 | 41 x 41 | O(h*) | O(h?) | Slight oscillations in ¢ on moving wall (more
than 31 x 31)

1000 | 31 x 31 | O(h*) | O(h%) | Iterations stagnate

1000 | 41 x 41 | O(h*) | O(h®) | Tterations stagnate

1000 | 41 x 41 | O(h*) | O(h*) | Oscillations in ¢ on moving wall
1000 | 41 x 41 | O(h®) | O(h*) | No oscillations, good accuracy

Figures 3.9-3.11 are the same type of plots for the case Re = 400 on a 31 x 31 grid.
Our results for this case also agree closely with the HOC primitive variable results
in MacKinnon and Johnson [90] at this Reynolds number and grid size.

Figure 3.12 shows the HOC vorticity along the four borders of the cavity at
Re = 1000, 41 x 41 grid, O(h*) side boundary conditions and O(h?) corner boundary
conditions. Note that the vorticity oscillates along the moving wall, but not along
the stationary walls, indicating that the oscillations are probably due to convection
terms in the fourth-order boundary condition. Interestingly, these oscillations do
not propagate into the interior.

We see from Figure 3.13 that decreasing the side boundary condition accu-
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Figure 3.7: Driven cavity results for the horizontal velocity component along the
vertical centerline, Re = 100. Note: results utilize O(h?) wall boundary conditions
and O(h?) corner boundary conditions.
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Figure 3.8: Driven cavity results for the vertical velocity component along the hor-
izontal centerline, Re = 100. Note: results utilize O(h®) wall boundary conditions
and O(h?) corner boundary conditions.
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Figure 3.9: Driven cavity results for the vorticity along the moving wall, Re = 400.
Note: results utilize O(h®) wall boundary conditions and O(h?) corner boundary
conditions.

racy from O(h*) to O(h?) eliminates the oscillations and still results in a reasonably
accurate approximation. The comparison to UDS is even more striking for the ve-
locity components along the cavity centerlines, shown in Figures 3.14 and 3.15. The
CDS solutions for this case suffer large-amplitude oscillations and are not included

in the plots.

3.4.3 Cascading Plates Results

Another standard test problem for Navier-Stokes flows is the cascading plates model
problem, considered first by Wang and Longwell [145] in 1964 and later by Pan-
ton [109]. Consider a cascade of semi-infinite thin plates in a fluid with kinematic
viscosity v separated by a distance 2L as depicted in Figure 3.16. A coordinate
system is placed along the centerline of one channel with the origin aligned with the
leading edge of the plates. Far upstream, the flow is uniform with velocity U. We

assume that the flow pattern has the same symmetry as the problem geometry and
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Figure 3.10: Driven cavity results for the horizontal velocity component along the
vertical centerline, Re = 400. Note: results utilize O(h?) wall boundary conditions
and O(h?) corner boundary conditions.
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Figure 3.11: Driven cavity results for the vertical velocity component along the hor-
izontal centerline, Re = 400. Note: results utilize O(h®) wall boundary conditions
and O(h?) corner boundary conditions.
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HOC Driven Cavity, 4th-Order BCs, Re=1000, 41x41 grid
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Figure 3.12: Vorticity on the four boundaries of the driven cavity problem for Re =
1000 and O(h*) boundary conditions.
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Figure 3.13: Driven cavity results for the vorticity along the moving wall, Re = 1000.
Note: results utilize O(h?) wall boundary conditions and O(h?) corner boundary

conditions.
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Figure 3.14: Driven cavity results for the horizontal velocity component along the
vertical centerline, Re = 1000. Note: results utilize O(h®) wall boundary conditions
and O(h?%) corner boundary conditions.
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Figure 3.15: Driven cavity results for the vertical velocity component along the hor-
izontal centerline, Re = 1000. Note: results utilize O(h®) wall boundary conditions
and O(h?) corner boundary conditions.
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Figure 3.16: Problem description for an infinite cascade of thin plates.

select one half of one channel as the solution region.

To apply a finite difference method, we must truncate the domain a distance
D, upstream and a distance Dy downstream of the origin. In order to get an accurate
solution, we must choose D, and Dy large enough that they have an insignificant
effect. Experience has shown that for highly diffusive flows, Re = % — 0, the
effects of the plate can be felt reasonably forward of the leading edge, requiring at
a minimum that D, = 2L. The distance downstream required to develop the final
flow profile grows in direct proportion to Re for large Reynolds numbers [109].

At the upstream boundary, the velocity boundary conditions are u = 1,
v = 0. This results in a stream function at this boundary of the form ¢ = y+ I'(z).
We choose F'(z) = 0 so that ©» = 0 at the centerline and ¥ = 1 at the top boundary.
The uniform upstream flow is irrotational, so { = 0 there.

At the outlet, the flow is fully developed and therefore u has a parabolic
profile. The exact form of uw can be found by matching the flow rate at the outlet
with the flow rate at the inlet. This results in velocity outlet boundary conditions

u:;(l—yQ)7 v=0.
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The corresponding outlet stream function and vorticity are

3 1,
W= -1y — — :3
(0] 5Y = 59 ¢ =3y

Along the plate, y = 1, > 0, we use the compact wall boundary conditions
of Section 3.3.1. Since it is a stationary wall (v = 0), we should not expect oscilla-
tions and can use the O(h*) formulation. The remainder of the top boundary, y = 1,
z < 0, is a stagnation (and symmetry) streamline with ¢» = 1. (The stream function
is also unity along the wall.) The lower boundary along the channel centerline is
also a symmetry streamline with ¢» = 0. Along the symmetry streamlines, we have
g—Z = 0 and v = 0, which result in the vorticity boundary condition { = 0. At the
leading edge of the plate, there is a singularity in the vorticity. This is “handled”
by orienting the grid such that plate tip is in the middle of a cell and not at a node.

Along the two streamline boundaries, we do not know u and must calculate
it from the other problem data. However, we cannot use the HOC approximation
to w at a boundary since it utilizes central difference operators. If we use one-sided
differencing instead, this raises an issue about the accuracy of « on the boundary.
However, we now show from symmetry arguments that one-sided differencing is
sufficient to maintain O(h*) accuracy.

We know that the velocity u is symmetric about y = 0 (for all z) and
y =1 (when z < 0) because of the symmetry of the geometry. Equivalently, % is

symmetric about these lines, so if we temporarily consider the finite difference mesh

extending above and below our solution domain, we can say that
5 i = 0, ¥in, (3.24)
for all z and
5 in = 6, Yin, (3.25)
for z < 0 where N is the index such that yy = 1. If we recall the identity
1 iy
8y ij = 5 (85 s + 6, 2035 (3.26)
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then it is clear from equations (3.24)-(3.26) that

5y+‘¢z’1 = Oy,
o, bin = Sytun.

In other words, one-sided differencing of ¢ in the y-direction along symmetry stream-
lines has the same truncation error as central differencing. A similar argument can
be made for the vorticity (both ¢ and 7 will be odd functions—or anti-symmetric—
with respect to symmetry streamlines, while u is an even function). The HOC

velocity boundary conditions along these streamlines are therefore obtained from

h2
win = S+ (5 G + 8207 i) +O(hY),
- h? o 25— 4
uN = O, N+ n (5y Gin + 6.0, ¢iN) +O(h%).

Comparison data for the cascading plates problem was obtained from Lor-
ber [85], who solved the problem using central differencing on a nonuniform grid.
It should be noted that Lorber, as well as Panton before him, define the Reynolds
number differently than in the present work, using 2L as the characteristic length
and then solving

¢

StV V=

2

EVQC.
The Reynolds numbers reported in these sources are therefore greater than the
Reynolds numbers reported here by a factor of 2. Comparison data was obtained for
the incompressible cases where Re = 0.5 and Re = 50 on the nonuniform 150 x 51
grid depicted in Figure 3.17(a). The HOC solutions were computed on a much
coarser uniform grid with » = £, shown in Figure 3.17(b). For Re = 0.5, a down-
stream distance Dy &~ 6 was used, and for Re = 50, Dy ~ 10. We are therefore
trying to solve the problem with 7.6% and 11.6% of the number of grid points,
respectively.

The coarse-grid HOC results compare extremely well with the fine-grid com-

parison data. Figure 3.18 depicts the stream function contours for both methods
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(b) HOC, 65 x 9

(a) Lorber, 150 x 51

Figure 3.17: Detail of grids used to solve the cascading plates problem, (a) graded
mesh by Lorber, 150 x 51, used for comparison and (b) uniform HOC mesh, h

(z = 0 line is the y-axis, not a grid line). Note that z : y=1:5.

1
8

at both Reynolds numbers studied. The results are visually indistinguishable. Fig-

ure 3.19 shows the vorticity contours for the same cases, and although the coarseness

of the HOC grid is more apparent, the HOC results are still quite good.

The z-component of the velocity along the channel center streamline and the

stagnation streamline is plotted in Figure 3.20 for the HOC scheme and the com-

parison data at the two Reynolds numbers studied. Agreement is excellent. In fact,

the most noticeable difference occurs where we should expect the grid coarseness

to be most apparent, at the plate tip where there is a discontinuity in the velocity

gradient but no grid point present. Figure 3.21 is a set of plots for the vorticity along

the plate, and the agreement is again excellent, especially given the presence of a

singularity at the tip. In fact, were the HOC data to be interpolated with a piece-

between the

wise fourth-order polynomial rather than straight lines, the differences

curves would be imperceptible.
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Figure 3.18: Stream function contours for the cascading plates problem for (a)
Re = 0.5, Lorber, (b) Re = 0.5, HOC, (c) Re = 50, Lorber, and (d) Re = 50, HOC.
Note that z : y = 1: 5.
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(a) Re = 0.5, Lorber, 150 x 51 (b) Re =0.5, HOC, 65 x 9
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Figure 3.19: Vorticity contours for the cascading plates problem for (a) Re = 0.5,
Lorber, (b) Re = 0.5, HOC, (c¢) Re = 50, Lorber, and (d) Re = 50, HOC. Note that
z:y=1:5.
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Figure 3.20: Stagnation and Centerline velocity plots for the cascading plates model
problem (a) Re = 0.5 and (b) Re = 50.
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Figure 3.21: Wall vorticity plots for the cascading plates model problem for (a)
Re = 0.5 and (b) Re = 50.
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Figure 3.22: Problem description for a backward-facing step.
3.4.4 Backward-Facing Step Results

The final model problem for testing HOC modeling of steady incompressible flow
is the backward-facing step problem. Many researchers have studied this problem,
both experimentally [8] and numerically [9, 10, 42, 84], and we use Gartling’s [42]
problem definition. Consider a channel of width I downstream of the origin and
width % upstream of the origin, separated by a backward-facing step as depicted in
Figure 3.22. Flow is assumed to be fully developed as it passes the inlet at z = 0
and has an average velocity Ugyyy. The problem domain is the channel starting at
the inlet and extends downstream a distance Dy long enough for the flow to again
become fully developed . The characteristic length is L, the characteristic velocity
is Uyyg, and thus the Reynolds number is U“Z—"L

The top and bottom boundaries are stationary channel walls and thus we
use the O(h*) compact wall boundary conditions with u = v = 0. The step face,
located at x = 0, —% <y <0, is also a stationary wall. At the inlet, the velocities
are given by

u=12y(1 - 2y), v =0,
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and the corresponding stream function and vorticity are
v =243 —-4y), (=12(4y—1).

The stream function is chosen such that the stream function along the step face and

bottom wall is 0 and the stream function value along the top wall is %
The fully developed velocity profile at the outlet can be determined by equat-

ing the flow rates at the inlet and outlet. The outlet velocities are therefore
3
u=~(1-4y%), v =0,
4
with corresponding stream function and vorticity

1
v=g0+3y -4, (=6y.

These boundary conditions, along with the suggested downstream distance Dy =
30L [42], complete the specification of the backward-facing step model problem.

Figure 3.23 presents contour plots for the HOC stream function and vorticity
solutions for Reynolds number Re = 200. A recirculation zone clearly forms behind
the step. The length of the zone predicted by the HOC method is approximately
2.5, with ¥, = —0.0332 at location (0.8750, —0.1875). This is a slightly smaller
recirculation zone than indicated by Barragy [9], who solved the coupled problem
using high-p finite elements and predicted a recirculation length of 2.67 with 1,,;, =
—0.0331 at location (1.0021, —0.2030).

3.5 Summary

Existing 2D HOC formulations for convection diffusion were used to model the (3, ¢)
form of the steady, incompressible, Navier-Stokes equations. New HOC formulations
for the velocity relationships were developed, as were HOC formulations for wall and
corner boundary conditions. This system was determined to be O(h*) for a model

problem with known analytic solution, and lower-order BCs were also shown to be
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Figure 3.23: Contour plots for HOC solutions to the (a) stream function and (b)
vorticity for the backward facing step problem, Re = 200.

the expected order of accuracy. Unfortunately, it was also discovered that the O(h?)
BCs can lead to numerical oscillations in the vorticity on non-stationary walls. For
this reason, O(h®) BCs were used to solve representative driven cavity problems.
Results compared extremely favorably with fine-grid data published in the litera-
ture. The cascading plates problem was solved with O(h*) BCs since the plates are
stationary, and results for this problem also compare well with lower-order results
obtained on a fine, graded mesh. The backward-facing step problem proved difficult
to solve using the HOC formulation at high Reynolds numbers, indicating that ad-
mitting more flexible grids might be useful and that an algorithm more sophisticated

than successive approximations (such as Newton) should be implemented in order

to converge to a solution.
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Chapter 4

Performance Issues

4.1 Introduction

Heretofore in this dissertation, as well as in the literature involving this class of
high-order compact schemes, evaluation of HOC formulations has been with respect
to accuracy and other properties of the resulting approximate solution. In this
chapter we seek to explore properties of HOC systems that are important to their
application in practical situations. Specifically, we hope to determine how well HOC
schemes can be expected to converge using typical iterative solvers and how well such
schemes can be adapted to parallel computer architectures.

While some algorithms are more robust than others, most iterative matrix
solvers can be expected to converge more quickly for matrices with a small condition
number, x, and more slowly or not at all for matrices with a large condition number.

The condition number, in turn, is defined by

max |Ag|
— 7T 4.1
min [Ag|’ (41)

where {A;} is the set of eigenvalues of the real matrix we wish to solve and can
include complex conjugate pairs. Other factors also affect convergence of a given
matrix. For instance, a matrix with tightly clustered eigenvalues will converge more

quickly than a matrix with evenly distributed eigenvalues [44].

61



Most conjugate-gradient-type solvers require the matrix to be solved to be
positive definite. This is equivalent to requiring ®(Ax) > 0, &k = 1...N, where R
denotes the real component and N is the rank of the matrix. In Section 4.2, we seek
to analyze HOC matrices to predict their condition numbers and check for positive-
definiteness. Unfortunately, obtaining analytic estimates of the eigenvalues of an
N x N matrix is equivalent to finding all the roots of an N-th degree polynomial, so
we instead compute them explicitly for representative HOC systems in Section 4.3,
as well as perform actual convergence tests to see how quickly HOC schemes converge
compared to other schemes.

Finally, Section 4.4 is a case study of the parallelization of an HOC code to

illustrate the issues that arise in porting an HOC code to a parallel architecture.

4.2 Condition Number Analysis

In seeking to determine the convergence properties of HOC schemes, our goal should
be to analyze systems arising from 2D or 3D problems, since 1D problems are
rarely large enough to require an iterative solver. Nevertheless, the tridiagonal
matrices generated by compact 1D numerical schemes lend themselves to theoretical
eigenvalue analysis, and our hope is that we can draw some conclusions from such
analysis that might apply to higher dimensions.

Accordingly, we shall begin our analysis with 1D convection diffusion with
constant coefficients on a uniform grid. The HOC scheme, given by (2.15) can be

written in the form

Lo e (2 (LS ke
RZ T 12 Ton ) T T N2 T e )T\ T 12 ap ) T T Y

which illustrates the coefficients of the matrix that premultiplies the vector ¢. The

eigenvalues of such a tridiagonal matrix (see [17, p. 277]) are given by

/\'_2_1_02 2 cos(i — 1)h <1+c2+c)<1+c2 c) (1.2)
T T AT TN 2 T T T o )\ 2 T 12 T 2n ) '
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where 2 = 2...N — 1. For the indices : = 1 or N, the matrix rows are determined
by the boundary conditions and for Dirichlet data can easily be algebraically elim-
inated from the problem. It can be shown (as it was for the oscillation analysis
of Section 2.3.2) that for any value of ¢ and positive h, the two terms under the
radical in (4.2) are both positive and thus the eigenvalues are guaranteed to be real
and the coefficient matrix will be positive definite. The minimum eigenvalue occurs
when 2 = 2 and the maximum eigenvalue occurs when + = N — 1. If we restrict
our analysis to large N, then the factor cos(i — 1)7wh is approximately 41 for these
two extreme cases, and we can use (4.1) to derive an expression for the 1D HOC

condition number limit,

c2h? + 12+ \/(c2h? + 6¢h + 12) (c2h? — 6¢h + 12)
c2h? + 12 — \/(c*h? + 6¢ch + 12)(2h? — 6ch + 12)

kKgoc =

(4.3)

We thus have an expression for the condition number limit as a function of ch, or the
cell Reynolds (or Peclet) number. Unfortunately, as ch — 0, the condition number
behaves as ¢=2h~2 and for large ch, the condition number behaves as c¢?h?. This
means that for large N and |ch| very large or very small, the condition number is

extremely large and may pose some difficulty for an iterative solver.

Table 4.1: Condition Numbers for 1D HOC Matrices

ch =2 ch=25 ch =10 ch =20

h c K c K c K c K
1/8 16 4.1426 | 40 3.3550 | 80  8.096 | 160 16.215
1/16 | 32 4.6936 | 80 3.6955 | 160 10.640 | 320 31.395
1/32 | 64 4.8523 | 160 3.7898 | 320 11.526 | 640 40.699
Theory 4.9073 3.8229 11.853 45.129

As verification of (4.3), the eigenvalues for HOC matrices in 1D were com-
puted by the linear algebra software package LAPACK [7]. Cases were run for different
values of ch by varying ¢ and h proportionately, and the results are shown in Ta-

ble 4.1. Condition numbers on coarse meshes are lower than the theoretical limit and
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approach the theory as the mesh is refined, so (4.3) provides a worst-case estimate
of the condition number for a given cell Reynolds number.

For comparison purposes, the condition number limit for CDS is

/I
v lchl <2,

|62—h|, lch| > 2.

kCDS =

For UDS, the condition number limit is

. _Jeh|+2+2+/|ch[+1 (4.5)
UPS T e 2 -2 /[ch[ + 1 ‘

Equations (4.3)—(4.5) are graphed in Figure 4.1. This is one instance where CDS

and UDS appear to compare favorably with HOC, except of course for the fact that
for ch > 2, CDS is oscillatory and for large ch, the UDS models an overly diffusive
problem. Nevertheless, the HOC curve indicates that HOC schemes may require
some form of preconditioning if a solution is to be obtained for large (or very small)

values of ch.

Condition Number

-10 -5 0 5 10

Figure 4.1: Condition number limit as a function of the cell Reynolds number for

HOC, CDS and UDS
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Theoretical estimates of eigenvalues (and thus the condition number) of sys-
tems resulting from 2D problems are more difficult because such systems lead to
matrices that are not tridiagonal. Gershgorin [149] developed a theoretical bound
on the eigenvalues of a matrix that affords a convenient geometric interpretation.
The eigenvalues {A;} of a matrix M = {m,;} lie in the union of the Gershgorin

circles in the complex plane defined by

A= mii| <7 |migl .
i

The circles in the complex A-plane have centers located at points m;; and radii of
lengths equal to the sum of the magnitudes of the off-diagonal row entries. Thus we
have a bound on all the eigenvalues of any matrix M.

If we let M be the coefficient matrix generated by the HOC scheme on
a uniform grid for the 2D convection diffusion equation with constant convection
coeflicients ¢ and d, then the diagonal coefficient is given by

1 212 212

This term is always positive, so we know that the Gershgorin circle (all the circles
collapse to a single disk when the convection and mesh size are constant) is centered

in the right-half plane. To determine the Gershgorin radius, we need expressions for
the off-diagonal matrix entries. The coeflicients for the side nodes are given by
—W(Cth :I: 4Ch —|— 8),

1
12h2

(d*h? & 4dh + 8),

in the z- and y-directions, respectively. The resulting expressions are everywhere

negative for all values of ch and dh, so

S | = 6%(0%2 +d2h? 4 16).

sides
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The coefficients at the four corner nodes are given by the four permutations of

— s (24 ch)(2 £ dh).

The resulting sum of coefficients at the corners is
Z |mi;| = L Mal(dh
corners e GhQU(C Jotdh).

where
Ir[, |7 > 2,

2, |rl <2.

This gives us the final result that
1
> Imijl = W(CW + d*h* 4 o (ch)o (dh) + 16).

The radius of the Gershgorin circle is thus greater than the location of its center

o(ch)a(dh)—4
6h2

lch| > 2 or |dh| > 2. The behavior of the tensor product o(ch)o(dh) therefore

by the amount , allowing for the possibility of negative eigenvalues if
becomes important in this analysis and is graphed in Figure 4.2.

By inspection we note that the resulting function is symmetric about the
origin, so we can restrict our analysis to the quadrant ch,dh > 0 without loss of
generality. Also, the direction of steepest ascent within this quadrant is along the

ray ch = dh > 2. Accordingly, let us define

¢ = Re-cosb,

d = Re-sinf,

where Re is the Reynolds number for the problem. If we normalize the domain to

unit scale, then Re - h = Rey, the cell Reynolds number. Further restricting the

H s
convection angle to 71 we get

ch =dh = ?Reh.
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Figure 4.2: Surface and contour plot of the tensor product o(ch)o(dh).

Under these assumptions, the Gershgorin eigenvalue bound becomes

V2
‘/\ e (Reh—l—QO)‘ o (Reh—l—a (7Reh +16). (4.6)

If @Reh < 2 (that is, Rej < 2v/2), then we see that the Gershgorin circle

center location equals the radius and thus we know that A > 0 and that the matrix is

guaranteed to be positive definite. However, if Re, > 2v/2, then o (LReh) Re ,

which gives

‘/\ o (Reh—l—QO)‘ 6; < Reh—l—lﬁ)

The geometric interpretation of (4.6) is graphed in Figure 4.3, for Re, < 2v/2
(Case 1) and Re, > 2v/2 (Case 2). The circle for Case 1 is centered at A =
#(Rei + 20) with equivalent radius, so that the imaginary axis is tangent to the
circle. The circle for Case 2 is centered at B, which has the same expression as A,
but for a larger Rep. This circle extends a distance C' = 6h2 <1Reh ) into the
left-half plane.

While these results give us a good idea of the maximum possible eigenvalue

magnitude, the theory allows min |[Ag| to be arbitrarily small. Therefore, no conclu-
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Figure 4.3: Gershgorin circles in the A-plane for the 2D HOC scheme with constant
and equal convection coefficients.

sions can be drawn regarding the condition number for the 2D case. In the following
section, we will explicitly calculate the eigenvalues for representative 2D systems,
compare the results to our Gershgorin theory, and compute the condition numbers
for a variety of values of Rej, as well as compare convergence of HOC systems to

CDS and UDS.

4.3 Numerical Studies

The complex eigenvalues of selected HOC matrices were computed using the
linear algebra library LAPACK in double precision on a Sun SparcStation. Five cell
Reynolds numbers were examined, Rep, = 1, 2, 4, 8, and 16. Each cell Reynolds
number was examined for two mesh sizes, h = % and 11—6.

Figure 4.4 shows the eigenvalues for the case Rej = 1. Since Rej, < 2v/2, we
predict that the real components of all the eigenvalues are positive, which is verified.
We also note that the eigenvalues are all real, and that they all lie well within the
Gershgorin limit. This is favorable, since it results in a lower condition number.

For Rep, = 2, which is still less than the critical cell Reynolds number in
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Figure 4.4: Eigenvalue plot for 2D HOC, Rej, = 1.

Gershgorin theory and depicted in Figure 4.5, we see the same trends as for Rej, =
1. Namely, that the eigenvalues are real and positive, and are well within the
Gershgorin limit.

Figure 4.6 depicts the case Re, = 4, and since Rej, > 2v/2, is our first case
that could theoretically allow for negative eigenvalues. However, it is apparent that
this case does not have negative eigenvalues, as min |Az| is significantly greater than
zero for both mesh sizes shown. Again, the eigenvalues are real and well within the
Gershgorin limit.

For the case Rep, = 8 in Figure 4.7 we see for the first time the appearance of
complex conjugate eigenvalues. However, the imaginary parts are small compared to
the real components of the eigenvalues. Furthermore, all the eigenvalues are located
in the right-half plane.

Again in Figure 4.8, depicting eigenvalues for the case Re;, = 16, we see that
the eigenvalues are all in the right-hand plane. Some of the eigenvalues are complex,
but the imaginary components are still relatively small.

We have shown that the matrices for 2D HOC schemes are positive definite
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when ch < 2 and dh < 2. We have also determined experimentally that they seem to
be positive definite even when these conditions are not met, and that the condition
numbers remain moderate for reasonable cell Reynolds numbers. We now proceed
to solve these systems iteratively to observe their iterative convergence behavior.
Accordingly, we solve systems for Stokes flow (Re = 0) and for four different
cell Reynolds numbers, Rep, = 1,2,4 and 8 in Figures 4.9-4.13 respectively, where
a norm of the residual is plotted at every iteration. We compare HOC, CDS and
UDS on two finer grids, A = % and é, than were considered for the eigenvalue
studies. Since Stokes flow is symmetric, it is solved with conjugate gradient. The
systems with Re > 0 are non-symmetric, and so we solve them by bi-conjugate
gradient, and employ only a simple diagonal-scaling preconditioner. The results are
somewhat surprising, given that the HOC condition number limit in 1D is always
larger than the CDS and UDS condition number limits. In each example run,
however, the HOC scheme converges slightly more quickly than the CDS and UDS
counterparts. This may indicate that the HOC eigenvalues are somewhat clustered

compared to CDS and UDS eigenvalues or that diagonal scaling is a more effective

preconditioner for HOC systems than for CDS or UDS.

4.4 Parallel HOC

The code used to solve the HOC approximation to the 2D convection diffusion
equation was parallelized by implementing the software library pcG (preconditioned
conjugate gradient) [67], which is designed to iteratively solve systems arising from
computational mechanics problems in parallel by domain decomposition. It supports
a regular-grid storage format ideally suited to the problem being solved.

Pca computes the matrix-vector products of the gradient-type algorithms
it supports by communicating the necessary problem data to neighboring proces-
sors. In the case of 9-point HOC stencils, this includes any corner data that might

lie off-processor. For maximum efficiency, these data transfers are performed asyn-
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chronously with other computations to maximize efficiency. In addition, 9-point
stencils such as HOC run more efficiently (achieve higher MFLOP rates) than 5-
point schemes such as CDS. This outcome is the result of the specific implementa-
tion of matrix-vector products in PcG and involves the transfer of data into cache.
Basically, more operations can be performed between these transfers for a 9-point
stencil than for a 5-point stencil, which results in higher efficiency. The details can
be found in [94]. A comparison of matrix-vector product MFLOP rates is shown in
Figure 4.14.

Within the context of implementing a software library such as pca, the only
user-level parallelization concern for the HOC method involves calculation of the
difference operators é.¢;;, 05 f;;, etc., of the problem data ¢, d, and f that the HOC
scheme requires. In a domain decomposition setting, calculation of these terms
along processor boundaries requires off-processor information. This requirement
was accommodated by allocating border points for ¢, d, and f, thus duplicating

the storage of the problem data on processor boundaries. For the simple model
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Figure 4.14: MFLOP rates for CDS and HOC matrix-vector products as a function
of vector length. Data courtesy of McLay[94].

problems considered here, these border values could be computed directly. For a
more complicated problem, such as (¢, (), the velocities u and v would have to be
communicated among processors between successive approximations.

Figure 4.15 shows a surface and contour plot of the parallel HOC solution
to the 2D model problem 1 for Re = 20. The problem was solved on a global
32 x 32 grid and a 4 x 4 processor partition on an Intel iPSC860 using conjugate
gradient. Figure 4.16 is a speedup curve comparing parallel solution of HOC and
CDS formulations. The grid sizes for these cases were chosen to be round numbers
close to the limit that could be solved on a single processor. The HOC problem size

is smaller because of its larger stencil and additional data storage requirements.

4.5 Summary

In this chapter we have studied the eigenvalues and condition numbers of HOC

matrices to try and analyze their convergence properties for iterative algorithms.
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We determined a condition number limit for the 1D constant coefficient case and
showed that these matrices are positive definite and have real eigenvalues. The limit
itself was found to be higher than both CDS and UDS at all cell Reynolds num-
bers, although it is low enough over a reasonable range of Re; that most iterative
solvers should be able to handle HOC systems. In 2D, positive definiteness was
proved for the cases when ch < 2 and dh < 2 by using Gershgorin theory. Exper-
imental evidence suggests that 2D HOC matrices stay positive definite, but that
complex conjugate pairs are possible at higher cell Reynolds numbers, although the
imaginary components are always small compared to the real components. Iterative
convergence comparisons (using conjugate gradient for pure diffusion and diagonally
scaled bi-conjugate gradient for convection diffusion) of HOC with CDS and UDS
surprisingly favored HOC, even though HOC condition numbers are higher. Finally,
the 2D code for solving parallel HOC formulations was parallelized as a case study
of adapting HOC schemes to parallel computer architectures. Although CDS can be
solved slightly more quickly than HOC in parallel, the HOC scheme is more efficient
in terms of MFLOP rates.
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Chapter 5

HOC Schemes on Nonuniform

Grids

5.1 Introduction

The HOC theory as developed to this point is restricted to uniform grids. This
restriction precludes the solution of problems on non-rectangular domains or even
problems in which non-square grid cells would be appropriate. Furthermore, many
problems may be solved to much greater accuracy simply by refining the grid in
areas of steep solution gradients, yet this option has not been previously available
in HOC theory. In this chapter we address this issue and extend, for the first time,

HOC formulations to nonuniform orthogonal grids.

5.2 1D Convection Diffusion

It is common practice in finite difference solutions to elliptic boundary-value prob-
lems to map the given problem from the physical domain €2 to a reference domain Q
and to solve the transformed problem approximately on using a uniform difference

grid. In fact, numerous constructions for mappings with desirable grid properties
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have been devised (for example, see [138]). Since the HOC method in Section 2.3.1
has been constructed for uniform grids, this mapping formulation is a natural ap-
proach. To introduce the main ideas for extending the theory, let us consider the

following form of the steady, 1D, convection diffusion equation,

d? d
S () =

e S(z), (5.1)

with the familiar boundary conditions ¢(0) = 0, ¢(1) = 1.

5.2.1 HOC Formulation

Accordingly, let us construct an invertible map z = 2 (§) with inverse map £(z).
Under the inverse map, a graded mesh on 0 < z < 1 would be transformed to a
uniform mesh on 0 < ¢ < 1. Transforming equation (5.1) gives

di\? d*¢ (. d¢  d*¢\do

where ¢(&) = ¢(2(€)), @(€) = u(z(€)), S(€) = S(z(£)), and the metric coefficients

de d2¢

e 7.3 must now be considered.

and
Provided the map is regular and non-degenerate (so that % # 0) we can

write (5.2) conveniently in the form

d*¢ dé
—a@ HeO g =1, (5-3)
where
i - £ S

c(€) =~ o) = (5.4)

de\?
(%)
Now we have a governing equation that is of exactly the same form as (2.8),

so the HOC scheme is exactly the same as (2.14), expressed here in the transformed

variables:

—Aifsg%i + Cid¢d; = F; + O(hY), (5.5)
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where

R? 1,

A, = 1+ E {Ci — 255021 , (5.6)
R,

C; = ¢+ E {(&Ci — Ci(SgCZ} , (5.7)
h? 7o

Fio= fit 55 |02fi - ededi] (5.8)

and ¢; and f; are defined by (5.4).

5.2.2 Numerical Studies

Consider the model test problem for (5.1) with u = constant, S = 0. The analytic
solution is ¢(z) = (" — 1)/(e* — 1) and for u > 1 has a steep layer near z = 1. To

illustrate the mapping idea let us introduce the mapping function
2(€) =€+ Lsinmg, 0<E<, (5.9)
T

where 7 is the grading parameter. The map is invertible for |y| < 1; v > 0 corre-
sponds to compression (clustering) to the right and similarly to the left for v < 0.
In the following convergence calculations we choose v = %, which corresponds to a
moderate grading to the right.
The test problem was computed on a sequence of uniformly refined grids
= i, %, e é for w = 5 and u = 20. The error F' = |¢(z;) — ¢;| at a representative
grid point z; = z(& = 0.75) is graphed in Figure 5.1 against mesh size h on a log-log
scale for the UDS, CDS and HOC schemes. The rate exponent m is given by the
asymptotic slope of the curves. The calculations for the high-order scheme utilize
full knowledge of the analytic map (5.9) to compute the metric derivatives, % and

d2¢

dl‘2 i

exactly, and the optimal O(h*) rate is obtained. These results also verify the
HOC formulation for 1D convection diffusion with variable coefficient on a uniform
grid, which was previously untested.

In practice the map may not be specified analytically and the metric co-

efficients may be obtained by O(h?) central differencing. For example, we know
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Figure 5.1: Convergence results for 1D convection diffusion on a nonuniform grid
with exact metrics, v = 5 and 20.

_ 1
c — dzjdér S0

&|&

ﬁ 1

dz

i B 55;%—% %2+O(h4)7

1 1
Ot | 1 - i |+ O(h)

1 h? d3x

dex; + 6(d¢x;)? d&3

+O(h"Y), (5.10)

7
where we have used the identity I%LE =1—¢+¢2—...todetermine the truncation
26 & (d&)3
)

error. In a like manner, since 3 = — i 2

h? d*z

S ¢ TR
lfm 12 det

h? dz

552.%' h? 3552062' 1 d*z
(5§$i)3 B E (55;%2')4 a (5§$i)3 d—f4

¢
dz?

1 h? d3z

ot il
Z.+ O )] [55562' + 6(dex;)? d&3 :
s ! W &’
ot )] [(5@2»)3 T Gt 48

7

+ O(h“)] :

7

] + O(hY). (5.11)

7
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Figure 5.2: Convergence results for 1D convection diffusion on a nonuniform grid
with differenced metrics, u = 5 and 20.

Equations (5.10) and (5.11) are used in (5.4) to approximate ¢; and f;. The resulting

approximation for ¢; is
c;, = '&55362' + 55.%2562.% —
R2 [ 40 283z o) P
12 |\ Gexi  (5exs)2 ) de3

Since we do not have approximations for % and C;Tf, we expect O(h?) differencing

4+ 1 d*z
Sex; d&*

] +O(h"Y).

7

of the grid metrics to pollute the overall approximation by O(h?).

We examine the effect of this approximation using the grid from the preceding
test. The results are summarized in Figure 5.2. The effect of approximating the
metric derivatives by the CDS is to degrade the asymptotic rate of the HOC scheme,
reducing it to O(h?). The approximate solutions for the central and higher-order
schemes are essentially identical for u = 5 but for v = 20 the higher order scheme is
more accurate. Furthermore, comparisons of the two solutions for greater convection

(u = 50) on a coarse grid (h = g) reveals that the HOC scheme is non-oscillatory
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whereas the CDS still produces an oscillatory result (Figure 5.3). Note, however,
how the grading improves both the HOC and CDS solutions compared to the same

problem on a uniform grid in Figure 2.3.
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Figure 5.3: 1D convection diffusion results for the exact, oscillating CDS, and HOC
scheme with differenced metrics, u = 50, h = é, on a nonuniform grid.

Gresho [47] argues that oscillations are an indication that the grid is not
sufficiently fine to resolve the local solution characteristics, and advocates local re-
finement in the region of oscillations. He further asserts that a smooth solution may
inspire undue confidence in an inaccurate approximation, thus implying oscillatory
schemes are useful. If we use a non-oscillatory scheme then, we should at least
make an effort to use any prior knowledge of the solution to insure that the grid is
sufficiently fine to resolve the features of the flow.

The HOC results in Figure 5.3 are encouraging but the mesh gradation is mild
and the Peclet number of 50 is quite moderate so the boundary layer near z = 1 is
relatively modest. The ability of the method to function with more strongly graded
meshes and at higher convection levels is therefore relevant. In fact, if faithful rep-

resentation of the layer structure is desired then the mesh should be graded so that
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there are a few grid points guaranteed to lie within the layer. Consequently, we con-
sidered the test problem for successively increasing convection levels corresponding
to uw =50, 100, 250, and 500. The same grading function (5.9) was applied with
~ =0.6, 0.7, 0.8, and 0.9 respectively. It can be shown for this problem that the
boundary layer thickness, defined at the point where ¢ = 0.01, is approximately 476
when u > 5. This result was used to choose a unique h in each of the four cases
such that three cells lie within the boundary layer. The HOC results in the layer
regions are graphed in Figure 5.4 and compared with the analytical solution. The
nodal superconvergence property is evident in each case and the approximation of

the layer is indeed excellent.

5.2.3 HOC Metrics

If the map z (&) is not known explicitly but satisfies a differential equation or similar
auxiliary relation then it is possible to recover the O(h*) estimate in a manner
analogous to the way in which the HOC scheme was developed for the governing

transport equation. Consider the boundary value problem

d*z
Pl + miz = 12, (5.12)

with boundary conditions z(0) = 0,2(1) = 1, which corresponds to a Helmholtz
PDE grid generator in 1D with a positive source term proportional to £&. The
exact solution is precisely the grading function z(§) in (5.9). Let us assume now
that the grid (and indirectly the map) is generated by solving (5.12) accurately

using a uniform grid. Now (5.12) can be used as an auxiliary relation for the

difference approximation of the metrics % and % at grid point ¢. More specifically,
¢ . 1
Tr = dwjaer S0

d¢| 1

deli  gem; — B %iﬁ—O(h‘i)
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Using (5.12),

¢| 1
dzl; bewi — B2 (1 - 3_2) +O(h%)’
- ! +O(hY) (5.13)
- 2.2 2,2 ) '
(1—|— h6 )5&.@2'— h6
where we have again used the identity %_H —1—¢c+ ¢ — ... to determine the
order of magnitude of the truncation error. Similarly, since % = %, we can
use (5.13) to obtain an O(h?*) approximation to %,
d2 2 pR—y
ey &) o). (5.14)
dz?|. {(1_}_ h27r2) Sems h27r2}
7 6 ET; — 6

Before equations (5.13) and (5.14) can be used in (5.4) to recover the optimal
O(h*) result, we must consider the endpoints. Equations (5.5)-(5.8) require that
the function ¢ must be differenced in order to apply the HOC scheme on an interior
point. The definition of ¢ in (5.4) thus necessitates an approximation of the grid
metrics at the endpoints. Fortunately, the form of (5.6)-(5.8) requires only O(h?)
accuracy for the end point metrics in order to maintain an overall O(h*) method.

Letting 53 represent the forward difference operator,

| 1
dz|; 5;:%—%'@%#0(}@2)
Using (5.12) again,
d¢ 1 5
—=| = + O(h?).
del;  6fa; - bx2(& — @)

At the left endpoint, 1 = 1, and z; =& =0, so

<
dz

1
= O(h?
" 62—$1 + ( )7

and L5 , can be computed from (5.14). The right endpoint is treated similarly:

1
= ——+0(h?),

N SN

<
dz
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where N is the rightmost grid-point and 5£_ represents the backward difference
operator for the first derivative with respect to &.

Figure 5.5 shows the convergence results for the case where the metrics are
computed using an auxiliary equation. The HOC method does in fact obtain the
optimal O(h*) result!.

u=5.0, Auxiliary Metrics u=20.0, Auxiliary Metrics

1e-01 : 1e+00 .
e
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e 1le01 | 0"//% E
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Figure 5.5: Convergence results for 1D convection diffusion on a nonuniform grid
with approximated metrics using an auxiliary equation, v = 5 and 20.

5.3 2D Convection Diffusion

This section extends the approach of section 5.2 from 1D to non-uniform grids in

2D. Accordingly, we begin with 2D convection diffusion on the physical domain €,

o 0
+ u(m7y)8—j—|—’l)($,y)a—§ - f(ﬁ,y),

¢ P
0z?  0y?

(5.15)

'As an alternative to utilizing a relation such as (5.12) in this way, one could simply use more
adjacent grid points to approximate the metric derivatives more accurately. While this is counter
to the goals of a compact representation, it is acceptable since the grid metric coefficients can be
computed explicitly prior to solving the HOC systems.
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where u and v are variable convection coefficients and f is the forcing function. We
now transform the equation to a computational domain €2 via mapping functions z =
z(&,m)and y = y(&, n). If we let qAb(g, n) = ¢(z(&,n),y(&,n)), etc., the transformation
of equation (5.15) is

%
g2

99

O (e )

5t

wem=-(25) - (&), wen=-
e oe oo

27 2
00 e, )a—¢+6(€,n)

S fiem), (3.16)

a(&,n) 55 +9(En)

where

TN
Q’>
8

7 -(5)

o0& 0n  0€ On
9(&m) = (8;6 oz oy Oy ay)

There are two significant complications to (5.16) that do not occur in the 1D
case (5.3). First, there is now a second-order cross derivative present in the govern-
ing equation, that heretofore has not been approximated in an HOC formulation.
Second, there are three second-order derivatives to model, each with an independent
and variable coefficient, preventing us from scaling the problem to yield a diffusion
coefficient of unity. Thus we require a new HOC formulation that is algebraically

more complicated than those previously derived.

5.3.1 HOC Formulation
We begin, as always, by applying central differencing to (5.16) at node ij, which
gives

@i Bij + 9ij0e0ndis + bi6adij + €ijbedis + dijbndi; — ij = [y,

where the truncation error is

_RE[ 0% o 0 9o
Ty = _laa—gﬁ‘%]( 53377+8§3773 +b8—774+

83¢

853 + Qdagﬂ +O(hY). (5.17)

tj
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Note that there are six (6) derivatives in the A%-term of the truncation error.
HOC theory seeks to find alternative representations for these derivatives by differ-
entiating the governing equation (5.16). Let us begin by differentiating (5.16) with
respect to £ and rearrange to get

Po 1laf <3a+c> 9% <ag d) 9% 9%

08 = aloe \oc ") a2 " \ac ") acon ~ Yoctan
029 _ 6 0cdd 0d0g (5.18)
o om*  0ont 06 0¢  0Eom| '

Similarly, with respect to 7,

D3 1[af <ab ) 9% <ag ) 9% D3

— = —|= | =4+ d) — — | == +ec —g _

on3 b |on on on? on 0&0n 0Eon?
da 029 Pd dcdd  ddod
—Z - _q - =2 (5.19)
ono&* 020y  On ol dnon

Expressions for ag%f and bg% are found by differentiating twice and rearranging:

91 0%f (0% _0c\ 9% da R
“ogt a—e‘(a—sz“a—s)a—e—@a—s“)a—af
9%g _ad\ 9% dg D3 1
(8_52 * 26_5) ocan (23—5 * d) oc2on Yoo

Pb0% _,0b 9% ' 9*cod  9*dod

o o “acacor 'ogay ococ ooy Y
0 2 (0% 0d\ 96 [ 0b N 0%
it = o () - ()

Py o00) B (a0 Pe 0%

an? "o ) 0con an dgon? ~ * ogo

2, 922 34 46 2¢ 06 2d 04

?a 0% _da %% 0% _0%cdp 0°d0 (5.21)

P 0E ~ “on ooy "OEont P 9k G o
Equations (5.18)—(5.21) provide us with independent substitutions for four

of the six derivatives in (5.17), leaving aiggn

and 8(2;?;3 unaccounted for. Unfor-
tunately, there is the potential for only one more auxiliary equation (obtained by
differentiating (5.16) by both £ and 7), which is not sufficient to provide compact rep-

resentations for both of these derivatives, unless some further restriction is placed on
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the governing equation. Notice that these terms are scaled by ¢ in (5.20) and (5.21)

and that g = 0 for orthogonal nonuniform grids. Restricting the formulation to this

case we can again construct an HOC representation,

Aij6¢dij + Gijbedndij + Bijlbij + Cijdedhis + Dijbydij+

h? . . )
1 [(aij + bij) 8382 bij + (20,045 + dij + djjaif) 636, 0+

(20¢bi; + cij + C?jbij)%fsid;} = Ii; +O(h%),

where the coefficients are given by

h?
Aij = a;+ I {552(12']‘ + 572](12']' + 25562']‘ + C:fj (55@2']‘ + Cij)+

dii6,ai;]
h2 2 2 *
Bij = bi]' + E {55()”' + 57752']' + 25ndij + dij (5771)2']‘ + dij)‘|‘
idebis ]
h2 2 2 * *
Cij = ¢+ E {5562']' + 57162']‘ + Cij(SgCZ’]‘ + dij(sncij} ,
D = d+ h_2 {52d~—}—52d~—|—c’»‘-5 d:+d*§ d'}
o= Gy T g (%% n@ij 06 ijOnQi|
£ h? 27 2 F * £ * ¢
By = fi+35 |02fi+ 005+ cidefii + &5, 0]
h2 % b
Gij = I {25710”’ + 255(12']' + Cijdij + d’ijcij} ,

with ¢f; and d7; given by

o Cij — 20¢a;;
1] - aij 9
7 dij — 20¢bi;

(5.22)

(5.23)

(5.24)

(5.25)
(5.26)
(5.27)
(5.28)

(5.29)

Thus we have an HOC approximation to the 2D convection diffusion equation on a

nonuniform, orthogonal grid.

Cartesian Grids. If we further restrict the grid to be strictly Cartesian,

that is, « = z(£) and y = y(n) only, we will see some simplification. The mapped

91



coeflicients are now given by

(&) (&)

a=—|—-—=1, b=—-1—] ,

dz dy

LB

TV T da? _vdy dy?’
g = 0.

The approximation coefficients, A;; and B;;, also simplify to
h2 2 *
Aij = a; + E [c&ai + 255627' + C;j (55612' + Cij)},
h2 2 *
Bij = b]‘ + E {5771)]‘ =+ 26ndij —+ dij (57]5]' + dij)},

while the other coefficients, C;;, D;;, Gi;, and F;; remain the same as in (5.26)-
(5.29).

Constant Rectangular Grids. If we look at an even simpler class of
2D nonuniform grids, where Az # Ay are both constants, we see even further
simplification to the approximation coefficients (5.24)—(5.29). If we define the cell

aspect ratio, § = ﬁ—zj, then we can let

r = $0+£7
1
y = y0‘|‘5777

where Az = h and Ay = %h. The mapping coefficients simplify to

(Z:—l, b:_ﬁ27
c=1, d= pv,
g =0

This leads to approximation coefficients of the form

1 X X
Ay = -1+ 72 {2551%; + U?jL
1 ) 95\ 2
By = _52+—h2 lQﬁ(Snvij—l- (—ﬂ]) ]

92



5 e Ujj
Cij = u” 12 [55 u;; + 572]‘%']‘ + uijéguij + L6 uij],

ﬁ n
5 4 1 Dij ¢ .
Dij = B+ Eﬁ 830 4 Opbij + 1ij0eBi; + : G5 6is,
by
B = it [5’5fw + 62 fij + i fij + ﬁj 5nfu’],
h?
Gi = 33 [25 g + 20 bij + <ﬁ+ ﬁ) u”ﬁzj].

5.3.2 Numerical Studies

To illustrate the 2D nonuniform HOC treatment, consider a 2D convection diffusion

test case with solution

(" — ") (¥ — ™)
(ev —1) (ev—1)"

oz, y) =

which is the tensor product of the compliment of the 1D layer solution given by
equation (2.20). Dirichlet data corresponding to this solution is specified on each
edge of the unit square and the components of the convection velocity comprise a
vector with magnitude 50 at an angle of 45° above the z-axis. By inspection, the
solution is close to unity over most of the domain with boundary layers adjacent to
sides = 1 and y = 1 where the solution decays rapidly to satisfy the boundary
condition ¢ = 0.

Since the test problem has layer behavior on two sides, a nonuniform graded
mesh into each layer zone is very appropriate. Accordingly, we take the previous
grading function (5.9) in each direction. This generates a tensor-product orthogo-
nal grid that is progressively graded into the two wall layers. As a representative
numerical test we set v = 0.6 in (5.9) in each direction and solved the problem
with the stated velocity vector using 15 grid points in each direction. The solution
surface and contours obtained with this HOC scheme are shown in Figure 5.6 and

are visually indistinguishable from the exact solution.

93



Figure 5.6: Surface and contour plot of the HOC solution to the 2D test problem
on a nonuniform grid.

5.4 Summary

HOC methodology has been extended here to nonuniform orthogonal grids. In
1D, we see that the overall accuracy is limited by the accuracy of the mapping
derivatives, g—i and %. A method for deriving HOC mapping derivatives for the
case where a differential-equation based grid generator is used was proposed and
verified. Non-compact high-order differencing of the grid metrics is also a viable
alternative for maintaining overall accuracy. In 2D, a completely new formulation
was required to compactly approximate the mapped equation to high-order. It was

dedn | dedn _

determined that the grid must be orthogonal, that is, 7> = Tody =0 in order for

the O(h*) accuracy to be retained.
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Chapter 6

Other Extensions to HOC
Theory

6.1 Introduction

This chapter covers the extension of HOC schemes to several problem types that
have previously not been approximated via HOC methodology. More specifically,
Section 6.2 covers transient convection diffusion in 1D. Transient diffusion in 1D
and 2D is treated in Sections 6.3 and 6.4. The nonlinear Poisson equation is then
considered in Section 6.5 and Section 6.6 covers HOC formulations for the 3D Poisson

equation.

6.2 Transient 1D Convection Diffusion

We seek now to explore a means by which existing steady-state HOC theory on
uniform grids can be used to develop an HOC approximation to a 1D time-dependent

convection diffusion problem. Accordingly, introduce the model equation

dp 0 9%
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where ¢ is time, a is constant, and S = S(z) or S = S(z,t) is a smooth source term.

This can be rewritten conveniently as

*¢ 09
_Z - g 2
8$2 + Cam f7 (6 )
where ¢ = + and f = % (S — 88_(?) Since this now has the same form as equa-

tion (2.8), we can utilize the previous work to construct a semi-discrete HOC ap-

proximation to (6.1).

6.2.1 Semi-Discrete HOC Formulation

The semi-discrete approximation to (6.1) is obtained by taking equation (2.14), the

HOC approximation to (6.2), and substituting our new definitions for ¢ and f, which

yields
- (1 + ;Zhi) Bt t0. = - [Si - (asi-as) -
This can now be rewritten in the form
% T %% (‘u5z¢z’ - 05925@) +udy i — (a + uf;i) 52 =
S; — % (udeS; — ad28;) + O(hY). (6.3)

6.2.2 Temporal Differencing

Equation (6.3) gives us an expression that is fourth-order in space, but still needs a
numerical approximation to the time derivatives. As an example, let us consider a

class of time-differencing schemes at time-level n of the form

+ h? + + 52 u?h?\ o
of @7 — 12a ('U5t 007 — ad; 5$¢i) + (1 —p) lwsa:@bi - (a + 124 ) 595@52'] +

212 2
n+l u h 2 '(z+1 _ _ no_ h no_ 24mn

2
" lsg@“ - f;—a (ude s+ — ac?szH)] FO(hY, A7), (6.4)
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where

n qb?-}_l — (b?
S

and 0 < g < 1. Here g = 0 corresponds to backward Euler, 4 = 1 corresponds to

forward Euler, and p = % corresponds to the trapezoidal rule, or Crank-Nicolson
scheme. Crank-Nicolson is second-order accurate with respect to time and the other
two schemes are first-order in time.

Note that the operators §; 4, and &; 62 in (6.4) insure that the coefficients
for nodes 7 £ 1 at time level n 4+ 1 are non-zero, even if ¢ = 0. In other words,
HOC methods of this class are implicit, including forward Euler, similar to the mass
matrix effect seen in the finite element method. This implies that certain nonlinear
schemes that take advantage of explicit formulations will not be efficient within
the HOC framework. This also implies that Runge-Kutta schemes, which require
multiple solves (or “stages”) at each time-step, would be expensive.

The lack of an explicit forward-differencing HOC scheme eliminates the only
real advantage forward Euler usually has over other time-differencing methods. For
this reason it is not recommended, because forward Euler imposes strict stability

restrictions on the time step that backward Euler and Crank-Nicolson do not. We

now analyse the stability restrictions for the HOC schemes.

6.2.3 Stability Analysis

Appendix B gives a derivation of stability requirements of a general compact finite
differencing scheme for a 1D transient problem. The conclusions are summarized

here. If a stencil has coefficients as defined in Figure 6.1, we can define

do = bg + (bl - b_1)2 - CL% - ((Ll - a_1)2, (65)
d1 = 2[[)0(()1 + b_l) - ao(a1 + a_l)], (66)
d2 = 4(b1b_1 - ala_l). (67)

97



¢

7 a, J\a a,

0
n+
JAVA
b—l bo bl
" T

h nT

i-1 i i+1

Figure 6.1: General stencil for a compact, 1D time-dependent problem.

We then have for a stable system,

d0+d1—|—d2 = 07 (68)
di+2dy > 0, (6.9)
dy > 0, (6.10)

where equation (6.8) is an identity that always holds and we can use as an algebraic
check. Relations (6.9)—(6.10) are requirements that we impose to insure stability.
Let us now determine the stability of the HOC scheme (6.4) by computing
the corresponding a’s, b’s and d’s for this scheme.
If we introduce the Courant number C' = uTAt and the cell Reynolds num-
ber Rep, = “_ the stencil coefficients for the time-dependent HOC scheme can be

a

expressed as

ay = f—2+%—u<%+%+ci€h), (6.11)
a = g+u(;—i+0§€h), (6.12)
T %—% u(%—%—cﬁeh), (6.13)
by = 11—24-%—}—(1—#) <%+R%h+cgeh>, (6.14)
b o= (1) (;—ZJFCIZ%), (6.15)
A - Bl CE oy (6.16)



Equations (6.11)—(6.16) are now used to determine the values for dy, d; and dy
from (6.5)-(6.7),

10C° CRey, 4C%  5C?  (C?Reé?
dy = - - 1-2 h
° She, 9 T “)<Reg+ 3 7736 )
8C | 2CRey, 8C*  4C*  C*Rej
dp = - (1-2 h
DT SRe T e 7 (Reg+ 3 T )
2C Rey, 4C?*  C?  C%Reé?
dy = -—4+(1-2u) |55 — = R
> = 3Re g T (Rez 3 36

As an algebraic check, we see that dy+dy +d; does in fact equal 0. The first stability

criterion (6.9) gives

2
C(l—-2p) < —. 6.17
(1-20) < o (6.7
The second stability criterion (6.10) gives
4812 4Re?
C(1-2p) < on+ 20ic, (6.18)

~ 144+ 24Re} + Re}

Note that both (6.17) and (6.18) have the factor 1 — 2y on the left-hand side and
that the right-hand sides are always non-negative, because Rep > 0. As a result,

the HOC method is stable for any combination of C' and Rey, if > % Thus Crank-

Nicolson and backward Euler are always stable. If p < %, then we have a more
complicated stability curve, depicted in Figure 6.2. The crossover point where the
two curves meet is at Rep = v/ 12 & 3.46. Included in the graph for comparison are

the well-known stability regions for CDS,

2
C(1-2 < —
and for UDS,
Rey,
C(1-2u) < .
(1-2p) < Rer 12

Unfortunately, the stability region for the HOC scheme is more restricted than both
CDS and UDS. Of course, CDS is oscillatory for Rej, > 2 and UDS is overly diffusive
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Figure 6.2: Stability restrictions for HOC, CDS and UDS. A scheme is stable in the
region below its curve.

for large Rep. Of course, backward Euler and Crank-Nicolson are unconditionally

stable, and require no more work than forward Euler, since HOC schemes are implicit

regardless of p.

6.3 Transient 1D Diffusion

1D time-dependent diffusion is a special case of the previous formulation [simply
set v = 0 in (6.4)]. It provides a convenient introduction to 2D time-dependent
diffusion, and its stability analysis will necessarily be different, because the Courant
number and cell Reynolds number are both zero when u = 0. Accordingly, let us

now consider the transient Poisson equation,

0¢ d?¢
- q—"_ . 1
TR + S (6.19)
As before, we substitute % (%—f — S) for f in the 1D HOC approximation

to (6.19), and develop a scheme as in Section 6.2.1 to obtain a class of time-
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differencing schemes at time-level n of the form

h2
& o7 + E&Wiqb? — a(l — W) 827 — apdiei ™ + O(h*, At?) =

(1-n) le ¥ gaqu?] o lS?“ | %62&“] 7 (6.20)
where 0 < g < 1. Again, g = 0 corresponds to forward Euler, y = 1 corresponds
to backward Euler, and p = % corresponds to Crank-Nicolson. The Crank-Nicolson
scheme is second-order accurate with respect to time while the other two schemes
are first-order in time.

We now investigate the stability of (6.20). Applying the stability analysis of

Section 6.2.3, the stencil coefficients are

1 aAt
a_1 =4ay = 12 Hh—27
B §+ 2aAt
1 aAt
boi=b = —+(1-p)—
1 1 12+( H) h2 )
5 2aAt
bp = - —(1-
0 6 ( lu) h2

Note that since w = 0 for pure diffusion, C' = Rej, = 0 and we cannot determine our

stability region in terms of these quantities. The coefficients dy, d; and dy are given

by

10aAt 4a?At?
dO = - 12 (1 - 2:“) X
SaAt Ra’At?
dy = 342 - (1 M) Y
& - 2aAt F(1-2 )4a2At2
27 32 B ha

As an algebraic check we see that do + d; 4+ do = 0. The first stability requirement,

di + 2dy > 0, gives
daAt
Tz 20

which is always true. The second stability requirement, dy > 0, requires

at 1
— (1 —-2u) < —-. 21
o) < (6.21)
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Clearly, this puts a restriction on the relative size of At and h, depending on p.
Also, as with convection diffusion, if g > %, then the left-hand side of (6.21) is
negative, leaving no restrictions on At and h. Thus, Crank-Nicolson and backward
Euler are both unconditionally stable. If we compare (6.21) to the CDS stability
requirement,

aAt 1

-2 < =
pr(1—=2p) <5,

we see that the restriction is slightly smaller for HOC. However, the higher accuracy
will allow for larger mesh sizes, that in turn will allow for much larger time steps
(since At can increase as h?) that will more than compensate for the small difference

in proportionality constants.

6.4 Transient 2D Diffusion

The HOC formulation for the 2D form of (6.19) can be derived in the same manner
as (6.20). The result is

h2 h2
5%+ 35 (6702 + 602] o8 — a(1 = ) lcsg 62+ E&;ﬁa;] o~

h2
ap léﬁ +0;+ 36365] G5+ O(h', APP) = (6.22)

an h2 2 2 n n+1 h2 2 2 n+1
(1—p) [bij + 33 (593 + 5y) s,i].] Ty [52.; + 5 (595 + 5y) s+,
where p depends on p as before.

Stability analysis also proceeds as in the 1D case, with the exception that

we are looking for a Fourier expansion term of the form

n o _ n I0zi I80y7
”—OZ € € s

where I = +/—1. Equation (6.22) results in a magnification factor of amplitudes at

consecutive time levels given by

antl 4 +cosb, +cosb, + 4(1 — p)(cos by cos by + 2cos b, + 2cosb, —5)

G = =
am 4+ cos b, + cos 8, — 4y1(cos B, cos 0, + 2 cos b, + 2cosb, — 5)

3
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which has its strictest stability restriction when cos#, = cos 8, = —1, where

_ 1160 - )%
1+ 16251

This leads to an unstable solution whenever

(6.23)

Note that as in the 1D case, HOC has a tighter stability restriction, but that the
ability to use coarser grids compensates for this and allows larger time-steps. Also,

relationship (6.21) is unconditionally stable for p > %, just as relationship (6.23).

6.5 Nonlinear Poisson

We now move from the transient problem to the nonlinear steady problem where
f = f(¢) in (2.32). This case is of interest in many reaction-diffusion transport
problems. The previous HOC approach is still valid because the key assumption on
f was that it was a smooth function of spatial coordinates, and this is still presumed
true in the present nonlinear case. The linear case f = k¢ + ¢, where g = g(z)
and k is constant can be handled trivially in the previous formulation by simply
including k¢;; in the discrete operator and replacing f by ¢ on the right, prior
to approximating the truncation error by differentiating the governing equation.
Hence, we will focus on the nonlinear case.

The nonlinear case will require us to use an iterative method such as suc-
cessive approximation to solve the resulting nonlinear algebraic system. We should
also be aware of the possibility of non-unique solutions, but as an introduction of
HOC schemes applied to nonlinear problems, such obstacles will not be our primary

concern.
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To introduce the main ideas in a simple setting let us return to an interme-
diate step in the development of the HOC scheme for the 1D Poisson equation, in

which the truncation error substitution has been made but not approximated,

h2 d2f

80i = fi+ 13 73 (6.24)

Recall that the O(h®) approximation would require evaluating the fourth derivative
of f in the truncation error. If f is a given analytic function of position then this
can be evaluated explicitly. However, in the nonlinear problem, this is not the case
and hence a compact O(h®) scheme cannot generally be constructed.

The simplest approach for formulating an HOC approximation to (6.24) is

to substitute 62 f; for % _in (6.24) to obtain our familiar HOC formulation,

h? 52

—82¢; My=fi+—
20i+ O = fi+ 50

fis
and successively approximate the solution by lagging the right-hand side. Alter-
natively, we could apply Newton’s method to the HOC scheme. This approach
generally has much better convergence properties than successive approximation
and will be described in the following section.
Instead of the above approach, we could recognize that
42 f L (de\? (A%
wr=1" (%) +1'5e
where the prime (') indicates differentiation with respect to ¢. We could substitute
this term into (6.24) and again apply successive approximation or Newton’s method.
However, it is not clear that we gain anything by making this substitution. If f(¢)
has a simple analytical form (for example, ¢?), then this approach may allow even
higher-order formulations, but for a general f this is not the case. Hence, we opt
for the simpler formulation.
We choose to apply Newton’s method to our HOC schemes in order to con-

verge to an approximate solution. In general, a set of nonlinear algebraic equations
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where i = 1,2,...,N and ¢ = {¢1,¢2,...,0n} can be can be updated from an

initial guess or previous iterate by solving the Jacobian system

E(a ) Agj= —gi(¢™), i=1,2,...,N,
=1 \99i
at each Newton iterate n =0,1,2,--- for

Agj = gt — glm),

J

This procedure can be continued until A¢; or g; (or both) is smaller than some
prescribed convergence tolerance.
For the HOC scheme for the 1D Poisson equation, we can define g; to be

h* 52

gi(@) = 826+ fi + D 2fi=0,

which results in a tridiagonal Jacobian of the form

892 _ i_}_ 2'/—1
0¢;_1 h? 127
0g; 2 5
o6, ~ gl
892 _ i_}_ i/+1
0¢it1 h? 127

where f’ is defined to be %.
The 2D Poisson equation has a fourth-order compact approximation given
by (2.38). If we define g;; in the same manner as we just defined g;, the nine non-zero

Jacobian matrix coefficients are given by

a(]m' . 10 2,
8@-7]' o 3h2 + 3fi’j7
agm‘ _ 2 1,
Ipiary 32T 12l
892'7]‘ _ 2 1,
m = 32 + Efi,j:l:h
0gij  _ 1
0bit1,j+1 6h%
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6.6 3D Linear Poisson

The relative simplicity of the Poisson equation makes it a good candidate for our
first attempt at an HOC scheme in 3D. The central difference scheme for (2.32) in
3D is

—820ijk — Orijk — O2bijk — Tijk = fijks (6.25)
where the truncation error has the form

h? |o%¢ 0% 0
Ik [@*a—yﬁ E

W [0% 0% 0% ‘
%[%+8—y6+@ Z']']C-I-O(h ). (6.26)

Tijk =

As in section 2.5, we have included both O(h?) and O(h*) terms in (6.26) because
we wish to approximate all of them in order to yield an O(h®) scheme. Also note
that (6.25) is a 7-point stencil, as illustrated in Figure 6.3, in which the resulting

matrix coeflicients for the neighboring grid points are also displayed.

6.6.1 HOC Formulation

To obtain compact approximations to the O(h?) terms in (6.26), we take the appro-

priate derivatives of (2.32) to write

oo Rf e 0%
dzt 022 0220y2 922022 (6.27)
Po  f e 9%
d = oy 0atoy 907 (6:28)
o f e 9
9zt T 022 022022 0y29:2 (6.29)

Substituting (6.27)—(6.29) into (6.26), we obtain

[ o I R A R A,
Tijk = EV fijk + 6 [8332(%2 T 0y2022 + 022022 g -

7k

rt | 0% 0%  0%¢
0z6  0ys 026

— |t —+ = O(h%). 6.30
= Lk+<) (6:30)
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Figure 6.3: 7-Point CDS stencil for the 3D Laplace operator, shown with corre-
sponding matrix coefficients.

The O(h*) approximation is therefore

h2

6
h? 1o 2 2 4

Jije + 7 [%fijk + 8, fijr + 5zfijk} +O0(hY)  (6.31)

—820ijk — 62 bijk — 02 ijk — [53355@']% + 8282 bijn + 592353@]‘4 =

Note that (6.31) corresponds to a 19-point stencil, encompassing all the ad-
jacent nodes of the mesh located on the three grid planes that intersect the node
17k, but not the corner points of the surrounding cube. This stencil and its matrix
coeflicients are illustrated in Figure 6.4. This is also the stencil shape a 3D, HOC
convection diffusion approximation would take.

Again, as with the 2D case, we want to obtain a compact O(h®) approxi-
mation if one is possible. Substituting the finite difference expressions for the cross

derivatives of ¢ and their truncation error terms into (6.30) gives us

. _h_22.. h_222., 252 4. 252 40| _
mi = 5V ik 528000k + 8826uk + 0262 ije]
h_4 0%¢ 0% 0% N 0% N 0%¢ N 0% B
72 | 0z40y?  0x20yt  Oyl0z2  O0y20zt  0x%0z2 0 0z202* i
Wt (% o % ‘
360 l%-}— 8—y6+ 96 " + O(h%), (6.32)

Clearly, to get a compact O(h®) approximation, we require compact expressions for

the partial derivatives of order six in (6.32). Although more complicated than the
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Figure 6.4: 19-Point O(h*) HOC stencil for the 3D Laplace operator, shown with
corresponding matrix coefficients.

2D case, this can actually be done by further differentiating (2.32). The required

expressions are

Fo _ o4 #o s
dz6  Qxt  Oztoy?r 021022’ '
o 0f 0%¢ 0%
T T T .
o 0f 0%¢ 0%¢
926 T 924 022024 0y202t (6.35)
and
86¢ - . 84f B 86¢ _ 86¢ (6 36)
0x20vy2022 0y20z2  Oyt0z2  0y202% '
86¢ o . 84f _ 86¢ _ 86¢ (6 37)
0x20y2022 022022 024022 022021 '
86¢ L 84]0 B 86¢ B 86¢ (6 38)
0z20y2022 0x20y%  0z%0y?  0xz20y* ’

The key here is that using (6.33)-(6.38), we can algebraically eliminate all the

which has a compact approximation!

derivatives of ¢ in (6.32) except for 813226%,

(See Table 6.1 for its definition.) This operator brings the eight corner points into
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Table 6.1: Definition of 3D Cross Derivative §-Operator on a Uniform Mesh

‘ Operator Formula

—8¢;
h—ejk—l-

Hbic1jetdig1 jktdij—16+bi g1 k+digr—1 +¢¢,J,k+1)_|_
h6

635553¢2]k (dij—1,k—1FPi j41,6—1+Pi—1 5k 1+¢z-|}-7‘16,],k 1+bi—1 j—1,6 TPt 1,k+¢z+1,]+1,k)_|_

_9 (i1 j+1,6FPi -1, k41 FPij41 k41 FPim1 jkt1FPit1 5 k+1) +
A

bic1 g1 k—1FPit1 -1, k—1FPi—1 41, k—1FPit1 j41,6—1 T
7,6

bic1 g1 k1 Pit1 1 k1 Pic1 41 k1 FPid1 541 k41
76

our O(h®) approximation, which follows from

h2
—820ijk + Oy bijk + 02 bijk + " {53«55@% + 8262 biji + 53253@]‘4 +

h? 5 h?_, rt

%5955@/52%% = fijr+ 5V fijk + %V fijr+ (6.39)
h4 84f 84f 84f 6
180 <8x23y2 + 0y20z? + 012022 ik +O().

Note that the derivatives of f of fourth order in (6.39) cannot be differenced com-
pactly. Thus, these terms must be known analytically or at least to O(h?%) accuracy
to achieve O(h®) convergence. If these terms are not known, we are forced to re-
sort to (6.31). The O(h®) stencil in (6.39) involves all 27 grid points, depicted in
Figure 6.5.

6.6.2 Global Error Norm

Previously in this dissertation, convergence with respect to mesh size has been
determined by measuring the error at a grid-point common to a series of increasingly
fine meshes. We wish now to examine a different measure of the error, for two
reasons. First, successively halving the mesh size in 3D quickly produces extremely
large problems which we wish to avoid. Second, we wish to demonstrate that a

global measure of the error also exhibits high-order convergence for HOC methods.

109



Figure 6.5: 27-Point O(h®) HOC stencil for the 3D Laplace operator, shown with
corresponding matrix coefficients.
Accordingly, first note that the numerical schemes in this work generate a class of

linear systems that can be expressed in exact form as
o
Mu¢=f,,— > ch?, (6.40)
p=m
where m is the order of accuracy of the approximation scheme, M, is the coefficient
matrix, ¢ is the vector of nodal unknowns, {c,} are truncation error coefficient

vectors, and f,, is the right-hand-side vector. Of course, we do not solve (6.40), but

rather the approximate equation,

Mmql)h = f’m

For computations in exact arithmetic, the error then satisfies

e=¢,—¢= Z M;lcphp.
p=m

Dropping the higher-order terms, we see that

e~ M. c,,h", (6.41)
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and we expect the asymptotic behavior of the error at interior node ijk to be
eijk ~ O(h™) in the limit as h — 0, as has been demonstrated here in 1D and 2D.
If, however, we desire an estimate of a global measure of the error, we can

take some appropriate norm of (6.41),
E = el = [| M7 en|lh™,

and provided || M 'c,,|| is independent of h, the convergence rate of the global error
in this norm is then also O(h™). Finding such a norm is not trivial, however, since
we are comparing measures of error among different-sized vector spaces. Consider
the simple distance norm (|| -||4) for the error on a uniform 3D mesh of N total grid
points,

1/2

llella = Ze?jk )

iik
1/2
= [N x o™ .
But we know that N = O(h~?) for a uniform 3D mesh, so it follows that

lella = O(h™=2/2).

We therefore choose the discrete L? norm (for example, see [156]),

/2
D ik eg‘k '
lle|| = (% , (6.42)

as the definition of our norm for the purposes of convergence analysis.

6.6.3 Numerical Experiments

We now carry out numerical experiments for some representative test problems to
verify the O(h?*) and O(h®) theoretical estimates for the above schemes in (6.31)
and (6.39).
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Problem 1. As a first test case consider (2.32) in (0,1)® with f = 0 and

boundary conditions

¢ =sinwysin 7z, z =0,
¢ = 2sinwysin 7z, x =1,
¢ =0, y,z:{(),l}-

The exact solution is

sin Ty sin Tz

= “smh 3 {2 sinh(rv/2z) + sinh (7v/2(1 — m))}

11
27 4

the norm defined in (6.42) of the exact error. The results for the CDS, fourth-

We solved this problem on a series of meshes, h = , é, %, and % and computed

order compact (HOC4), and sixth-order compact (HOCG6) schemes are presented in

Figure 6.6(a). The rates of convergence were as predicted.

1e-01 — 1e-01 [~
) ‘,/g
R .
& 2 P o
1602 | e AT 1 1e02 | s 1
/9,/ - o ) & o S
& g +
- -
4 /lD o ,
1e03 | - 1 1e03 | - ; 1
- , + ,
£ ’ . € & ,ﬁ
S . S
Z le04f ¥ 1 Z le0afs . E
S ’ S i /
i # g & e
1605 | 1 le05F 1
o
K CDS © CDS ©
; m=181 - o m=186 -
1006 | HOC4 + 4 1606 | HOC4 + |
o m=3.83 - m=3.89 -
‘ HOC6 © HOC6 ©
. m=5.82 - m=5.89 -
1e-07 1e-07
0.10 1.00 0.10 1.00
h h
(a) Problem 1 (b) Problem 2

Figure 6.6: Convergence rates for 3D model problems, (a) Problem 1, (b) Problem
2.
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Problem 2. As a second test case we constructed a problem with a non-
zero forcing function. For the same domain Q2 as before with ¢ = 0 on the entire

boundary 02 and forcing function
f = —3n’sinmzsinTysin 7z,
the exact solution to (2.32) is
¢ = sin T sin Ty sin T2,

The results for the same sequence of meshes as for Problem 1 are presented in

Figure 6.6(b). Again, the predicted convergence rates were achieved.

6.7 Summary

This chapter has covered the extension of HOC theory to a number of new problem
types, including transient convection diffusion, nonlinear Poisson, and 3D linear
Poisson problems. The transient problems were expressed in HOC semi-discrete
form, from which any number of different time-marching techniques could be em-
ployed. As an example, we integrated the approximations in time by simple dif-
ferencing, although other more complicated techniques might be more appropriate.
For example, the Lax-Wendroff method would be consistent with the HOC method-
ology, and Runge-Kutta would yield temporal truncation errors of the same order
as the spatial truncation errors. Nevertheless, the differencing formulas illustrate
general aspects of transient HOC schemes. For example, most time-marching HOC
schemes are implicit, even forward Euler. The stability criteria developed for 1D
and 2D problems are technically more restrictive than criteria for other schemes,
but the higher spatial accuracy allows for coarser grids that in turn allow larger
time steps than other schemes.

A simple class of nonlinear reaction-diffusion problems, where the forcing

function is a nonlinear function of ¢ was considered. The HOC formulation was
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developed, and the Newton method was applied as an example of a representative
iterative scheme.

The last extension considered was the 3D linear Poisson problem. Because
of the computational cost restrictions imposed by 3D problems, these may be the
avenue of greatest promise for HOC schemes, but the algebraic complexity of de-
veloping such schemes is formidable. This formulation should be seen as a first
step towards developing a broader class of HOC schemes in 3D. The results ob-
tained were similar to 2D Poisson, in which an O(h*) scheme was achievable for any
forcing function, and an O(h®) scheme was obtained for the case when the fourth

derivatives of the forcing function were known.
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Chapter 7

Conclusions

This dissertation involves the development and extension of HOC finite difference
theory for boundary value problems in computational mechanics. To illustrate the
benefits of the approach, the HOC scheme has been applied successfully to convec-
tion diffusion problems and the (7, () form of the 2D, incompressible Navier-Stokes
equations. An analysis of convergence properties, as well as the application of HOC
methods to nonuniform grids, transient problems, nonlinear problems, and 3D prob-
lems were also considered.

The (¢, ¢) formulation also required development of new HOC expressions for
the velocity components and wall boundary conditions. Numerical results demon-
strated that the fourth-order BCs can be oscillatory for a moving wall (such as in
the driven cavity problem), but are non-oscillatory for stationary walls. The O(h?)
BC formulation is non-oscillatory and can be used when appropriate. Compari-
son of coarse grid HOC results for the vorticity and velocity components compare
favorably with fine grid results in the literature.

Analysis of the matrix properties of HOC schemes revealed that the condi-
tion number (in 1D) is predicted to be higher than for CDS and UDS for all values
of the cell Reynolds number, suggesting that HOC systems are harder to solve.

However, computational experiments indicated that HOC matrices remain positive
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definite, thus making them viable candidates for gradient-type iterative solvers. Fur-
thermore, experiments with conjugate gradient and diagonally scaled bi-conjugate
gradient resulted in faster convergence for HOC matrices than CDS and UDS, pos-
sibly indicating that HOC eigenvalues are more tightly clustered or that diagonal
scaling is a particularly good preconditioner for HOC matrices.

HOC schemes were formulated for the convection diffusion equation on nonuni-
form grids via mapping functions for the first time. The 1D case was instructive for
demonstrating that the overall accuracy of the method is restricted to the accuracy
to which the mapping derivatives are known. A method for computing HOC met-
rics was presented for the case where the mapping functions satisfy a differential
equation (as is the case for grids created by a Helmholtz grid generator). Without
this type of extra knowledge, users will be forced to use non-compact differencing to
obtain high-order accurate grid metrics. The HOC formula for the 2D convection
diffusion equation on nonuniform grids is one of the most complicated ever devel-
oped to date, and it was found that fourth-order accuracy is restricted to problems
solved on orthogonal grids. Grids that meet this restriction still face the metric
pollution problem if the mapping derivatives are not known to sufficient accuracy.

HOC schemes were also extended to transient problems by using existing
HOC theory to develop a semi-discrete formulation. Any type of time-marching
scheme could then be used, although the semi-discrete form indicates that explicit
HOC schemes will be difficult to obtain. As an example of a time-marching method,
simple weighted temporal differencing (allowing for the study of forward and back-
ward Euler, as well as Crank-Nicolson) was applied. It was found that forward
Euler and Crank-Nicolson are always stable, but if the weighting factor p < %, then
a slightly more restrictive stability requirement is imposed on HOC schemes as com-
pared to CDS and UDS. Of course, the allowance for coarser grids when using the
HOC scheme alleviates this restriction.

Possible approaches to solving the nonlinear Poisson problem, where the
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forcing function f is a nonlinear function of the solution ¢ (such as occur in many
reaction-diffusion transport problems), were proposed. Simple formulas for the New-
ton method applied the the HOC approximation to 1D and 2D problems were de-
veloped.

Finally, the HOC methodology was applied to a 3D linear Poisson problem.
As with 2D Poisson, O(h%) accuracy is obtainable if the fourth derivatives of the
forcing function are known by using a full 27-point compact stencil. If not, a 19-point
O(h*) scheme is available for any forcing function.

This dissertation has shown that problems with smooth problem data that
can be discretized with (orthogonal) structured meshes can be solved to great accu-
racy with HOC schemes. More importantly, these problems can be solved to much
lower (but still acceptable) accuracy on extremely coarse grids compared to more
standard schemes. This savings in computer memory, computational effort and time
make HOC schemes an attractive choice for appropriate problems.

Still, HOC schemes have not gained widespread popularity, possibly due to
two overriding concerns. One, the class of problems to which HOC schemes could
be applied was somewhat narrow, largely because of grid restrictions and regularity
requirements for the solution and problem data, and two, the algebraic complex-
ity of deriving HOC schemes for a given problem can be daunting. Hopefully, this
dissertation has addressed the first concern and provided an expanded set of HOC
approximations that will be of use to researchers. As to the second concern, it would
appear that automation of the algebraic process of deriving HOC schemes would be
the avenue of greatest promise. This might be possible with the use of existing sym-
bolic manipulation software products such as Macsyma [116], MATHEMATICA [150],
or MAPLE [23], although successful automation has not yet been achieved.

This dissertation has attempted to expand the set of problems that can be
solved using HOC finite difference schemes, but many more areas could be studied to

expand this set even further. Accordingly, I suggest the following recommendations
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for further study:

Mixed methods. Breaking a problem into a lower-order system with simpler rela-
tionships will provide additional auxiliary equations and should make algebraic

substitutions less complicated.

Boundary conditions. HOC theory should provide for a wider range of boundary
conditions, which could be approached in the same manner as the HOC (%, ¢)
wall BCs.

Fourth-order wall boundary conditions. It may be possible to obtain non-oscillatory,
compact, O(h*) wall boundary conditions on a moving wall. For example, the
convective term in the fourth-order wall boundary condition could be up-

winded to suppress oscillations while maintaining O(h*) accuracy.

Nonuniform stream-function vorticity. The HOC (#,() theory and nonuni-
form grid theory should be combined. The formulas for the transport equa-
tions are already constructed, but the velocity relationships and wall boundary

conditions still need to be modified for nonuniform grids.

Material discontinuities. Although this problem was partially addressed in [86],
whether or not O(h*) accuracy can be achieved (or under what conditions) is

still an open question.

Time-marching. More advanced (and higher accurate) time-marching schemes

should be analyzed.

Symbolic manipulators. More work should be done to automate or at least aid

the process of constructing HOC schemes.

Nonorthogonal grids. Mixed methods might provide a means to construct an
HOC scheme for nonorthogonal grids. Alternatively, the scheme presented
in this dissertation might be extended and tested on nonorthogonal grids to

determine if the resulting numerical pollution is significant.
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Flux limiters. How HOC approximations could be used in the context of flux-

limiting and other schemes (such as TVD) should be studied.
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Appendix A

Truncation Errors for Compact

Difference Operators

The basic truncation errors that are of interest in this dissertation for first- and

second-order derivatives are listed here for reference.

A.1 1D Difference Operators

Central difference operators:

do h? d3¢ ht d°¢ 6
dol; = %% G an|, T T0aes), O
d2¢ h2 d4¢ h4 d6¢

— = 8- ——| - —— L9).
dz? : =® 12 dz? : 360 dzf : O(R7)

Forward difference operator:

do hd*¢ h? d3¢ h3 d¢

L =8t — =—| - — | - — = h.

dz |; v ® 2dz?|, 6 da?|, 24dm42.+0( )
Backward difference operator:

do _ hd*¢ h? d3¢ h3 d*¢ 4

| =80+ ——| — ——= — h*).

dz|; I¢+2dx2i 6dm3i+24dx42_+0( )
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A.2 2D Cross Derivative Operators

Central difference operators:

0%¢
0z dy
0%

0z dy?

¢

0z20y

do*¢

dz20y?

g

g

g

tj

830,0ij —

6262@]

h? [
6z6y¢2] - 4

6

Bz [
62000 — —

12

h2 [
12

h2'
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Appendix B

General Stability for Compact

Schemes

To investigate the numerical stability of compact finite difference operators, we
apply von Neumann analysis. In general, we can label the stencil coefficients of any
compact, single time-step formula in the manner illustrated by Figure B.1, where

the numerical scheme is represented by
1 1

S wlt = 3 bl

j=—1 k=—1
If we let

o = a"e!”,

where o” is the amplitude of ¢ at time level n, I = \/—1, the phase angle § = %,
and A, is the wavelength. It is easy to show [104] that the amplitude magnification

n+1 .
factor, G = “5—, satisfies

IGP = 1= (B.1)
where

Af) = ad + (aq — a_1)2 + 2ag(a; + a—1) cos 0 + 4aja_q cos? 4,

B(#) = bE + (b — b_1)2 + 2bg(by + b_1) cos @ + 4b1b_4 cos? 8.
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Figure B.1: General stencil for a compact, 1D, time-dependent problem.

For a stable system, |G|2 — 1 < 0. This, coupled with the fact that it is also easy to
show that A(f) > 0 always holds true, means that the numerator of (B.1) must be
less than zero for a general compact stencil to be stable. We therefore express our
stability criterion as

F(x) = do+ dix + dax* <0,

where x = cos(#) and

do = bg + (bl — b_1)2 — CL% — ((Ll — a_1)2, (BQ)
d1 = Q[bo(bl + b_l) - ao(a1 + a_l)], (B3)
dg = 4(b1b_1 — ala_l). (B4)

We can further simplify this stability restriction by noting that

F(1) = do+di+dy,
= (b_1+bo+b1)* = (a1 + ao + a1)?,
= 0, (B.5)

where we have used the fact that Z}:_l a; = Y h__1 by, for a conservative system.
Since F'(x) is a parabola, this result means that ['/(1) = d; + 2d; > 0 is our first
requirement for stability. To insure that the parabola is nonpositive over —1 < y <

1, we must also require F'(—1) = dyp — dy + d2 = —2d; < 0. Our stability criteria are
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therefore

dy+2dy, > 0, (B.6)

d > 0. (B.7)

Relations (6.9) and (6.10) provide two simple restrictions that we can apply

to any compact, single-time-step scheme to determine stability requirements.
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