Recap of material from notes

We say that a € C>(R?) is a Fourier symbol if there exists m € R such that for any multiindex 3 there exists
Cg such that
07a(§)] < Ca(e)™ 11 for all £ € RY. (0.1)

We say that m is the order of the Fourier symbol and use the (non-standard) notation that a € (F.S)™
Given a Fourier symbol a, the Fourier multiplier defined by a is given by

(a(rD)v)(x) = Fy ' (a()(Fnv)(-)) (). (0.2)
Lemma 0.1 a(hD):.7(R%) — .Z(RY) and .7*(R?) — 7*(R?).

JulF ey = o)~ [ (€| Faul) s (0.3)
Rd

Theorem 0.2 (Composition and mapping properties of Fourier multipliers.) If a € (FS)™ and
b e (FS)™ then the following hold.

(i) ab € (FS)m™1tmz2,

(i1) a(hD)b(hD) = (ab)(hD) = b(hD)a(hD).

(i) a(hD) : Hy — Hp~™" and there exists C' > 0 such that, for all s € R and h > 0m

la(hD)]

i < C.

i.e., a(hD) is bounded uniformly in both h and s as an operator from Hy to H; ™.

Exercises for Section 5

1. Prove Lemma 0.1.

Solution: if v € ., then Frv € .. By the derivative bounds on « in (0.1), a(-)(Fpv)(:) € .7, and then
so is Fy, ' (aFpv) =: a(hD)v.

2. Prove Theorem 0.2. Solution:

(i) By Leibnitz’s rule,
o= X (1) @ae,

lor<|B]
so that
|85(ab)(§)| < Z g |§|WA_‘O‘||§‘7”B_(|/8|_|QD — Z g |£‘mA+mB_|B|’
|| <] ( ) lal<|8] ( / )
where we have used that |8 — a| = |8] — |a] since |a| < |B].
(i)
a(hD)(b(hD)v)(x) = Fy * (a( ) (Fa(b(hD)v)) (")) (x)
= Fp ' (a()b() (Fav) () ()
= (ab)(hD)v(x)
= (ba)(hD)v(x) = b(hD)(a(hD))v(x)

(iii) By the definitions of || - ||gz (0.3) and a(RD)v (0.2),

oDl = e [ (O IFarD) O dg
L 2(s—ma 2
= 2rh) /Rd@ mma)la(€) (Fav) (6] dé
1 2(s—ma 2ma 2 - 2
S Gl /Rd@ ) | (Fw) () dg = [l -



